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RESUMEN

A diez afios del encendido del LHC, los resultados obtenidos por las colaboraciones de
ATLAS y CMS no han mostrado evidencia de fisica més alld del modelo estdndar. A
medida que los esfuerzos para encontrar fisica nueva migran de las btisquedas resonantes
hacia los experimentos de precision, se hacen necesarias predicciones tedricas de mayor
precisién. Un interés particular yace en los auto-acoplamientos del bosén de Higgs, ya que
estos estdn directamente ligados al potencial escalar que conduce la ruptura espontdnea
de simetria electrodébil. En este contexto, el quark top juega un rol importante al ser
la particula fundamental més pesada conocida y aquella con el mayor acoplamiento al
bosén de Higgs. El valor del acoplamiento Yukawa del top determina la evolucion del
auto-acoplamiento del bosén de Higgs y tiene un gran impacto en la seccién eficaz de
produccién de Higgs en colisionadores hadrénicos, donde el principal canal de produccion
es la fusién de gluones mediada por un quark top virtual.

La forma mads directa de acceder al auto-acoplamiento del bosén de Higgs es mediante
su produccién mdltiple. En la primera parte de esta tesis, calcularemos las correcciones de
QCD a segundo orden en la constante de acoplamiento fuerte (NNLO) para la produccién
multiple de Higgs en la aproximacién de top pesado. En el caso de produccién de pares
de Higgs, extenderemos los resultados ya conocidos al tener en cuenta efectos de nueva
fisica, los cuales son parametrizados por operadores de dimensién seis en el contexto de la
teorfa efectiva del modelo estdndar. Esta es una forma consistente de parametrizar nueva
fisica pesada, siendo a la vez agnoéstico a la teoria ultravioleta que la describe. En el caso
de produccion triple de bosones de Higgs, calcularemos las correcciones de QCD a NNLO
para el proceso en el limite de top pesado del modelo estdndar, y la combinaremos con
la mejor aproximacién disponible para los efectos de masa finita del top, obteniendo asi
nuestra mejor prediccién para su seccion eficaz.

A diferencia de otras particulas, el decaimiento del bosén de Higgs a pares de tops esta
cinematicamente prohibido. Sin embargo, es posible observar directamente el acoplamiento
de Yukawa del quark top en la produccién asociada de un par de ellos con un bosén de
Higgs. En un contexto en que la precisién experimental se acerca a la incerteza tedrica
actual, necesitamos un formalismo para calcular las correcciones de QCD a NNLO para
este proceso. En la segunda parte de esta tesis extenderemos el formalismo de substraccién
gr, que ha sido implementado para estados finales sin color y para produccién de ft,
al proceso de produccion de tth. Presentaremos una implementaciéon completa para la
seccion eficaz a NLO, asi como los contratérminos necesarios para cancelar las divergencias
infrarrojas a NNLO. Estos resultados abren paso al cdlculo completo de correcciones de
QCD a NNLO para la produccién de tth en colisionadores hadrénicos.






ABSTRACT

About ten years after the start of the LHC the results obtained by the ATLAS and CMS
collaborations have not shown evidence of physics beyond the Standard Model (BSM). As
the experimental efforts to find BSM physics move from resonant searches to precision
measurements, accurate theory predictions are needed. Particular interest lies in the Higgs
boson self couplings, as they are directly connected to the scalar potential that drives
ElectroWeak Symmetry Breaking. An important role in this context is played by the top
quark, which is the heaviest known fundamental particle and the one with the largest
coupling with the Higgs boson. The value of the top Yukawa coupling drives the evolution
of the Higgs boson self coupling, and has a great impact in the Higgs boson production
cross section at hadronic colliders, where the main production channel is gluon fusion
mediated by a top-quark loop.

The most direct way to access the Higgs boson self couplings is through multiple
Higgs boson production. In the first part of this thesis, we will compute the Next-to-
Next-to-Leading Order QCD corrections to its production cross section in the heavy-top
approximation. In the case of double Higgs production, we will extend the known NNLO
results to the SM cross section to include new physics effects, which are parametrised by
six-dimensional operators in the context of the standard model effective field theory. This
is a way to consistently parametrise heavy new physics, while being agnostic to the UV
complete theory that underlies it. In the case of triple Higgs production, we will compute
the NNLO QCD corrections to the SM process in the heavy-top limit, and combine it
with the current best approximation to the top-quark mass effects, thus obtaining our best
prediction for its cross section.

Unlike other quarks, the decay of a Higgs boson into a pair of top-quarks is kinematically
forbidden, but a direct observation of the top-quark Yukawa coupling is possible in the
associated production of a top quark pair and a Higgs boson. In a context in which
the experimental accuracy is getting closer to the current theory uncertainty, we need a
framework to compute the NNLO QCD corrections to this process. In the second part
of this thesis we will extend the gr-subtraction framework, which currently has been
implemented for colourless and ¢f final states, to the tth process. We will present a full
implementation for the NLO cross section and for the NNLO counter-terms, needed to
regulate the divergences appearing in the real emission cross sections. These results pave
the way to the full computation of NNLO QCD corrections to tth hadroproduction.
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ZUSAMMENFASSUNG

Etwa zehn Jahre nach dem Start des LHC haben die Ergebnisse der ATLAS- und CMS-
Kollaborationen keine Hinweise auf Physik jenseits des Standardmodells (BSM) gezeigt.
Da die experimentellen Bemiithungen, die BSM-Physik zu finden, von der Resonanzsuche
zu Prézisionsmessungen iibergehen, sind genaue theoretische Vorhersagen erforderlich.
Von besonderem Interesse sind die Selbstkopplungen des Higgs-Bosons, da sie direkt
mit dem skalaren Potential verbunden sind, das die elektroschwache Symmetriebrechung
antreibt. Eine wichtige Rolle spielt in diesem Zusammenhang das Top-Quark, das schwerste
bekannte Elementarteilchen und dasjenige mit der grofiten Kopplung an das Higgs-Boson.
Der Wert der Top-Yukawa-Kopplung dominiert die Skalenabhadngigkeit der Selbstkopplung
des Higgs-Bosons und hat einen grofien Einfluss auf den Produktionsquerschnitt des
Higgs-Bosons an hadronischen Collidern, wo der Hauptproduktionskanal die durch eine
Top-Quark-Schleife vermittelte Gluonenfusion ist.

Der direkteste Weg der Messung der Higgs-Boson-Selbstkopplungen fiihrt {iber die
Produktion mehrerer Higgs-Bosonen. Im ersten Teil dieser Arbeit werden wir die QCD-
Korrekturen der nidchst-nach-ndchsten-fithrenden (NNLO) Ordnung fiir ihren Produk-
tionsquerschnitt in der Heavy-Top-Approximation berechnen. Im Falle der doppelten
Higgs-Produktion werden wir die bekannten NNLO-Ergebnisse fiir den SM-Querschnitt
erweitern, um neue physikalische Effekte einzubeziehen, die durch sechsdimensionale
Operatoren im Kontext des Standardmodells der effektiven Feldtheorie parametrisiert
werden. Dies ist eine Moglichkeit, schwere neue Physik konsistent zu parametrisieren und
gleichzeitig der ihr zugrundeliegenden vollstandigen UV-Theorie gegeniiber agnostisch zu
sein. Im Falle der dreifachen Higgs-Produktion werden wir die NNLO-QCD-Korrekturen
des SM-Prozesses im Heavy-Top-Limit berechnen und mit der derzeit besten Naherung
der Top-Quark-Masseneffekte kombinieren, um so unsere beste Vorhersage fiir seinen
Querschnitt zu erhalten.

Im Gegensatz zu anderen Quarks ist der Zerfall eines Higgs-Bosons in ein Paar von
Top-Quarks kinematisch verboten, aber eine direkte Beobachtung der Top-Quark-Yukawa-
Kopplung ist bei der damit verbundenen Erzeugung eines Top-Quark-Paares und eines
Higgs-Bosons moglich. In einem Kontext in dem sich die experimentelle Genauigkeit
der aktuellen theoretischen Unsicherheit anndhert, brauchen wir einen Rahmen, um die
NNLO-QCD-Korrekturen zu diesem Prozess zu berechnen. Im zweiten Teil dieser Arbeit
werden wir den gr-Subtraktionsformalismus, der gegenwirtig fiir farbneutrale und tf
Endzustinde implementiert wurde, auf den tfh Prozess erweitern. Wir werden eine voll-
standige Implementierung fiir den NLO Querschnitt und die NNLO Beitrdge vorstellen,
die erforderlich sind, um die in den realen Emissionsquerschnitten auftretenden Divergen-
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zen zu regulieren. Diese Ergebnisse bereiten den Weg zur vollstindigen Berechnung der
NNLO-QCD-Korrekturen fiir die t#h Hadroproduktion vor.
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INTRODUCTION

The standard model of particle physics (SM) represents one of the greatest achievements
of the past century. Developed during the 60’s, it has since accumulated a number of
experimental checks and successful predictions.The SM is a gauge theory that describes
the dynamics of 12 spin % fermions and their corresponding anti-particles, which are
charged under the SM symmetry group U(1) x SU(2) x SU(3), and of the spin 1 gauge
bosons that mediate the three fundamental forces: The photon for electromagnetism,
eight gluons for the strong force and the three massive weak bosons W= and Z for the
weak force. Because explicit mass terms can’t be added to the Lagrangian of the theory
without breaking the symmetries of the SM, a mechanism was developed [1-3] to break
the U(1) x SU(2) symmetry of the SM at low energies into the electromagnetic and weak
interactions, a process known as Electroweak Symmetry Breaking (EWSB), which also
provides masses to the W* and Z bosons through an interaction with a new scalar field
charged under U(1) x SU(2). This new field would also generate masses for the fermions
through Yukawa interactions, making the SM fully compatible with the experimental
observations. Nevertheless, the EWSB mechanism gave a crucial prediction: The excitations
of the scalar field would give rise to a new 0-spin particle. After 50 years of experimental
search for this particle, now known as the Higgs boson, its discovery was announced in
2012 by the ATLAS and CMS experiments at CERN [4-6].

Despite its overall success, the SM is known to be incomplete as there are a few unre-
solved issues, such as the mass of neutrinos, the existence of Dark Matter and the hierarchy
problem, to name a few. The knowledge of the existence of new physics beyond the SM
(BSM) has inspired a number of theories that intend to solve some of these issues, but so
far the Large Hadron Collider (LHC) at CERN has found no evidence for such theories,
putting bounds on the scales at which they should appear to be above the few TeV. In this
scenario of a gap between the scales of the SM and the scales of new physics, differences
respect to the SM can only be spotted as small deviations from the SM predictions, making
the discovery of BSM physics likely to hide in precision experiments.

Since its discovery in 2012, the experimental community of high energy physics has
been devoted to characterise the properties of the Higgs boson, as well as its coupling
with other particles and with itself. In the SM, the Higgs self-couplings are uniquely fixed
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in the EWSB potential via the preservation of the corresponding gauge symmetries and
renormalizability [7, 8], and the Yukawa coupling can be directly inferred from a fermion’s
mass. Therefore, a direct measurement of these couplings is a non-trivial test of the SM
consistency and any deviation found would be a sign of BSM physics. This poses two
challenges for the theory community: On one hand, we need to be able to provide precise
predictions for these processes, while on the other we need to be able to parametrise the
shape of deviations from the SM in a consistent framework. The first of these challenges is
being continuously put forward through the computation of perturbative corrections, in
particular the current state of the art corresponds to the computation of Next-to-Next-to-
Leading order (NNLO) corrections in a perturbative expansion on the power of the strong
coupling constant «s. The second of these challenges, is currently being lead in the context
of Effective Field Theories which consists in considering the SM as the renormalizable
piece of a low energy effective theory, and any interaction with the heavier BSM degrees
of freedom manifests as non-renormalizable operators of higher mass-dimension in the
Lagrangian of the theory.

Among the different possibilities to search for deviations of the SM, most of the effort is
focused on the top quark and the Higgs boson. These two particles are the heaviest of the
SM spectrum, and are intimately related. The top quark, being the most massive particle
in the SM, has the largest coupling to the Higgs boson and therefore it drives the evolution
of the Higgs boson self-coupling. In this way, the precise value of the Yukawa of the top
affects the stability of the EW vacuum, and is possible that it plays a role in the EWSB. The
Higgs boson, being a scalar particle, is a good candidate to act as a portal to BSM physics
as it would couple to anything charged under the SM U(1) x SU(2) symmetry group. Its
main production channel in the LHC is gluon fusion, mediated by a top-quark loop. In
this way, the search for deviations from the SM in the self couplings of the Higgs boson
will be intertwined with the Yukawa coupling of the top quark.

We begin this thesis by providing a brief overview on the computation of radiative
corrections to processes in hadron colliders, such as the LHC, in chapter 2. In part I we
focus on Multiple Higgs production as a direct way to access the Higgs self couplings. In
chapter 3 we extend the NNLO computation for double Higgs production in the heavy-top
limit of the SM (HTL), to include dimension 6 operators in the context of EFTs. In chapter 4
we switch to the process of triple Higgs production in the SM, we compute the full NNLO
cross section in the HTL and then combine it with the current state of the art predictions.
Then we move to the part II of this thesis, where we focus on the direct measurement
of the Yukawa of the top quark in the associated production of a top-quark pair and a
Higgs boson. In this context, we address the extension of the gr-subtraction framework
for the computation of fully differential NNLO cross sections to processes in which a tf
pair is produced together with a colourless particle. We will present the results of a full
implementation at NLO in 7 and the partial results of a NNLO implementation in 8. Then,
we will close this thesis by presenting our conclusions in chapter 9.
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In this chapter we will review some basic theoretical background regarding the computa-
tion of higher order corrections in hadron colliders. In section 2.1 we sketch the procedure
of perturbation theory, and present the factorization properties of the amplitudes in the
soft and collinear limits. In section 2.2 we refer to hadronic collisions, describing the long
and short range factorization in the naive parton model, and how infrared singularities
lead to the renormalization of parton distribution functions. Finally, in section 2.3 we
describe the FKS method for the computation of NLO QCD corrections of a colourless
final state, which we will use in part I of this thesis.

2.1 RADIATIVE CORRECTIONS AND INFRARED DIVERGENCES

The standard procedure to obtain theoretical predictions in Quantum Field Theories,
such as a cross section, is to perform a perturbative expansion in powers of the coupling
constant. In hadronic colliders, where the hard scattering originates from the collision of
two colored partons, the largest contributions come from the QCD corrections, that is from
the expansion on the strong coupling constant as = g%/ (471), as this one is typically about
an order of magnitude larger that the fine-structure constant « = ¢?/(4)*. In a generic
process of two incoming partons, each with momenta k; and k, this expansion in a; can
be written as

o (ki ki {pi}; o) = af [‘T(LO) (k1 ki {pi}) + aso™NEO) (kg ks { pi})
+a20 N (ky, ki {pi}) + O(ad) |, (2.1

where k is the power of «; of the first non-vanishing term of the series expansion, and {p;}
are the momenta of the final state particles. If the a5 coupling constant is small, the first
estimate for the value of the cross-section is given by the Leading Order (LO) cross section

afo"O) (ky, ki {pi}) Z/dO'B, (2.2)
n

1 At the scale of the Z boson mass, as(mz) =~ 0.118 while a(mz) ~ 1/127 ~ 0.008



PRECISION PHYSICS AT HADRON COLLIDERS

where the Born cross section do® is given by the tree level matrix element M {pl}
squared times the phase space measure d®,, of the n final state particles, a flux factor and
a measurement function J, ({p;})

dof — dd, ‘

24/ (k1 + k2)?

d®, = (27)*s* <k1+kz ZP) H (d%l 5+(p?)- (2.4)

N AL 23)

The matrix element M| ({pl}) is computed as usual from the Feynman Rules, while
the measurement function 7, ({p;}) defines the observable we want to compute.

While the LO cross section can give us an estimate for the observable, in most cases it
only provides a qualitative description. For a reliable calculation, higher order terms of the
perturbative expansion have to be taken into account. At Next-To Leading Order (NLO)
we find two different kinds of contributions: The virtual corrections which have the same
final state as the Born cross section, and the real emissions which contain one more parton
in the final state. Explicitly,

N (ky, ki {pi}) :/+1 dot + / do?

dd, 1 0) |2
- Tl M ’
Jui12 /(k1+k2)2‘ n+1‘ Tns1
do, (1)t 4 4(0) (0)F 4 4(1)
+ MM+ MO MY T .
/112 ﬁk]ﬁ—kz)z[ ]J (2.5)

The virtual amplitude M,(}) contains integrals on unconstrained loop momenta ¢, which
lead to ultraviolet (UV) divergences arising from the region where ¢ — oo, as well as
infrared (IR) divergences from the soft region where ¢ — 0, whenever the propagator
carrying the momenta ¢ is massless. The UV divergences can be handled as usual by
absorbing them in a redefinition of the fields, couplings and masses. This renormalization
leads to a dependence of the physical coupling (as well as the masses the particles involved)
on a renormalization scale pg. As for the IR singularities, the Kinoshita-Lee-Nauenberg
(KLN) theorem [9—11] guarantees that for sufficiently inclusive observables J they will
cancel against analogous terms coming from the real emission contribution [, “ doR
(more details will be given in sec. 2. 3)

The real emission amplitude M( 1 is a tree level amplitude which contains one extra
unobserved parton in the final state, of momenta p, 1. The integration over the phase
space of this parton will generically lead to a singular behaviour whenever it becomes soft
(Pn+1 — 0) or collinear to another parton. To illustrate this, let us consider the emission
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Figure 2.1: Diagram corresponding to the gluon emission of an initial state parton.

of a gluon from an initial leg. The corresponding diagram is shown in Figure 2.1. The
emission of such a gluon generates a new propagator in the amplitude of the form

1 -1 1
(k1 = puy1)? —m2  2ki-pus1 2|kq||pusa|(cos® — /14 m2/ [k ]?)

where 0 is the angle of between the vectors k; and p,,11 and m is the mass of the initial leg,
k% = m?2. We see that, as we integrate over the phase-space of the emitted gluon, there is a
singularity in the region where it becomes soft, p\ ., — 0. As we anticipated before, this
soft singularity will cancel the IR singularities in the virtual amplitude for a sufficiently
inclusive observable. In the case that the emitter is massless, i.e. k% = m? = 0, another
singularity arises when the two particles become collinear to one another, i.e. cos6 — 1.
This collinear singularity will also cancel for well defined asymptotic states, and in the
case of emission from initial state hadrons it will be absorbed, as we explain section 2.2, in
a redefinition of the parton distribution functions.

The structure of real emission amplitudes in the soft and collinear limits is well under-
stood, and it shows some universal factorization properties. In the following subsections
we will present the infrared factorization of amplitudes at the lowest order of QCD.

(2.6)

2.1.1  Factorization in the soft limit

Let us consider a generic tree-level matrix element M,/ (p1,..., pn;q) of n external
QCD partons with momenta and colour p;, ¢;, respectively, and a gluon of colour ¢ and
momenta ¢ in the limit in which the latter becomes soft, § — 0. We note that neither the
emission of a quark nor a gluon attached to an internal offshell line are singular in the soft
limit, so we restrict ourselves to consider the gluon as being emitted from the i external
line with momenta p; and colour c;.
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We first consider the case in which the emitter is a final state quark of colour «, that is
c; = . To keep notation clean, we omit the dependence on the momenta and colour of the
other particles. The matrix element can be generically written in D = 4 — 2¢ dimensions as

Pitda -~
o a? +q)2M5, (2.7)

where g is the SU(3) coupling (x5 = g%/ (47)), p is the dimensional-regularization scale
introduced to keep gs dimensionless, i is the Dirac spinor of quark i, t¢ is the colour-charge
matrix in the fundamental representation of SU(3), €,(q) is the polarization vector of the
emitted gluon, 9# are the Dirac matrices in four-vector notation and the Feynman slash

M (pizq) = gsuia(pi) (£)apen(q) "

notation is used, p = p,7". M2 is the n-particles matrix element with the on-shell quark i

replaced by an off-shell quark, i.e. ME = a(p;)) ME.

In the ¢ — 0 limit, Eq. (2.7) takes the following form

w;c 90 €~ c U Vi A 7B € p.l“ c B
M (pig) = gspi(pi) (£)apen(q)y 72pi-an = gspeu(q) | = p (t)ap M,
(2.8)

where the Clifford algebra and the Dirac equation for a massless quark (p;)p;, = 0 were
used. We see that the (n + 1)-particles matrix element factorizes into an onshell n-particles
matrix element, contracted with a colour matrix.

The factorization formula (2.8) derived for the gluon emission from a final state quark
takes the same form in the case of an initial state anti-quark, while for initial state quarks
and final state anti-quarks the analogous expression can be obtained by replacing the
colour-charge matrix ()4 by the conjugate one (), = —(t°)ga-

Let us proceed to the case in which the soft gluon is emitted from an external gluon of
colour ¢; = a. In this case, the matrix element takes the form

a;c € v 1d‘u i+ abc AA
MG (pizq) = pe’ (pi)e (Q)MVVSM +q,—q,—p)M}, (2.9)

where d,;(p; + q) is the gluon polarization tensor, and M, is the n-particles matrix
element with the i leg exchanged by an of-shell gluon, analogous to the quark case, that is
M = e,(p;) M. The tensor V#'* arises from the gluon triple vertex, and reads

Vins = =85 [8un(2pi + @)y + 8u(q — pi)yu + 8o (=i — 29)a] (2.10)
where % is the colour-charge matrix in the adjoint representation of SU(3).

In the soft limit, g — 0, Eq. (2.9) simplifies to

) q—0 idue(pi)
M (pig) = — gsufex(pien(q) 2;,91. .pqz

|2 p} — gl — g pt | MU
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pV
— 66 1
gsuev(q) [p, :

q} (ifoey ME. (2.11)

The simplification from the first to the second line can be easily performed in a physical
gauge, where given a light-like four vector n# orthogonal to the polarization of the gluon,
i.e. n-€e(p;) =0, the gluon polarization tensor takes the form

g — g 4 PP

oon (2.12)

Equations (2.8) and (2.11) show the factorization of QCD amplitudes in the soft limit, and
we see that the only difference between them is in the colour factor. This allow us to write
more generally the factorization formula, in terms of operators in colour-space. To this end,
we define a colour-basis formed by vectors |cy, ..., c,)?. The n-particles amplitude with
colours ¢, ..., ¢y, and its squared modulus summed over colour and spin configurations,
can then be written as

MG (py, oo pn) = {1, cnl M(p1,...,pn)), (2.13)
IMu(pr, o) P = (M(p1, .. pu) | M(p1, .. pn)) - (2.14)

Next, we define the colour operator T; associated with the soft emission of a gluon of
colour a from leg i as

T; = (a| T}, (2.15)

which acts into colour-space vectors as

(b1, ..., bu| Tilct,...,cna) = Opyey - (T7 )byc; - - - Oty s (2.16)
(t)pc  if leg i is a final-state quark or initial-state anti-quark,

(T{)be = § —(t9)q if leg i is a final-state anti-quark or initial-state quark,  (2-17)
ifbac if leg i is a gluon.

Some properties of the colour operator T; are

n

ZTi|M(Plr---/Pn)> =0, (2.18)
i=1

T, - Tj=T,;, T, =TT}, (2.19)
T.. T, = C = Ca iflegiis a quark or anti-quark, (2.20)

Cas iflegiisa gluon,

2 The colour basis is defined in the same way as in Ref. [12].
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where the first identity follows from colour conservation and the fact that the vector
|M(p1,...,pn)) is by definition a colour-singlet, and in the last equation we introduce
the Casimir invariants of SU(3): C4 = N, = 3 being the number of colours, and Cr =
Tr(N? —1)/N. = 4/3.

Now, we can write equations (2.8) and (2.11) in a single line

(@l M(p1,-. ., pui0)) = gsuen( @I (9) IM(pr,-.. pa)), (2.21)

where the tree-level eikonal current J# is given by

" S P
—y 1P .
J¥(q) l; "~ (2.22)

Due to colour-conservation, the eikonal-current is conserved: q,J* |[M(p1,...,pn;q)) =0,
which also implies that Eq. (2.22) is gauge invariant.
With these expressions, we can also write the factorization equation for the amplitude
squared (summed over colours and gluon polarizations):
g—0 n 2
Mpr,- o pui )P ' = 8022 Y S5(a) My (p )| (223)
ij=1
where we defined the eikonal function S;; and the squared colour-correlated tree-level
amplitude M ;) as
Pi-Pj
S .. —= ’ (2'24‘)
DD =20 )y

2
Mijy (1o pn)| = (M(p1,- -, pu) | Ti - T [ M(p1, - ., pu)) - (2.25)

2.1.2 Factorization in the collinear limit

Let us consider now the collinear limit of a n-particles tree level amplitude
MG (P pn), (2.26)

where ¢;, s; and a; label the colour, spin and flavour of the external particle i with momenta
pi- Without loss of generality, let us call p; and p; the partons that become collinear to one
another, so that in the collinear limit p; || p2. To formally define such limit, we parametrise
the momenta as follows

z2p-n’
K ot
—z2p-n’

P =zp" + K —

ph=(1—2)p" =K -1 (2.27)
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where we used a light-like vector p* to indicate the collinear direction, n* is an auxiliary
light-like vector which specifies the plane in which the collinear limit is approached, and
k'| is a vector perpendicular to p* and n" such that the collinear limit corresponds to
k;i — 0. To see this, we can note that
K
2p1 - = ——————, 2.28
PL-pe z(1—2z) (2.28)

so that k3 — 0 corresponds to p; - p» — 0.
The squared amplitude, summed over colours and polarizations, factorizes in the
following way in the limit kK3 — 0:

K2 —0
Mo oo P52 S o T (1 o), (229

where gs is the d-dimensional strong coupling and the spin-polarization tensor is defined
as

Tothom = &L Mg (M) (230)
52/++/5n €1,€2,-
and it enters the expression with the legs 1 and 2 replaced by a new leg (1 + 2) with
momenta (p; + p2) and flavour a = (a; + a;) according to the rule quark + antiquark =
gluon, gluon + unything = anything.
The kernel P;faz (z,k, ;€) is the d-dimensional spin dependent Altarelli-Parisi splitting
function, in d = 4 — 2e. Its expression for the different channels is given by [13]

B (z,k;8) =55 (z,k 1 ;€) = 8,9 Cr [11+ 2 —e(1— z)} , (2.31)

Aol Aol 1+ (1—2z)?

Pgs,; (z,ky;e) :ng]'- (z,ky;€) = 85 Cr [—F(ZZ) — sz} , (2.32)

" - Kk,

PZI% (z,ky;e) :P;q (z,ky;€) =Tg |—g" +4z(1 — z)kT , (2-33)

1

A 1— kH kv

Pt (z,k1;8) =2C4 | —g" (= + — ) =21 - &)2(1 - 2) ==~ (2.34)
1—z z k4

These kernels are matrices in the spin space of particle a, which for the case of a # gluon
turn out to be proportional to the identity due to helicity conservation of the quark-gluon
vertex. For the case of # =gluon, the spin indices s,s’ are Lorentz indices y, v which
lead to spin-correlations that make impossible to factorize the spin averaged amplitude
Ma,..a,(p, ..., pn) from Eq. (2.29).A ,

The spin average of the kernels PP, in (2.29) (which corresponds to contract them with
Jss /2 for the case of a # gluon and —g;, /2 for the case of a =gluon) provides the regular



10

PRECISION PHYSICS AT HADRON COLLIDERS

part of the unpolarized Altarelli-Parisi splitting kernels Pu(}g 3 at leading order in a;, which
drive the LO evolution of the hadronic structure functions, as we will see in section 2.2.
The corresponding expressions for them are [13]

Py (2) =Cr :T:ZZZL, (235)

P (2) =Tx [ + (1-2)7], (2.36)

PL)(z) =Cr 1+(12—z)2] , (2.37)

P (z) =2C4 = +6(1—z)Bo, (2.38)
(I-z)4+FF+z(1-2)

where By is the first coefficient of the perturbative expansion of the QCD beta function,
which will be defined in Eq.(2.41) of the next section, and the following definition for the
plus prescription is used:

[ dzf@)3)s = [ (Fe) - F)s () 239
0 8\z)+ = 0 8\z), -39

for any given function f(z) that is regular at z = 1. The plus prescription makes these
functions regular upon integration in z and it is originated, as well as the one in the delta
term in P, from the cancellation with IR singularities in the virtual amplitude (located at
z=1).

2.2 HADRONIC COLLISIONS

The theory of QCD that describes the strong force between quarks and gluons has a
number of important properties. The first one we will mention is colour confinement, which
means that at low energies the interaction is so strong that all coloured particles will form
colour-singlet bound states, known as hadrons. A direct consequence of colour confinement
is that the asymptotic states of the theory at low energies are no longer quarks and gluons,
but hadrons instead. Another important property is that QCD is asymptotically free, which
refers to the fact that at high energies the strong coupling constant becomes small, and
the individual quark and gluons that compose the hadron, that we will call partons, can
be treated as if they were free. This also implies that at high energies, we can rely on
perturbation theory to compute observables.

One of the consequences of asymptotic freedom can be observed in the running be-
haviour of the strong coupling constant with the energy scale. To compute this, one

Note the difference in the labeling of flavours, the splitting kernels label the parent flavour a = a; + a, instead
of az.
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has to consider loop-corrections to the vertex interactions and, after performing the UV-
renormalization of the charge, one gets a relation between the value of the strong coupling
a5 at the energy scale of the process Q? and a reference scale . At LO, it reads

2 _ 0‘5(}’%)
%:(Q7) 1+ s () 5 In(Q2/ 1)

where the QCD S function and the first coefficients of its perturbative expansion are

(2.40)

dln o (Q? ad s\ 1+l
Bl @) = T == 1 (%) b 1)
11C4 —2
0= /1172”}" B1 = i (17C124 — 5CATlf — 3Cpnf) , (2.42)

and 7y is the number of active light quark flavours in the theory.

As we can see from Eq. (2.40), a5(Q?) M 0 allowing for a perturbative expansion at
high energies, while for Q% — e~/ (Boxs (5)) Aqcp the formula predicts the divergent
behaviour as(Q?) — 0. Of course, the calculation performed at LO is not reliable for low
values of Q?, for which as(Qz) ~ 1, as perturbation theory breaks down and the non-
perturbative phenomenon of hadronization takes place. The scale at which this transition
happens can be estimated from Eq. (2.40) using any measurement of a,(jo) at a reference
scale uo, and its order of magnitude is found to be around Agcp ~ 200 MeV.

Let us consider the collision between two hadrons in a high energy experiment. The
running behaviour of the strong coupling in Eq.(2.40) allows us to distinguish between two
regimes: On one hand, there is a long distance (low energy) regime, in which two hadrons
collide towards each other, and on the other hand there is a short range (high energy)
interaction between the constituents of the two hadrons, the partons. While the former is
governed by non-perturbative physics, the latter is tractable in perturbation theory. To
compute a given observable in the collision of two hadrons h; and h; with momenta P;
and P, respectively, the naive parton model proposes to factorize the cross section oy, 5, .,
characterised by a hard scale Q, in the following way

1 ) AQCD P
Oy (P, P2) = ) //0 dxy dxr fo, /m (X1) fay /h, (X2) Oaga, (x1P1, x2P2) + O 0 ,
ay,az

(243)

where the sum runs over all possible parton flavours a; and a,, the parton distribution
function (PDF) f,,,(x) represents the probability density of finding a parton inside h with
flavour a and momentum fraction x, 05,4, is the partonic cross section for the collision of
partons a; and a,, and p is an integer which depends on the process and the observable
(e.g. p = 2 for inclusive Drell-Yan production). While the partonic cross section encodes
all the short-distance interactions and is therefore computable in perturbation theory, the

11
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PDFs encode all the long-distance behaviour, are process independent and have to be
fitted from experimental data. The last term in Eq. (2.43) represents all the non-factorizable
effects due to process-dependent non-perturbative physics, which are parametrised by the
quotient of the scales Agcp, at which non-perturbative effects take place, and Q, which
characterises the hard process and is typically of the same order of magnitude as the centre
of mass energy of the partonic system Q% ~ (x1P; + x2P,)%.

2.2.1  Evolution of parton distribution functions

While the naive parton model works perfectly for Leading Order calculations, it breaks
down as one tries to include radiative corrections. As discussed in the previous section 2.1,
when we compute the partonic cross section 0,4, at higher orders in perturbation theory
we have to include virtual corrections to the born configuration as well as real emission
radiation corrections where an extra parton b is emitted. The KLN theorem guarantees
that for sufficiently inclusive observables, the IR singularities arising in the virtual correc-
tions (after regularization of UV divergences through the renormalization procedure at a
renormalization scale yg) will cancel against the soft singularities described by Eq. (2.22).
Nevertheless, there are still remaining singularities in the real emission amplitudes when
the parton b becomes collinear with the one of the initial partons a; or a, as described by
Eq. (2.29). Because the physical cross section 0}, j,r is finite, all remaining singularities
in 0,,4,—r have to cancel order by order in perturbation theory with analogous factors
coming from the f,,, functions.

The physical origin of this can be interpreted as follows: The collinear emission of a
parton b with momentum fraction z from an initial leg a can be considered either as a real
emission correction to the hard process, or as a correction to the PDF itself where, instead
of finding in the hadron a parton 2 with momentum fraction x, we find a parton b with
momentum fraction ¢ = zx (see Figure 2.2). The separation between the two cases induces
the introduction of a technical factorization scale p.

Thanks to the factorization properties of collinear amplitudes, we can formally redefine
our cross section to be of the form

1
Onar—sr(prp2) = Y, //0 Tpyby—F (2191, 2202 WE)Tbyay (215 WE) T byay (225 pp)dze dzo,
by,b2

(2.44)

where the factorized partonic cross section &y, is finite, while transition functions I'y,(z)
characterize the collinear emission process of partons carrying a momentum fraction of
(1 — z). This way, all singular terms are absorbed in the transition functions. Next, we can
redefine our PDFs in the following way

14z
z

forn(&ur) = ;//01 dxdz fa/n(x)lpe(2) (6 — x2) = /g fasn (g) Tpa(2; pir)



2.2 HADRONIC COLLISIONS

P
(a) The collinear emission as a correction to the (b) The collinear emission as a real emission cor-
PDF rection to the hard process

Figure 2.2: Diagram corresponding to the collinear emission of gluon from an initial state parton.

Depending on the factorization scale pf, the process can be considered a correction to
the PDF or as a real emission correction of the hard process.

= (fa/h ® Fba)(g)/ (2~45)

where the symbol ® denotes a convolution, such that the hadronic cross section takes the
simple form

1 —_
Oy (P, P2) = ) //0 doxy dxt fa, /m (X1 UE) fay /iy (X25 UE) Oayay (X1P1, X2Po; pp).

ay,az

(2.46)

The transition functions are computable order by order in perturbation theory, and using
the results of the previous section, in particular of Eq.(2.29), we can compute them at NLO
using dimensional regularization in the MS scheme, and they read

Las )

rah(z) = 5ab5(1 - Z) —-5-P

5Py (2) + 0(d), (247)

where we the first order AP splitting kernel Pﬁg; ) (z) was defined in Egs.(2.35) - (2.38).

If we expand Eq.(2.44) in powers of &,/ (277), we can invert the relation:

a-u(?ﬁzz—)lz(pl’ PZ) :AIS?}EZ_)F(pll PZ; VF) (2.48)
o r(prp2) =08, e (pr,p2) + ) 0, (2.49)

with

1 1 .
olet) -z /0 dz6(  (zp1, p2) P (2), (2:50)

13
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Cl— 1 ! P
o =" /0 dzo\)_ r(p1,zp2) P (2). (2.51)
b

We see that the finite NLO factorized cross section can be found in terms of the partonic
cross section through the inclusion of counter terms ¢{**) which are proportional to the
LO partonic cross section, with legs convoluted with the unpolarized AP kernel. For
simplicity, in the following chapters of this work we will loose the overline and just denote
the factorized partonic cross section & as .

2.3 THE FKS METHOD FOR THE COMPUTATION OF NLO CORRECTIONS

As we have seen in section 2.1, radiative corrections introduce several IR divergences which,
although they all cancel among each other, make the calculation intractable for a numerical
computation. In order to automatize the numerical integration of phase space integrals,
that could work for a general observable 7, one has to perform analytical manipulations to
explicitly cancel all IR divergences and achieve the finite result as a sum of finite integrals,
which can then be handled numerically.

In this section we will sketch a general method developed by Frixione, Kunszt and
Signer [14, 15], generally known as FKS, to handle IR divergences appearing in NLO
calculations. We will present a simplified description which only considers the case of
colourless final states. This will be later used for the calculations in part I of this thesis.

Let us consider the process h; 4+ h, — F + X, which denotes the inclusive production of
a colourless massive final state F composed of n particles, whose momenta we generally
denote by ®,. In general, we will be interested in the expectation value of some observable
J . The formal expression of the LO contribution can be written as

(I o = Z /01 dxy dxa fa, /m, (1) fay/my (x2) /dq)n TIn (@) B(Dy), (2.52)

ay,az

where B is the squared renormalized Born amplitude of a; 44, — F, including all flux,
colour, and statistical factors. Special cases for the observable are 7, = 1, that corresponds
to the inclusive cross-section, and J,, = 6(®;, — ®,,0) which provides the fully differential
cross section in the phase-space point ®,, o.

When computing radiative corrections at NLO we have to consider virtual corrections
V and real-emission corrections R. V corresponds to the interference between one-loop
and the born renormalized amplitudes and therefore is defined in the same phase-space
volume as B, ®,,. On the other hand, R corresponds to the squared tree-level renormalized
amplitude of the production of the final state F plus an unobserved coloured particle, and
therefore is defined in the phase-space domain of n + 1 particles, ®,1. The expression for
the NLO correction to the expectation value of our observable [ is given by
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(Tnto = ), /01 doxy dxa fo, /a1, (X1) fay /1, (%2)

[/dcbn jn<q>n> (B<(Dn> + V(CI)H)) + /dcbn—H jn+1R<q>n+1) . (2-53)

The two terms of this expression will, in general, be independently divergent in four
dimensions. For the real-emission amplitude, this divergences are located in the phase-
space region where the the emitted particle becomes unresolved. If we label this particle
i and its momentum p;, the particle will become unresolved when p; — 0 (soft region)
or when the particle i becomes collinear, and therefore indistinguishable, to some other
particles momentum p;, i.e. p; || p; and therefore indistinguishable from j (collinear region).
In the case that we're considering, a; + a4, — F + X with F colourless, the unresolved
emission can only be originated from one of the initial particles a; or a. As seen in
section 2.2, initial particles can only be found in nature as partons inside hadronic bound
states, which means that the singular behaviour in R due to the collinear emission of
initial state legs is regulated with the counter-terms introduced in (2.49). All remaining
divergences that appear when integrating R are of soft origin and cancel the IR singular
terms in V, making the final result finite.

According to the KLN theorem, soft divergences in R and IR divergences in V' cancel
out, making the expectation value < J > finite, whenever the observable J under
consideration is sufficiently inclusive or infrared-safe. What this means is that J,,+1(®y11)
reduces to J,,(®,) in the unresolved regions. Here ®, is a mapping of the ®,,,; kinematics
into the LO one, which is defined as

i—0

jn+1(- -/ Pi=1, Pir Pi+1s- - - ) EL jn(- - Pi-1, Pi+1s--- ) (2.54)
pillp;

jn+1(-~-rpi/pj/---) SALLEN jn(,Pz+}7],) (255)

When considering a NLO calculation, any such infrared-safe observable will have to
be independent of the momentum of the emitted particle, and therefore we will be most
interested in computing the cross section fully differential in ®,, as this can be afterwards
convoluted with any J such that J,,+1(®y41) = Ju(Py). For the purpose of this section,
we will restrict ourselves to the differential cross section

1
dom,m, = ), /0 doxy dx2 fo, /1, (%1) far /11, (%2) A0y, (2.56)
)
A0y 0, = dD, [B+ V] + /1 d®,.1 R, (2.57)

where the last integral is over the phase space of the extra emitted particle, and we don’t
integrate over the n-particle phase space ®,,.

15
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The FKS method allow us to compute this quantity in four dimensions, providing a
way to make the convolutions with generic observables numerically. This is achieved by
dividing the NLO phase d®,, 1 into non-singular regions, which can be evaluated in
four-dimensions, and singular regions, which are then analytically cancelled. Let us show
how this works:

The first thing to do is to divide the phase-space into different non-overlapping regions
that contain at most one particle becoming unresolved or two particles becoming collinear.
In the case of a colourless final state, the emitted parton can only become collinear to
the initial partons, which are colliding. Therefore, the two singular regions are naturally
separated.

Let us label the initial partons momentum as p; and py, and the one of the emitted
particle as k. Without loss of generality, we put our reference system in the partonic centre
of mass frame and parametrize these momenta as

(1,0,0,1) (2.58)

(1,0,0, —1) (2:59)
Kkt = rj\f(l, \/1— yze(Tsz),y), (2.60)

where § is the squared partonic centre of mass energy, ¢ is it’s fraction taken by the
emitted particle, y € [—1,1] and e(Tsz) is the (D — 2) dimensional unit vector pointing
in the direction of momentum transversal to pj,. If the final-state system is composed
of massive particles such that m% = Y ;.p m? # 0 then ¢ is bounded to be in the range
ge[0,(1—m2/9)].

With this parametrization, we see that in the limit y — £1 the emitted particle becomes
collinear to either p; or p,, and that the soft limit of vanishing k is mapped to ¢ — 0. Let

us proceed to the decomposition of the NLO phase space

dP-1k

= W do,, (2.61)

dq)n—H
where ko = ¢ % is the energy of the emitted particle, and d®, is the n-particles phase
space measure in the boosted frame p; 4+ p» — p1 + p2 — k, that is
& 454 d*p; 2
A, = @) { (prtpa =) = Y pi | TT gya®s (1) (2.62)

i>3 i>3

If we write dP~1k in polar coordinates, and integrate over the D — 4 extra dimensions,
in which the amplitude is symmetric, we get

4P~k = kD=2dko (1 — y?) =" dy sin(¢)P~4dp QP2 (2.63)
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where () is the total solid angle in d dimensions

r(49)

d _ nd_(d-1)/2
QO 2% o) (2.64)

Setting D = 4 — 2¢, we get for the phase space differential of the emitted particle

do, 47)¢ T(1—¢)?8¢ | o, e o _oedepdyd
1%, :rg1n_)e) rEl—Z)Z G =) Fsin(9) éﬂy)f' (2:65)

The universality of the infrared singularities, expressed in the Egs. (2.22) and (2.29), tells
us that the quantity &%(1 —y)(1+y)R = &*(1 — y*)R is free of singularities, and therefore
regular in the soft (§ — 0) and collinear (y — +1) limits. Using this, we can isolate the
infrared divergences of the real amplitude in the integration measure of ¢ and y

[dedye =1 - ) (@A AR). (2.66)
As the factor (&2(1 — y?)R) is regular in the integration domain, we can explicitly write the

divergences by expanding the factor &~172¢(1 —y?)~17¢ in ¢ using the following distribution
identities

¢ = —%5(6) + <é>+ ~ 2 <1°gg(€>>+ +0(&), (2.67)
(192 = =2 (61— y) + 61 +y))
()55 ) e

where the plus-prescriptions used here* are defined as
/dac (1-0)- (& /dac (1-8) (F(&) — £(0)), (2.60)
1

/dy<1iy> / ay! 1j:y A=A, (2.70)

This results in the following separation of singular regions
//dédy€‘1‘2‘°’(1— TGy = /dnyy )1 -y
4 1 log@)
-—/[d -] - ,1 ,—1
= [ae((z) ~=(*5Y) )ren+re-n)

4 Note that that (2.69) corresponds to (2.39) with the mapping & — (1 — z).
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Jfoan ((5),+ (73).) (2).rew
+O(e), (2.71)

where the auxiliary function f(&,y) = (£2(1 — y?*)R) d®, is regular in the entire integra-
tion domain. The first term in the expression corresponds to the limit of vanishing k*, i.e.
the soft limit ¢ — 0, while the second term corresponds to the limit of k || p12, i.e. the
collinear limits y — £1. Because of the universal singular behaviour of QCD amplitudes,
using the soft and collinear factorization formulas in Egs.(2.22) and (2.29), the functions
f(0,y) and f(&, £1) can be computed directly from the Born amplitude B. Their poles will
cancel the ones originating from the virtual amplitudes V as well as the counter terms in
(2.49) arising from the evolution of the PDFs, leaving a finite remainder dependent on the
factorization scale pr. The third line on the other hand is completely regular, which allow
us to take the limit of ¢ — 0 and compute the integrals numerically in four dimensions.
Let us proceed to show that the separation above leads to an explicit cancellation of
singularities. Using the factorization properties of the amplitude in the soft and collinear
regions (see Egs. (2.22) and (2.29)) and using colour conservation (T; 4+ T2 = 0), we can
compute the limits of the regular function f(x,y) in terms of the Born amplitude as

f(0,y) = 11m (E(1—y»)R) AP, = drau®83 (TS + T3) (AP, B), (2.72)
Fx,1) = lim (21— £)R) 4B
=485! [Z — 50, N T (1=8)p1,p2) | dPul, g,
=47tasp**85 ¢ [Pbal( —&,8)Bpa, (1 = &)p1,p2) + A} dd,, (2.73)

where we used that limz_, d®, = d®, , and the f(¢,—1) limit is analogous to f(¢,1).

In Eq. (2.73) we wrote the explicit dependence of the splitting kernel on the azimuthal
angle ¢ of the emitted particle (which defines the auxiliary momentum k; in Eq. (2.29)),
and in the last line we divided the spin contraction between the kernel and the 7 tensor in
a diagonal part Py, (z,¢) = %—S'Plf; (z,¢€) (which doesn’t depend on ¢), and a spin correlation
term A. The diagonal piece is proportional to the Born amplitude, in which we explicitly
wrote the change in the flavour of the initial partons, and to the spin average Plle (z,€),
which when ¢ = 0 and z < 1 corresponds to the unpolarized AP splitting kernel introduced
in Egs. (2.35) - (2.38). As for the spin correlation term A, it can be shown that at NLO it
vanishes upon azimuthal integration

/O7T d¢ sin(¢) %A = 0. (2.74)

As we will briefly mention in part II, at NNLO this is no longer true and there is a finite
contribution arising from spin correlations.
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Using the expression in Eq. (2.72), we can write explicitly the soft part of the cross
section do®) , which arises from the first line of Eq. (2.71). We notice that £(0,y) doesn’t
depend on the variables y and ¢, so they can be integrated out

/nd ; ( )728 _fr(1328) )
; ¢ sin(¢ = T[T(l—e)' (2.75

! —1—e __ F(—e)
/_1dy(1_y2) ! _\/Er(%)

(2.76)

Considering all normalization factors and expanding in &, we obtain the following expres-
sion for the soft part

qols) =% (4n)° <P‘2> (T2 4+ T2) {—8 I'(1—e)I'(— 8)} 40

2nT(1—¢) \ § I'(1-—2e)
. 477)¢ 2\ € 2

where we defined the LO cross section do®) = d®, B.

Similarly, we can define the collinear cross sections do*) as the contributions arising
from the second line of Eq. (2.71) which depend on f(¢, +1), respectively. Using Eq. (2.73)
and integrating over the azimuthal angle ¢, we expand it in e to get the following result
for do*) (do(~) is analogous)

_ % ‘uZ ) -1 e— I—‘(ﬂ)
doH) =5 (§) lg(n) 1/21*(17_228)
< [z (3) eri0-g0aal) (-2 p)

+Z/dcc[ <1°g é>>+11;1(1—g,o)

B (é) Pé;l(l —& O)] d%a) (1 =2)p1, p2) +O(e), (2.78)

where we Taylor expanded in ¢ the function Py, (z,¢), and d(rlggz ((1 = &)p1,p2) is the
LO cross section with the flavour and momentum of the first leg replaced as (a1, p1) —

(b,(1—=¢)p1), that is
Py, (2,€) =Py, (2,0) +€Py; (2,0) + O(e) (2.79)
dalggz) (1 =8)p1, p2) = ddy |p1—> 1-&)p Bha,- (2.80)
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We can see that expression for the soft cross section in Eq. (2.77) contains a double pole
in ¢, while the collinear cross section in Eq. (2.79) contains only a single pole given by

1 s
art = ey [ae ( ) 2P, (1 - 2,040 (1 - E)pr, p2) + O(E)
- 1&2 [z (55) 02 @dey (12 pa)
€27 “ ba ’
1as (0)

+ . 27T'y(a1)d(7 +0(£), (2.81)
where in the last line we changed the integration variable to z = 1 — ¢, and used the
identity

1
Py, (2) = (1 — z> (1—2)Py, (2,0) + e, 0(1 — 2)y(a1) (2.82)
+

to introduce the AP splitting kernels defined in Egs. (2.35) - (2.38). The coefficients 7 (a)
are given by

Cy—
7(g) = A, 7(4) = 7(@) =5Cr. (283)

We see that the first term exactly cancels against the corresponding pole in Eq. (2.50),
which arises from the evolution of PDF as discussed in section 2.2. An analogous result
is obtained for do(*) . The remaining pole is proportional to the Born cross section, and
together with the double pole in Eq. (2.77) will cancel the ones coming from the virtual
amplitudes. The counter terms arising form the PDF are uniquely defined modulo finite
terms, which define the subtraction scheme. In Eq. (2.49) we used the MS scheme, while if
we change 1 — (1 — ¢ 4 In47) we get the expressions in the MS scheme. Such changes

will 1ntroduce differences in the finite part of do®) , which we label do(c£) and define
such that
do®) 4 dolern) =% _(47)° Y 1v(a )do @ +dot) + O(e) (2.84)
2aT(1—e)\ § ) ¢! ’ '
2 &
(-) (- _ & (4m)° (p)'1 (0) (c)
do'™) +do 2TA=2) \ § S'y(az)da +dc'“) +O(e). (2.85)

We can factorize the virtual amplitude V in the following way

1% :;7511“87?1) <”S2>E [— <£12(T% +T3) + %('y(m) + ’y(uz))) B+ vfm} , (2.86)

where Vg, is free of divergences, so that the poles match exactly (except for a sign
difference) those in do® and do®) . The finite remainder in ¢ together with the
contribution coming from V¢;, define the soft-virtual amplitude dos?)



2.3 THE FKS METHOD FOR THE COMPUTATION OF NLO CORRECTIONS

Using all the results presented above, we can finally rewrite the partonic cross section in
Eq. (2.57) as a sum of finite pieces

d@'ul,az :dq)n [Bal,az +Va1,a2] +/dq>n+1 Rﬂ],a2
—dcrtgl a)z +dc7[$ +) +da§ -) +da§f) (2.87)

1,02 1,42 1,42

where the expressions for the finite terms in the MS scheme are given by

o« m
doiys) :ﬁ [—6(1"% +T3)dol, + Vfindq)n:| , (2.88)
2
X [ 0
aofis) == gin (%5 ) v(on)doll,

"‘S;/dﬁlz (“5%) ria-co

(e

daéf/}z) =— <V) (a2 d(Tala2

—_

) Pl;a< 1 - é 0)] dUlSa) ((1 - é)plf Pz), (289)
+

§

+“52/d§¢[ (5 szaz(l—é,m

_ (é) P (1 50)] O (p1, (1= E)p2), (2.90)

d%laz /// d(,bd(fdy B
(). (5) )0, o) o

and we wrote explicitly the flavour of the initial state legs in the amplitudes involved.

All of the terms presented in Eqgs. (2.88) - (2.91) are finite and can be convoluted

numerically with any given measurement function 7. The coefficient d(Té]f, 212 , that arises

from the third line of Eq. (2.71), is the only one that depends on the full NLO phase space.

The method described above, that corresponds to FKS applied to the production of a
colourless final state, introduces the ingredients of any NLO computation, and we will
make use of this in part I of this thesis in the context of multiple Higgs production.
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Part 1

MULTIPLE HIGGS PRODUCTION

The production of two and three Higgs bosons is sensitive to its triple and
quartic self couplings, respectively, already at the lowest order of perturbation
theory. In this part we will first discuss how the double Higgs production cross
section is modified when we consider deviations from the SM. We will do this
in the context of the SM EFT, and at NNLO of perturbation theory on the strong
coupling constant. Then, we will move to triple Higgs production and compute
the NNLO QCD corrections to provide our best estimate on its inclusive cross
section.






DOUBLE HIGGS BOSON PRODUCTION

The production of Higgs boson pairs provides a direct way to test the Higgs trilinear
coupling (see Refs. [16-18] for an alternative approach), and as it happens for single Higgs
boson production cross section, the dominant production channel proceeds at hadron
colliders via gluon fusion mediated by heavy-quark loops [19—21]. This means that BSM
physics can be realized in two distinct ways, either through a resonance due to a reasonably
light field that acts as a mediator, or through heavier fields that participate in the loop thus
modifying the effective couplings between the SM particles. In the former, a direct detection
can be achieved by looking at the invariant mass spectrum of the final state, but in the
latter a precision measurement has to be performed in order to search for deviations from
the SM. A model-independent approach to parametrize BSM effects consists in considering
the low energy effective field theory (EFT) that remains after integrating out the heavy
fields of new physics (NP), introducing higher dimensional operators suppressed by the
NP scale (A). In principle one could consider to add all possible higher order operators to
the SM Lagrangian that are compatible with its symmetries, up to some power of A [22-25].
Expanding up to dimension 6 (A~2), 2499 of such operators are found [26]. However, if we
consider only those that vanish in the absence of the Higgs boson, and therefore, those that
only contribute to observables when at least one Higgs boson participates in the process,
the number reduces to 5, which can be written in several different basis.

Given that the leading order (LO) contribution to Higgs pair production occurs at
loop level, higher orders in QCD perturbation theory are extremely difficult to calculate.
Recently, a complete next-to-leading order (NLO) computation became available [27-29]
that evaluates numerically the integrals of the required multi-scale two-loop amplitudes.
In the heavy-top limit (HTL), where the top quark is considered heavy and the rest
massless, NLO corrections have been presented in Ref. [30] and a rescaling with the
exact Born cross section was performed. The NLO corrections represent an increase of
about 100%, and the HTL result is only about 14% bigger than the exact result from
Ref. [27]. While the computation of the three-loop virtual corrections is presently out of
reach, working within the HTL it is possible to compute corrections beyond NLO, like
the ones derived in Refs. [31, 32], which allowed for the next-to-next-to-leading order
(NNLO) result presented in Ref. [33]. This calculation allows to compute not only the
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inclusive cross section (resulting in an increase of about 20% at this order), but also the
differential invariant mass distribution of the produced pair of Higgs bosons. Within the
same heavy-top limit, a fully exclusive calculation at NNLO was presented in Ref. [34],
and very recently N°LO QCD corrections became available as well [35, 36]. With respect to
computations that include dimension 6 operators in the SM EFT approach [37], bounds for
the Wilson coefficients of the new operators have been obtained from the data collected
by the LHC and earlier experiments by different groups [38—43], a NLO calculation for
Higgs pair production in the HTL was performed in Ref. [44] and recently in Ref. [45] was
presented with the full top-mass dependence.

In this chapter we present the computation of the Higgs bosons pair production cross
section at NNLO in QCD, including the relevant dimension 6 operators of the SM EFT, as
published in Ref. [46]. In section 3.1 we provide the details of the calculation, including
two popular basis for the EFT. In section 3.2 we present the phenomenological results,
discussing the dependence of the K-factor on the higher dimensional couplings and the
degeneracy of the inclusive cross section on them. Recently, these NNLO results in the HTL
have been combined with the full NLO (with exact top-mass dependence) [47], providing
the most accurate predictions so far for the Higgs pair production with EFT effects.

3.1 DETAILS OF THE CALCULATION
3.1.1 EFT basis

Heavy states of NP can be integrated out to obtain a low energy effective Lagrangian,
with new contact interactions that would be otherwise mediated by the NP states. The
coupling constant of the effective interaction is therefore suppressed by the mass scale A
of the new heavy state, making the operator of dimension higher than four, and therefore
non-renormalizable. In this context, in order to parametrize all possible BSM theories
that are free of new light states, one should include in the SM Lagrangian all higher
dimensional terms that are consistent with the SM symmetries. There are 1350 CP-even
and 1149 CP-odd of such dimension 6 (O(A~2)) operators [26]. Nevertheless, we will focus
only on the operators that vanish in the absence of the scalar boson, as the others can be
better constrained by other observables. This includes for instance the chromomagnetic
operator, that introduces a coupling between gluons, the top quark and the Higgs doublet,
which in recent studies [48] has been shown to mix with other operators. Nevertheless,
the effects arising from this operator also appear in the absence of the Higgs boson (from
the term proportional to the Higgs vacuum expectation value) and therefore introduce
corrections to pure QCD processes, in particular to the top pair production cross section
that can set a better constraint on the corresponding anomalous coupling [49]. Formally,
this operator introduces corrections of order O(y?) to the results of this work, where v; is
the top Yukawa coupling, and therefore is not considered herein.



3.1 DETAILS OF THE CALCULATION

In this work we will neglect the mass of all fermions (thus their couplings to the Higgs)
except for the top quark, since their contributions to Higgs pair production through gluon
fusion accounts for less than 1% of the LO cross section in the SM [50]. Due to this
suppression, these contributions were not considered in the present work, although in
principle they could be enhanced in some BSM scenarios.

If one considers the Higgs boson / as a singlet of the custodial symmetry, and not
necessarily part of an SU(2);, doublet, the relevant dimension 6 operators can be written

as [51]

_ h h? 1 /3m3
Enon-lin D—mytt|cr—+cpp=—5 | —C3= ﬂ h3
4 202 6\ v

« h h?
+ ;SGQ}IUG;QW <Cgv + ng2’02> 7 (31)

where a; = g2/(47), g5 is the strong coupling constant, t represents the top quark with
mass m;, v ~ 246 GeV is the SM Higgs field vacuum expectation value, mp is the mass
of the Higgs boson &, Gj, is the gluon field strength tensor, and ¢;—:3,g,¢¢ are the Wilson
coefficients, after a canonical normalization of the Lagrangian. The operators parametrized
by c; and c3 modify the ones already present in the SM, namely the coupling between
the Higgs boson and the top, and the Higgs boson self-coupling, respectively. The rest of
the operators are new, c; and cg, parametrizing the contact interaction between gluons
and one and two Higgs bosons, respectively, and ¢y the one between the top quark and a
pair of Higgs bosons. In this Lagrangian, the SU(2); x U(1)y symmetry is non-linearly
realized, and the SM corresponds to the point in parameter space given by c3 = ¢; = 1 and
Cit = Cg = Cgq = 0.

Using a different approach, one could assume that the Higgs boson is part of an SU(2),
doublet H. This particular extension of the SM is included in the so-called SILH basis [52],
and is given by the operators

Cy C _
LoLH Dﬁay(H*H)aV(H*H) + v—”z‘yt(quLHCtR + h.c.)
Co 3Mi rrtra , - 8 b
— @7(H H)® + cg%H HG"™Gy,, (3.2)
where myy is the mass of the W boson, and Ci—p 6, are 4 free parameters (the SM
corresponding to ¢; = 0 for all i). Expanding H around v in the physical gauge, one finds
that it corresponds to Lon1in With
H 1,_ _ 3. _ [(4r*?
o =1— 7H —Cy, Ci = _E(CH +3¢,), c3=1-— CH +C6, Cqg =Cgq = Cg (m%N) )
(33)

Bounds for the SILH coefficients can be found in Ref. [53]. In this work we will use the
more general extension of the SM, £;,on1in-
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3.1.2 NNLO results

Performing higher order QCD calculations for Higgs boson pair production has been
probed to be quite complicated. Even within the SM, the NLO computation could be
obtained only very recently [27-29]. Therefore, an approach that is widely used consists in
integrating out the top quark of the SM Lagrangian and work with the remaining effective
theory that is valid for energy scales smaller than ~ 2m;, in what is called the heavy-top
limit (HTL).

In the HTL approximation one considers the top-quark too heavy to be excited, and
therefore it can be integrated out from the Lagrangian. This induces a series of higher
dimensional effective operators in the Lagrangian, that couple the remaining light degrees
of freedom of the SM and can be thought of as an expansion on the inverse mass squared
of the top quark. In particular, a coupling between the Higgs boson and the gluon field is
induced

£HTL

h W2 I3
GW (CHU —CyH7— +CHHHAF—= + -- > , (3-4)

- 12 20? 303

where the matching coefficients can be expanded in powers of the strong coupling constant
s as

cx=Y (% )" (3-5)

n>0

and the expansion is known up to fourth order for X = H, HH, HHH [32, 54-59]. Up to
NNLO, the relevant coefficients for double Higgs production are

Mo, (a2 [2777 "3 67 1. i}
CH—1+N+<)[ + lg +nf< + logm +0(ad),

n) | 288 370 ;2

(3.6)

Cyg=Cy+ ( S) AC}—?I)-I + O(DC?) ’ (37)
35 2

AC§-H)-I > + 31’lf (3-8)

In recent higher order calculations [33], the QCD corrections were computed in the
HTL, and then multiplied by the LO exact result, providing a rescaling (known as Born-
improved HTL or simply Bi HTL) that improves the accuracy of this approach [30]. The exact
NLO order calculation has shown that —despite the fact that the bulk of the cross section
comes from di-Higgs invariant masses larger than the threshold 2m;— this procedure is a
rather good approximation at NLO, being the exact result for the inclusive cross section
at NLO only a 14% smaller than the Bi HTL one [28], to be compared to the radiative
correction of about 100%. Of course, the situation is in general different for kinematic
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distributions, finding —for some of them- large discrepancies between the full NLO and
the aforementioned approximation (see Ref. [27] for a detailed comparison). However, the
differences in the shape of the Higgs-pair invariant mass distribution, which is the only
one considered in this work, are moderate, being always below 25% in the whole mass
range under analysis for the SM. It is worth to mention, though, that the size of the NNLO
corrections in the HTL is of the same magnitude of the top-mass effects at NLO. For this
reason, an EFT analysis has been recently performed in Ref. [47] that combines the full
NLO with the HTL NNLO corrections presented in this chapter.

In this work we follow a similar scheme as in Ref. [33]: We compute the QCD corrections
within the effective theory where the top quark has been integrated out, and then we
rescale the result in such a way that the exact LO cross section is recovered.

After integrating the top quark field in Eq. (3.1), the effective Lagrangian reads

149 h7oc h? c? Ct
e 526G {5 [§560 ] + 50 | - + S50 + e
1 (3m?
—C3— . ,
C36 < 0 ) (3 9)

We can see in Eq. (3.9) that the coefficients c¢; only modify the effective couplings between
the Higgs and gluons present in Eq. (3.4) for the SM HTL. This simplification provides a
straightforward way of generalizing the SM result to the EFT that includes dimension 6
operators.

We follow the approach described in Ref. [33], where we distinguish between (a) contri-
butions to the squared matrix element that have only two effective vertices between Higgs
boson(s) and gluons (¢*), and (b) those with more than two effective vertices (o?). Thus
the partonic cross section, differential in the invariant mass of the di-Higgs system Q, can
be written as

do
dQ?
where 0* receives the same corrections than those for single Higgs production, due to

the similarity of the amplitudes involved. We found that for each partonic subprocess
ij — HH + X, and for factorization and renormalization scales yg = ur = Q, the result is

o5 =0 [+ (52) 2! + (32) 0]

ty G2 a? 44 1 %
- /t e {(52) 815836601 = )4 C[Re(A"Cr0)

Q? — "+ ot (3.10)
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where the coefficients 7;; are those expressed in Ref. [60] (which also agree with the results
presented in Refs. [61, 62]), A and Cj( are defined as

2
A= 3 [c3CA12¢q +12¢4] , (3.12)
2 2
Cro =c3Cp <Ct Fa+ 312 Cg) + ¢} Fyox + et Fn + 512 Cog s (3-13)

FA, Fyox and Gy, are the usual triangle and box form factors and can be found in Ref. [21],
Cx includes the Higgs propagator

2
3my;

Ch —
27 Q= mE +imuTy

(3-14)

where I'yy is the Higgs total width, and 010 is the LO partonic cross section for gg — HH

. e Gial 2, |2 2
o= | dtm {|CLo! + | ¢ Gpox | } : (3.15)

The integration variable is

1
- -5 <Q2 —2m%; — Q4/ Q% — 4m?, cos 91> , (3.16)

where 0 is the scattering angle in the Higgs centre-of-mass system. The limits of integration
correspond to ty =t (cos b = +1).

The effective vertex between gluons and Higgs is proportional to a;, which implies that
0% is NLO at tree-level, and at NNLO there are one-loop virtual and single real emission
corrections (see chapter 2). The SM result from Ref. [31] uses the FKS approach described
in section 2.3 to compute o, which is split into different pieces making it possible to keep
track of the different amplitudes contributing to each of them, and thus to adapt this result
to our EFT by inserting the appropriate factors. The renormalized result (for ur = ugr = Q)
can be written for the different channels as

o-;ig =0 +og + oy + o, (3.17)
G2 2 as \ 4
5 / LSVIPERIS x){ (37) 3 Re (Cio V)
s 872
+ (;—n) [Re (Cio V%) <§ +RA — 8Ac§§g> +1Im (Cip VZ) IO
4 1,5(2) 22 * 2 )
+ [ Veg|” V& — 3 2Re (CioVerr) = 3 12¢c,+ Re (A eff) , (3.18)
o3 =03 + ol (3.19)
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&gq :Ag(fli) + &g(g) ’ (3.20)
-

where the expressions for R, 7?2 and V@ can be found in Ref. [31]. The factor Vg
accounts for the effective vertex between gluons and the (on-shell) Higgs boson appearing
in 0, and is given by

Vest = ¢t FA(Q/2) + % 12¢q, (3.22)
where the form factor Fj is evaluated at half the invariant mass of the produced Higgs
pair (Q/2). At variance with all other contributions, where Fx arises from the triangle
diagram originated (at LO) from on-shell gluons and, therefore, is evaluated at the off-shell
Higgs (invariant) mass Q, in this effective vertex the outgoing Higgs is on-shell while the
exchanged gluon is off-shell. As a consequence, evaluating this vertex either at the fixed
scale mp or the invariant mass Q is not fully satisfactory, and a dynamical scale appears
as a more sensible choice. We use the same scale as the one chosen for the renormalization
and factorization scales, Q/2, which also takes the value mpy at the production threshold.

The expressions for ol H, o) and cr(f )

; i .7 are given in Appendix A, and correspond to
the renormalized real emission corrections defined in Ref. [33], with a modification to
properly account for the Vg contribution.

Replacing these expressions into Eq. (3.10) provides the result for the differential cross
section for Higgs pair production in the EFT as a function of the invariant mass of the pair,
including the radiative corrections up to NNLO in QCD.

A comment is in order regarding the rescaling of the HTL result with the exact LO result.
In previous work [33], the final result has been reweighted with the quotient between the

Born cross sections, schematically

Exact
_ dois

~ 7 _HTL
do; 5

do

doMT, (3.23)

which is known as the Born-improved or Bi cross section. However, this method can fail
if at some point of the phase space the Born cross section in the HTL vanishes and the
exact does not. This is not a problem in the SM, for which the LO partonic cross section in
the HTL only vanishes at the production threshold, but it is in the EFT, where particular
combinations of the coefficients ¢; can produce vanishing cross sections in the HTL for
certain values of Q > 2my, while they remain different from zero for the exact result (as
seen in section 3.3 of Ref. [28]). In order to surpass this issue, in this work we directly
rescale the individual vertices that appear at the amplitude level, to get what we call the
dynamically Born-improved (or dBi) cross section. To be precise, in those matrix elements for
which the QCD corrections factorize from the Born cross section, the full LO cross section
is introduced by using the exact expression for Crp. This is the case for the amplitudes that
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contribute to o(?). In the terms arising from the new topology that appears at NLO, the
reweighting of the two corresponding gluon-Higgs effective vertices is taken into account
by the factor Ve defined in Eq. (3.22). This factor is introduced in the terms extracted
from Ref. [31] either as its square modulus, or as the real and imaginary parts of Cj, V%
in the interference terms. In particular, in the real emission contributions presented in
Appendix A, it is the real part of Cj, V2 that is taken into account.

As mentioned before, the dBi prescription for rescaling the HTL result is different from
the Bi used in Ref. [33], and it allows to generalize it to BSM scenarios in which the
HTL Born cross section can vanish for a certain invariant mass of the Higgs boson pair.
The difference in the inclusive cross section at NNLO between these two prescriptions is
less than 0.4% (compared to the scale uncertainties of the order of 8%-10%). In Ref. [44]
a similar prescription was tacitly used, but the effective vertex for the new topology
amplitudes V¢ was introduced in the HTL, as %(ct +12¢;). The difference between the
rescaling used in Ref. [44] and the one presented herein, results in a slightly stronger
dependence of the K-factor on the anomalous couplings c; when using the latter, as we will
see in section 3.2.1. More details on the dBi prescription will be given in the next chapter,
section 4.2.1, in the context of triple Higgs production.

3.2 PHENOMENOLOGY

We present here the numerical predictions for the Higgs boson pair production cross
section at the LHC, based on the results presented in the previous section. For parton
densities and strong coupling constant scaling we used the PDF4LHC15 distribution [63—
68] interpolated with the LHAPDF package [69]. The integration was performed using the
CUBA implementation of the VEGAS algorithm [70]. We fixed the collider c.m. energy
to /s = 14 TeV, the mass of the Higgs and of the top quark were set to the values
mp = 125 GeV and m; = 172.5 GeV respectively, and the Higgs width I', = 4.07 MeV.
The factorization and renormalization scales are set to yr = ur = Q/2 where Q is the
invariant mass of the Higgs boson pair.

The anomalous couplings c3 and ¢; belong to operators already present in the SM. In
fact, c3 modifies the Higgs boson self-coupling and can take values ranging from ¢z = —10
to 10 [71], and ¢; modifies the top Yukawa coupling, with allowed values in the interval
0.65 < ¢; < 1.15 [72]. The normalization is such that the SM corresponds to c3 = ¢; =1,
with all the other new couplings set to zero. The rest of the couplings are not present in
the SM and only arise due to BSM effects. The parameter ¢y corresponds to a new contact
interaction between a top-anti-top pair and two Higgs bosons, and is varied from —1.5
to 1.5 [71]. New contact interactions between gluons and one and two Higgs bosons are
parametrized through the ¢, and cg, couplings, respectively, and both were varied in the
range [—0.15, 0.15] [71]. This interval was chosen mostly for illustrative purposes, despite
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the fact that the current experimental limit obtained for ¢, under certain assumptions is
smaller [71, 72].

A comment on the validity of the result is in order. The Lagrangian used here is a low
energy expansion in powers of A, so the new couplings c; are expected to show deviations
from the SM of order (v/A)?. With this into account, we can notice that only interferences
between the BSM and the SM are of order A2, whilst quadratic terms in c;, together with
the interference between the SM and dimension 8 operators (not considered here), are of
order A~%. In principle, one should expand the result linearly in the anomalous couplings
and constrain their values to the region where this linear approximation is valid.

T T
— non linearised

— linearised

U/Usn

-1 L L L L L I
-0.15 —-0.10 -0.05 0.00 0.05 0.10 0.15

Cag

Figure 3.1: Total cross section for Higgs boson pair production at LO as a function of cg, both for
the linearised and non-linearised cases.

In this chapter we vary the coefficients c; in the whole range so far experimentally
allowed, far beyond the region where the linear approximation is valid. This is illustrated
in Figure 3.1, where we show the LO total cross section for Higgs pair production as a
function of cg,, both for the linearised and non-linearised cases. It is clear that we are
exploring regions which are far beyond the linear regime; in particular we can observe

that the linear approximation vanishes at c¢; ~ 0.08 and continues to negative values.

Nevertheless, in the absence of results for operators up to dimension 8, it has been shown
that in some cases it is better to keep the non linear terms [73]. In particular, in scenarios
where the dimension 8 operators do not interfere with the SM (e.g. due to different total
helicity) or where the dimension 6 couplings are enhanced (e.g. strongly coupled theories)
the current analysis is justified.
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3.2.1  K-factors

We compute the K-factors, as the ratios between the NNLO and LO cross sections. It
is interesting to see if the change introduced by the new couplings factorizes from the
radiative corrections or if, on the contrary, there is a significant dependence of the K-factors
on the anomalous couplings. To compare dependencies of the K-factor as a function of
the different anomalous couplings, we parametrize their departure from the SM with the
variable ¢. In this computation only one anomalous coupling at a time is left free, and the
rest are set to their SM values (¢ = 0). The coefficients c; are parametrized as follow (note
that for illustrative purposes, c3 is varied from —9 to 11),

c3=14+10¢, (3.24)
¢ =1+035¢, (3-25)
ey =15¢, (3-26)
cg =0.15¢, (3.27)
Cge =0.15¢. (3.28)
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Figure 3.2: K-factor for total production of Higgs boson pairs as a function of each anomalous
coupling, whilst leaving the others set to their SM value. The SM corresponds to ¢ = 0
in all cases, and the parametrization in terms of ¢ is given by Egs. (3.24) — (3.28).

We can observe from Figure 3.2 that the dependence of the K-factor on each anomalous
coupling, aside for a small bump in some cases, is rather flat. The origin of the bump
can be understood on a simple basis: the dependence of the cross section (both at LO
as NNLO) on the anomalous couplings is shaped as a parabola with a minimum near
the SM. The K-factor is then a quotient of two parabola-like functions, thus has a single
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extreme (either a maximum or a minimum) in ¢y if the parabolas share a minimum in
¢o, or a maximum next to a minimum if the minima of the parabolas are separated from
one another (as is the case of c3). From this kind of analysis, we see that the radiative
corrections change the position of the minimnum of the cross section as a function of cs.
In the case of ¢, the minimum lies outside the allowed values for the anomalous coupling,
resulting in a rather flat dependence of the K-factor.

The maximum deviation of the K-factor from the SM case, when varying one anomalous
coupling at a time, is achieved by ¢, with a departure of

max ‘K(cgg) — KSM‘

AKSss = ~ 15.8% at cge = 0.15. (3.29)

Ksm

The rest of the parameters show the following maximum departure:

AK® = 7.2% at c3 = 4.20, (3.30)
AK® 2 5.7% at cyy = 0.66, (3-31)
AKS 2 3.4% atc, = —0.15, (3.32)
AK = 0.5% at c; = 0.65. (3.33)

Nevertheless, when we allow the five anomalous couplings to vary at the same time,
larger deviations from the SM K-factor can be found. When sampling the five dimensional
parameter space’, the maximum deviation observed is

AK™™ =~ 84% (3-34)

at the point of parameter space c3 = 7.0, ¢; = 1.15, ¢4 = 0.1, ¢ = —0.09, cg¢ = 0.02. At
this point, the K-factor is as high as 4.07, and if we modify the value of ¢ to ¢ = —0.11
we get a value as low as 0.80 (36% of the SM value). This shows a strong dependence on
cg on this region of parameter space, with a similar shape as the dependence shown for
c3 in Figure 3.2. The reason is also clear: at the maximum K-factor, the LO cross section
has a minimum of 2.46 fb (12.5% of the SM value), whilst at the minimum of the K-factor
(lowering c,) it is the NNLO cross section that gets minimized to 4.84 fb (10.7% of the
SM value). Because the cross section is near a minimum, any variation in the radiative
corrections amounts for a significant relative change, resulting in this behaviour of the
K-factor. It is also worth noting that in this region of parameter space where the K-factor
reaches a minimum of 0.76, the radiative corrections are negative, thus resulting in a
decrease of the total cross section with respect to the LO one. Also, the NLO K-factor at
that point is 1.01, still greater than one, which means that the negative corrections that
decrease the cross section below its LO value are a purely NNLO effect. The change of

Clustering algorithms that are sensitive to the kinematics of the process have been derived in [74] that could
improve the choice of the benchmark points when sampling high-dimensional parameter spaces.
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sign of the NNLO corrections while varying the value c; from —0.09 to —0.11 at this point
of parameter space is driven by the sign of the contributions proportional to Re (A*Cyp)
in 0 (Eq. (3.11)), which happen to be dominant in this particular region.
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Figure 3.3: Heatmaps showing the total cross section in a coloured logarithmic scale as a function
of pairs of anomalous couplings. The degenerate directions are drawn in green lines,
in particular the black region of the heatmaps shows some combination of parameters
degenerate with the SM. The points mark the grid in which the cross section was
computed, and a cubic interpolation was done elsewhere for illustrative purposes.

From this analysis we conclude that, while the K-factor can be approximated by a
constant (up to a 16% variation) when moving one coupling at a time away from its
SM value, that no longer holds true if we allow a general deviation from the SM. When
considering situations in which the cross section is small, the shape of the K-factor plays
an important role and should be taken into account. Of course, the dependence of the
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K-factor on the EFT parameters presented here are subject to modifications once the full
top-mass effects are included at NLO (see Ref. [28]).

3.2.2  Degeneracy of the parameters

One important question that arises when considering several parameters is that of their
degeneracy. The partonic cross section at LO in the HTL can be written as

dULO _ dUSM ‘ [C3(Ct +12 Cg)] CA + [—C% +ooy + 12 ng] ‘2 (3 35)
dQ dQ ‘CA . 1}2 ’ .

where Cp is defined in Eq. (3.14) and does not depend on the anomalous couplings. We
see that the total cross section depends only on two linear combinations of the couplings,
the ones inside the squared brackets.

In order to see the structure of the degeneracy at NNLO, we present in Figure 3.3
heatmaps of the relative deviation of the total Higgs pair production cross section from
its SM value in four different two-dimensional slices of the parameter space. These slices
correspond to the variation of the anomalous Higgs boson self-coupling together with the
other four anomalous couplings separately.

We can see in Figure 3.3 that the structure of the degeneracy presented at LO in the HTL
is preserved after including radiative corrections and reweighting by the exact Born cross
section. In the two lower plots we see an elliptic pattern of degeneracies, which is related
to the fact that the two couplings varied (c3 and the couplings of gluons and top quarks to
a pair of Higgs bosons) modify two different topologies of diagrams (triangle and box-like)
and thus enter in two different terms in the amplitude. If we expand the square in Eq. (3.35)
setting all other couplings to their SM values, we see that the expression is quadratic in
the previously mentioned couplings, leading to an elliptic pattern of degeneracies. In the
two upper plots, the two couplings varied modify the same diagram and enter in the
final expression multiplicatively, resulting in a deformed pattern with respect to the two
lower plots. It is easy, for example, to recognize in the first plot the family of parameters
degenerated with the SM arising from the relation c3(1 +12¢¢) = 1.

A consequence of the present degeneracies on the anomalous couplings is that, even in
the case of a measurement for the total cross section compatible with the SM prediction,
it would be possible to accommodate significant departures from the SM couplings (the
dark bands on the heatmaps of Figure 3.3) without affecting the corresponding theoretical
prediction. This means that the total cross section is not enough to distinguish between
different scenarios and more observables are needed, e.g. differential distributions (see

Refs. [75, 76]).
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3.2.3 Invariant mass distributions

As we could see from section 3.2.2, the total cross section is not enough to discriminate
between the effects of the different EFT parameters, and therefore differential distributions
are needed. Our calculation allows us to compute the invariant mass distribution of the
produced Higgs boson pair, thus providing a tool for breaking these degeneracies. In fact,
because of the scalar character of the Higgs boson, there is no reason to expect strong
angular dependencies and most of the information of the process can be extracted from
the invariant mass and transverse-momentum distributions (see Ref. [75]).

In the SM, an almost exact destructive interference between the box and triangle diagrams
occurs at the production threshold [77], resulting in an overall small cross section. At
tree-level in the SM, because the triangle and box amplitudes are independently gauge
invariant, we can write the cross section in terms of their contributions M and M,,, as

dosy o« ‘MA’2 + |/\/lbox|2 + 2Re (M*AMbox> (3-36)

When changing the Higgs boson triple self-coupling, the cancellation is still destructive [78]
but the balance between the triangle (which is affected by the self-coupling) and box
(independent of the self-coupling) contributions changes, resulting in a fast increase in the
cross section [77]. Also, when new (scalar or vector-like fermions) particles that couple to
the Higgs boson are taken into account inside the loop (which corresponds to modifications
of c; and cg, in the EFT), the cancellation between contributions also breaks down and the
cross section grows [77]. This makes the threshold region very sensitive to BSM physics.

In Figure 3.4(a) we show the invariant mass distributions for different values of the
Higgs boson anomalous self-coupling (c3). As mentioned before, varying the self-coupling
changes the balance between amplitudes in Eq. (3.36), resulting in more involved escenarios.
When the self-coupling runs to large values, either positive or negative, the triangle
amplitude dominates and we observe a boost of the cross section at threshold due to the
Higgs boson propagator in the triangle contribution.

In Figure 3.4(b) we show combinations of anomalous couplings that render inclusive
cross sections similar to the one of the SM (their relative deviations from the SM are shown
between brackets on the label). They correspond to points of parameter space inside the
black bands in Figure 3.3. Nevertheless, we can identify rather different behaviours for
each of their invariant mass distributions. For instance for the green curve in Figure 3.4(b),
when choosing ¢, = —0.8 &~ — £, there is an almost exact cancelation between this term
and the one proportional to Fa at LO in the HTL (see Eq. (3.13)), and thus M ~ 0. The
resulting invariant mass distribution is given mostly by the box contribution (| M e, (Q) |2).
In the other case, for the red curve, the value c¢;; = 1 sets My, to zero in the HTL, and this
results in a distribution given primary by the triangle contribution ( |[M A (Q) |2), which
shows the two peaks that arise from the pole on the Higgs propagator, the first one, and
from the maximum of |FA(Q)|, the second one.




3.2 PHENOMENOLOGY

The substantial differences that we observe for these particular points in the parameter
space in the shape of the invariant mass distributions shown in Figure 3.4 illustrate the
fact that this observable can definitely help to disentangle the contributions from different
operators which otherwise would be degenerated.
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Figure 3.4: Invariant mass distribution of the produced Higgs boson pair plotted for (a) different
values of its self-coupling, and (b) different combinations of anomalous couplings that
are degenerate with the SM. The relative deviation from the SM of the total cross section
in (b) is specified between brackets on the label.

In this chapter we have analysed the impact of dimension 6 operators to Higgs pair
production, in the context of the SMEFT, to NNLO accuracy in QCD in the heavy top
approximation. These corrections have been combined in Ref. [47] with the NLO results
with full top-quark mass dependence to provide the best predictions available so far
for this kind of analysis. In the next chapter, we will focus on triple Higgs production,
which is sensitive to the quartic Higgs boson self coupling, and compute the NNLO QCD
corrections to the process in the HTL.
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In the SM, the triple and quartic self couplings of the Higgs, A3 and A4, are uniquely
fixed by its mass mpy through the enforcement of gauge symmetries and renormalisability
of the theory, namely A3 = Ay = Agy = m%{ /(20?), where v ~ 246 GeV is the Higgs
vacuum expectation value. As discussed in the previous chapter, these couplings are
directly accessible through double (for A3) and triple (for A4) Higgs boson production,
although they might also be extracted indirectly from single Higgs production [16, 17,
76, 79-81] and precision electroweak observables [18, 82]. All of these measurements,
however, are extremely challenging, and in particular already the determination of the
triple self-coupling will prove very difficult at the high-luminosity phase of the LHC (see
Ref. [83] for a review). Unfortunately, the much smaller triple-Higgs production rate makes
the determination of A4 prohibitive at the LHC, and even challenging at future colliders [84,
85]. New physics effects, however, might change the prospects of measuring triple-Higgs
production by inducing large enhancements of the cross section, and in this respect it is
therefore desirable to provide precise predictions for the SM expectation.

As it occurs for single and double Higgs, the dominant triple Higgs production mecha-
nism at hadron colliders is gluon fusion, mediated by a heavy-quark (mostly top quark)
loop. This process, being gluon induced, is expected to present large QCD corrections.
However, due to the massive loop appearing in the amplitude at Born level and the large
number of external particles, the calculation of its higher order corrections is extremely
challenging. As a consequence, the exact cross-section for triple Higgs production is only
known at leading order (LO) in QCD [86, 87], while next-to-leading order (NLO) cor-
rections are currently unknown. In order to provide precise predictions for triple Higgs
production, approximate NLO corrections were calculated in Ref. [88] within the heavy
top limit (HTL) for the virtual amplitudes, while keeping the exact dependence on the
top mass m; for the real emission diagrams (this approximation is denoted FTapprox). In
Ref. [89] the NNLO virtual amplitudes where computed in the HTL, and the so-called
soft-virtual approximation of the HTL NNLO corrections (NNLOsy) was obtained [90].
Phenomenological results were presented by reweighting the NNLOsy cross-section by the
exact LO result (i.e. with full m; dependence) [89], in what is known as the Born-improved
(Bi) cross-section. In this chapter we improve on the results of Ref. [89] to go beyond the
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Figure 4.1: Diagrams that contribute to the LO triple Higgs production in the gluon fusion channel
(modulo permutations of the final state bosons). We identify the pentagon P (left), box
B (second from left) and triangles 74 and 73 (right) diagrams, respectively.

soft-virtual approximation, computing the complete set of NNLO QCD corrections for
triple Higgs production within the HTL. In addition to that, we include partial finite-m;
effects by taking into account the NLO FT,pprox results of Ref. [88], thus providing a final
estimate of the cross section that combines the most advanced results available to date.

The chapter is organised as follows. In Section 4.1 we examine the structure of the
LO triple Higgs production cross-section and its dependence on A3 and A4. Then, in
Section 4.2 we complete the calculation of the NNLO corrections in the HTL by adding
the real emission corrections to the results presented in Ref. [89]. Then, in Section 4.3 we
present the phenomenological results for triple Higgs production at the LHC and future
hadron colliders. We estimate the dependence on the reweighting method by comparing
the Born-improved result with a modified prescription (introduced in Ref. [46]), that we
call dynamically Born-improved. Finally, we combine our result with the one presented in
Ref. [88] to report our best prediction.

All of the results presented in this chapter have been published in Ref. [91].

4.1 THE AMPLITUDE AT LO

In this section we will examine the structure of the LO amplitude and cross-section. The
Born amplitudes needed for the numerical calculation were obtained using Recora2 [92].
For the parton distribution functions we adopted the MMHT2014 [65] set interfaced via
LHAPDF [69], while the CUBA [70] library was used to perform the numerical integration.
The values implemented for the physical input parameters are Gr = 1.16656 x 107> GeV 2
for the Fermi constant, my = 125 GeV, m; = 173.2 GeV and I'y = I'; = 0 for the masses
and widths of the Higgs boson and the top quark, respectively, and as(mz) = 0.135 for
the strong coupling constant at LO, as provided by the MMHT2014 set. Throughout this
work, the on-shell top quark mass scheme is used. All the plots in this section correspond
to a collider centre of mass (CM) energy of 100 TeV, although we explicitly checked that all
our conclusions also hold at 14 and 27 TeV.

For triple Higgs production, the relevant diagrams (modulo permutations of the final
state particules) are shown in Figure 4.1. We can split them in four different categories:
pentagons (P), boxes (B) and two triangle contributions (7; and 73), each one of these with



=

4.1 THE AMPLITUDE AT LO

. 100
—— Spin 0

E 7.5 Spin 2 75
~

850 IS
g

§2.5 25
<

0.0 0

400 600 800 1000 1200 1400 400 600 800 1000 1200 1400
Q [GeV] Q [GeV]

Figure 4.2: Spin o (~ | M ¢|?) and Spin 2 (~ | M_|?) contributions to the invariant mass distribu-
tion of the triple Higgs system for collider CM energies of 100 TeV. The left plot shows
the absolute contributions, while the right one shows the percentage.

a specific dependence on the parameters k3 = A3/ Ay and kg = A4/ Agy that parametrise
departures of the self couplings from the SM expectations,

M:P+K3B+K§7§+K47Z. (4.1)

As in the case of double Higgs production [19], there are only two independent helicity
configurations of the initial gluons, that we call

My =M__, “Spin 0",
M =M_,, “Spin 2",

according to the value of total spin along the collision axis.

The Spin 2 configuration vanishes in the limit m; — oo, while the Spin o configuration
remains. We observe in Figure 4.2 that the contribution from the Spin 2 piece is rather
small (below 5% of the total cross-section). Also, we notice that triangle contributions 7
only contribute to the Spin o helicity configuration, and therefore the Spin 2 configuration
is not sensitive to the quartic Higgs self coupling 4.

It is interesting to observe the share of the cross-section from each topological contribu-
tion and their corresponding interferences. In Figure 4.3 we show different contributions
of the Spin o component to the invariant mass distribution of the triple Higgs system. In
the left panel we plot the interference structure between the P and the B diagrams, similar
to the one usually presented for double Higgs production between the box and triangle
contributions. This pattern can be better understood if we parametrise the amplitudes in
terms of quark loop form factors (factoring out the Higgs boson couplings and propagators)
and look at their behaviour in the HTL":

as Q> 3mk

Ta =: Fr(Q%)

"2 30% Q2 —m?,

Note that the normalization used in this chapter for Fr and Fg differs from the one used in chapter 3 for Fa
and Fy,,.
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Figure 4.3: Different contributions to the Spin o component of the invariant mass distribution.
Left: In dashed lines we show the contributions from the pentagon and box diagrams,
as well as their destructive interference, resulting in the red solid line. Right: The
contributions separated by their x4 dependence. In dashed lines we show a similar
destructive interference pattern, due to the sign difference between the box and the
pentagon (and triangle) form factors, resulting in the green solid line.
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where p; and p» is the four-momenta of the initial gluons, and p; (i = 3,4,5) the ones of
the outgoing Higgs bosons, Q> = (p1 + p2)? and sij = (pi + p],)z are the squared invariant
masses of the triple Higgs boson system and of the different pairs (ij), respectively, and
Y_(ij) is a sum over the three different pairs {(34), (45), (53) }. The dominant contributions
come from the pentagon and the box diagrams, as they are less suppressed by Higgs
propagators, although the difference in sign between the Fp with Fp is responsible for a
large negative interference between them. This effect is particularly strong at threshold,
and therefore this region presents an enhanced sensitivity to any BSM effect that can alter
the delicate cancellation between diagrams present in the SM.

In the right panel of Figure 4.3 we present, in solid lines, the contribution originated
from different powers of k4. The quadratic dependence arises from the 7, triangle dia-
gram, which is suppressed by a Higgs propagator ( ~ Q~2) making it negligible, with
a contribution at the peak of ~ 1.5%. The linear term has two contributions, plotted as
dashed lines, that cancel each other to a large extent. This cancellation is due to the sign
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difference of the form factors in Eq. (4.2), making the x4 linear contribution about a 15% of
the x4-independent one.
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Figure 4.4: Departure from the SM of the triple Higgs boson invariant mass distribution for
continuum (top) or discrete (bottom) values of x4 (left) and x3 (right). Due to the
quadratic dependence of ¢ on the couplings, a nonlinear colormap is used for better
visualisation.

Because of the different dependence on the self-couplings of the contributions presented
in Eq. (4.1), a departure from the SM value 34 = 1 might spoil the destructive interference
patterns depicted in Figure 4.3. This can be seen clearly in Figure 4.4, where a large
sensitivity to the k3 coupling is present particularly around the threshold, where the cross-
section can be more than 30 times larger than the SM expectation. Indeed, deviations from
k3 = 1 spoil the cancellation between the diagrams with most significant contributions, P
and B. In the case of kg4, because it only affects the 2Re((P + B)7,*) contribution, which is
suppressed with respect to |P + B|?, the regions of larger sensitivity are those in which the
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Figure 4.5: Departure of the inclusive cross-section as a function of x3 and x4 from its SM value.
In the left plot the couplings are varied simultaneously and in the right one separately,
keeping one fixed to the SM value. Due to the quadratic dependence of ¢ on the
couplings, a nonlinear colormap is used for better visualisation.

latter is small, namely the production threshold (for x3 = 1) and the tail of the invariant
mass distribution.

We can also analyse the dependence of the inclusive cross-section on the couplings
K34, by performing variations with respect to the SM value, as shown in Figure 4.5. For
illustrative purposes, both coupling modifiers are varied in the range «; € [—1;3]. While
the dependence on xj3 is large (e.g. o > 8ogy for k3 ~ —1 and x4 = 1) and quadratic
contributions become noticeable, the dependence on x4 is rather small (with departures of
|o/osm — 1| < 28% in the range under study), which is compatible with the right panel of
Figure 4.3 that shows the |7;|2 contribution to the invariant mass distribution.

4.2 NNLO CORRECTIONS

After discussing the different contributions to the LO cross-section in the previous section,
we will present the results for the full NNLO corrections in the HTL.

As we discussed in the previous chapter, in the HTL the Higgs bosons couple directly to
gluons via the effective Lagrangian

1 . h h? w3
Leii = —3GuwGa | Cuy —Chny g +Chnng s +--- ) (4-3)
where the matching coefficients can be expanded in powers of the strong coupling constant
Qs as

cx=-= Yo (%), (4-4)

3 =0 7T
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where the expansion is known up to fourth order for X = H, HH, HHH [32, 54-59].

The computation of the complete NLO corrections and of the virtual amplitudes up to
NNLO, both in the HTL, was presented in Ref. [89]. The latter were used to construct the
soft-virtual approximation (based on the results from Ref. [90]) to provide a phenomenolog-
ical NNLOgy cross-section. In the present work we computed the real emission amplitudes
to obtain a full NNLO cross-section in the HTL, including all partonic channels in addition
to gluon-fusion. To this end, we exploited the known relation between the single Higgs
boson cross-section and some contributions to the multiple Higgs one. This is done in the
same fashion as the calculation for double Higgs production discussed in chapter 3.

Contributions involving only one HTL operator at the amplitude level (i.e. a single
effective vertex between Higgs bosons and gluons) are totally equivalent, apart for an
overall normalization and the corresponding matching coefficient, to those from single
Higgs production. In terms of the degree of difficulty, these contributions are truly at the
NNLO level, but the results can be borrowed from single Higgs production, exploiting
the above mentioned similarities. On the other hand, when considering diagrams with
more than one HTL operator insertion (actually, their interference with the ones with
just one insertion), as each of them carries an extra coupling Cx = O(as), only tree level
configurations can appear to NLO, while at NNLO accuracy the only possible contributions
arise from one-loop and single real emission diagrams. Because of this simplification, their
infrared divergences can actually be handled with standard NLO procedures.

In our calculation, the FEYNARTs [93] and FeynNCALc [94, 95] packages were used to
compute the amplitudes. The cancellation of their infrared singularities with the ones
present in the virtual amplitudes presented in Ref. [89] and the absorption of the remaining
ones into the evolution of the parton distribution functions was performed following the
FKS [14, 15] approach described in section 2.3. In this work we neglect effects coming from
the Higgs width, and set it equal to zero throughout the calculation.

We present below the final result with a notation suitable for the discussion on the
reweighting following in Section 4.2.1. More details on the derivation can be found in
Appendix B.

As discussed in section 2.2, the cross-section can be written as

1 1 2 déo::
dfié'z = Z/O dx1 defi/hl(xl)fj/hz (XZ) /0 dx5 <x — Q ) ﬁ’ (45)
if

X1X25H

where Q is the invariant mass of the triple Higgs system, /sy the collider centre of mass
energy, and i, j are the labels for the massless partons inside the hadrons h; and hy with
respective parton density f(; i/, 1,)- Here the dependence on the factorisation and the
renormalisation scales is implicitly understood.
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The partonic cross-section & is computed order by order as an expansion in the strong
coupling as, such that up to NNLO we write it as

do;; o Ko \ 2
220 2 s\ (1) &s (2) 3
Q dQ? 2Q23'22 /dP83|M3H| [’71] <27r> M~ =+ <27T> i +O(“s)] , (4.6)

where the LO amplitude M3y can generically be written as

as\ Q?
Man = (57) 3,566 @)
and
3m2,x
CiO(p1, P2, P3, Pas p5) =Fp(p1, p2, p3, pa, ps) + Fr(Q%) ﬁ
H

1 [(Smeg,)
(k1) Skl — miy L Q2

Fr(Q?) + 3miis

x Fg(Q% (px + 1 — p1)% (P + 1 — p2)%, Skzzmﬁ)} - (4.8)

(0,1,2)

The perturbative coefficients N~ within the HTL approximation and its extensions
(reweightings) described in Section 4.2.1, are up to NNLO

171(]0) = ;711]{ 0 _ o(1— x)&igéjg, (4.9)
Re ((CP8)" Ty CR({K,1}))
W) _p, HO HO 4 ( Lo/ &) ~1O\
Ty =21+ ’71] 3 [SEE ’ (4.10)
2Re ((CH)* ((Clthn — CPYP + (i) — € )aB) )
(2) _ g, @) 4 4,HO)
Ny - =41 + 4 C3H]2
R (CSH)*(R(Z) + (C3H)3 7’(2)) 4 V |C ’2
H©o) € \\~Lo 3H Lo/ /3H 3H @)
+ Mij 3H |2 + Pij (4.11)
ol
where 111-17’("), n =0,1,2, are the corresponding QCD corrections for single Higgs produc-

tion that can be found in Ref. [60] (and coincide with the results in Refs. [61, 62]), the
renormalisation and factorisation scales were set to yur = ur = Q, k and [ label the final
state Higgs bosons, and ) ;) denotes the sum over distinct pairs of them. CH) and C?H are
(up to a normalisation factor) the LO amplitudes for single and double Higgs production

Cio =Fr(m%), (4.12)

(k1Y) =5 Ep () + Fs({k 1)), (4.13)
Skl — mH



4.2 NNLO CORRECTIONS

and the coefficients Réi),, 7;%) and Véf} are the finite remainders of the virtual corrections

at NNLO presented in Ref. [89], with the only difference being that we use (as we will
discuss later) the general definition of Eq. (4.2) for C?. If we express this coefficient in the
HTL, the expressions are identical to those in Ref. [89].

The only missing ingredient, pg].z), corresponds to the finite remainder of the real emission
corrections to the diagrams with more than one HTL operator insertion (the ones with a
single HTL operator insertion are already included in 171.17 (2)). These only contain diagrams
with a single parton emission whose divergences were regulated using dimensional
regularisation in D = 4 — 2e dimensions in the FKS [14, 15] framework described in

section 2.3. After subtracting the singularities, we can write the remainder as

o 4 Re((CH) T CGBULI) ()
ij _§ |C3H’2 1]

27 1 1 1 (r)
+/0 d¢ /_1dy§ <1 —x>+ Kl—y>++ <1+y>+] i’ (x,y,9) (4.14)

that contains a soft-collinear term pl (ar1smg from dg(5?) 4+ do(t) 4 do(c-) defined in

Egs. (2.88) - (2.90)) and a regular term pi]. (arising from do) in Eq. (2.91)) whose explicit
expressions are given in Appendix B.

4.2.1 Reweighting

The results presented in this section complete the full NNLO corrections to triple Higgs
production in the HTL when the quantities Fp, Fz and Fr are expressed in this limit
(see Eq. (4.2)). In order to retain part of the m; dependence, this expression is usually
reweighted by using the exact result for M3p in Eq. (4.6), while keeping the coefficients
171(]0 12) in the HTL. This procedure is usually referred to as the Born-improved (Bi) NNLO
cross-section, and its accuracy has been studied for double Higgs production [27-29] at
NLO finding that it overestimates the exact inclusive cross-section by a 32% at collider
energies of 100 TeV (and around 16% at 14 TeV). This overestimation is enhanced in the
tail of the Higgs pair invariant mass distribution.

In order to parametrise the dependence of the result on the reweighting procedure, we
also considered the dynamically-Born-improved (dBi) NNLO cross-section, already used in
chapter 3 in the context of double Higgs produciton, which we obtain by using the full
dependence on the kinematics of the outgoing particles of Fr, Fg and Fp in the definitions

of P, B, CL and CLO, and therefore also in the definitions of Rg},ﬂg), Véf} and pgz).

)
In this way, we reweight the HTL insertion operators with the respective LO amplitude

diagram by diagram (e.g. the (H)Hgg vertex with the (double) single Higgs production
amplitude ~ CS%H). Different than in the previous chapter, for triple Higgs production the
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reweight cannot be applied in a straightforward way, as the form factor F is not always
defined for the kinematics characterising the HTL vertex. This happens in diagrams with
two HTL vertices connected via an off-shell gluon (e.g. a box and a triangle loop). To fix
this problem, we modify the kinematics in a way such that we preserve the momenta of the
outgoing Higgs bosons, while redefining the momenta of the gluons entering the vertex to
be on-shell.

For the triangle form factor Fy, we evaluate it at the invariant mass of the outgoing
Higgs boson, just as expressed in the Egs. (4.12) and (4.13). For the box form factor Fz
appearing in Eq. (4.13), we need to define a prescription that corrects the momenta of the
initial gluons to compensate for the recoil of all other particles not involved in the HTL
vertex. Lets recall we are labelling p; and p; as the momenta of the incoming partons, and
P345) the momenta of the outgoing Higgs Bosons. For the vertex with outgoing Higgses
{i,j}, we define q := p; + pj, M? := 4%, and g as the transverse component of g with
respect to p; and py, and then define the momenta of the gluons entering the form factor
as ki and k; := g — k; in the following way

Fa({i,j}) =Fs((k1 +k2)?, (ki — pi)?, (ki — p;)*, mpy, m3;), (4.15)
M? Zar* q-p1
"e_ p j p B2
SRl vt L e v ey G/ LT L (4.16)
M? +28q7% + /(M2 4 28q72)? — 4(M? + q712) 5?4 >
Z1 = M2 , (4.17)

where the different choices of ¢ € [0,1/2] define different consistent prescriptions to
account for the Higgs pair recoil. This prescription corresponds to the one presented in
Ref. [96] in the context of transverse-momentum resummation, if one chooses kit = ¢qt
for the Egs. (25) and (26) therein. In particular, if ¢ = 0 the transverse recoil is compensated
by one gluon (ki = 0, kot = q1) while if { = 1/2 it is equally compensated by both gluons
(ki = ko = q71/2).

Let us emphasise that this prescription leaves unchanged the momenta of all the Higgs
bosons involved, including their virtuality, and its main purpose is to redefine the momenta
of the virtual gluons entering Box diagrams, so that these are on-shell and Fg is well
defined.

With this prescription, the dynamically Born improved approximation is well defined
and we will denote it as dBi¢. In particular, we will present results for dBiy and dBi; /»
as benchmarks to show the dependence on the choice of ¢, and we will show that this
dependence is numerically negligible at NLO and NNLO.

4.3 RESULTS

We present results for the NNLO cross-section for triple Higgs production, reweighted
using the Bi, dBip and dBi;/, prescriptions. The set-up is the same as the one used in
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Section 4.1. We use the MMHT2014 [65] set of parton distributions, at the corresponding
order in the strong coupling constant for each contribution (LO, NLO, NNLO). For
phenomenological purposes, we compute this for collider energies of 100 TeV and 27 TeV
that are relevant for physics at the Future Circular Collider and High-Energy LHC,
respectively. To estimate the theoretical uncertainty arising from the missing higher orders
in the perturbative series, we perform an independent variation of the factorisation and
renormalisation scales in the range [yo/2,2p0], with the constrain 0.5 < pr/pr < 2. The
choice of the central values iy used in this work were o = Q/2 and po = Q, where Q is
the invariant mass of the triple Higgs system.

CM Energy: 100TeV CM Energy: 27TeV
— LO ;
2 1073
10 NLO
. —— NNLO .
=} =)
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S S}
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Figure 4.6: Invariant mass distribution of the triple Higgs system in the dBi approximation up to
different orders (up) and corresponding K factor (down). The results are shown for a
collider center of mass energy of 100 TeV (left) and 27 TeV (right). The shaded bands
correspond to the uncertainty from the variation of scales from the central value of

Ho = Q/2.

In Figure 4.6 we see the cross-section computed in the dinamically Born improved
approximation up to different orders, as well as the K factor defined as usual, K =
do /doio . As seen also within the soft-virtual approximation [89], the cross-section begins
to stabilise only from NNLO. The K factors are rather flat at the peak of the invariant
mass distribution, with values around 1.7 and 1.8 for collider CM energies of 100 and
27 TeV respectively, while the NNLO K factors present a suppression in the tail. Due to this
suppression, the entire NNLO band falls inside the scale variation of the NLO, suggesting
that the perturbative series is more stable in this region. The total scale uncertainty is
reduced from 37% to 27% and to 11% when going from LO to NLO to NNLO, at 100 TeV
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Figure 4.7: Comparison between the Bi, dBiy and dBi;,, reweights to the triple Higgs boson
invariant mass distribution. The result is shown at NLO (left) and NNLO (right) in
the &g expansion. There are no visible differences between the dBiy and dBi; /, bands,
as they overlap completely. The shaded bands correspond to the uncertainty from the
variation of scales from the central value of g = Q/2.

with a central scale choice of o = Q/2. For 27 TeV the reduction is similar, from 48% to
30% and then to 12%.

To measure the effect of the reweighting, we can compare the different approximations
Bi, dBip and dBi; /, and observe the corresponding effect on the invariant mass distribution.
In Figure 4.7 we see that, although at NLO the three approximations are almost completely
compatible, at NNLO there is a significant decrease in the tail of the distribution when
using a dBi; instead of the Bi approximation, a discrepancy that is even bigger than the scale
variation in this region. We also notice that the dependence on ¢ of the dBis approximation
is phenomenologically negligible. We know that for double Higgs production the Bi
approximation overestimates the tail of the distribution at NLO respect to the exact
calculation [27-29]. If this effect holds also for triple Higgs production, we can expect the
dBi approximation to provide more reliable predictions, as it predicts a smaller tail of the
distribution just by reweighting each contribution by the associated form factor instead of
using the full amplitude.

In order to understand why the discrepancies in the tail of the invariant mass distribution
between the Bi and dBi prescriptions arise only at NNLO, lets recall what are the main
differences between the two reweighting procedures. The Bi reweights all amplitudes
by the Born amplitude, including those that have more than one HTL vertex. The dBi
only does this to amplitudes containing a single HTL vertex, while applying a different
prescription for those amplitudes with more than one HTL vertex. In this way, the Bi
reweighting procedure increases the relative significance of the amplitudes with many
HTL vertices, respect to the dBi. At NLO such amplitudes appear only at tree level, due
to the power counting of the HTL vertices, making the discrepancy phenomenologically
negligible. At NNLO, such diagrams are enhanced by real emission corrections, making
the discrepancy at the tail of the invariant mass distribution more noticeable.

In Table 4.1 we present the results for the inclusive cross-section obtained for different
collider energies, choices of central scales y, reweighting procedures and orders in the



po = Q 14 TeV 27 TeV 100 TeV
31% 26% 20%
LO 0.0462731% 0.235%25% 3.29T20%
18% 16% 14%
NLOg; 0.0833%1%; 0.4087;5; 5.12" 17
NLOgp;  0.0831718% 0.407%15¢ 5.09715%
NNLOg;  0.105%8%  0.503%7; 6.1175%
NNLOgp; 0.10478%  0.498%7%  6.0275%
po=Q/2 14TeV 27 TeV 100 TeV
34% 28% 21%
LO 0.0605%34% 0.295%28% 3.88+2L%
18% 16% 15%
NLOg; 0.09837 2 0.47371%» 5.757 3%
NLOgp;  0.0982718% 0.471+17% 5.72+15%
NNLOg;  0.11473%  0.54015%  6.4713%
NNLOg4p; 0.11373%  0.53475%  6.3672%
5% 5% 5%
NNLOgest  0.103%3,  0.501%2% 55615

4.3 RESULTS

Table 4.1: Results for the inclusive cross-section (in fb) of triple Higgs boson production for differ-
ent collider energies, calculated at different orders and with the different reweighting
procedures. The results are shown for central scale values of Q (top) and Q/2 (bottom).
The dependence on ¢ in the dBiz reweight procedure is below the per-mill level and
therefore omitted. The last row shows our best available prediction for the different
collider energies. The uncertainties correspond to the scale variation.

perturbative expansion. The corresponding K factors for the dBi results are presented in
Table 4.2. When comparing our results with the ones obtained in Ref. [89] in the soft-virtual
approximation, we find that although the SV result differs only in about 1% from the
full NNLO in the HTL, when using the Bi reweight the difference grows to a 2.5% and
4-4% increase in the inclusive cross-section at 14 TeV and 100 TeV, respectively. This larger
difference is due to the fact that in the HTL the SV approximation is slightly smaller
than the complete NNLO for small invariant masses, but compensates at large invariant
masses, resulting in a small difference in the inclusive cross section. After the reweighting
procedure, the region of large invariant masses is suppressed, and therefore this accidental
compensation is reduced, increasing the difference in the inclusive cross sections between
SV and complete NNLO.

The different reweighting procedures produce a small difference ranging from ~ 0.7% at
14 TeV up to ~ 1.3% at 100 TeV. Although in Figure 4.7 we see that the different reweights
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o =Q 14 TeV 27 TeV 100 TeV
Knro 1.80 1.732 1.56
KnNLO 2.27 2.12 1.55

uo=Q/2 14 TeV 27 TeV 100 TeV

Knro 1.63 1.60 1.47
KnNLo 1.87 1.81 1.64
KNNLO—Best  1.70 1.70 1.43

Table 4.2: NLO and NNLO K factors for the inclusive triple Higgs boson production at different
collider energies. These defined as the quotient between the dBi and the LO cross
section. The results are shown for central scale values of Q (top) and Q/2 (bottom).
The dependence on ¢ in the dBiz reweight procedure is below the per-mill level and
therefore omitted. The last row shows our best available prediction for the different
collider energies.

lead to discrepancies larger than the theoretical uncertainties in the tail of the distribution,
since this region has a small impact on the inclusive cross-section the results for the
total cross-section are consistent within the theoretical uncertainties. Of course, this small
difference at the total cross section level can only be a lower bound on the expected finite
top mass effects, and from the results obtained at NLO within the FTpprox (Which are
~ 10% smaller than the dBi prediction) it is clear that they are expected to be much larger.
What we can conclude from this exercise therefore, is that the systematic uncertainties
related to the choice of the reweighting procedure (among the choices presented here) is
expected to be marginal compared to the full size of the finite-m; effects.

In order to provide the best possible estimate of the triple-Higgs production cross section,
it becomes necessary to include the partial finite-m; effects obtained in Ref. [88] within the
FTapprox- To this end, we use the predictions presented therein and in Ref. [97] for the total
cross section, and encode the finite mass effects in the parameter é; defined by

Uglfggprox = O-gIB];O(l + (St) ’ (418)

and we define our best prediction as

NNLO __ _NNLO NLO
OBest ~ = Uqpi ~ + 0t04p; - (4.19)

This procedure is similar to the prescription that was implemented in Ref. [97] for double-
Higgs production. The values that we obtain for J; at the different collider energies are
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dt = -0.107, -0.073 and -0.146 for 14, 27 and 100 TeV, respectively.? The corresponding cross
sections and K factors are presented in Tables 4.1 and 4.2, respectively.

Before providing our final results, we address the issue of the remaining uncertainties
associated to finite-m; effects. There is in principle no reason to expect these effects to
be smaller than the corresponding ones present in double Higgs production; in fact the
typically larger invariant masses involved might point to the opposite direction. Of course,
the more complicated structure of the triple Higgs production amplitudes, involving
additional topologies, might lead to accidental cancellations of these effects that cannot be
predicted at this point. In the absence of any prediction with full top mass dependence
beyond the LO, one can only rely on approximated results in order to estimate the
associated uncertainties at NNLO. The best available approximation at NLO, the FTapprox,
differs from the Born-improved NLO at O(10%) at 14 and 27 TeV, and O(15%) at 100 TeV.
The size of this difference can be a good estimation of the missing finite top mass effects,
and indeed this is the case for the double-Higgs production cross section. In order to
provide a conservative estimation, and having in mind the possibly worse situation in
triple Higgs as compared to Higgs pair production, we estimate the uncertainty of our
prediction to be of £15% at 14 and 27 TeV, and £20% at 100 TeV.

Given that the full dependence on the top mass is only retained at LO, it is not possible
to perform a complete analysis on the top mass scheme uncertainty (which was found to
be large at NLO in the case of double Higgs [29]). Nevertheless, a parametric variation of
the default on-shell value m; = 173.2 GeV used along this work to the correspondent one
in the MS scheme, 71;(71;) = 163.6 GeV (using a three-loop conversion between schemes),
shows a decrease of about 25% in the cross section, which indicates an uncertainty in line
with the one estimated for the finite top mass effects.

Compiling all the ingredients described in the last paragraphs, we arrive therefore to
the following final prediction for the triple Higgs production cross section:

oANLO = 010315 4 15% fb, KNNLO — 1 70, (14 TeV)
om0 = 0.501752 £ 15% fb, KENLO — 1,70, (27 TeV)
OO = 5.56 2% £ 20% fb, KANLO — 1 43, (100 TeV)

The results presented in this chapter correspond to the best predictions so far for triple
Higgs production, which will become an important process in future hadronic colliders,
as it will give direct access to the quartic self coupling of the Higgs boson. These results,
together with the ones presented in previous chapter 3, conform the first part of this thesis.
In the next part, we will focus on the associated production of a top-quark pair with a
Higgs boson.

The value corresponding to 27 TeV was extracted from results of [88] computed at 33 TeV, which is the closest
one in energy available in the literature.
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Part 11

ASSOCIATED PRODUCTION OF A TOP-QUARK PAIR AND A
HIGGS BOSON

The NNLO computation of a tth final state would allow for a precise determina-
tion of the Yukawa coupling of the top quark. In order to achieve such precision,
a framework to handle its infrared divergences has to be developed. In this
part, we will extend the gr-subtraction framework to the associated production
of a top quark pair with a colourless particle, and apply it to compute the NLO
cross section and NNLO counter-terms of the tfh production process.






INTRODUCTION AND MOTIVATION

In the quest of determining the properties of the Higgs boson, and the ElectroWeak
Symmetry Breaking scalar potential, the top quark plays a fundamental role. Being the
heaviest particle in the Standard Model, it’s the one with the largest coupling to the Higgs
boson and a promising candidate to couple to new physics. In chapter 3 we considered
deviations of the top Yukawa coupling y; from its SM value in the context of double Higgs
boson production, together with other effects of new physics in the context of EFT. Being
mediated by a loop process, we saw that it is not straight forward to disentangle deviations
in y; from other new physics effects. A direct observation of y; in a process that is tree-level
at the lowest order would allow us to disentangle the different effects that could affect the
ggH vertex. For other lighter particles particles like the bottom quark or the tau lepton,
the Yukawa couplings v, and y; have been inferred from the decay of the Higgs boson
into a bb [98, 99] or TT [100, 101] pair, respectively. This strategy doesn’t work for the
top quark, as it’s so massive that the decay of the Higgs boson into a top quark pair is
kinematically forbidden. Instead, the more rare associated tth production process, whose
leading order diagrams are shown in Figure 5.1, has to be measured. In the recent years,
the first observation of a top anti-top pair in association of a Higgs boson was made by
both ATLAS [102] and CMS [103] detectors at the LHC, and since then the experimental
accuracy has only improved [104, 105], providing an independent constrain on the Yukawa
coupling of the top quark, y;.

5 g t q t
\\\H \\\H
g g t q t
(a) (b) ©

Figure 5.1: Tree level diagrams for tth production in the gluon fusion (a-b) and quark annihilation
(c) channels.
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A significant effort has been made in the past years to improve the description of tth
production. The NLO QCD corrections were computed almost twenty years ago [106—
109], and have been matched to parton showers in Refs. [110-112] and combined with
NLO electroweak corrections in Refs. [113, 114]. So far, the main theoretical uncertainty
comes from the variation of factorization and renormalization scales, which is an lower-
bound estimate of the impact of higher-order QCD calculations. Soft gluon resummation
effects have been computed at NLL [115] and NNLL [116—-119], for selected differential
cross sections, showing a significant decrease in the scale dependence, but a full NNLO
calculation is not available at the moment.

In order to go further, one has to compute the NNLO QCD corrections. For this, several
steps have to be taken: On one hand the two-loop five point amplitudes should be
computed for the process, and on the other a framework to combine these with the one
loop-real and tree level-double real emission amplitudes should be developed. This is
necessary due to the intricate structure of infrared divergences that appear at intermediate
steps of the calculation. Although for an Infrared Safe observable, such divergences cancel
out and the cross section is finite, one has to do an analytical manipulation to make the
cancellation explicit, before it is suitable for a numerical integration of the phase space.
There are several formalisms to do such manipulations at NNLO order in QCD, which
have been successfully applied to different processes [120-136].

In this part of the thesis we will make use of the gr-subtraction method [136], which
relies on the gr-resummation formalism for colourless final states [137, 138] and have
been successfully applied to a variety of processes [139-147], and its extension to mas-
sive colourful final states [148—152] which recently has been successfully applied in the
computation of the fully differential cross section for tf production [153-155]. In order to
extend the NNLO gr-subtraction framework developed for tf to the production associated
production of tth, we need to remove the kinematical restriction that forces the top quarks
to be back-to-back at the lowest order of perturbation theory. This kinematical modification,
although conceptually simple, makes the computation much more involved. In this part
we will introduce the main ingredients and fully implement gr-subtraction at NLO for
a tth and ttZ final states, and present the NNLO counter-terms that correctly cancel all
infrared divergences in the real emission cross section.

This part is organised as follows: In chapter 6 we will present the theory background,
including subtraction methods, the gr-resummation and subtraction formalisms for colour-
less as well as massive colourful final states. In chapter 7 we present the for the first
time an implementation of gr-subtraction at NLO for a tf + colourless final state, and
we make a numerical validation against the known results for tfh and tfZ production.
Finally, in chapter 8 we present the NNLO counter-term for tf + colourless and show that
it correctly cancels the infrared divergent behaviour of the real emission cross-section for
tth production. The work presented in this part is the subject of a publication which is
currently in preparation [156].



THEORY BACKGROUND

In this section we will discuss the theory background in which our calculations were
performed. As an introduction, let’s go back to the FKS method, which we used in part I
of this thesis.

6.1 SUBTRACTION SCHEMES FOR REGULARIZATION OF IR DIVERGENCES

Recall from section 2.3 that a NLO cross section can be written as

dojiih,  dofiy do

1,12 2 n+1

0. = 4o, +aleH1/ doy daxa fa, /e, (%1) fay /1, (X2) [V-I-/ ]: (6.1)
a)EHy

where the initial state infrared divergences in the virtual amplitudes V have already been
subtracted and absorbed into the parton distribution functions f,, /p, (x1). In a similar
way, we work with fully renormalized on-shell scattering amplitudes, regularized in the
CDR scheme by analytic continuation in D = 4 — 2¢ dimensions, meaning that all UV
divergences have been regularized. Therefore, all dependence on the factorization and
renormalization scales, ur and g, is implicitly understood.

Each term in the equation, the virtual and real emission contributions, is individually
divergent. Now, we know that these divergences cancel out after the integration of unre-
solved radiation in the R term. We can, therefore, add and subtract a term C, which we
will call counter-term, that contains the same singularities as R so that we get the sum of
two finite terms, as follows

d(TNLO do LO

Hl HZ _ H],H2
d®, ~ do, + aleHl/ dax1 dxz fa, /by (%1) far /1, (X2)
lleHz
dq)n+1
[V+/C +/ do, R—C)]' (6.2)
whenever we can perform the integration [C = dq)"“ C analytically, we will be able

to write down the NLO cross section as a sum of f1n1te terms, and therefore suitable for
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numerical computation of the convolution with any infrared-safe observable of interest.
We've already seen the FKS method, which provides an explicit expression for C:

dd‘znﬂm_(:) i [[dedy s @, ((@)ﬁ <1iy>+> (é>+
(6.3)

fe=r 2t 1 | s one [~ [a 00 -
S fa((z) - (k’gg@)) (@1 +£E-1)], 6.4)

where f(Z,y) = &2(1 — y*)R can be computed in the limits & = 0, y = +1 in terms of B
only, and after the analytical cancellation of the corresponding singularities in ) we obtain
a finite result in which we can set e = 0.

This method of constructing a counter-term to regulate divergences is what is known as
a subtraction procedure. At NLO, the development of general-purpose subtraction frame-
works allowed for the automation of NLO computations in software such as MADGRAPH,
which implements FKS subtraction terms [14, 15], or MATRIX [157], which implements
Catani-Seymour dipole subtraction terms [12, 158, 159].

At NNLO one could proceed in the same way, and write down the ingredients of
the calculation, namely the double virtual V'V (two loop-born interference and one loop
squared amplitudes) that are defined in the n-particle phase space ®,, the real-virtual RV
(one loop-born amplitude interferences that include the emission of an unresolved parton)
defined in @, and the double-real R'R (tree level amplitudes squared that include the
emission of two unresolved partons) defined in ®,,»:

d(TNNLO dO'NLO

H,,H: H,y,H;
dci) = dq; 2 +a1€Hl/ dx; dxzflll/Hl(xl)fﬂz/Hz(xz)
a,EHy
4o, 4,12 -,
[W+/ io, VT / qo, 65

As we can see, the structure of singularities will be much more involved. On one hand,
in RV we have NLO-type of divergences (soft, collinear and soft-collinear) originating
in the emitted radiation becoming unresolved, that should cancel singularities present in
VV. RV also contains singularities of virtual origin that partially cancels against the ones
present in R'R, namely the ones originating from a single emitted parton becoming unre-
solved. The remaining singularities present in R'R correspond to two partons becoming
unresolved, which give rise to configurations double-soft, double-collinear, triple-collinear,
soft-collinear, etc. These singularities should cancel against the ones present in V'V .



6.2 T-SUBTRACTION

We can condense this complicated structure in two types of counter-terms: C; (defined
over ®,1) accounting for the singularities in RV, and C; (defined over ®,,;») for the ones
in R'R, and formally write the expression

NNLO NLO
dO’H hA d‘TH] H,

do, do,

+ ) / dxl/ dxz fa, /i, (X1) fay /1, (%2 [(VV+/C1+//C2>

a1 €H,
lZzEHz

+/ dq)n+1 RV C1 +/dq)n+2 (RR—CZ)] (6.6)

To build two such counter-terms in a way that is analytically integrable is highly non-trivial,
but there are approaches that intend to do so: ColorFull subtraction [126, 127, 160-162]
which can be thought of as an extension to NNLO of the Catani-Seymour dipole formula,
Antenna Subtraction [120-125] which aims to reproduce the universal divergent behaviour
of the amplitudes with analytically simpler expressions, and both Sector Decomposi-
tion [131, 132] and Nested Soft-Collinear Subtraction [163] which, inspired in FKS NLO
subtraction scheme, aim to subtract the divergent points from the phase-space integration
measure of the emitted radiation.

All the subtraction methods described above are local, in the sense that they allow us to
evaluate the finite expressions throughout the entire phase space. One could, however, use
a different approach in which the divergences are cancelled only after integration, what is
called a non-local subtraction scheme. In the next section 6.2 we will describe one of such
methods, which we’ll use in through the rest of this thesis.

6.2 GrT-SUBTRACTION

The g1 subtraction method [136] was initially formulated to regulate the divergences of
the QCD corrections to the hadroproduction of a colourless final state F, such as Drell-
Yan [140] or Higgs boson production [139]. Following the nomenclature of the previous
section, we consider

hi(Py) + ha(Py) — F(q) + X (6.7)

where P; , is the momenta of the incoming Hadrons /11, and g is the total momentum
of the system F, which might be composed of several particles. We will define qr as the
component of the momentum g which is transversal to the axis defined by P; and P, in
its the centre-of-mass frame. In this frame, the momentum of F, g, is completely specified
by qr, the invariant mass squared M? = g2 and the rapidity y = % In Z—E If the final
system F is composed of several particles, there will be more independent variables that
define the phase space ®, that we will generically call Q).
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At LO, there’s no extra radiation emitted, and the final state has qr = 0. It is only
at NLO that q7 # 0 is allowed, and because the emitted radiation has a transverse
momentum equal to —qr, in that case it cannot be neither collinear nor soft, meaning that
the cross-section is free of divergences and can be treated as the LO calculation for the
production of a final state comprised by F and a jet (i.e. F + jet).

At NNLO we see a similar behaviour: In the phase-space region with qr # 0 there
is least one of the unobserved emitted partons taking the recoil and therefore a finite
transverse momentum, for this reason the singularities that can arise are just NLO-type
(one parton becoming soft and/or collinear to P; or P,, or collinear to the other parton). In
this region, the cross section is just the NLO cross section for the production of F + jet. We
summarize this in the following formula:

do NN (N)NLO Ao b
a1 +a,—F — d5s a+a—r+je
dqr daeraz%F qr=0 5(5]T) + dqr (6.8)

qr#0

In the NLO case, the second term can just be computed for a fixed qr # 0 by squaring the
tree-level amplitude and integrating over the phase space without any inconvenience. In
the NNLO case, the infrared structure of the second term for a fixed qr # 0 is that of a
NLO calculation and therefore can be treated with any local subtraction scheme such as
FKS or Catani-Seymour Dipole subtraction. All the pure NNLO singularities appear in the
first term, at qr = 0, and they only cancel against the second term after an integration over
gr of the latter. This singular behaviour of the second term in the limit qr — 0 manifests
as large logarithms of the form In*(M2/ q%). If we know the structure of such logarithms,
we can construct a counter-term docr (qr) to cancel them, and write the cross section as a
sum of two finite terms. Formally, we can write the expression

~(N)NLO ~(N)NLO
d”élﬁaﬁF = |:d0—L§1+)a2%F )qT:O + /qu docr (qr)]
~(N)LO

do Fii
+ [ dar | =R doer (ar)| (69)
qr#0

and cancel analytically the singularities in the terms between the first pair brackets, while
the ones between the last pair of brackets would only give a finite quantity after integration
in qr. Because each of the terms inside the second pair of brackets is individually divergent
when integrated, we introduce a technical slicing parameter r¢,; = g%/ M? and perform
the extrapolation given by the limit r.,; — 0. Schematically, this is performed by doing
replacing the integral in (6.9) by

/qu — lim dqr. (6.10)

Teut—0 J M2reus
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In practice, we will compute this integral for several finite values of r.,:, and perform a
numerical extrapolation to get the value at r.,; = 0.

The structure of this divergent behaviour has been thoroughly studied in the context of
gr-resummation, of which we will review the main results.

6.2.1 qr-resummation formalism for a colour singlet final state

In this subsection we will present the main results of the gr-resummation formalism for a
colour singlet final state [137]. Let’s write the general fully differential cross section for the
production of a colour-less system F as

Aoy, n,—r _ [dUF ](Sing) i [dUF :|(reg) (6.11)

d?qrdMdydQ  |dqr dqr

where we grouped in [doy /dg? | 3) the terms that are enhanced at qr = 0, i.e. those
(reg)

proportional to either (%) or In*(M?/4%), and in [dor /dg3 ] the ones which are

regular in the limit qr — 0. That is, by definition

dor ] (reg)

li Qd
1m0 q{dq

=0. 6.
oimy (6.12)

The main result of the gr-resummation is encoded in the following resummation formula

dop | _ M2 dzb tdz; (1dz x1 bj x b
Qo] M e g [ [ (2 ) o (2.)

mEh
1126]’12

CHF (x1P1, x2P>, M, Q)
. 2 dM2dO)

S.(M,b) [HFQCZ] ) (6.13)

cC;a1a;

M ,+y

where x1, = ﬁe , and which describes the factorization of the singular part of the cross

section into the leading order one (d s F) some process-independent factors (S.(M, b))
and some process-dependent coefficients ([HF Cy Cz] Cc_,am)
Let’s describe the different ingredients shown in (6.13):

* First of all, we notice that the factorization is written in impact parameter space (or
b-space), which means that we’re taking a Fourier transform on the transverse
momentum qr and therefore mapping the singular region g7 < M to Mb > 1.

¢ The factorization of the hadronic cross section into a partonic cross section is done
in terms of the scaling variables z; ,, which connect the invariant mass of the final
system M to the partonic centre-of-mass energy v/§ (M? = z;259).
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* The parton distribution functions have been evolved from the factorization scale 2

to the transverse-momentum scale (by/b)? ~ g3.

The flavour corresponding to the partons entering the hard scattering cc — F doesn’t
necessarily correspond to the ones of the partons coming out of the hadrons ay, a,
due to possible collinear splittings of these.

The Sudakov factor S.(M, b) is universal and only depends on the flavour of the
partons entering the hard scattering c. It resums all the logarithms originating soft
and flavour conserving collinear emissions from the initial legs. Its expression is
given by

2 3.2 2
Sc(M,b) = exp {_ /bM 7 [AC(”CS(LIZD ln](\;z + BC(“S(QZ))] } , (6.14)

202 g

where the functions A.(«;) and Bc(«;s) admit a perturbative expansion

()" Al (6.15)
( ) (6.16)

The factor [Hf C1C,] cc:ana, 18 Process dependent and encodes the virtual corrections
to the process (proportional to 5(qr)), as well as the collinear flavour changing
emissions from the initial legs. For quark-initiated hard processes (c # g), it can be
explicitly written as

i
-1

[H'GIGy| = HE(v1Py, %P Qs (MP))
cc;,aray
X Ceay (21; a5 (D5/b%) ) Ceay (22; a5 (b5 / V7)) (6.17)
where the functions H! and C,, admit a perturbative expansion:
HE(x1Py 3Py Qi) =1+ ) (2) HE (raPy, 2Py ) (6.18)
n=1
Cav(za5) = ab(S z—1) Z ( > . (6.19)

As we see, the coefficient HY doesn’t depend on the impact parameter b, which
means that it’s not enhanced by large logarithms, unlike the C,;, collinear functions.
For gluon fusion processes (c = g), there is a similar structure, with the only
difference being that the Hf and C,, coefficients have Lorentz indices which are
contracted among each other, and the C,;, functions not only depend on the modulus
of the impact parameter b but also in it’s direction, giving rise to non-trivial spin
correlations [138]. This issue is addressed in Appendix C.1.
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The formula (6.13) is invariant under a renormalization group transformation of the
form

H{ (as) —HE (as)[he(as)] 71, (6.20)
Bc(‘xs) _>Bc<“s) - ﬁ(&s)dm, (6.21)
Cab(“s) %Cah[hc(“s)]l/z (6.22)

for an arbitrary function h(as) = 1+ O(as), where B(as) is the QCD B-function. Because of

this invariance, the expressions for H!, C,;, and B, will depend on the resummation scheme.

The expressions presented above correspond to the hard scheme, which is characterized by
the fact that all the process dependence of [H Fcy Cz] ety is encoded in Hf , while C,, are
universal and process independent. To be precise, this is the scheme in which, order by
order in perturbation theory, the functions C[EZ) (z) don’t contain any 6(1 — z) terms.

In the hard scheme, the collinear functions C,;, are known up to, at least, second order

in as. The first order coefficients have the following form

Cir (2) Z%CF(l —z), (6.23)
Ci)(2) =5Cr2, (6:24)
Ci¢ (2) =%Z(1 -z), (6.25)
Cl{ (2) =Cyy) (2) = Clp)(2) = Clyl(2) =0, (6.26)

where Cr = % and C4 = 3 are colour factors. The second order coefficients Cfli) can be
found in Ref. [137], and the third order coefficients for the quark channels have been

recently computed in Ref. [164]. The BC(") coefficients in equation (6.15) are resummation

scheme dependent for n > 2, while Bél) and AE”Z” are scheme-independent. The first
order coefficients read [165, 166]
AV =cy, AV =AY =y, (6.27)
1 1 1 1 3
By = —(11C, —2ny), B = B = —Cs, (6.28)

while the second order ones, A and B®, can be found in Refs. [165, 166] and [137],
respectively.

The H! can be written in terms of the finite part of the loop amplitudes. In order to
do so, lets define Mz, r the MS renormalized on-shell scattering amplitude, regularized
in the CDR scheme by analytic continuation in D = 4 — 2¢ dimensions. This amplitude
admits a perturbative expansion in as:

Maor = 1 (52) ML (6:29)
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Order by order in «;, the amplitude M._,r contains poles of IR origin which follow a
universal structure that has been studied at one loop [12, 167-169] and two loops [167, 170,
171]. We can therefore define the hard-virtual amplitude as the finite remainder after the
subtraction of these divergences [137]

M (pr,p2 M, Q) = |1=Te(e, M) | Meeosr(pa, 2, M, ), (6:30)
with
F [ " =
Zem) = X () e 215 (631
n=1

The process-independent insertion operator I. has poles in ¢ fixed to match the IR divergent
structure of M z_,r, making the [1 — Tc(e, M )] operator responsible for the subtraction of
the IR poles in the amplitude M z_,r (plus some IR finite part).

With these definitions, the Hard-virtual resummation coefficient Hf can then be written
in the hard-scheme in terms of Mz, as

N 2
)Mcc-aF(xlpl, x2P2, M, Q) ‘

Hf = (6.32)

0 2
)Mcc—%p(xlplr x2P>, M, Q) ’

The explicit form for this operator is known up to O(a?), which allows for the computation
of the resummed Next-to-Next-to-Leading Logarithmic matched to NNLO cross sections
(NNLL+NNLO) for the production of colourless final states, provided the corresponding
two-loop amplitudes to the process are known.

6.2.2 gr-resummation formalism for massive colourful final state

So far, we have described the gr-resummation formalism for a colourless final state F.
When we consider a colourful final state, the structure of the IR divergences is more rich,
as we have to consider also the emission of partons from the final state coloured legs. If in
addition to the colourless final state F we produce a pair of a heavy quarks QQ, we will
have divergences originating from the emission of soft gluons from heavy quark legs®. The
case of gr-resummation in heavy quark hadroproduction has been studied in Ref. [150],
and the resummation formula is the same as in (6.13) but with the replacement H' — HA,
that is

dor (sing) d2b Z 1d21 1dz, x bz X b2
[qu] s /( e Z / /x fﬂl/h1< >fa2/h2 <Zz'bg>

a1€h
ap €h2

The collinear emission from a massive quark doesn’t generate any IR divergences, as these are regulated by
the quark’s mass.
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do'? | (x1Py, x2Ps, M, Q)
" Z e o Se(M,b) [(HA)C1Ca) 1, - (6.33)

The A embodies the new contributions due to soft emission of gluons from the final state,
which means that by setting A = 1 we get the expression for the colourless final state. The
bold font is used to denote that it is a colour operator. That is, if we define a colour basis
and then write the amplitude M . ,55r as a vector | M %QQ—F> in colour-space, then the
A operator takes the form of a matrix. In the hard scheme, the HA coefficient takes the
form [150]

[(HA)C1Co 0,4, =(HA) ceCony (215 05 (b5 /0%)) Ceny (22; 5 (5 /D) ) (6.34)
<MVCE—>QQ_F‘ A ‘M\/CC’%QQF>
|M lel,szz;Q)|2/

(HA) e = (6.35)

cc—>QQF(

where the auxiliar hard-virtual amplitude | M ) is defined analogous to Eq. (6.30) as
p & q.-(63

)MchQF> = [1 —TcaaQQP(S/M)} }MchQﬁ- (6.36)

Just like in the case of a colour singlet final state, in gluon fusion processes the coefficients
(HA)ge and Cg, contain Lorentz indices, and their contraction give rise to non-trivial spin
correlations due to the dependence of Cg,; on both the modulus and direction of the impact
parameter b. In the case of a massive coloured final state, these spin correlations are
enriched by the structure of the A colour operator [150]. This is discussed in more detail in
Appendix C.1.

The insertion operator I, can be rewritten in terms of a piece that is identical to fc from
the colour-singlet case, plus some new piece TQQ-F that encodes all the soft emissions from
the final state. For example, at NLO it can be written as follows [150]

(1
1Y or(e M) =T (e, M) +T,) (6.37)
~ 1
=7 (e, M) + Erg) +Fo+O(e), (6.38)
where l"(Q1 ) is the first order soft anomalous dimension operator for a massive quark Q,

and Fg is a finite remainder. That the difference respect to the colour-singlet case only
has a single pole in ¢ is related to the fact that, for a massive quark, there are no collinear
divergences at NLO, thus neither soft-collinear that could give rise to double poles.

In general, the expression for the A factor will be

A =V (b; M, Q)D(b; M, Q)V*(b; M, Q) (6.39)
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where the factor

] M dg? 2
V=Piexpd— [ ST To(a(g?iM o) g, 6.40
q €Xp 7 /P []2 Q(S(q) ) (6.40)
resums all logarithmic enhanced terms as(M?)" In(Mb)* (with k < n) originating from
soft emissions on the massive quarks Q, from a scale by/b ~ gr up to M. The symbol P,
means that the matrix exponentiation is anti-path ordered with respect to the integration
variable g°.
The factor D which depends on the angles of b, encodes azimuthal correlations and,
thanks to renormalization group invariance, it can be always chosen in such a way that at
all orders

(D)gp) =1, (6.41)

where () ¢(b) denotes the azimuthal average over b.

Therefore, the only extra ingredients needed in the case where there’s a massive quark
Q in the final state are the soft anomalous dimension operator I'g, the Insertion operator
TQQF and the new spin-correlations discussed in Appendix C.1.

6.2.3 qr-subtraction formalism massive colourful final state

Now that we have all the ingredients to describe the region of g7 — 0, we can write down
the expressions for the subtraction formula (6.9). Let’s focus on the process

hihy — QQF + X, (6.42)

where Q is a massive quark, such as the top quark, and F is a colourless final state,
such as a Higgs or a Z boson, and X denotes any other unobserved final state. The
expression for the (N)NLO cross section given by (6.9) can be written down as a sum
of two finite terms, thanks to the knowledge of the behaviour at gr — 0 given by the
gr-resummation formalism. The gr-subtraction formula for the partonic cross section of
the process a1a; — QQF + X takes the form [152]

~ (N)NLO __,Q0F; (N)NLO _ 1A LO ~ (N)LO ~ CT,(N)NLO
a1a,—QQF _Hﬂ1ﬂ2—>55 ®dacf—>QQF + [daalazﬁQQFJrjet - U-Ellaz%QQF } ’ (643)

where the counter-term is defined as

4 CTNLO —Z“—HSZQQF(U <lezz;’ﬂ)

a1a,—QQF — a1y —cC M
Cc

~ CT,NNLO _ X5\ 2 < QQF(2) qr\ dq% 10
daa1a2—>QQ_F - ; (;) Zm@%cf (le 22, M) W &® daC@%QQ_F (645)

dq% do LO 6
Mz @99 Soor (6.44)
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and the ® denotes a convolution with respect to the z; and z; longitudinal momentum

fractions of the incoming partons in do*ccﬁ QoF’ € and ¢, respectively. The coefficients

»QQF(1 )(zl,zz, r) and »QQF(2 )(zl,zz, r) encode the logarithmic dependence on r = qr/M,
which can be factorised in the following way

F F(1; =
£00F) (21, 2557) = zzﬁiigkzha)m(r» (6.46)
n=1
F F 2; =
Zangz—gcc Z1l z2;7 Z Zangz—)c: Zl/ ZZ)Iﬂ (1’) . (647)

The functions I, (r), when Fourier-transformed to b-space, correspond to the In" (b2 / b(Z) +
1) bxbo In(b?/b3) that behave logarithmically at small 72

qr 2 [(d°D pgp o [ MPD?
IH<M> =M [ e In 7 1

%)72 /Ooo dx %fo(x) In" (;g (qMT) . + 1) , (6.48)

where in the last step we used that the function only depends on the modulus of b to
write the integral in terms of the Oth-order Bessel function Jy. This functions are computed
in Ref. [172].

At NLO, the functions Zfi%;(kcf ) (z1,22) and Hg%i(CC)NLO(zl,zz) read
1
Zn e (21,22) = = 5 A b, 0end (1~ 21)5(1 ~ z2), (6.49)

2
Zg%ilccl)(zlrh) == {(5%5@2351)(5(1 —21)0(1 —z2) + Ocay Peay (22) + Ocay Peay (ZZ)]

O | (r0 4 pO | 5@
_ 5ca15c‘a25(1 . 21)5(1 _ ZZ) < ccaQQF‘ ( Q(O) Q 2) ccaQQF>
‘ cE—>QQF‘
(6.50)
Hg%ihc]cw(zlrzz) = — Sca,Ocay [HcQ CFW5(21)6(z2) — kﬁoﬁR}
+ Geay8(1 — 21)Cla) (22) + 8ea,6(1 — 22) Cly) (1)
+lr [(5%5(1 — 2)PY) (29) + 624y5(1 — 22) PLa) (zl)] , (6.51)

k

where k represents the power of «; of the LO partonic process, (i.e. |MCC% QOF > = O(ak)),

we defined

2 2
lg=In M—Z and lr=1In %2, (6.52)
R HF

2 The modification In(b?/b3) — In"(b?/b3 + 1) ensures that the expressions for the counter-terms don't
introduce spurious logarithmic enhancements in regions of high g7 (b — 0), and therefore preserve unitarity.
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and PV first order Altarelli-Parisi splitting function P,y (z), with an % normalization, i.e.
ab P g 7T

()" p)
= =) P . 6.
;(J w (2) (6:53)
At NNLO, the coefficients can be expressed in a more compact form in Mellin space3,
and they read
QQF(2:4) 1 )2
Zamz%cc‘, (N1,N2) _gAC Oca; Ocays (6.54)
QQF(2;3) QOF(1;1)
Z'alﬁz—ﬂc (NN2) — A [ PodcaOca; + z'a1az—>cc (N1,Nz)] ’ (6.55)
QOF(272) _ 1 @[y 00FnNLO
Zalaz—mf, (N,Np) — EAC [Hglaz_mc (N1,N ,BO(SC{zlfscaggR}
(1) (1)
) bzb: (5blal ,)/bzf/lz Nz + ,)/hllll N1 5b2”2)
1,02
% QQF(1;1) ) <Mcc—>QQF‘ r + r ‘M c—>QQF>
b1by—cé, (Nl,Nz) — Ccb Pcb, (0) 2
‘MCC%QQF‘
L@ (1) QOF(11)
2 {AC e Oca; + (B ~Po )Zhlbﬁcc (N1, Nz)}
M ) 4+t A
1 F F
450 G B (Moar| 1 2‘ o)
’MCC%QQF‘
i) W, pWH)?|
1 M ooe| (T 4T M o
+§(5cb1 Ocb < - ( 2 = >, (6.56)
M o0
QQF(271) _ QQF(1;1)
Zalazﬂcc', (Nl,Nz) - Zﬂ1ﬂ2‘>CC_I (leNZ)'BO R
QOF;NLO (1) (1) (1)
b Hll1ﬂ2—>CC_', (Nl,Nz) |:5b111] (SbZaZ BC + (Sbla] ,)/bzaz,Nz + 7b1g1,N15b2a2i|
102
2 1 1 2 2
~enean B + o (%Céui ne F Cn ez ) = (Goar Vo, + Ve a2 )
MO T Tt A
F F
_(5611156 . < cc—QQ ‘ . cc—QQ > + he.
‘MCC%QQF‘

3 The (N1, N;) moments respect to the variables z; and z; is defined by the Mellin transform

N1N2 /dzl/ dzzz 1N2 (zl,zz).
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<MCC~>QQF’ r + r ‘M HQQF>
5cu1 (Scuz 0) 2
‘McEﬁQQF’

vid (1) (Dt | 44(0)

<Mcc’—>QQ_F’ I+ ‘McfﬁQQF> W ()
B (0) 2 cm CE“Z/NZ + CCﬂlle 55”2
’MCC_%QQ_F‘

+ gp (5b1‘11 71(716)12,1\’2 + ’)’1(731’]\]1 (5b2a2> - gngoéculéc’az] ’ (657)

fHQQ_F)N_NLO —§cu15ca2HQQF( ) + 5m1c( ) + C( ) (Scaz + C( ) C(l)

22 (NiN2) cag,Np ca1,Nq ca1,Nq —¢ap, N,
QQF(1
+H () (5”1 C(Eai N + Cgal) Ny Cu2> F'BO ( cm l)/caz N + ')’Eal) Ny 5ca2)
—+ ((Scm ,)/gaz) N, + ')’Eaz N (Sc_az) EF _ HQQF NLO ’B()fR

aray—cc, (N1,Ny)

F; NLO F 1
+ Z [ QQ N1,Np) + 5Cb156h2HCQQ W + (Scalcg ) + Cc(al),Nléfaz]

b1by—ce, ( caz,No
bl 2
1
X [(5b1a1’)’£2312,N2 + ’)/}()15)11,]\]1 5b2a2) EF - 5b1u15b2a2k,30£1{]
1
_56111 (Sc'uzk <2,B(2)€%{ + ,31£R> ’ (658)

(n)

where 7,, 'y, is the N moment of the n-order Altarelli-Parisi splitting function Py (z), i.e.

1 b A\ "
T = [ dzzN-1)Pu(z) = 1 (%) iy (6.:59)

n=1 g

As mentioned before, in gluon initiated processes (¢ = g), the azimuthal correlations
arising at small g don’t vanish upon averaging in ¢(b) and they give an extra contribution
to the two-loop soft function, encoded in the following replacement

QQF;NNLO QQF; NNLO QOF ~(1) (1)
ara,—gg, (N1,Np) ara,—gg, (N1,Ny) HG Gglll N1 Ggllz N, (6'60)
F
+HY (G;) NyOgaz + Fga Gpy NZ) (6.61)

(1)

where the functions G,,’ are universal, and the coefficients HgQF and Hggp are process-
dependent spin correlations, with a non-trivial colour structure for the latter. Their ex-
pressions can be found in Appendix C.1. Their calculation involves complicated b-space
integrals which have only been computed for the production of a tf pair [152-154], and are
currently unknown for tth hadroproduction.

This concludes the general formulation of gr-subtraction for the hadroproduction of
a heavy quark pair in association with a colourless final state. At NLO, to compute the
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counter-term we need the soft anomalous dimension operator I"(Ql) , while for the soft

function 7-[22,2 _,.c We also need the finite part of the insertion operator I') that is new

for the colourful final state, i.e. Fy. At NNLO the counter-term depends on these two
quantities plus the second order soft anomalous dimension operator F(QZ). To compute the

(2)

ayar—cé
the spin correlations HCQ;QF and HggF appearing in H,S?L)zzﬁgg. While all of these ingredients
are known for the tf production, allowing for a fully differential NNLO computation of
hadroproduction of a top pair, the extension to the case in which the quark pair is no
longer back-to-back (at LO), such as tth or tfZ, has not been performed yet mainly due to
the more complicated kinematical structure.

soft function ‘H one would need the second order insertion operator 1) as well as

In the following chapter 7 we will present the soft function ’Ht(tlh) for the first time and

implement the gr-subtraction method for tth and tfZ production at NLO. Afterwards, in
chapter 7, we will present the implementation of the NNLO counter-terms for tth.
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In this chapter we present the work done to implement gt subtraction at NLO for the tth
hadro-production. We will start in section 7.1 by showing the necessary ingredients, this

is the NLO soft-anomalous dimension operator Fgl)

of the NLO insertion operator ngg, computed from the NLO amplitude in the eikonal
approximation. Afterwards, in section 7.2 we will briefly discuss the numerical setup and
present the results, validated against other available generators, for the tf, tth and t{Z

hadroproduction processes.

and the final-state originated piece

7.1 INGREDIENTS

In order to implement the gr-subtraction formalism at NLO for tth, we need the insertion
operator i (e, M), which we write as the sum of fc(l)(s, M) which describes all the

cC—tth
initial state divergences and T, which describes all the new divergences arising from final
state radiation. Because the coloured legs in the final state are top quarks, all collinear
divergences are regulated by the mass of the top m; and the only ones contributing to
the insertion operator originate in the emission of soft gluons. These soft emissions are

described at amplitude level by the eikonal approximation:

4
tree p 1 p _mnry tree tree
Zl(gf‘./\/l‘zlf‘Z_mhg _47-[“5 ‘uR Mk EZZ k- Pz )(k - P]) <M‘11ﬂ2—>tth’ Ti- T ‘Malﬂz—ﬁth>
po
t t
— (M), ] A ) K e | MU, ) 7:1)

where the sum runs over the polarizations of the emitted gluon of momentum k, {p;}i—1 .4
denote the momentum of the coloured legs {a1,ay,t,t} (in that order) and 7; denote the
colour operator of the leg coloured i. We can rewrite this T in terms of the one appearing
for a colourless final state plus the new final state and final-initial interferences

pi- Pj 2p1 - p2 2 2p1-p2 2
o T, - T, = T T
Toott = z]Z:lk pik-p; " T prk(pi+p2) -k Yo k(prtp) k
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2

2
2
p3 T2+ p4 TZ P3 - P4 T T4

+
(p3-k)27° " (pa-k)2°* " p3-kps-k

+2ii<Pi'Pj p1- P2 k>Ti;j
i=1j=3 :

pi-k  (p1+p2) pi -

(7-2)

The first line contributes to fc( )(e, M) (together with the collinear initial state divergences),
while the last two lines (which are only non-zero for a colourful final state) give rise to the
new piece thh-

After we approximate the amplitude in the soft region as (7.1) we can integrate over the
phase-space of the extra radiation for a fixed g7

/de5 (k)60 (g1 + kr) 'Y |/\/l (tree) 2

a1u2—>tthg
polg
3—47'(065(]41{)#%28 <Mu?:ze%tth‘/dl)k§ k2)5D Z(qT+kT)
2 2
P3 2 Py 2 2p3 - pa
T3 + T; + T T
(ps K12 (o k2 s kpa kT
2 4
pi-pj p1-p2 >Ti'Tf (tree)
+2 - Masarit
§;§<P1"k (p1+p2)-k) pi-k ‘ ”1”ﬁ”h>
= — drtag (uR) U
(MU ] TR+ LT + BT Ty + Z T3 Ty | M) ) 7:3)

where we only considered the terms in Ty, which contribute to L, namely the last two
lines of (7.2), and we defined the scalar integrals I;; as

L = [ 4Pk, ()67 (qr + k) fi (k) (74)
v} e
W if i =] € {3, 4}
fii =\ 255 ifi=3j=4 (7.5)

2 (Pip; : o ;
pi-k (p]"k] B (pfjrrfzz)k) ifie{l2}je{34)

We can factor out the dependence on g% by rescaling the integration momentum k. This
dependence encodes the divergent behaviour, which becomes an explicit pole in ¢ when
we go to impact parameter space (operating with [ dP~2qre~"Par):

2\ “1-¢ 2042\ €
b-space 1 b-M
€ b§
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After factorizing the dependence on g%, the integrals will only retain a dependence on the
unit vector qr/gr that will disappear upon azimuthal integration.

The integrals appearing in (7.4), although unpublished, were computed in b-space in
the context of A. Torre’s doctoral thesis [173], which allow us to write down their explicit
expressions

21 € 2
<~”(b)>‘/’qr 2(4'/;/’)2 Z(z) % +1In (l + }Z;) + O(e)] , (7.7)
j
i N (N1, [ 4pipy)? (P
(5 (®))g, ~(an)? (b%) L In ((m — P2])2P]2> —Li (—%) + (’)(e)] , (78)
- N (B2\°
(a0, =Gz (i) s e () + 1+ 000 79

where j € {3,4},1 € {1,2},
N = —87°T(1 — s)ZQ(d,Z)e*Z”’ES

is a normalization constant proportional to the total solid angle Q;_,) = %, piT
denotes the transverse component of momentum p; respect to the axis defined by pjin the
partonic centre of mass. We denote by () dar the azimuthal average in the direction of qr,
and use a tilde to denote that the integrals are written in impact parameter space. The
following quantities were also defined

| 2,2
P3P
=1/1—- —=, 1
Baa (13- pa)? (7.10)

1 1+534> p%T pKZLT . ( 2B34 >
L3y = sIn In 14+ —= 1+ == —2Li
*T2 <1—,334 ( p2 P 2\ T+
1 1+ﬁ34 . 1—’834 . 1_‘8341
- Lip (1- Lip [1— z
4 <1_,334>+{ 12( 1+,334r>+ 12( \/Er
where r = PLP3 and 7 = P2P3

.p *
After we transform Eq. (7?3) to impact parameter space, take the azimuthal average and
plug in the results in Egs. (7.7) - (7.9), we obtain

/de5+(k2)eib~kT Z |M(tree) |2

ayay—tthg
polg
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bZMZ ree ree
DN ( ) <Ma§a2—>tth‘ Re Itth + O ‘Matluz—n‘th> (7'12)
~ 1 g 4
L = —5 EZR) (;&;) |:_€rt + Ft:| +0(a3), (7.13)
1 . 1 14 B3a .
ri=-—- 1—im)T?+ T3+ T;5-T <1n< )—127r1+ >
e [123;4( T P B 1—Bas 1+ fos)
4(pi- pj)*
+ T, - Tiln{ ———— (7.14)
1:2132 ((Pl + p2)?p;
j=34
2 p] T p] T
Fr=) Tiln(1+ +Ts-T4las — Y T;-TjLip . (7.15)
j=34 P] P]

i=1,2
j=34

We can see that the pole is described by the anomalous dimension operator I';, which

multiplied by the factor ( L ) "—1+en bzh—f;“ + O(€?) gives a finite contribution loga-
0

b5
rithmic in b*?M? ~ M?/g2. This is the origin of the Iy contribution to Zg%ilccl )in Eq. (6.49).

The F; operator is the finite part of the insertion operator, which is independent of b (i.e.
proportional to §(qr)), and contributes to the first order hard coefficient

) ’ M
HcQQF(l) —9JRe < cc%tth ccatth>

© |
Mcc’—>tfh
(1) (0) (0)
<Mcaatih Mcc‘%tfh> o <Mcc‘ﬁtth cc—tth ‘Mccatth>
=2Re > . (7.16)
‘Mcc—n‘th‘

When restricted to tf kinematics in which the heavy quarks are back to back (that is,
P13 = —Pr4 = pr), this coefficient reduces to the known result [150]

2
F =(T2 4+ T2)In <1+Zl§> +(T3+T4)2Liz< ZT) +T; T,
t t

1) (LB PT\ _opy (234 \ 1,2 (1+4Pxu
Xﬁ34{1 (1—534>1 <1+ t) 2L2<1+ﬁ34> . <1—534>
Li <1—,/ gii 1/34) +Lip (1—,/”221 ‘V34>+;y§4 } (7.17)

where y34 = y3 — y4 is the rapidity difference between the quarks t and f.

With the results for Fgl) and l"fl) presented in Eq. (7.12) we are able to perform gt
subtraction at NLO for a generic final state QQF, in particular for tfh and tfZ that will be
presented in the following section 7.2.

+2
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7.2 RESULTS AND VALIDATION

In this section we present some of the numerical results used to validate the NLO imple-
mentation of g7 subtraction for a massive coloured final state. For this purposes, we have
implemented all the formulae presented in the previous section 7.1 in a private Fortran
code. All tree and one-loop level amplitudes, as well as colour-correlators, were computed
using the OPENLoors library [174]. The MMHT 2014 [65] sets of parton distribution func-
tions are used, interpolated by LHAPDF [69]. Multi-dimensional integration is performed
using the CUBA library [70]. All phase-space generation routines were adapted from the
ones present in MCFM [175].

For validation purposes, we compared our results for pp — tth against the ones
obtained by MADGRAPH [176]. For pp — tf we also compared against McrMm [175, 177] and
Topr++ [178]. The following values were used for the physical parameters: m; = 173.3GeV
and mpy = 125GeV for the masses of the top quark and the Higgs boson, whose widths
were neglected I't = I'y = 0, and the Fermi electroweak scheme was used with mz =
91.1876GeV and mpy = 80.3850GeV for the masses of the weak bosons W and Z, and
Gr = 1.16656 x 10~°GeV 2 for the Fermi coupling constant. All results were computed for
a hadronic centre of mass energy of 13TeV.

As anticipated in eq (6.10), we compute the counter-term and the real emission cross
sections for finite values of r.;; = q%,mm/ M?, therefore our cross section o (7e,t) is 7eyt-
dependent. Afterwards, a numerical extrapolation to r.,; = 0 is performed. This is done
using the algorithm defined in [157], which we will briefly describe: A series of linear fits
are performed on the results for rcyt € [Fin, Ymax|, where i, is the minimum value of
7eut for which the cross section is computed (typically 7., ~ 0.2% and 7,4y is varied in
the interval [0.5%, 1%]). The fit which has the minimum x? is used as the best fit, and its
intercept is the reported value o (. = 0). In order to be conservative about the systematic
uncertainty introduced by the extrapolation, we sum quadratically the uncertainty of the
intercept inherent to the linear fit Acy; with half the distance between the extrapolated
value o (7 = 0) and the closest computed value o (7cyt = i, ). That is,

A(72 — \/Ao_j%it + (U(rcut — O) 2U(r011t 7’mln)) ) (718)

7.2.1  Validation: Top pair production

We first validated our implementation in pp — tf production. First of all, we compared
numerically in several random points of the phase space that the counter-term, as well
as the different coefficients that comprises it, coincides with the previous known result
as implemented in [152]. Then, we compared our result with the ones provided by
MaADGRrAPH, MCFM and Tor++. The renormalization and factorization scales were fixed
to ur = pur = my = 173.3GeV. The result as a function of r.,, along with its extrapolation

79



8o

NLO RESULTS
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Figure 7.1: Inclusive cross section for tf production at NLO, plotted for different values of the
technical parameter 7¢y; = qu’min /MZ2. In shaded bands we plot the extrapolated value
to 7yt = 0, as well as the values computed by MADGRAPH, MCFM and Tor++.

to reyr = 0, is shown in Figure 7.1 and the numerical values are reported in Table 7.1. We
notice that the cross section converges smoothly in r.,, and the extrapolation to r.,; = 0 is
consistent with all the other results below the permill level.

METHOD Ut(ENLO) (pb)

Tor++ 736.737
MCFM 737.1+0.6
MapGrarPH 736.5+0.5

This Work 736.6 £0.8

Table 7.1: Numerical results for the inclusive cross section to tf production at NLO, as provided by
different packages.

7.2.2  Top pair production in association with a massive boson

Once we crossed-checked our implementation in the tf case, we computed the NLO
cross section for fth for the first time in the gr-subtraction framework. Because this
implementation should work for the production of any tf + colourless final state, we also
computed the cross section for the similar tfZ production process. To validate our result,
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Figure 7.2: Inclusive cross section for tth (a) and ttZ (b) production at NLO, plotted for different
values of the technical parameter ry; = q%,min/ M?. In shaded bands we plot the
extrapolated value to 7¢,+ = 0, as well as the values computed by MADGRAPH.

we compared it with the one provided by MADGRAPH. For a separate validation of the
two scale-dependent pieces, we chose different renormalization and factorization scales,
which were fixed to ur = 2ur = 2m; + mp = 471.6GeV. The result as a function of 7.,
along with its extrapolation to 7., = 0, is shown in Figure 7.2 and the numerical values
are reported in Table 7.2. We notice that the cross section converges smoothly in 7., and
the extrapolation to r.,+ = 0 is consistent with all the other results below the per mill level,
with a relative difference of (0.03 £ 0.4) %o.

METHOD Ut(;]ZLO) (fb) USZLO) (fb)

MaApGrarH  471.80+0.03 764.1£0.5
This Work 471.79£0.16 764.4+0.3

Table 7.2: Numerical results for the inclusive cross section to tth production at NLO, computed for
the first time with the gr-subtraction method and computed by MADGRAPH.

We also validated our result by comparing single-differential distributions with MAD-
Grara. For this purpose, we used a fixed value for 7y = 0.1%, as from Figure 7.2 we
see at this point we should expect good agreement and is much more computationally
cheap than performing a bin-wise extrapolation. We found agreement at the few percent
level, compatible with the numerical error bars of each bin. Some examples of differential
distributions are shown in Figure 7.3.

Having applied gr-subtraction to tth(Z) production and successfully recovered the
known NLO results, we will start the discussion on the NNLO implementation of gr-
subtraction in the following chapter.
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Figure 7.3: Single differential distributions t#h (left) and tfZ (right) production at NLO computed
with the gr-subtraction implementation of this work and with MADGRAPH. In the bottom
subplots we see the relative difference between our result and the one of MADGRAFPH,
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In this chapter we present the implementation of the NNLO counter-term of gr-subtraction
for tth production. We will start in section 8.1 by presenting the necessary ingredients to
go from NLO to NNLO, namely the NNLO soft-anomalous dimension operator 1"52) . Then,
we will discuss the numerical setup and present the results in section 8.2.

8.1 INGREDIENTS

In order to compute the NNLO counter-terms, we need the second order soft anomalous
dimension I'® which is known in general form up to two loops [179]. In the case of two
coloured massive legs in the final state, and after subtracting the initial state piece, we can
write it in the following form

(Zpi ) pj)Z 'Ycusp(“s)

+ 79 (as
(p1+ p2)?p; 4 (%)

I'; = (T3 + T4>2i7T — Z T,; - Tj In
i=1,2

l
j=34
Tt o~ (5 (s 5]

2 | faberabTC .
+(&) )3 P ¢ (o) n 222

3 (8.1)
TS 4 Pa - pi
where
Qrp)— % Cr (2s\*[CrCa (2 5, 98 40 TrCrny 3
(o) T2 (7‘[) [ 16 \37 ~9 ) tg g O(as),
(8.2)
ws  (as\2[[67 P 3
'Ycusp(ﬂés) = (;) [(36 12) Ca 9Tpnf] + O(“s)/ (8.3)
1
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b (10) -2 s (128) Lo (150)
(s (150) o (1) - S (122)
e (i (1) e (14) )

e () s (1) e (129)

S (F i (25) + S (148«
(b (L) (12) s (2) - )]

+0(a3), (8.4)

and {3 = 1.202... is the Riemann zeta function evaluated in 3, and

Lis(z) = —/0 d:ln( £)In(1 — zt)

is the third degree polylogarithm function. The g function that appears in the last line of
Eq. (8.1) can be written as

g(B) =in [ln <1J_r’§> —; <2ln (112%%) +In Gfg))] - %lnz Gfﬁ) + an

(i) (24) () () 3

With these definitions, we have the first two orders of the anomalous dimension operator

1
p
(8.5)

_ 0 (1), (%s)2 2 3
r— 1| +(n) r? + o).

We note that we recover equation (7.14) for the first order coefficient Fgl)

order, we note that more complicated colour structures appear

. For the second

¢ Four colour-correlations appear due to the term

2
o emy_ 1[1 . P3T _ Par
[rt Fi } 2 (534L34('334) Lo ( p3 ) e ( p;
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w1 (((PLop3)(p2-pa) _ _
: ((mm)(m-m)) [To T, T Tal. 50

But because the expression that enters the NNLO counter-term is ng) + rt(2)+’ we

are only interested in [l’fl), Fgl)} + [Ffl), Fgl)} +. As for the cc — tth kinematics, the
prefactor in Eq. (8.6) is real and, due to the antihermiticity of the commutation
operator [Tq- T3, T3 -Ta] +[T1- T3, Ts -T4]Jr = 0, this four colour-correlator term
does not contribute to the NNLO counter-term.

¢ Triple colour-correlations appear in the last term of Eq. (8.1). First of all, we can
simplify the sum using the colour conservation (}_;_; 4 Ty = 0) and the antisymmetry
of f%¢, which implies that if"*T4T{TS = —if"°T4T{TS. Then, we can use the
antihermiticity of the operator i f™**T4T4T to write the contribution of this term to
the counter-term, that is to <.//\/lv (O)‘ 1"52) + F§2)+ ’Mv (0) >, in the following way

010 2im g(Bas) | (p3-p1)(pa-p2)
M > 4 ! (pa-p1)(p3-p2) (87)

At variance with the four colour-correlator, the prefactor g(f34) has an imaginary
part and therefore the antihermiticity of the colour operator will not be enough for
this contribution to vanish. Nevertheless, there are several cases in which this term
will not contribute:

(MO ‘ i fabeTaTYTS

1. In pair production, e.g. in the tf case, because the massive quarks are back to
back p; - p3 = —pi - pa the logarithm evaluates to In(1) = 0. In this particular
kinematics, this term will not contribute.

2. Whenever the LO amplitude M© doesn’t contain non-trivial complex phases,
the contraction <M(O)‘ i f”bCTgTZTﬁ M (0)> will vanish [180, 181]. This is the
case of both tf and tth, but in cases like tfZ due to the axial coupling that
introduces a complex phase in the LO amplitude, there will be a contribution of

this three colour-correlators. In this three particular cases, we have cross-checked
this argument numerically.

With this ingredients, plus the NLO result, we can implement all the counter-terms in
equations (6.54)-(6.58) as well as the soft function for the off-diagonal channels. Before
presenting these results, we will make a brief comment on the numerical implementation
of colour-correlators at NNLO using OPENLoOPs.

8.1.1  Three and four colour correlators with OPENLOOPS

As in the previous chapter, we get our amplitudes from the OrENLoors library. While
there is an interface to compute any two colour-correlators, it also provides the amplitude
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as a colour-vector, which we can use to compute any correlator we need. In order to do
this, we have to write down the colour-operators as a matrices in colour space, in the
same basis that OPENLooPs uses. For the tth production, at LO we have two channels: The
gluon initiated gg — fth and the quark anti-quark channel g7 — tth. The basis used by
OreNLooprs in these two processes are

‘C§g> — (Tth T4 )%1 ‘C<‘>2)3> = (Tﬂz " )2’ (8.8)
]c;’q > o gh ]cgq > —§lton (8.9)

3727 37727

where T? are the generators of SU(3) in the adjoint representation, the indices 7, j and
a refer to the colour indices of a quark, an anti-quark and a gluon, respectively, and
the subindices refer to the leg being considered. The indices i and j transform in the
fundamental representation of SU(3), 7 and j in the anti-fundamental, and 4 in the adjoint
representation.

If we write the amplitude in this basis |[M) = M |c1) + M2 |c2), for any colour-operator
O have that

(M[O|M) =) MiMy(c|Ole). (8.10)

I,m=1,2

The coefficient M; and M, are provided by OpenLooPs, so, we only need to compute the
colour-matrices (c;| O |¢;) in the basis (8.8) and (8.9), for the operators O we need. We will

denote this colour-matrix as [O].
2
For g subtraction at NNLO, we need rm + 1Mt for n = 1,2, as well as (F(l) + 1"(1”) ,

both of which can be written in terms of the two, three and four colour-correlators T; - T},
if ”bCTgTZTi and T; - T; Ty - T;. Let’s recall that the colour operator T; describe the emission
of a gluon of colour a from the leg i
T; =ift", if leg i is a gluon (8.11)
T; :(T“){, if leg i is a final state quark or initial state anti-quark. (8.12)

With these definitions we can compute all the colour matrices, which for the two-colour
correlators read

Cr [2C4C -1
2., — 12, — c, CF (2CaCr , (8.13)
[Tilgg = [T2lgg 2 —1  2C4Cr

Cr [2CACE -1
T2],e = [T2]4e = Cr— ’ o
[T5]gg = [Talgg 2 ( -1 ZCACF>

1 1 0
Ty - Tolee = —=C5Cr , (8.15)
[ ]gg 4 A <0 1)
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1 1 C3+1
T3 Tylee = —=Cr(Caq — 2C A , (8.16)
[3 4]gg 4P(A F)<C124+1 1 )
1 —2CACr 1
[T1 - Talgg = [T2 - Talgg = icACF < 1A i 1) , (8.17)
[T1 - Talgg = [T2- Tsgg = leace (! ! (8.18)
4 1 —2CACr

for the gluon fusion channel, while for the quark annihilation we have

c: C
[T31ag = [T3lag = [T3)gq = [Tilgg = Cr (CA C;> ’ (8.19)
A A
0 1
[Tl . TZ]qq = [Tg . T4]qq_ = —CACF (1 C ) , (8.20)
A
Caqa 1
[Tl . TS]L]J = [Tz . T4]q€7 = —CACF ( 1A 0) , (8.21)
01
[Ty - Talgq = [T2- Ta]gq = CaCr (1 0) : (8.22)

As for the colour matrix of the triple correlator, it reads

. 1 0 1

[if " T§ T Ti]gg = —; CACF ' (8.23)
4 -1 0

. 1 0 1

[if ™ TTETS g = 5CACE (_1 0) : (8:24)

which also means that (M |if*T5T{TS | M) = 2iIm(M;.M,). For processes where the
M M, interference is real, such as tth, this correlator will vanish.

In a similar way, we can also compute the colour matrices for the four-colour correlator.
This we have done it with the help of the FEYNCALcC package [94, 95], and the results are
listed in Appendix C.2.

8.2 RESULTS

In this section we present the numerical results for the computation of the NNLO counter-
terms to tth production in the g7 subtraction framework. For this purposes, we have
implemented the formulae corresponding to the counter-term presented in the previous
section 8.1 in a private Fortran code, the same described in section 7.2 for the NLO
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results. For the double real and real-virtual emission corrections, we used the MUNICH *
code which provides a fully automated implementation of the NLO Catani-Seymour
dipole-subtraction formalism. For validation purposes, we also obtained the NNLO cross
section for tf production from the MATRIX code [157], which implements gr-subtraction for
colourless final states and has recently incorporated the results for tf [153, 154].
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Figure 8.1: Double log plots of the NNLO cross section as a function of Inr,; for the four different
partonic channels. In this scale, the logarithmic behaviour is seen as a straight line whose
slope is the power of the leading log. For each partonic channel we plot individually

the real emission NNLO cross section and its counter-term, as well as the subtraction of

the two (upper plot). A zoom into the subtracted cross section is shown together with a
linear fit shown in dashed line (bottom plot). The real emission cross section is obtained
from mMunICcH, while the corresponding counter-term is the one implemented in this

work.

1 MUNICH is the abbreviation of "MUIti-chaNnel Integrator at Swiss (CH) precision", an automated parton-level

NLO generator by S. Kallweit
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In all the results shown in this section, the top quark and the higgs have masses
my = 173.3GeV and mpy = 125GeV, respectively, and their widths are neglected (I'y =
I'y = 0). The factorization and renormalizations scales are fixed at the mass of the
top quark pur = pur = my. The Fermi Electroweak scheme is used, whose inputs are
the masses of the Z and W bosons and the Fermi coupling constant, set to the values
my = 91.1876GeV, my = 80.3850GeV and Gr = 1.166390 x 10 °GeV 2, respectively. For
the parton distribution functions, the NNPDF 3.1 [182] set with a strong coupling constant
of as(mz) = 0.118. The hadronic centre of mass energy is set at 13TeV.

With no two-loop amplitudes nor soft-function available at the moment, as well as the
spin-correlations appearing in the hard scattering of gluons, only the counter-term was
implemented leaving the completion of the Hard Collinear factor as future work.

In order to validate our implementation, first we made checked numerically that the

coefficients of the counter-term for ¢f production are identical to those computed by MATRIx.

For tth, the validity of the formalism is tested in the cancellation of all the logarithmic
behaviour of the cross section in the limit r.,; — 0. Because the Hard-Collinear term is
independent of 7, this can be tested by subtracting the counter-term to the double real
and real-virtual emission cross section computed by MuNICH, and analyse its behaviour as
reur — 0. We will call this the subtracted real emission cross section

(NNLO) _ _(NLO) (NNLO)

Ts = Ttthtjet — 9CT :
CHANNEL g {NNLO) (fb)
g4 —71.04+0.3
q9 —21.26 +0.04
gQ +58.01 £ 0.07
rest —4.607 + 0.002
All channels —38.7+0.3

Table 8.1: Numerical results for the extrapolation to 7., — 0 of the subtracted real emission
cross section at NNLO for tth production. The result is shown for the different partonic
channels individually, as well as for the total cross section.

Because the divergent behaviour of the real emission cross section is logarithmic ¢ ~
In(rcut)", we can numerically estimate the power of the leading logarithmic divergence
with the slope of curve

In(c) ~ nln|In(rey)]

as a function of In|In(re)|. In Figure 8.1 we plot this for the four distinct partonic
channels:
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Figure 8.2: Subtracted real emission NNLO cross section as a function of 7 for the four different

partonic channels, normalized by the corresponding NLO contribution, for tth produc-
tion (left) and #f production (right). In the rest channel, the g5 NLO contribution is
used for normalization. The linear fit used for the extrapolation to r¢,+ = 0 is plotted in
dashed line, and its slope is written in the label. The tfh computation uses the counter-
term implemented in this work, while the tf is obtained with MATRIX. All real emissions
are obtained by MUNICH, with the same statistics for both final states on each partonic
channel.
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* ¢g: The gluon initiated process gg — tth + X, which contributes at LO and diverges
as ~ 1n4(rcut).

* g7: The quark-antiquark initiated processqj — tfh+ X forq € Q = {u,1,d,d,c,¢,s,5,b},
which also contributes at LO and diverges as ~ In*(rqu).

* 9Q: The gluon-quark initiated processes gq — tth and qg — tth for q € Q. This starts
to contribute only at NLO, and diverges as ~ In®(r.)

e rest: The off-diagonal quark initiated processes qq' — tth for q,4" € Q and ¢’ # 4.
This channel only starts to contribute at NNLO, and therefore only contains NLO-like
divergences ~ In(reyt).

We see that after subtracting the counter-term to the real-emission cross section, we're left
with a curve of slope ~ 0. The reason why it is not exactly 0 is due to power corrections
of O(r",,) that vanish in the limit r.,; — 0. Lets note that in Figure 8.1, the limit 7,y — 0
corresponds to In | In ¢, | — oo in the horizontal axis.

OO (reue) /MO (4]

——= (0.42)Xreyt + (-7.69 * 0.07) %

0.0 0.2 0.4 0.6 0.8 1.0
0,
Feut [/0]

Figure 8.3: Subtracted real emission NNLO cross section for tth production as a function of reys,
normalized by the NLO cross section. The linear fit used for the extrapolation to ¢, = 0
is plotted in dashed line. The counter-term is computed with the implementation
presented in this work, the real emission amplitudes are obtained from MUNICH.

The remaining dependence on 7. is finite in the limit 7,y — 0, and is shown in the
left plots of Figure 8.2. To compare the stability® of this remaining dependence on 7 to

2 By stability on rcy we mean the dependence of the subtracted result on 7., which have an influence on the
computational cost needed to get a reliable extrapolation to ¢, — 0.
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the tf case, we normalise each partonic channel to the corresponding NLO contribution
and examine the slope of the linear fit defined by the extrapolation algorithm (described
in section 7.2). The reason for this normalisation is that the size of the extrapolation to
reut — 0 is meaningless without the corresponding Hard-Collinear function. For the rest
channel, whose NLO contribution is null, we normalised by the g4 NLO contribution. We
can see that in both diagonal partonic channels, gg and g4, the relative dependence on
teut is slightly smaller. The greatest improvement in stability is seen in the gQ channel,
where this dependence is reduced by an order of magnitude. The only channel where the
stability is worsened the rest, but as this is a subdominant channel, the overall inclusive
production cross section is slightly more stable for tth than for tf.

Finally, the total subtracted real emission cross section is shown (normalised to the NLO
result) in Figure 8.3, and its values are presented in Table 8.1.

With these results we close the second part of this thesis. Motivated by the need of
NNLO precision for the tth hadroproduction, we have tackled the extension of the gr-
subtraction framework for handling IR divergences to processes with final states consisting
in a heavy quark pair plus some colourless final state. We presented in chapter 7 all of
the necessary ingredients for a NLO implementation, and numerically crossed checked
it against known results for tth and tfZ production. At NNLO all the ingredients for the
implementation of the counter-term have been worked out in 8, and for tth production
we have numerically checked that all NNLO IR singularities are cancelled from the real
emission cross section. In order to have a full NNLO implementation, the two-loop soft
function and the NLO spin-correlations have to be computed for a general kinematics.
This, along with the corresponding two-loop amplitudes, would allow for the computation
of the NNLO corrections to tth production, which in turn would result in more accurate
determinations of the top-quark Yukawa coupling.



CONCLUSIONS

Although BSM physics in the near future might not be available for direct detection in
resonant searches, physics at a higher energy scale can be accessed through precision
measurements of the Higgs boson couplings. The triple and quartic self-couplings are of
particular interest because they provide insight into the electroweak symmetry breaking
mechanism, and multiple Higgs boson production results in a sensitive channel for these
studies, as it provides tree-level access to such couplings. Another coupling of interest is
the top-quark Yukawa. Being the heaviest particle in the standard model, the top-quark
has the strongest coupling to the Higgs boson and the value of its Yukawa drives the
evolution of the Higgs self-coupling. Any deviations from the SM values of the observed
Higgs self couplings will be intertwined with deviations of the top-quark Yukawa, as the
main production channel for the Higgs is gluon fusion through a top quark loop. An
independent and direct measurement of the Yukawa coupling can be performed through
the observation of the tfh associated production.

In this context of precision measurements of the couplings in the Higgs-top sector, accu-
rate theory predictions need to include Next-to-Next-to Leading Order QCD corrections to
keep up with the continuously increasing experimental accuracy. In this thesis we have
worked in three different processes: In part I we focused on the double and triple Higgs
boson production, while in part II we moved to the associated production of a top-quark
pair with a Higgs boson. The first two are particularly sensitive to the triple and quartic
self couplings of the Higgs boson, respectively, while the third provides tree-level access to
the top-quark Yukawa.

After having provided a general introduction in chapters 1 and 2, in chapter 3 we
computed the cross section for Higgs boson pair production, both inclusive and differential
in the invariant mass of the produced pair, including all terms up to O(a%) (NNLO in
QCD) and considering all relevant dimension 6 operators in the SM EFT. The EFT approach
supplies a model independent way of addressing deviations from the SM due to heavy
BSM physics, by the addition of these higher dimensional effective operators. In order to be
consistent one must include all operators that modify the Higgs boson couplings relevant
for the process, and for Higgs boson pair production through gluon fusion there are five
relevant dimension 6 operators. These modify the coupling between the Higgs boson
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and the top quark, as well as the Higgs triple self-coupling, and they add new contact
interactions between the Higgs and the gluon field. The calculation was performed in the
heavy top limit, and a proper rescaling prescription was implemented to approximate
the effects of the finite top quark mass on the result. Then, a comprehensive study of the
phenomenology introduced by the anomalous couplings was carried out, from which we
would like to emphasize the following points:

¢ The K-factor as a function of the couplings was found to be rather flat, within a 16%
deviation from its SM value. The exception is in regions of the anomalous couplings
space where the cross section is minimized and radiative corrections turn out to be
significant, reaching values for the K-factor as high as 4.07 (84% higher than the SM)
and as low as 0.76 (34% of the SM value).

* The degeneracies of the inclusive cross section with respect to the anomalous cou-
plings were studied, showing that radiative corrections do not substantially alter its
shape. Also, it was shown that even in the case of a measurement compatible with
the SM inclusive cross section expectation, it is possible to have large deviations from
the SM couplings that render the same value.

¢ The differential invariant mass distribution of the produced Higgs boson pair was
studied, showing that it encodes enough information to disentangle between com-
binations of anomalous couplings that are degenerate in the inclusive cross section.
The reason for this high sensitivity is the destructive interference between triangle
and box diagrams, that renders a small cross section near threshold in the SM. This
cancellation, and the corresponding large deviation from it in BSM scenarios, pro-
vides a powerful tool for the discovery of new physics that couples to the Higgs
boson.

Some comments must be held about the limitations of this calculation, in which we are
including the contributions from amplitudes mediated by dimension 6 operators, both from
their interference with the SM as well as from their square modulus. The latter is a priori
expected to be of the same order as the interference between amplitudes originated from
dimension 8 operators and the SM. While in some cases (e.g. strongly coupled theories)
the dimension 8 operators can be ignored, in general one should either perform a global
analysis including them, or restrict the validity of the calculation to deviations from the SM
far smaller than the current experimental bounds. Regarding the dimension 6 operators
not included in this analysis, some of them, such as the chromomagnetic dipole-moment,
despite being constrained by top quark pair production and representing a higher order
correction on the top quark Yukawa coupling, could still result in a significant contribution
to the Higgs boson pair production cross section. In order to consistently include this
operator into the analysis one should consider several other QCD operators that are mixed
with it through Renormalization Group flow (see Ref. [48]).



CONCLUSIONS

The work presented in chapter 3 has been published in Ref. [46], and recently a combi-
nation with the NLO computation with full dependence on the top-quark mass has been
performed in Ref. [47], providing the most accurate prediction so far for this kind of EFT
analysis.

In chapter 4 we presented the complete set of NNLO corrections to triple Higgs boson
production at hadron colliders in the heavy top limit. To partially retain finite top mass
effects two different reweighting procedures have been implemented: The usual Born-
improved approximation (Bi), and a procedure that we call dynamically Born improved
approximation (dBi), which is an extension of the reweight performed in chapter 3 adapted
to the new kinematical configuration. Both procedures coincide at LO, and from their
difference at higher orders we infer the dependence of the result upon the reweighting
procedure. Overall, we found that the invariant mass distribution is sensitive to the
reweighting procedure only in the tail, where the cross-section is already small, while
for the inclusive cross-section the dependence on this procedure is O(1%), which falls
inside the scale variation uncertainties of O(7%). In order to provide a prediction based
on the most advanced results available in the literature, we combined our dBi-reweighted
NNLO results with the NLO predictions obtained within the FTapprox. From the differences
between the available NLO approximations we estimated the size of the missing finite top
mass effects. The work presented in this chapter has been published in Ref. [91].

Finally, in part II of the thesis we focused on the associated production of a top-
quark pair with a Higgs boson. With the experimental precision getting closer to the
theory uncertainty, NNLO accurate predictions are needed. In order to perform such a
computation, we tackled the extension of the gr-subtraction framework to handle the
infrared singularities of the process. This framework, which was established in the context
of transverse-momentum resummation, was originally developed for colour-singlet final
states and has recently been extended to heavy-quark pair production. Nevertheless, in
order to implement it for a process such as tth all of its ingredients have to be computed
for a general kinematics, in which the heavy quarks are no longer back to back (in the
lowest order configuration). In particular, the soft anomalous dimension operator has to
be used in its general form, and the soft function becomes much more involved. After
providing an introduction to transverse momentum resummation and gr-subtraction in
chapters 5 and 6, in chapter 7 we presented for the first time the NLO implementation of
gr-subtraction to a process whose final state consist of a heavy-quark pair and a colourless
particle. We numerically computed the inclusive and single-differential cross section for tth
and ttZ production and crossed checked the result against the MadGraph generator. Then,
in chapter 8, we presented the NNLO counter-term needed to cancel the IR divergences of
the real emission cross section. In particular, triple-colour correlators that didn’t contribute
for tf production, start to contribute for more general kinematics (t£X) whenever complex
phases appear in the LO cross section, which would be the case of t{Z, for example. We
checked numerically that for tfh production, the counter-terms successfully cancel the
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NNLO IR singularities in the real-emission cross section. Regarding the stability of the
computation with the technical slicing parameter on the transverse momentum, r¢,, we
compared the dependence of the inclusive cross section between the fth and tf cases,
relative to the NLO cross section, finding that it is slightly more stable. This improvement
in stability would enhance the numerical precision of the extrapolation to 7+ — 0, and its
physical origin remains to be investigated. The work presented part II is the subject of a
publication which is currently in preparation [156].

In order to have a fully NNLO implementation of gr-subtraction for tth production,
further work is needed towards the generalisation to a general kinematics of the two-loop
soft function and the spin-correlations appearing in gluon fusion processes. This, together
with the computation of the relevant two-loop amplitudes, would allow for a complete
NNLO prediction for tfh production, as well as similar processes such as tfZ and tfW=.
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REAL EMISSION CORRECTIONS IN DOUBLE HIGGS PRODUCTION

In this appendix we present the expressions for the renormalized real emission contribu-
tions to the NNLO cross section. Namely ﬁigc+), ﬁigc_) and ﬁi(]f )
(3.21) for the different partonic subprocesses ij — HH + X.
The expressions for the SM are presented in Ref. [33] and are calculated in the HTL
and then reweighted by the Born cross section following Eq. (3.23). For the contributions
under consideration, this implies that the HTL real correction is multiplied by the factor

ITELCTLLOZ) . As discussed at the end of section 3.1.2, we use a different prescription to avoid the

LO
numerically dangerous division by |CEIL|? and directly introduce the exact LO amplitude
as Re(Cj,VZ), also taking into account the reweighting of the effective vertex between
gluons and the Higgs of Eq. (3.22). The results are the same as the presented in Ref. [33],

but making the following replacements

, that appear in Egs. (3.17) -

Ao — 1, (A1)
Re(Cro) — Re(CioVi) . (A.2)
010 /t+ GIZ; Dég
— df——t=s (A.3)
ICrol? ¢ 512(2m)3

and then using the definition for C;p given in Eq. (3.13).
For completeness, we present the resulting expressions once these replacements are
performed. These can be written (for ugr = ur = Q) as

Slet) _ gl _ [ty GRAT casN2o oo
g T s _/t, N1 (2 (37) 81— (=)
log(1 — x) log x .
[2< 1—x >+_1—X Re(CLOVerf)’
— 4M? /QZ)
() _ \/x(x H 1
Oy = /dcosf)ld@zdy 1004 —x),

X

(). (1% Jrmn
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S(ct) _ ale) _ [t GRag 16 _
A N VTP ToE (2n) FRLEACEE
x [2log(1— x) —log x| + x }Re (CroVa)

Vr(x—am3/Q2)

N 1
(Tq(g) = /dco591 do, dy 512 78 (1—]/) fqg(x,y,91,62),
+
x(x —4M23,/Q?) 1
@'{é{;) = /dC0591 dezdy \/ 515 7 (1 +y> fgq(x,y,91,92),
+
x(x —4M2,/Q?)
l%_() — /dcos 61 d6 dy \/ S fag(x,y,01,62), (A.g)

where the integration variable ¢t is defined in Eq. (3.16) with limits t; = f (cos6; = +1),
Gr is the Fermi coupling, and the plus distributions are those defined in (2.39) and (2.70),
which we repeat below for completness

1 1
/de+ x) f(x :/ dx G(x) [f(x —f(l)], (A.5)

/yf( <1j:y> /y 1iy fN-JED, (A-6)

The functions f;;(x,y,61,62) are defined as

atG2Re (C;, V2
fee(x,y,01,60) = == F576(7T2Lf it s(1—x)*(1—y%)
[F(S/ qi,492, tk/ uk) + F(S/ qullizl tkl Mk) + F(Sr q2,491, Uk, tk)
F(s, 42, 1, uk, tx) + F(tg, qu, w, s, u) + F(te, 41, w1, 8, ur)]
atG2Re (C;, V2
X [h(sl q1,492, tk/ T/lk) + h(sl [71/572/ tk/ Uk)] ’
a?G2Re (C: V2
fo(x,y,61,62) = = F648(7T2L§ i s(1-x)(1+y)
X [h(s, G2, 1, u ti) + (s, g2, q1, ue te)]
a*G2Re (C V2
qu(x/yr 91'92) = =2 F243(7-[2LSO eff)s(l o x)
X [h(tk/ 1]1, w7, S, Mk) + h(tk/ q\llwllsl uk)] s (A7)

X

and the function F is defined as follows

F(s,q1,92, te, ux) = f1(S, 91,92, tr, ux) + f2(S, 91, 92, b, ug) - (A.8)
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The invariants used [183] are defined in terms of Q?, x, y, 6; and 0, as

s = @,
o= —ks(-x0-y),
w = —is(1—x)(1+y),
no= M2 I(s+t)(1 — Bxcosby),
Qo = — 1(s+ ux) (1 + Bx cos 0, sin 6 sin 9 + By cos b cos ) ,
o= ( — ko) =2M} —s —ti— 1,
B = (p2— 1)2—2MH—S—Uk—672,
wi = (k+k)*=My—qi+q9—t,
wy = (k+k2)*=My+q1—q2—u, (A.9)

where the coefficients B, and ¢ defined as

4 M?
= 4/1-—H A.
,Bx xs 7 ( 10)
8x

(a2 (-2

cosy =

Finally, the expressions for the functions f1, f» and & that complete the presentation of

the real emission contributions are the following
1

q15 tk(M%{ + g1 — g2 — g )ug
(657 + 3sty + 21 + 2(s + 1)) — 4 (q25 +4(” + st + £7))) + (2(q1 — 42)s°
(297 = 20102 + 33 + %) + s(—qis + g2(—345 + 225 — 85%) + 1 (643 + 325 + 145%) )t
+(—843s — 42(q2 — 3425 + 75%) + q1(q3 + 10q25 + 175%) )£ + (—4q7 +641(q2 +5)
0242 + 45)) ) ux + (25(2q7 — 247 (92 +5) — 2425(92 +5) + q1(q2 +5) (92 + 35))
+(g1(q1 — 92)92 + (11q1 — 6q2) 25 + 2(11q1 — 3q2)s” — 25° )t + (—447 + 77192 — 343
+23415 + 25 — 657) £ + (641 + 202 + 5) 1 )ui; + (—4s(qf + 425 — q1 (42 + 25))
—(397 — 13415 + (742 + 45) s + (641 — 3q2 — 25) 8 + t)up + (g1 — tx) (ds + ty)uy
—M8s (b + wg) (b + 2ug) + My (ste((—q1 + g2)s + (g1 + 2g2 — 25)ty + 3t7)
+(2(q1 — 2)s* +3(2q1 + q2)st + (g1 — g2 + 95) 82 + 58 ug + (q1(65 + t;)
i (—q2 + 95 + 6t) Jug + b)) + My (sti((q1 — 02) (91 + g2 — 25)s + (—42(2q1 + 42)
(g1 + q2)s) b+ 2(q1 — 342)17) — (4q1(q1 — 92)s” + 5(=3q2(—4q1 + 92) + (1 + 342)s
—28%)ty +2(—q3 + 6425 — 45> + q1(q2 + )2 +2(q1 + 3q2 + 25)£2)uy — (25(447
2102 + g5 + %) + (41 — 42(q2 — 35) + 11q18)tx + (3(q1 + q2) + 85)t5 + 61 )ui

fi(s,91,q2, b ) = [sti(—q3(2s = 3t) (s + ) + Qg2
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+(—4s(qa + 5) — 65ty — 5t7 + 241 (25 + ) )ui — (4s + tk)u%)] , (A.11)

fa(s,q1, G2, te 1x) = [stk(4qzs3 —s((M3; + 391 — 4q2) (91 — q2)

25 E211x
+(4MF; + q1 — 11g2)s)tx — (M3 + 341 — 4q2) (ME; — 42) + (M + 21

—11g2)s)t; + 4(—MF; + q2)87) — (4(q1 — 92)*s° + 5*(4(My — 2) (91 — 92)

+5(q1 — 392)8)tx + s(5M7; + 647 + 5q2(g2 — 55) + q1(—642 + 5)

+M (—6q1 — 442 + 45) )17 + ((MF; — q2) (4MF; — 341 — q2) + 3(3MF; + 291 — 542)s
+57) 8 + (ME — g2+ 4s)t7)u — (—8(ME — q1) (g1 — 42)5° + s(4(ME; — 1)

X (M3 — q2) + (=5M3; + 841 — 1542)s) b + (M3 — q1) (M3 — 31 — g2) + (M
—q1 —20q2)s + 55%) 12 + 2(M% +2q1 — 4q2) 85 + t1)ud + (—4(MZ — q1)%s

+(3M%; — 3q1 + 10g2)sty + (—5M3; + q1 + 10g2 + 8) 5 + £2)u3 + 4q2tkuﬂ , (A2

1
h(s,q1, 92, tk, ug) = 20 [2(—M%{fi — q5(5% + st + 1) + Mt (—ME; + t)u
i

— (M3 — t)?ug — g7 (s + uk)® + g1 (s(— Mt + q2(2s + 1)) + (2(M3; + q2)s
+(M% — go — 28) b )ug 4 2(M% — ti)u?) + qo(—tr(s? + g (b + ug))
+ M3 (st — 2ug) + tr (2t + “k))))} : (A.13)



REAL EMISSION CORRECTIONS IN TRIPLE HIGGS PRODUCTION

In this appendix we present the results for the corrections arising from real emission in
diagrams with more than one HTL insertion operator.

Because each HTL operator insertion carries a a5 factor, tree level diagrams with two
operator insertions are already NLO, so their real radiation corrections correspond to a
single parton emission. In the same way, diagrams with three operator insertions appear
only at NNLO and their real emission corrections are of higher order, and therefore not
considered. The single real emission amplitudes present divergences when the emitted
parton becomes unresolved, some of which will cancel against the divergences present in
the corresponding loop corrections calculated in Ref. [89] and the rest have to be absorbed
in the NLO evolution of the parton distribution functions. In order to perform such
cancellations, we used an FKS approach in D = 4 — 2e dimensions, which is presented in
section 2.3.

The explicit expressions for the finite remainder of the real emission contribution for
each channel are given below,

pg? =27%6(1 — x) +12 (1 — (1 — x)x)? <2D1(x) — 1?‘”_“3) , (B.1)

os) = ol :g (x® + (21og(1 — x) —log(x)) (1 + (1 — x)?)), (B.2)
; ((C3H)*C2H ({k, 1

ng)(xly, 27(52 Z |)ngH|2({ }))fij({k/l})r (B.3)

where }_ ;) denotes a sum over the three distinct combinations of pair of Higgs bosons
that we label {k,1}, and the f({k,1}) functions are defined for each channel as

fes({k,1}) = (5 te, Uk, 1, 92, Skllm%{) + G (s, ty, ug, ﬁl,tiz,m%{,skl) (B.3)
fas({k,1}) = (1 — %) (1+y)Q(S, te, Uk, 41, 92, k1, M3y ) (B.5)
fgq({k l}) (1 - X)(l _y)Q(S/ Uy, tk/éZ/ﬁlrskl/m%I) (B6)
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—8
fag({k,1}) :ﬁ(l —x)2(1 = y*) Q(ty, s, tx, g1, 91 — G2 + Sk — U, S1, M%) (B.7)

The invariants entering as arguments of f are defined for each {k, [} pair. For a given {k, 1},
we call p; and p, the four-momenta of the incoming partons, py;, = px + p; the sum of the
four-momenta of the outgoing Higgs bosons labelled k and I, pj, the four-momenta of the
other Higgs and k the one of the emitted parton. Then we define the invariants as

s =(p1+ p2)? = xQ%, 7 =(p1 — pn)%
h=(pl—k)? = —2(1-x)(1—1), @2 =(p2—pw)>
2 (B.8)
ue =(p2 —k)* = —5(1 —x)(1+y), G =(p1—pm)* =my—q —s+su—te
(

2 A 2
Skl =Pkis G2 =(p2 — pn)” = my — q2 — 5 + 8 — U

The functions G and Q are regular in the limits x — 1 and y — 1. From the expressions
in Equations (A9-A12) we can see explicitly that soft divergences appear only in the gg
channel, as all others f;; vanish in this limit. The gg channel also shows divergent behaviour
in both collinear y — +1 limits. The g¢ and gg channels only have singularities in y — 1
and y — —1 respectively, while the gq channel is completely regular and free of any
divergences.

The analytic expressions for G and Q are

G(s,t 11, o, i mid) = g1(s,t,u,q1,q2,m3,m35)  o(s,t,u,q1,q0, m3, m3)
by Uy 7 7 17 S(m%—ql—f—qz—t) q1q2

93(s,t,u,q1, g2, m3, m3)
Qotu(qr +s+t—m2 —m3)’

(B.9)

—4
t(m3 —qo —s+m3 —u)

Q(s, t,u,q1, G2, m3, m3) =

X (m%szt + m3s%t — $°t + mit? — m3st? 4 2% + g5 (s> + st + %)

+ m2m3tu — m3stu — s*tu — 2mAt2u + st*u 4+ mju® + m3tu?
— stu® + t2u? — tu® + g3 (s + u)? — go(25*t + s(mit — t* — 2m3u
—tu) + t(2m3t +u(m3 — 2t +u))) + q1(s*t + u(—(m3t) — 2m3u

+ tu) + s(mit — 2m3u + 2tu) — g2 (2s* — tu +s(t + 2u)))>

4
i (m‘ftz + q5(s* + st + t2) + mim3tu — m3tPu + myu® — 2m3tu>
2

+ Pu? + g1 (s +u)® + qa(*t + s(—(mit) + 2m3u) + H(—2mit
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+u(—m3 +t+u))) — q(u(mit + 2m3u — 2tu) — s(mit

— 2mu + 2tu) + q2(25% — tu+s(t+2u)))), (B.10)

with g1, g2 and g3 being the following polynomials:

1(s,t,u,q1,92, m%, m3) =
4m3qysit — 4q353t + qos*t — dmis?t? 4 8miqps?t? — Aq3stt?
+ m3s3t2 4 9g2531% — 262 — 2m3s* + 12g25°1 — 88313 4 4gost
—10s%t* — 4st® + miqosPu — g3s%u + dqostu + mis*tu — 2migpsPtu
— B5g5s?tu + 2m3s tu + 148> tu — 8s*tu + dmiqyst?u — 4q3st?u
+ Sm%sztzu + 25q252t2u —195°12u — dmitu + Sm%q2t3u — 4q%t3u
— m3stPu + 11gpst3u — 24s*t3u — 10st*u + 9925°u® + 2545 tu>
—1253u% + 5m%st2u2 + 11q23t2u2 — 3482 2u% + 8m%t3u2 — 8q2t3u2
—19st3u® + 1Oq252u3 + 10qzstu3 — 11%tu® — 15st?2u® — 433
+ dgpsut — dstu* + m3(s*(t — du)u — 4tu) — g3 (4stu® + 4tu®
+ 53t 4 4u) + s*u(5t +4u)) + m3(m3s*t> + 25°1> + 65*t> + 4st?
— 8mis*tu + 7s°tu + 175*t2u + 10st2u + mis*u® + 4s°u® + 28s*tu’
— 8mAt?u? + 19st?u® + 75°u® 4 15stu’ + 8t2u° + dsu* + g1 (—25(t
— du)u + dstu® + 8tu® + 2 (t +4u)) — go(4stu® — 8t2u® + s> (t + 4u)
+ 8% (12 — 8tu + u?))) + q1 (8t (m? — u)u® — s*(t + 4u) — s>(10#
+ 23tu + 11u® + m2 (4t + u)) — s(4t* + 108u + 15tu> + 4u* + u(4m?
+23u)) — s%(10£> + 30t2u + 33tu? + 11u° + m3 (¢ — 8tu + u?))
+ go(—8t2u* +58%(t 4+ u) + dstu(t + u) + s> (> 4 4tu + u?))), (B.11)
&2(s,t, 1, q1, G2, m3, m3) =
q25(3s — 28)t(— (mit) + q2(s + 1)) + (g3 (s + t) (s +2t)
+ g5 (s*(—m? +8) + 3s(—2m? + 8)t + 2(—=3m3 + s)t?) — 2m3t* (m]
+ (s + 1)) + q2t(28° — s%(m? — 9t) + 2t(3m] + t*) + s(3m] — 2m3t
+4t%)) ) u — 2mStu? + t(2t(—m3 + s+ t)? + g3(3s + 2t) + g2 (55°
+4t(—m? +t) +s(—=3m3 +10t)))u® + 2t(qa (25 + t) + t(—m3
+ 25 +2t))u + 282Ut + g3t (s + u) (s + 2u) + g3 (st(s® + m3t
— 225+ 1)) + (s2(—=m2 4+ g2 + 3s) + 3s(—qp + s)t + (—2m2 + 2q,
+38)t2)u + (s(—m? 4 g +5) + 2st + 2t2)u® — 25u) + m3(—((q1
—q2)st(qus +mit — qa(s + 1)) — (—4q25° +s(6q1(q1 — 42)
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+ (g1 — 5q2)8)t + (25 + g1 (—4m3 +4q2 + 35)))u — (g2 (m7

— g2 —78)s + q1s(—m3 + qo + 3s) + 2(m] + 3qF — 2m3qy + g5 + 15

— 305 +8°)t +4(qq +5)t2 + 263 u® + 2(g15 + gas — 2t(s

+ )ud — 2tut) 4 g1 (st(qg3(s + t) 4+ m3 (4> + 7st + 2t°)

— q2(85% 4 5st + t(m3 + 2t))) 4 s(—2g2s(—m? + go + 4s) + (—3m]}

+ 6m3qy — 3q3 + 5m3s — 14qs + 25°)t + (6m3 — 5qp + 5s)t> + 4t%)u

+ (g2(mF — g2 — 55)s + (2m + 293 — 5425 + 95* — mi(4g2 +5))t

+ 10st? 4 2t3)u? + 2(—(gas) + 2t(s + t))u® + 2tu*) + mjtu(—3q2s

— 2m3t + 2qot + 2tu + 3q1(s + 2u)), (B.12)
83(s,t,u,q1, g2, mi, m3) =

— (qSu(s +u)*(3t* +4su)) + g5t (s + t)*(4st + 3u?) + g5 (—4s*u?

+ s2u(—5t> + 4(m? + m3)u — 10tu) + t2u (m3(t — 3u) + t(—6m3

4t 4 5u)) + 5%t (u(8mst + dmsu — 11tu + u?) + m3 (-8t

+ 4tu + 5u?)) + st(— (m3t(8t> — 4tu + u?)) + u (56 — 4t2u + 3m3u?

+ tu(5m3 4+ 6u)))) + g3 (q2(—3t3u? + st?u (3t + 11u) + 48> (1 + 2u?)

+ s2u(118 + 8tu + 8u?)) + u(—4s*u — s° (4> + 9tu — 4(m?

—2u)u) + Pu(u(=7t + u) + 3m3(t +u)) — s*(5¢> + 7t*u + 16tu>

+dud + m3 (3t + 4tu — 8u?)) + 2m3 (s + u) (25%u + 5t°u + s(t>

+ 6u?)) + s(—(tu(126> + 2tu + 7u?)) + m3(—3t> 4 6t*u + 4tu?

+41u3)))) + u(mSu(—(st?) + 4t%u + dsu?) + m3t(s> (4m3t + u(t

+5u)) + s2(m? (6t 4 4tu — 9u?) + u(5t* + 10tu + 3u?))

+ tu(4mit + 2t (3t — u)u + m3(—3t> + 2tu + 5u?)) + s(tu (7t

+ 5tu 4 u?) + m§(* + 6tu + 4u?) + m3 (3> + 5t2u — 3tu’

—3u®))) + ma(—(s*u® (5t +4u)) + tPu(u(=9t + u) + 4m3(t

+u)) +s(—(tu(2t* + 4tu + 7u?)) + m3 (£ — 2u + 4tu® + 4u%)))

— 2 (4m3s* + $3(—dmT + u(t +5u) + m3 (11t +5u)) + s?(mj (=7t

+u) + m3 (1142 + 16tu — 4u®) 4+ u (58> + 5tu — u?)) + (—m?

+ O u(t(t — u)u + m3 (8 + 7tu + 4u?)) + s(—6mSu + tu(4t* 4 tu

—2u?) — mf (4% + 6tu + u?) + m3 (48> + 9t2u + 8tu® +5u%))))

+ g2 (8s°tu + s*tu(—8m?3 — 8m3 + 29t + 25u) — sPu(t(21m3t

— 52t% + 17miu — 76tu — 23u?®) + m3(20t> + 25tu + 8u?))

+ tu(Bmit?u — mytu (4t + u) — 2m?3 (2t* + 43u + 8t2u?

+ 5tu® 4 2u*) + t(4t* + 118%u 4 18£2u% 4 14tu° + 4ut) — m5 (44
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+ 78%u + 4u* 4 tu?(—3m? + 14u) + t*u(5m? + 17u))) — s*u(mi(t>

— 8u?) + t(—45t% 4 dmiu — 103t°u — 63tu* — 12u> + m? (261>

+ 27tu + 17u?)) + m3(m3 (> + 4tu — 8u®) + t(29+> + 66tu + 29u?)))
+ st(mit(4t> — 4tu — 13u®) — mu (198 + 22t%u + 28tu>

+ 1003 + m3(# + 4tu + 3u?)) + u(18t* 4 57t3u + 58t*u” + 29tu>

+ 4u* — m3 (1> — 14tu + 4u®) — m3(13t° + 56t°u + 35tu>

+11u®)))) — q1(5(—3t%u® 4 stu® (11t + 3u) + 4s° (2t* + u?)

+ s%(8% + 8tu + 11u?)) — ga(8s*u(t + u) + s3u (29> + 39tu

+ 8u(—m? —m5 + u)) + tu(4t* 4 8t3u + 4u* 4 tu(—3m?

+ m3 + 14u) + u(3m? + 7m3 + 18u)) + stu(—3mit* + 178

+ 14m3tu + 53t%u + 3m3u? + 37tu* + 11u® — 2m3(+* + 13tu

—2u?)) + s (4tu (108> + 17tu + 7u®) — 2m3u (51> + 2tu + 8u?)

+m3 (88 — 7tu — tu® — 8u®))) + u(m3(112u* — s*(+* — 8u?)
+5(58%u 4+ 12u)) — m3(sPu(5t + 8u) + Pu(2(8t — u)u — 7m3(t +u))
+ 5283 + 8t%u + 21tu® + 8u® 4+ m3 (> + 4tu — 8u?)) + s(tu(15¢>

+ 6tu + 14u?) +2m3 (£ — 3t2u — 4tu® — 4u3))) + t(s* (¢

+5u) + 8> (3m3t + 3t> — miu + 6tu + 8u?) + s* (2> — dmiu

+ 8t2u + 12tu? + 3u® + 4m3 (22 + 2tu — 3u?)) + tu(3mit

+ (5t — 2u)u + m3(—2t* + 3tu + 5u?)) + s(tu(10£* + 3tu + u?)

+ mf (=3t 4 6tu + 4u®) + m3 (762 + 3tu — 2tu® — 3u))))). (B.13)
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C.1 SPIN CORRELATIONS IN GLUON FUSION PROCESSES

qr-subtraction was first developed in the context of Drell-Yan production, which is mainly
dominated by the g7 channel, but was afterwards applied to processes in which gluon
fusion is the dominant channel, such as Higgs boson production. Later works found that
the transverse-momentum resummation in the gluon fusion channel has a richer structure,
due to a spin correlation of the collinear splitting functions. In this section we want to
discuss the treatment of gluon fusion amplitudes in the context of g;-subtraction, and write
down the main results.

The main result of the gr-resummation formalism is the factorization formula of

Eq. (6:33)

dop 1618 M2 de g ldz; ldz x b2 x, B2
=L :7/ b-dr 2/ 1/ zfal/hl L8 fam | 25
qu S ( X2 Z b

ajeh
Elel’lz

(x1P1, x2P>, M, Q)
% Z cc—>F TR SC(M,b) [(HA)C1C2]c5;a1u2 ’

whose different components were discussed in sections 6.2.1 and 6.2.2 for colourless and
massive colourful final states, respectively.
For quark-annihilation processes, the Hard Collinear factor reads

[(HA)Clcz]cE;a]uz =(HA)c:Ces, (Zlf""S(b%/bz))Ccaz (225 WS(b%/bz))
<Mc5—>QQF’ A "//-\Z/CC_%QQF>
|MCC_>QQF(X1P1,X2P2;Q)|2

where the polarization spinors of the amplitude are contained inside M and the sum over

(HA)CE =

polarization turns the coefficient <MC5 —>QQ_F‘ A ‘/WCC- —>QQF> into a scalar.
In the case of gluon fusion processes, we can write the amplitude for incoming gluon
polarizations A; and A; as

M = M2t (pr)eis (p2), (C.1)
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where ei; (p) is the polarization vector transversal to momentum p#. In this way, the squared
matrix element summed over polarizations read s

|M |2 (Mﬂlyz)JrMVledHlVldesz (C.2)

where d,, = ZA(ei}(p))*ef}(p) is the polarization tensor. We can work in the physical
gauge in which p; is the reference vector for €3 (p2) and viceversa, as both p? = p3 = 0
and p; - po = 8/2 # 0 (where § is the partonic centre-of-mass energy). In this gauge, the
polarization tensor reads

w, PLPLY PPy

. (C3)

d"(p1,p2) = —¢

Some properties to note is that it’s symmetric (on both p; <+ p and p <+ v ), has a null
trace (g, 4" = 0) and is transversal to both p} and p} (pi'd,, =0 fori=1,2).
For gluon fusion processes, the Hard Collinear factor reads
[(HA)C1C2]gg;a1a2 =(HA) ggipv a2
X Chay ' (215 p1, P2, b; 05 (b /1)) Ciay” (225 p1, p2, b; a5 (05/6%))  (C.4)

i viv
HA _ <Mg;—2>QQF‘ ’Mg;iQQF> Ayt Ly g B, C
( )gg;mlq,szz = ) . (C.5)
|M (x1P1, x2P; Q)|

§§—QQF

In this case, we see that the universal Collinear functions Cg;/ have Lorentz indices, and
they depend on both the modulus and the direction of the impact parameter b. This are
consequences of the collinear factorization properties of gluonic amplitudes. They can be
decomposed as

Cha (2 p1, P2, b;a5) = d"(p1, p2)Caa(z; as) + D' (pl, p2;b)Gea(z; a5), (C.6)

where all of the dependence on the direction of b is encoded in the tensor

w w b*b"
D™(pl,p2;b) = d"(p1,p2) — 25, C7)
with b? = —b¥b,,. The impact parameter vector in four-dimensional notation b* = (0, b,0)

lies in the plane transversal to p; and p».

The gluonic coefficient function Cga(z; ®;) is the same as the one introduced in Eq. (6.17)
and its expansion in «; starts at O(1). The coefficient Gg,(z; «s), on the other hand, starts
at O(ay), that is

Gag (2 as) Z((Xs) ga (z) (C.8)

n=1
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with the first order coefficients Gé? and Géé) differing only in a colour factor [138]

1) 1—2z

G () =Car7, (C9)
1—2z
Gy (z) = GiY (2) = Cy —. (C.10)
If we plug Eq. (C.6) in Eq. (C.4), we get three different kind of contributions:

[(HA)Clcz]gg;ulaz :(HA)gg;Hlvszz dyﬂ/l dmvz Cgal (Zl)cgaz (Zz)

+(HA)gg;}41V1,H2V2

[ @90 DI g (21) Gy (22) + D 75 G (1) Co(22)]
—|—(HA)gg,.P,1V1,H2V2 D1 Dh2v2 Gea, (zl)Ggu2 (z2), (C.11)

with A = VIDV and D = 1 + O(ay).

The first term in Eq. (C.11), which we can call collinear-collinear, has the same structure
as the corresponding one in g4 annihilation, and all of the treatment of section 6.2.2 can be
applied straight forward, with the Hard-virtual resummation coefficient HgQQF
following form

taking the

t —
MHLHZ (lel,prz, M,Q)) levz (X1P1,XZP2, M,Q)

88— QQF §8—QQF
0
Mgc‘)—w (x1Py, x2P>, M, Q)

oor _{
Hg = ‘2 d,“lvl d,llez‘

(C.12)

In particular, it is still true that the average over azimuth of b, () ¢(b), cOrresponds to set
D—1.

The terms in the second line of Eq. (C.11), which we can call soft-collinear, contains
interference of the final-state soft factor I = VIDV with either one of the initial legs. The
term with D = 1 vanishes upon azimuthal average in b, leaving only a contribution of
D — 1 = O(as). For this reason, this term only contributes in the presence of a coloured
final state, while it vanishes for a colour singlet final state. Also, because the coefficient G
starts at O(«;), this term starts to contribute at NNLO with a coefficient HggF.

The last line of Eq. (C.11) corresponds to the interference of the soft factor I' with both
initial legs. Because it has two factors G, = O(as), its first contribution is at NNLO with

D = 1, which also means that it has the same expression as for a colour singlet final state.

We will denote this contribution as HgQF.
After integration over b, with all azimuthal correlations integrated out, this contributions
have to be added to the Hard-Collinear function #(NNO)un - presented in section 6.2.3

QOF; NNLO QOF; NNLO QOF ~(1) (1)
a1ay—gg, (N1,N2) a1a;—gg, (N1,Nz) +HG Ggal,Nl Ggaz,Nz (C13)
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F
with

HiH2 Viv2
<M88HQQF‘ Mé’SHQQF>

‘MCC-%F(JC]Pl,szz,M Q)

Hik2 2
HQgF / d¢b dy y ‘u . ( )<M884QQF‘ D ‘MSXHQQF>
11 2V2

‘Mcc‘—ﬂf(xlplr X2 P, M, Q) ‘

5 d
HY = [SPp . (b)D,, (b)

o 5 (C.15)

(C.16)

In HgQF the integration over ¢, is simpler, the coefficient reduces to spin correlations
of the LO amplitude and it contributes (due to the G, function attached to each leg) to
all partonic channels. HggF, on the other hand, only contributes to gQ and gg partonic
channels, and its computation requires the evaluation of complicated b-space integrals,
due to the dependence on b of the D colour operator. The result will contain not only
spin correlations of the LO amplitude, but also of its two-colour correlators, making its
calculation highly non-trivial.

These contributions have been only computed for the tf final state [151, 152], and its

extension to more general process such as tth is currently under progress.

C.2 COLOUR CORRELATORS MATRICES FOR OPENLOOPS

In this section we present the matrix representation of the two- and four-colour correlators
in the basis used by OPENLooOPs for the processes tf, ttH and tfZ.

If we fix a colour basis {|c;)};, we can write an amplitude as M as a vector in colour
space

= ZMZ |Ci> P (C.17)

and therefore any colour operator O has an expectation value given by the expression

(M| O|M) =) MM;[O]; (C.18)
L]

where we defined the matrix representation of the colour operator O as
[O];; = (ci| O <) - (C.19)

OreNnLoops provides for any amplitude M the vector representation in colour-space
(My,---,M;,---), and the basis it uses for the production of tf, tth and tfZ is

|c§®) =(T™ T“Z)é‘, |58 =(T™T™ )g, for gluon fusion processes (C.20)
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’C?q> :52 5;; ‘cgq> zégég, for quark annihilation processes.  (C.21)

With these definitions we can compute all the two and four-colour correlators needed.
In order to write their results, first we can notice that thanks to colour-conservation,
not all the combinations are independent. First of all, any squared colour-operator T is
proportional to the identity, so Ti2 = 1C; with C; = C,4 if the leg i is a gluon or Cr if is a
quark. Having this in mind, we only have to consider distinct combinations of T; - Tj;.
Thanks to colour-conservation, that is

T1+T,+T34+T4 =0, (C.22)

any combination of the form T; - Ty can be written as a linear combination of T; - Tj, with
i,j € {1,2,3}. We're left only with three distinct combinations {T; - T2, T2 - T3, T; - T3} out
of which, one can be written in terms of the other two plus the Cassimir coefficients, using
that

1C, =T = (T1 +To+T3)> = (C1 + Co + C3)1 +2(T - To + Ty - T3 + T1 - T3)
(C.23)

In this way, is enough to compute the colour matrices [1], [T; - T2] and [T; - T3] and any
other two-colour correlator can be written as a linear combination of these three. Using
the same arguments, for the four colour-correlators is enough to compute [(T; - Tz)z],
[(T1 - T2)(T1 - T3)], [(T1 - T3)(T1 - T2)] and [(Ty - T3)?]. The matrix representation of any
other four-colour correlator can be written as a linear combination of these four matrices,
the matrices of the two-colour correlators and the one of the identity.

Below we write the expressions for

{ 1], [Ty~ To], [Ty - T3], [(T1 - T2)?], [(T1 - T3)%], [(T1 - T2)(T1 - Ts)],

[(T1-T3)(T1 - T2)] } (C.24)

in the basis specified in (C.20) (for gg — t{(H/Z) processes) and (C.21) (for qj — tt(H/Z)
processes). We denote which basis is being used as a subscript, either [O],, or [O] ..

99
For the gluon fusion processes we have,
Cr [(2CaC -1
[1]gg ZTF A~ , (C.25)
—1  2C4Cr

1 10
Ty - Tolee = — ~C5C , (C.26)
[ 1 ]gg 4 A“F (O 1)
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1 —2CACr 1
[T - Tagg :ECACF ( 1A F ) ,

1
1 CZ+2 2
Ty T5)%ee ==C4Cr | 4 ,
1 2CACr -1
[(Tl 'TB)Z]gg :§C124CF ( —Al F 1 ) ’

[(T1 -Tz)(Tl : TS)]gg :%CiCF (i)i _2> ’

[(T1-T3)(T1 - T2)]gg =%CiCF ((_133 0 ) ,

while for the quark annihilation processes

cz C

= (G S4),
e
0 1

[T1 'Tz]qq = — CyCr (1 ) ,

Ca 1
Ty Ts|,s = — CACr )
T1- Talag (1 0)

1 1 2C
[(T1 - T2)*|g3 =5CaCr Fl,
2 2Cr 2CACr

2C4Cr 2Cp>

1
Ty - T3)?|ss ==CACr

[(Ty - T2)(Ty - T3)]yg :%CF <2C3CF —01> ,

0 2CACF>

[(T1-T3)(T1 - T2)]gq :%CF (_1 ;

and the corresponding Cassimir for each process are

C f
Ci=Cy= { A or gg processes and Cs=Cy = Ch.

Cr for g7 processes

(C.27)

(C.28)

(C.29)

(C.30)

(C.31)

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)

(C37)

(C.38)

(C.39)
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