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Using the orthogonality relation for the D coefficients, 
given in (Ref. 8, p. 74),
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the required relation.
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Time distributions of resonantly scattered 14.4-keV Fe57 y  rays were measured by using as time-zero 
signals the preceding 122-keV y  rays. A Co87 source coplated with Fe was used with two different metallic 
scatterers (2.54X10~2-mm-thick 92.8% Fe67 and 4.53 X 10~3-mm-thick 2.19% Fe57) in a cylindrical geometry. 
Measurements were performed at different relative source velocities. From the measured time spectra, 
contributions due to random coincidences and to Rayleigh scattering were subtracted. A theory based on a 
classical model in which the scattering nuclei are represented by randomly situated harmonic oscillators 
was developed. The experimental results are compared with computed theoretical curves. Good agreement 
was found in most of the cases. Discrepancies observed in two instances are discussed.

I. INTRODUCTION

THE purpose of the present work is to measure the 
time spectrum of resonantly scattered 7  rays and 

to develop a theory for this process based on a classical 
model. The first experimental results were reported 
previously.1 I t  has been shown by Lynch et al? that 
experimental results on the time distribution of Fe57 
7  rays transmitted through a resonant absorber are 
well described by a theory in which each Fourier 
component of the incident radiation is changed in 
amplitude and phase according to a complex index of 
refraction. This complex index of refraction is given by 
the frequency response of the resonant oscillators in 
the absorber and by their number per unit volume.

* Work performed under the auspices of the U.S. Atomic Energy Commission.f Fellow of The Consejo Nacional de Investigaciones Cientí­ficas y Técnicas, Argentina. Permanent address: Comisión Na­cional de Energía Atómica, Buenos Aires, Argentina.1 A. W. Sunyar, J. A. Moragues, and P. Thieberger, Bull. Am. Phys. Soc. 12, 475 (1967).2 F. J. Lynch, R. E. Holland, and M. Hamermesh, Phys. Rev. 120, 513 (1960).

I t  can be written as3

w=[,1 + f  (coo'2—co2+ io)\) "1] 1/2
— ! + ! [ / /  W 2—co2+icoX)]. (1)

Here, coo' and X are the frequency and the decay con­
stant of the oscillators in the absorber and r is a con­
stant which contains the oscillator density.

I t  may perhaps seem surprising that it should be 
possible to describe the absorber by a macroscopic 
quantity in this case, where the wavelength of the 
14.4-keV radiation of Fe67 is about three times smaller 
than the minimum distance between neighboring oscil­
lators in a highly enriched Fe57 scatterer and about ten 
times smaller than the average distance in the case of a 
natural-iron scatterer. This can, however, be explained 
by the fact4 that the average contribution modifying 
the incident wave at a point inside the absorber is due 
to the mutually in-phase, coherently forward scattered 
waves from the oscillators.

3J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book Co., New York, 1941), p. 321.4 J. Strong, Concepts of Classical Optics (W. H. Freeman and Company, San Francisco, 1958), p. 99.
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The situation is different if scattering is to be studied 

at angles different from zero. There, the phase of the 
coherent contribution of each oscillator to the scattering 
in a given direction depends on its position. In addition, 
the noncoherent contributions to the scattering become 
important, while they cannot be seen in the case of 
transmission. Finally, since the direct radiation from 
the source does not reach the detector in the nonzero­
angle scattering experiment, much more drastic changes 
in the time spectrum can be expected when the relative 
source velocity and/or scatterer thickness are changed.

Neuwirth5 has measured the time distribution of x 
rays following internal conversion in an Fe57 scatterer. 
This author states that it would be impossible to meas­
ure the time distribution of scattered y  rays from a 
thick scatterer. I t  was known, however, from pre­
liminary measurements by Sunyar and Kistner,6 that 
such experiments were feasible.

The relation of the present work to the interpretation 
of measurements of magnetically perturbed angular 
distributions in resonant scattering7 is also of interest.

II. THEORY
A. Coherent Scattering

For given incidence and scattering directions (or for 
a given point source and point detector) the time 
distribution of the coherently scattered radiation can 
be obtained by decomposing the incident wave packet 
into its Fourier components and adding coherently 
for each Fourier component the scattered contribution 
due to the response of all the oscillators. The scattered 
wave packet can then be reconstructed. In order to 
obtain the response of one oscillator to a given Fourier 
component, we could use ( 1 ) to calculate the amplitude 
and phase of this Fourier component at the position

of this oscillator. We could again use (1) to calculate 
the change in phase and amplitude of the corresponding 
contribution to the scattered Fourier component. 
Finally, the experimental time distribution could be 
obtained by summing or averaging the partial time 
distributions over all possible incidence and scattering 
directions.

In order to simplify matters we perform the averaging 
before carrying out the detailed calculation. For this 
purpose we assume that we have N  oscillators and call 
A y (co, xj) the amplitude of the contribution to the co 
component of the scattered wave due to the oscillatory. 
Here where Xij and x2j are the distances
travelled by the wave in the scatterer before reaching 
and after leaving the oscillator j ,  respectively (see
Fig- 1) • _ _ _ _The relative phase ^  of this contribution will be 

^3 = ( 1 A) ̂Re(co) CO (#1 .
Here is the real part of the index of refraction (1). 
Since ^Re(w) only differs from unity by at most 10-5 
and frequencies of interest only differ from co</ by at 
most one part in 1010, we may write

co) = l + e w(co),
oi — wq -\-em

so that
SE^coo' (#iJ+ ay ) I c-\-[_ew-\-en (co) co*/] (#i J+ % 0  /  c

= Aj(xty +<pj(co, x*).

The phase may thus be considered as the sum of 
Aj(xj), a very rapidly varying function of x3', and 
<Pj (co, xj), which has a much slower variation with xK 

The time distribution of the scattered radiation will 
then be

/  I /*+°° t I 2VI(t)  =  (  i )^1 xj) exp[i(pj(o)} x*)~\ exppAy(xJ) ] ^ widco >
\  I i = l  co | /  a

/  I /•+<*> 1 \=  \  exppAy^ ) ^ ^ ) ” 1 xj) e x p }
\  I j— 1  —co I /  a

(2)

If the average is now taken over an angular range 
small enough to maintain the values of the integrals 
essentially unchanged but large enough to make the 
Aj(x j) vary in a way which can be considered random, 
then (2) reduces to
i (0

N

3= 1
/*+ c o

/
 . . . .4̂j(co, xj) expC^(co, ^ ’)3 ei03tdo)

(3)since the mean value of the modulus of the sum of N
5 W. Neuwirth, Z. Physik 197, 473 (1966).6 A. W. Sunyar and O. C. Kistner (unpublished measurements).7 E. Ansaldo and L. Grodzins, Bull. Am. Phys. Soc. 12, 546(1967). E. Ansaldo, M.S. thesis, Massachusetts Institute ofTechnology, 1967 (unpublished).

vectors with arbitrary phases is the quadratic sum of 
the individual moduli (problem of random walk).

In the above derivation an averaging over a consider­
able angular range is involved. One might think that 
a similar experiment in which the scattering angles are 
limited to a Bragg peak would lead to a different result. 
I t is easy to show that this is not the case for a poly­
crystalline scatterer in which the microcrystals are 
sufficiently small so as to make extinction effects in 
each of them negligible. Under such circumstances, each 
microcrystal which contributes to the intensity in the 
Bragg peak will do so by the in-phase contribution of 
its nuclei and can be considered, for the purpose of 
performing the calculations, as a single oscillator. For 
different scattering events, different sets of micro­
crystals will contribute because of the divergence of 
the incident beam.
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I t is over these sets that the average in (2) must 

now be taken. If these sets are labeled in a way so as to 
make roughly equal xj correspond to the same 7 then we 
see that (3) is again obtained.

Since the dependence of Aj(co, xj) and <pj(co, xj) on xj 
is a slow one and since we have a large number of 
uniformly distributed oscillators we can now replace 
the sum in (3) by the corresponding integral

m ax r+ooI ( t ) = D f  \ .
J  n • '—co

A  (co, x)ei<p(-œ>z)eiœtdù) dx i ,  (4)
where D is a constant proportional to the number of 
oscillators per unit volume and to the area of the 
scatterer.

In order to evaluate this integral we must now 
write in an explicit form the Fourier component 
^4(co, x)ei*{a’x)eitat. As has been said above, this compo­
nent will be given by the corresponding component 
of the incident, exponentially damped radiation 

coo) + 2^3 modified by a resonant absorber 
thickness x\, by the response of the oscillator, and finally 
by a resonant absorber thickness %2- According to Ref. 2 
and to the well-known expression for the response of a 
resonant damped oscillator, this Fourier component is 
proportional to

/  . 1 coo' e x p l - t - ------- ----- r 7 -T-T  Xi ]¿(co—coo) + Ì X -co2+ i c o \ ‘)

X(o>o'2 /  1 COo' V \-c ^ + X ia /r 1 exp I - i ~  —  — ---- TT7 T  *2 )\  I  c coo —or-r^coA / (5)

F i g . 1. Schematic representation of a scatterer. 0 and are the incidence and scattering angles respectively. The incidence and scattering directions are generally not coplanar.

An additional phase shift e(0{xi+x2) /c  has been ne­
glected, since, for the largest values of (xi+afe) and ew 
of interest, its value is < 10~5 rad.

As usual, we write co0'2—co2̂ 2co o '(coo '—co). Equation 
(4) then becomes

/•xi max /•+<
I ( t ) = E f  \

J n  • '—oc

x i  max I M-co ei“i exp{(i/4c)[ra/(“ - W  —|^X)]i ,aco(co—coo— § i \ )  (co— coo'—
2 .
dx 1 , (6)

where E = D f 4coo'^. Performing the integrals (see Appendix) and setting coo—coo' =  Aco and B=r(xi max+#2 max)A, 
Eq. (6) yields

&  2^+1
( — 1)N+1/ ( 2 N  + 1 ) ][A w 2( 4 / / B ) I P  £  ( - 1 ) "

22V+1

jV=0 m= 1

where 6 and are the incidence and scattering angles, respectively, with respect to the normal to the scatterer 
(Fig. 1). For the special case of Aco =  0, (7) reduces to

I(t)  = [2  co s^ /(cosSf''+ c o s 0 ) 1 —Jo2(Bll2t112) - / ¿ ( S 1̂ ) ] .  (8)
For very thick scatterers this function is of the form te~Xt and for very thin scatterers it approaches the form 

For large values of Aco24 t/B,  the series (7) does not converge or converges very slowly and it is convenient 
to use the following expression for 1(f) (see Appendix):

7 ( 0  = 2  [ c o s ^ / ( c o s ^ + c o s ö ) ] i £ ( e - ^ 5 / A a J2) { l + 2 Z ( - l ) iV(5 /A c o 24 0 ^ [ ( 2 i V + l ) - 1S ( - l ) -j\r=0 m=0

X + / 2iv~m+](Bll'H112) Jm+i(B ll2t112) )
- [ 2 ( 2 i V + 2 ) / / A c o ]  smiB/iAw+lAwiJw+tiBVnw) - 4 ( 2 7 V + 1 )  ( B l ) ^  c o s C ^ A w + i A c o ) ^ ^ ^ 2^ 2) ] } .  ( 9 )
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F ig . 2. Curves showing the time dependence of resonantly scattered radiation, as obtained from Eqs. (7) and (9). The curves 
were computed for frequency shifts Aco=0, 1/r, 2/r, and 3/r, where r=  1/A is the mean life of the excited state. Cases which cor­
respond to four different values of the thickness parameter are shown. These curves contain an arbitrary normalization factor which 
is identical for all. In Fig. 2 (a), the curve for Aw—0 coincides for all practical purposes with the functional form t2e~tlr, a result which 
would be obtained in the limit /?—>0. In Fig. 2(d) the limiting case for /3== <» is indicated. This result does not depend on the value 
of Aw.

Neuwirth5 has obtained expressions similar to (7) and source velocities are shown. These curves were obtained
(9) for the time distribution of x rays following internal from (7) and (9) by means of a computer program,
conversion in the scatterer. For the case of scattered The parameter (3 characterizes the effective scatterer
rays and Aco = 0, however, this author gives a formula thickness and its value is
which is not in agreement with our expressions nor with 
our experimental result.

In  Fig. 2 the time dependences corresponding to 
different combinations of scatterer thicknesses and When Xi max=#2

(3 — -B/2A — 1 max~i~#2 max)/2c\.
and the source velocity is zero, e~~
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is the transmission through the scatterer at the center 
of the line.

The spectral distribution of the scattered radiation 
was also calculated. The intensity I  (co) will be given by

N
I ( u )  =  ( I  °°j) e x p [ i^ (c o , # ) ]  ex p [iA y (a ? 0 ] |2 ) a v .i~i

Since the phases are considered to vary at random 
with varying incidence and scattering angles over which 
the average is taken,
/(w )

=  X) I Aj(ùi, x3')
3=1

J) m ax exp{ ~X rx/8c|](co---coo')2+iX 2]}
(o>—coo'—iiX) (w—coo “ iiX) dxi.

Fe57

vy/yz$2zzr\  84° /N ̂
1 /  CYLINDRICALN 1 /  CYLINDRICAL>l/ scatterer

PIEZOELECTRIC ,
CRYSTAL------- » / / -  Co57 IN Fe

4coo/2 J o 
This becomes
/(w) = 2  cos^/(cos^+cos^FOCco—co0) 2+ iX 2]t“1 

X {l-exp(~X5/4[:(co--coo')2+ iX 2])} , (10)
where F = A;/coo'VX.

I t is interesting to point out that the Fourier trans­
form of the time distribution (7) and (9) would not 
give the result obtained in (10). So for instance (10) 
gives a natural line shape for jB—>oo while the corre­
sponding time distribution is te~tjT.

B. Incoherent Scattering
Two kinds of incoherent processes, where the in­

coming and outgoing radiations differ in j frequency, 
will also contribute to the observed scattered intensity. 
In the first, energy is transferred to the lattice of the 
scatterer. In the second, after the scattering process, 
one of the nuclei in the scatterer is left in a different 
m  substrate.

A classical model for the first type of process can be 
obtained with the same approach used to describe the 
emission from a Mossbauer source.8-10 These authors 
describe the emitting nucleus as performing sinusoidal 
oscillations due to the lattice vibrations. As a conse­
quence, the emitted Fourier spectrum is split into an 
unshifted line representing the recoil-free fraction ( / ) ,  
and satellite lines corresponding to the energy-shifted 
fraction (1—/ ) .  Only the unshifted component of the 
radiation from the source will interact appreciably with 
the scattering nuclei. These nuclei also have to be 
considered as performing the same type of sinusoidal 
vibrations.

START

8 F. L. Shapiro, Usp. Fiz. Nauk 72, 685 (1960) [English transl.: Soviet Phys.—Usp. 3, 881 (1961)].9 J. Van Kranendonk, in Proceedings of the Seventh International Conference on Low Temperature Physics, 1960, edited by G. M. Graham and A. C. Hollis-Hallett (University of Toronto Press, Toronto, 1961), pp. 9-20.10 H. Frauenfelder, The Mossbauer Effect (W. A. Benjamin, Inc., New York, 1963), pp. 17-20.

F i g . 3. Geometry of the experimental arrangement and simpli­fied block diagram of the electronic equipment. P.H.A. indicates a single-channel pulse-height analyzer and T.A.C. indicates a time- to-amplitude converter. Not shown is a gate generator (actuated by the function generator) which blocked storage in the multi­channel analyzer during the first 20 msec following each turning point of the velocity transducer.

In a system of coordinates fixed to a scattering 
nucleus the unshifted radiation from the source is 
again split into a central component and satellite lines 
(this accounts for the fac to r/' entering in the expression 
for the scattering cross section). I t  is this last unshifted 
component seen by the scattering oscillator which 
induces the forced oscillations. The Fourier spectrum 
of this component has the same shape as would be seen 
by an oscillator at rest, placed at the same point. There­
fore the response of the oscillator will have the same 
time dependence as in Sec. IIA where no lattice vibra­
tions were considered.

With respect to a system of coordinates fixed to the 
laboratory the Fourier spectrum emitted by this oscil­
lator will have a central unshifted line and satellite 
lines, all of which will contribute to the measured in­
tensity. The unshifted component will interact with 
the resonant scatterers while leaving the scatterer. Its 
time dependence will be the one which has been ob­
tained in Sec. IIA. The shifted components will leave 
the scatterer without further resonant interactions. 
Their time dependence can therefore be obtained from 
Sec. IIA by setting B=rx\  max A  and by eliminating the 
factor 2 cos^/(cosSEf+cos0) in Eqs. (7) and (9). In the 
same way, the spectral distribution can be obtained 
from ( 10).

For the second type of incoherent process no classical 
model was found. I t  is, however, thought to be, in prin­
ciple, not too different from the above-discussed first 
type. In fact, in one case it is the lattice and in the other 
it is one nucleus which changes its quantum state. The
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T a b l e  I. Different types of events which take place in the emission and subsequent scattering of y  rays in a situation where recoil-free resonant processes are possible. In the last two columns the presence or absence of resonant absorption in the scatterer is indicated.

Radiation from source Scattering Resonant absorption in scatterer
Ingoing Outgoing

Recoil-free Mòssbauer Coherent (a) Recoil-free without change yes yesin ground substateIncoherent (b) With recoil yes no(c) Recoil-free with change in yes yesground substateRayleigh Coherent (d) Recoil-free yes yesIncoherent (e) with recoil yes no
With recoil Rayleigh Incoherent and (f) With and without recoil no nocoherent

time and spectral distributions corresponding to this 
second type of process are therefore assumed to be the 
same as for the first type.

III. EXPERIMENTAL ARRANGEMENT
In Fig. 3 the geometry of the experimental arrange 

ment is shown schematically and a simplified block 
diagram of the electronic equipment is given.

The 122-keV y  rays from the Co57-in-Fe source are 
detected in detector A and provide the time-zero pulses 
which are the start signals for the time-to-amplitude 
converter. 14.4-keV y  rays, which follow the emission 
of the 122-keV 7  rays and are scattered by the iron 
scatterer, are detected in detector B. These signals 
produce the stop pulses for the time-to-amplitude 
converter. Thus the spectrum obtained in the multi­
channel analyzer will follow the probability distribution 
corresponding to the observation of a scattered photon 
in given time intervals after the excited state in the 
source is formed.

Detector A consisted of a 38.1-mm-diam and 25.4- 
mm-thick N al(T l) crystal mounted on a RCA 8575 
photomultiplier tube. Detector B had a quartz window 
and used the same type of photomultiplier tube. The 
N al(T l) crystal was 44.5 mm in diameter and 6 mm 
thick.

The source was prepared by coplating carrier-free 
Co57 with natural Fe onto a Cu foil. The source intensity 
was adjusted to about 105 dis/sec. The velocity absorp­
tion spectrum of this source was measured with a 
natural-iron absorber. The linewidth, after correction 
for the absorber thickness, was found to be within 1 1 % 
of the value corresponding to natural linewidth. In order 
to detect any possible effect on the time distribution due 
to self-absorption in the source, a study of the decay 
curve of the 14.4-keV state was performed. This was 
done by using the arrangement of Fig. 3 with the scat­
terer and Pb shield removed. No such effect was found 
with the present source. A value of 97±1 nsec was 
obtained for the half-life, in agreement with previous 
results.11

11 See listings by A. H. Muir, Jr., K. J. Ando, and H. M. Coogan, in Mdssbauer Effect Data Index, 1958-1965 (Interscience Pub­lishers, Inc., New York, 1966).

The source was mounted on a simple and compact 
velocity drive consisting of a piezoelectric ceramic 
“Bender” (“Bimorph” 12) . A triangular voltage wave 
form from a precision function generator was applied 
to this transducer. The range of frequencies used during 
the experiments was from 0 to 4 cps and the peak value 
of the voltage was about 30 V. The response of the 
velocity drive was studied using an optical system. A 
beam of light was modulated by means of a slit with one 
of its edges fixed to the velocity drive, with the other one 
stationary. The beam intensity was measured with a 
photomultiplier tube connected to an oscilloscope. In 
order to reduce spurious oscillations observed after the 
turning points it was necessary to rigidly attach to 
the velocity drive a damping device consisting of a 
small plate submerged in mineral oil. After this was 
done, deviations from linearity could only be seen within 
the first 20 msec following each turning point. During 
these periods the analyzer was gated off by pulses 
derived from the function generator. An amplitude 
calibration of the velocity drive was performed with a 
microscope.

F i g . 4. Shown are the data obtained in a time-distribution measurement carried out at zero relative velocity with the natural- iron scatterer. Also shown is a conventional delayed coincidence curve of the 14.4-keV level in Fe57. Random coincidences have been subtracted in both cases.
12 Clevite Corporation.
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Two cylindrical scatterers were used during these 

experiments. The first consisted of a 92.8%-enriched 
Fe57 foil, 2.54X10-2 mm thick and 20 mm high, sup­
ported by a paper cylinder. The second was made of 
natural iron (2.19% Fe57) 4.53X10“ 3 mm thick and 
65 mm high. This scatterer was self-supporting and was 
mounted between two solid rings which were not reached 
by the y  rays from the source.

To reduce possible vibrations, the whole system was 
shock mounted. To make certain that no vibrations of 
the thin natural-Fe scatterer remained, an absorption 
velocity spectrum was measured in which the scatterer 
mounted in the same position as during the scattering 
experiments was used as an absorber. No line broad­
ening was observed.

In order to obtain the best possible time resolution it 
is necessary to set the discrimination levels of the fast 
discriminators partially within the region of noise. In 
the present experiment, the counting rate from detector 
A was rather high. If the unwanted signals were to 
reach the time-to-amplitude converter (as would be 
the case in a conventional fast-slow system) a serious 
dead-time problem would arise. For this reason the 
system shown in Fig. 3 was adopted.

“Prompt” curves were measured with annihilation 
radiation. In these runs the channel positions were 
kept at the values corresponding to the 14.4- and 122- 
keV photopeaks. The observed full width at half-maxi­
mum was 7 nsec. I t  was verified that this width was 
not affected by the high counting rate in detector A 
by placing the Co57 source on the velocity drive and 
preventing the 14.4-keV y  rays from reaching detector 
B by means of an absorber.

The time calibration of the time-to-amplitude con­
verter was obtained with a Tektronix RM 181 time 
mark generator and an oscilloscope.13

IV. EXPERIMENTAL RESULTS AND 
COMPARISON WITH THEORY

An example of the data obtained in a time-distribu- 
tion measurement performed with the natural-Fe scat­
terer at zero relative velocity is shown in Fig. 4, together 
with a decay curve of the 14.4-keV level in Fe57. 
Random coincidences were subtracted from both 
spectra. In this case the ratio of real to random coinci­
dences at the maximum of the scattering curve was 
about 8.

To compare the experimental results with the theory 
it is necessary to take into account the fact that scat­
tering processes other than Mossbauer scattering 
(mainly Rayleigh scattering) also contribute to the 
observed intensity. Different combinations of emission 
and scattering, both with and without recoil, either 
leaving or not leaving the scattering nucleus in its 
original ground substate, must be considered (see 
Table I ) . Other factors which enter into the interpreta­

13 P. Thieberger, Arkiv Fysik 22, 127 (1962).

T IM E  (n s e c )

Fig. 5. Time spectra of resonantly scattered y  rays obtained with the 2.54Xl0~2-mm-thick, 92.8% Fe57 scatterer. In Figs. 5 (a)-5(c) the data collected at source velocities which correspond to average frequency shifts (Aco)av = 0, 1/r, and 2/r are shown. Random coincidences and contributions due to Rayleigh scattering have been subtracted. The solid curves have been computed from the theory (see text). The dashed curves which have the functional forms te" tlT and t2e~tlT, are normalized to the area of the experi­mental points and are shown for purposes of comparison.
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Legend for Fig. 6 in opposite column.

tion of the results include the splitting of the emission 
and scattering spectra, the angular distributions in the 
scattering processes, and the finite sizes of the scatterer 
and detector. Finally, a correction due to nonresonant 
absorption in the scatterer is introduced.

A computer program was written in order to apply 
the results of Sec. I I  to the cases (a), (b), and (c) 
of Table I. This program performs a numerical integra­
tion over the geometrically allowed incidence and 
scattering angles and the corresponding values of Aco. 
Angular correlations corresponding to the transitions 
to and from the different substates, computed by 
assuming a random distribution of magnetic field direc­
tions in the scatterer, are taken into account. In addi­
tion, the presence of nonresonant absorption, which is 
not included in Eqs. (7) and (9), was introduced 
numerically in these calculations and resulted in very 
small corrections for our scatterers.

Modifications of the angular correlations due to 
preferential scattering at Bragg angles and to possible 
angular variation of the scattering /  factor were not 
taken into account.

For cases (d ), (e), and (f) of Table I  a similar pro­
gram was used. These processes differ from those 
described in Sec. I I  in that the Fourier spectrum is not 
modified by the Rayleigh scattering. The contribution 
to the time spectrum due to (f) is obviously a pure 
exponential. Deviations from an exponential were found 
in cases (d) and (e). However, a summing of the time 
spectra (d), (e), and (f), weighted with their corre­
sponding intensities, showed that these deviations were 
sufficiently small to be neglected.

Interference effects between cases (a) and (d) were 
also neglected. This is certainly justified for the natural- 
iron scatterer where most of the Rayleigh scattering is 
produced by Fe56 nuclei not capable of resonant scat­
tering. In the case of the enriched scatterer, the relative 
intensity of (d) with respect to (a) is smaller. For Aw= 0  
the ratio of these intensities is only about 8%.

The separations of the hyperfine components in the 
source and in the scatterer are large compared to the 
linewidth. Any contribution to the scattering due to 
partial overlap of adjacent hyperfine lines is very small, 
even for a frequency shift of Aco =  3 /r. Such effects were 
therefore neglected.

A certain exponential contribution due to Rayleigh 
scattering was subtracted from the experimental data. 
For each measurement with the enriched scatterer, the 
magnitude of this contribution as well as the normaliza-
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Fig. 6. Time spectra of resonantly scattered y  rays obtained with the 4.53XlO“3-mm-thick, natural-Fe scatterer. In Figs.6 (a)-6(c) the data collected at source velocities which correspond to average frequency shifts (Aco )av =  0, 2/r, and 3/r are shown. Random coincidences and contributions due to Rayleigh scattering have been subtracted. The solid curves have been computed from the theory (see text). The dashed curves, which have the functional forms te~tlr and t2e~tlr, are normalized to the area of the experi­mental points and are shown for purposes of comparison.
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T a b l e  II. Relations between Rayleigh scattering intensities (R ) , and Môssbauer scattering intensities (M) for all the measured cases. The “expected” values in the first column were obtained from separate measurements (see text) and the corresponding values in the other columns were computed from the theory.

Scatterer Intensityratios R /M  ( (Aw >av =  0)
R /M (  (Aco)av== l / l”) 

R /M  ( (Aw )av=0)
R /M  ( (Aco )av—2/r) 

R/M({Ao>)av= 0)
Æ/jtf ( (Aw >av=3/r)
R /M  ( (Aw )av=0)

Enriched Fe57 observed 0.197 1.4 1.5expected 0.142 1.2 1.6
Natural Fe observed 0.485 3.0 3.3expected 0.488 3.8 7.4

tion factor for the computed theoretical curve was 
obtained by means of a least-squares fitting program. 
No other parameters were left open in the fitting pro­
cedure. The results corresponding to average frequency 
shifts (Aco)av=0, 1/r, and 2 /r  are shown in Fig. 5. For 
comparison the functions te~t,T and t2e~i,T are also shown 
with their areas normalized to the experimental points. 
The effective thickness of the present scatterer is very 
large and the theoretical curves would for all practical 
purposes coincide with the function te~t,T. The small 
differences seen in Fig. 5 are entirely due to the intro­
duction of nonresonant absorption. The measuring 
time for each of these experiments was about two 
weeks.

With the nonenriched scatterer, it was not necessary 
to use a least-squares fitting procedure to determine the 
amount of Rayleigh scattering. The exponential con­
tribution was easily seen in the experimental data and 
could be subtracted with sufficient accuracy. The only 
adjustable parameters were the normalization factors 
for the theoretical curves and they were obtained by 
least-squares fitting. The results for average frequency 
shifts of (Aco)av= 0 ,  2 / r ,  and 3 / r  are shown in Fig. 6. 
The measuring time was from about three to six weeks 
for each of these experiments.

The relations between the resulting intensities of 
resonant and nonresonant contributions to the time 
spectra for all of our measurements are compared with 
“expected” values in Table II. The “expected” values 
shown in the first column were obtained by performing 
a separate measurement in which the scattering in­
tensity at (Aco)aV= 0  was compared with the scattering 
intensity at very large Aco. The intensities of Rayleigh 
and Mossbauer scatterings for (Aco)av= 0  were obtained 
by taking into account the computed reduction in the 
Rayleigh scattering intensity due to resonant absorp­
tion. The “expected” values of columns 2, 3, and 4 
were computed with the above-mentioned programs.

V. DISCUSSION AND CONCLUSIONS
I t  is not too surprising to find that a classical theory 

of the type presented in Sec. I I  is rather successful 
in describing the experimental results of Sec. IV. A 
similar result was found2 for the time spectra of radia- 
tion^transmitted through a resonant absorber. In this

latter case, a quantum-mechanical calculation14 has 
confirmed the classical results. A certain degree of 
a priori justification for the classical procedure can be 
found in the possibility of describing photons by 
“associated classical fields.” 15-17

Several attempts have been made to explain the 
discrepancies between theory and experiment observed 
for the natural-Fe scatterer at (Aco)av= 2 / r  and 3 /r  
(see Fig. 6 and Table I I) . Theoretical curves corre­
sponding to these cases were computed by assuming 
line broadening as large as 20% . A  20%  line broadening 
is about twice the experimentally permissible limit. 
No substantial improvement of the fits was obtained 
by this procedure. These discrepancies might also be 
caused by the presence of “satellite” lines close to 
the zero-velocity line. However, no deviation from the 
expected line shape was observed in absorption spectra 
obtained by using the scatterer foil as an absorber. If 
such satellite lines are present, their intensity is too 
small to account for the discrepancies. Finally, the 
possibility that the contribution (b) or (c) (Table I) 
to the time spectrum could be different from the result 
obtained in Sec. I I  was considered. I t  was assumed that 
in one or the other of these cases the absorption and 
subsequent reemission of the y  rays in the scatterer are 
separate processes. Even though the fits for the last 
two cases of Fig. 6 were improved, the good agreement 
obtained in all the other cases was completely destroyed. 
This possibility can therefore be ruled out as an explana­
tion of the discrepancies. I t  is thus likely that the 
incoherent resonant scattering processes contribute to 
the time spectrum in a way similar to that of the 
coherent processes.

The observed discrepancies therefore remain un­
explained. Their presence implies that the scattered 
radiation contains Fourier components with amplitudes 
different from the theoretically expected ones. I t  is 
possible that this effect is of the same type as the one 
observed by Lennuier18 in his studies of the resonant 
scattering of light. In his experiments the scattered 
spectrum contained frequencies centered on the reso-

14 S. M. Harris, Phys. Rev. 124, 1178 (1961).15 G. Beck, Nuovo Cimento 1, 70 (1955).16 L. M. Falicov, Nuovo Cimento 16, 247 (1960). [See also G. Beck, ibid. 19, 825 (1961)].17 L. Menegozzi, Nuovo Cimento, Suppl. 4, 15 (1966).18 R. Lennuier, Ann. Phys. (Paris) 2, 233 (1947).
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nance even though these frequencies were absent from state in the scatterer are considered as independent
the incident radiation. processes, is ruled out by our results.
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APPENDIX
The integral of Eq. (6),

f°° eiut exp 1 ( j /4^  £rx/  (a,—co0' ~  %i\) ]}max / * + am = E  \
J r\ J—co (co — COo—  \ioo) (  00— COo'—  2 ^ 0

was evaluated as follows:

doo
2

dx1, (Al)

The integral with respect to co can be evaluated by finding the residues of the integrand in the complex co plane, 
as in Ref. 2. Setting b = rx/4:c) we have

1  C(4a+/  G d a = I M  (A2)
J  (CO COo 2^X)(C0 COo 2^X) •'coo +&A/2 * o>of+i\/2 

In the first integral we put s = c o —co0— JiX :
r <-/• eizt expO/(z+a>o-a>o')]  ̂ exp{Cwo/+&/(*’o -« o ') ]- |M }  , A , N/!  =  exp[(to0- |X )O  9 -------------- ;--------- ;------ d z = ---------- :---------------------------- . (A3)

J  Z=Q Z 2+COo —  COo 0) — COo

In the second integral we put £ = c o — coo'— J iX :
e i ( z t + b l z ) f a

/ 2=0 z  S+C O o'— COo
/2 = exp[(W—§X)/] é

J  z=

=  -  exp[ (W  -  |X) ¿] f  2  - — 2 , ei( 2í+w z)dz. (A4)
Jz=(] n=0 (COO —  COo ) ^J z=0 n—0 ( COo— COo') W+1

The formula for generating Bessel functions,
ex p [|F (  ^ U lM Y ) ,

J,' — CO

is used to write
+00e.i(zt+biz)= im{t/b)ml2zmJ m{2bllH112) .

After substitution into Eq. (A4), the only nonzero residues are those for which n ——m. As a result one obtains
+00 f n

h  = - e x p [ ( W - f A ) ; ]  z  r - T T ,  (A5). „=0 (o)0—wo ) n+1

h = —  e x p Q W — |X ) 0 C  J 2  S n —  S  >$'»]• (A S ')
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If we again use the formula for generating Bessel functions, we can cancel h  []Eq. (A3)]. Equation (Al) then 
becomes

rxI ( t ) = E
J Q

i ( t )  ~ e J xJ n

exp [(ico o '— iX )< ] ^  p (c o 0—top')
(coo—WoO n—1 L

p Xi -j~oo -4-oc r
e - 2 £ £ ( - D f

b
coo—cor/

dx\t

0tb) ^ ' > lìJ n(2bilH1iì)Jm(2bllHliì)dx1.' o (w0“~W )2 n^l m^l ' L ^
When the integration with respect to %i is carried out, the following result is obtained:

2  f  + c o  + oo  ( 7*̂  n-\-m(__ 1  ^ n

HO  =  „ Ee-'n  1 -  £  £  7 , , :  ]{ [(wo—WoO (4t/B )
CO S^  +  COS0 n— 1  m—1 ( 1 )

where B = rxmax/c= r(x i  max+#2 max) A, and 6 and ^  are the incidence and scattering angles with respect to the 
normal to the scatterer. This expression can be reduced to

2 ro<v3> f +°° i — 1 i^ +ln t ) = z ^ ~ - E e ^ H  l - E  }
COS\I>+COS0

(co0—w o')2
N  2N+1

£  ( - i ) *
m—l

XU'N+i-m( B ^ ) J m̂ {BVH^) + J 2N+̂ m( B ^ ) J m(B ^ tu *)]  . (A6)
This series converges rapidly for small values of (co0—co0') 24 //^ .

For large values of (co0—co0') 24t /B  it is convenient to obtain /( /)  from the sum of (A3) and (A 5):
exp{ i[W + 6/(coo-coo')]-iA*} e x p [(W ~  ?\)Q  g  / i(b / t) ll2\ n

coo—coo 00Q—  COq n=0 \COo —  COQ

/2\ n

7) J n(2b1,2il/2)
rx  l

I ( t ) = E
•'o

rx 1 max g—Xi /  +oo 4-00 / i (  h /

/ ( 0 = £ /  7-------- 1 +  £  £  Jn{2WH^) jm{2blln ^ )vCOo COo ) \  n—0 m=0 \ COO—^o /

- 2  Re {exp T* (i(«o-«oO +  ~ ^ l ) l  £  J n ^ H ™ )  ï \  dx1= I 1+ I 2- I s.{ L \ CO0 C00 /  J n—0 \  C00“ CO0 /  J /
Reference 19 contains a series expansion for / 2. /3 was evaluated from an expansion obtained by successive 

integrations by parts. This is done so as to obtain terms containing increasing powers of (fit) 1/2 and Bessel functions 
of increasing order. The final result thus obtained is

4-00

I(t)  = c o s^ / (cos^+cos0) \E \\e -^B /  (co0 COo' ) 2] i l 4 £ ( - l )  ̂ (coo—coo') 2N( B / t t y
N = 0

2 AT
X [ ( 2 N + l ) ~ 1̂ ( - - l ) m(Jm(B1'nll2)J2N~m(B1fnlf2) + / 2at-w+1 ( ^ 1/2/1/2) / w+i( 5 1/2̂ 2) )m=0

-G 2(2^42)/<(coo-o)oO ] sinC5/4(«o-a)oO 4 i(w 0- w 00 ] - W ( JB1/?/1/2) —4(2 iV + l) (£ /)_1/2
Xcos[5/4(«o-«oO +<(«o-«oO]/*w+i(JS1/2/1/2) ]}. (A7)

19 Y. L. Luke, Integrals of Bessel Functions (McGraw-Hill Book Co., New York, 1962).


