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A ÑO

We re cen tly  p rop osed  to s o lv e  the m any-body  
s h e ll-m o d e l equatlons by m ean s of a r e p r e se n ta ­
tion  co n s is t ín g  oí m a n y -p a r tlc le  c o r re la te d  
s ta tes .*  In g en era l, a  s y ste m  w ith a num ber of 
p a r tió le s  p  can be evaluated  in te r m s  o í s y s te m s  
wlth q  and r  p a r tió le s , r e sp e c t iv e ly , such  that 
p ~ q + r .  One p ro ce ed s  in  s e v e r a l  s te p s , F ir s t  
the o n e -p a r tic le  s ta te s  that span the s h e ll-m o d e l 
sp ace  are  ch osen . In the secon d  s tep  one c a lc u -  
la te s  the tw o -p a r tic le  s ta te s  w hich  d efin e  the in -  
terac tion  m atrix  e le m e n ts . Then one p ro ce ed s

by adding p a r tió le s  in s u c c e s s iv e  s te p s .  To 
eva lú a te  the /> -p artic le  s y s te m  m en tion ed  ab ove, 
one a ssu m e s  that the q -  and (--p a rtic le  s y s t e m s  
have b een  s o lv ed  so  that the b a s is  s e t  of e le m e n ts  
i s  g iv en  by

{ P » ( a , ) f ' ^ ( a , ) |0 > } ,  (1)

w h ere c r e a te s  the « -p a r t ic le  State a„ (but,
a s  an excep tion , the o n e -p a r t ic le  s ta te s  a r e  la -  
b eled  w ith L atin  le t te r s  and th e co rresp o n d in g  
cr ea tio n  op erator  is  c / ,  a s  u su a l) and |0> is
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the c o r e  ground S tate.
l í  only the few  lo w e s t  s ta te s  o í th e q -  and r -  

p a r t lc le  s y s te m a  are  enough to  d e s c r ib e  th e lo w ­
e s t  s ta te s  o í the /i -p a r t ic le  s y s te m  (a s  i s  u su a ü y  
the c a s e  w lth  the o n e -p a r t ic le  s ta t e s  in  the s ta n ­
dard s h e ll-m o d e l rep resen ta tion ^ ), one m ay be 
ab le to u se  th ls  m u ltis tep  s h e l l-m o d e l  m ethod  
(MSM) to  ca lc ú la te  the s ta te s  o l m éd iu m  and 
h eavy n u c le i w lth  m any n u c leon s o u ts id e  c lo s e d -  
s h e l l  c o r e s .  Such ca lc u la t io n s  w ould  r e q u ir e  the 
d ia g o n a liza tion  of v e r y  la r g e  m a tr ic e s  (w ith  d i-  
m en sio n s  o í the o r d er  o í h undreds o í m il lio n s )  
w lth in  the stand ard  s h e l l-m o d e l  re p r e se n ta tio n ,

In ea c h  s tep  o f the MSM one c a lc u la te s  th e e n -  
e r g ie s  and w ave fu n c tion s o í a  g iven  s y s te m .
T h ese  ca lcu la ted  q u an tities  a r e  lik e  b u lld in g  
b lo ck s  that a r e  u se d  a s  a  w hole in  la te r  s te p s .  
S in ce the a lg é b r a lo  c o m p le x it ie s  in h eren t in  each  
s tep  a re  not p a sse d  to la te r  s te p s  th e ío r m a J ism  
tu rn s out to  be ra th er  s im p le .^

T he id ea  beh ind  the MSM is  not new . M ore than  
tw enty y e a r s  ago d e -S h a lit  p rop osed  to u se  c o r -  
r e la te d  s ta te s  to  d e s c r ib e  n u c lea r  spectra^  and 
s in c e  then  m any m o d e ls  and m eth od s that in clu d e  
c o r r e la te d  s ta te s  in  the b a s is  s e t  o í e le m e n ts  
have b een  introduced."*'^® W hat i s  new  in  the 
MSM i s  that it  p ro v id es  a  g en er a l and s y s te m a t ic  
p ro ced u re  to s o lv e  ex a c tly  the m an y-bod y  s h e l l -  
m od el eq u atlon s w ith in  su ch  a c o r r e la te d  b a s is .  
M oreover, the num ber o í p a r t ió le s  of the s u b s y s -  
te m s  u se d  to c o n s tru c t  the MSM b a s is  i s  a r b i-  
tra ry . T h u s, a  2 n -p a r tic le  s y s te m  can b e  s o lv ed  
by u se  o í n tw o -p a r tic le  s ta te s  (a s  th e in te r a c t in g -  
b oson  m o d el'“ or n u c lear  f ie ld  theory* w ould do) 
or any o th er p artition  of that s y s te m .

A p rob lem  fa ced  by the MSM (and a ll  m ethods  
w hich  u se  c o r r e la te d  b a se s )  i s  th at the b a s is  e l e ­
m en ts m ay v ió la te  the P a u li p r in c ip ie . A s a 
r e su lt ,  the MSM b a s is  is  not orth ogon al and its  
d im en sió n  is  la r g e r  than the p h y s ic a l ( s h e l l -  
m odel) d im en sió n . T o g e t around th is  p rob lem  
one m u st a ls o  ev a lú a te  the o v er la p  m a tr ix  am ong  
th e  b a s is  e le m e n ts  (the s o - c a l le d  m e tr ic  m a tr ix ). 
By m ean s of the m e tr ic  m a tr ix  one r e s to r e s  the 
P au li p r in c ip ie  and, ev en tu a lly , the MSM m a ­
tr ic e s  have the r ig h t d im e n s io n s . T h ere fo re  no 
sp u r io u s s ta te s  appear in  th e c a lc u la t io n .’

T he eva lu a tion  of the m e tr ic  m a tr ix  i s  a ls o  
c a r r ie d  out w ith in  the MSM in te r m s  of q u an tities  
r e la te d  to the s y s t e m s  that co n stitu te  the c o r r e ­
la ted  b a s i s . '

T he a n a ly s is  of n u c lear  s p e c tr a  in  te r m s  of the 
MSM b a s is  (1) a llo w s  one to ga in  p h y s ica l in sigh t  
into the s tru ctu re  of th o se  s p e c tr a  if a  v er y

i “ n.l
1

i 1 ^

^ - 2
i “ n-l a.

¡ O ^¡ n-Z^ 
i ¡ k

(0

FIG. 1. Dashed and solid Unes represent proton and 
neutrón sta tes, respectlvely. Coupled dashed-solid  
llnes represent one-proton—raany-neutron states.
(a) Double-bar vertex. The expression  of this vertex  
is  given l̂ r the left-hand side of Eq. (3). This vertex  
was also called “ coupllng constant” in Ref. 1. (b) The 
nucleus a„ , wlth n (an even number) neutrons outside 
the core, is  descrlbed in term s of the two- and in ~  2)- 
neutron nuclei. In this graph the proton interacts wlth 
the two-neutron nucleus. The crossed vertices repre-  
gent the MSM wave function amplitudes l as the quanti­
tie s  X  In Eq. (2)1. (c) The proton interacts wlth the 
(n -2 )-n eu tron  nucleus.

s m a ll b a s is  can  b e  u sed . Y et the n e c e s s ity  o í ' 
co n s id er in g  s im u lta n eo u sly  both the d ynam ica l 
and the m e tr ic  m a tr ic e s  m ay blunt the r e la t iv e  
im p o rta n ce  o í the s ta te s  a ,  and [Eq. (1)] in  
the b uild ing up of the s ta te s  a , .  For in sta n c e , 
i í  on ly  one kind of p a r tió le s  i s  c o n s id ere d  in the 
calíju la tion , so m e  MSM b a s is  v e o to r s  m ay r a p id -  
ly  b eco m e b lock ed  by the P a u li p r in c ip ie  w hen  
the num ber of p a r tió le s  is  in c r e a se d . A s a r e -  
su lt , the norm  of th o se  v e o to r s  soon  b e c o m e s  
v er y  s m a ll and th ereb y  it  m ay not be o le a r  w hich  
oth er s ta te s  b eco m e im p ortan t, u n le s s  a  fu ll o a l-  
cu la tion  is  p erfo rm ed . T o avoid  th is  in con ven -  
ie n c e  w e a n a lyze  h ere  " q u a s ip a rtio le” s ta te s  of 
a g iv e n  kind oí p a r tió le s  (n eu tron s o r  p ro ton s) a s  
a fu nction  of the num ber of the o th er kind oí p a r ­
t ió le s .  To fa c i líta te  the p resen ta tio n  we w ill  
sp eak  of a  proton  and m any (an even  num ber) n eu -  
tj’on p a r t ió le s  but the in v e r se  s itu a tion  is  o b v io u s -  
ly in clud ed .

T he o n e-p ro ton , n -n eu tron  p h y s ica l State can  
b e w ritten  a s

= E i.a„JC (i, £»„; « ™ * .)[c ,^ P ^ (a ,)L „ „ |0 > . (2)

The co rresp o n d in g  m etr ic  m atr ix  i s  d iagon al, 
i .e . ,

< 0 | [ c ¡ V ( a J J ^ [ c , V ^ ( a „ ) ] |0 >

= a j .
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T h ere fo re , the MSM d yn am ica l m a tr ix  w hich p ro v id es  the e n e r g ie s  o í the s y s te m  is  a lread y
H erm itian . Thia m atr ix  can  be ca lcu la ted  d ir e c t ly  fro m  F íg . 1 (for d e ta ils  s e e  R eí. 1) to  ob tain

-  c , -  H t a J ] F ( í,
;4, 1 0 2 6 2 0 3 0 ^ - 2

X F ( i , a ^ ; a , ) X { j ,  IÍ2; a , ) ¡ i„  ¿ L „ {a ,y
) '  o;.*! <% ( )  ■’’ “ 3 1 

K-2,

( ‘ <^*1 “ "-1.1 I J “ n «  “ " - 1

f [ l - S ( « , 4 ) ]  S  n a „ - 2 ,
“2“n-2 fin-2 “n-1

(3)

w here £ i s  a  s in g le -p a r t ic le  en ergy  and W  is  e n -  
ergy  re te r r e d  to the c o r e , w hile

F i a , ,  a , ;  a , )  = < a , 1 [ p ^ ( a , ) p f ( a , ) ] ,  10> (4)
and

Y { a , ,  a , ;  a , )  = [ l  + 0 ( a , ,  c«,.)]X(q!,, a , ;  a , ) ,  

w ith X  the am plitude corresp on d in g  to the w ave  
function  ¡a ,) , as In Eq. (2). We u se  the sa m e  ' 
sy m b o ls  to  denote s ta te s  a s  w e ll a s  the c o r r e ­
sponding angular m om entum , a s  s e e n  in  the 6 - j  
sy m b o ls  o í Eq. (3) or Eq. (2).

T he quan tities F  an d X  in Eq. (3) a re  the b u ild -  
ing b lo ck s ca lcu la ted  in p rev io u s  s te p s  o í the 
p r e se n t  ca lcu la tio n . T aking into accoun t the g en -  
e r a lity  o í Eq. (3), one can  sa y  that i t  i s  a  s im p le  
equation. The d iagon a liza tion  o í the m a tr ix  (3) i

I p ro v id es  the sh e ll-m o d e l e n e r g ie s  and w ave íu n c -  
tio n s . But the d im en sió n  o í th is  m a tr ix  can  b e  
v er y  la r g e . Y et one m ay hope to be ab le  to  trú n ­
ca te  th is  d im en sión  d r a s t ic a l ly , a s  w as the c a s e  
for  ground s ta te s  in s p h e r lc a l n u c le i .'  T h isw o u ld  
a lso  be the c a s e  ío r  q u a s ip a r tic le  s t a t e s  *  fo r  
w hich  a„ [E q . (2)1 i s  th e ground State o í the « -n eu ­
trón  s y s te m  (y„). In th is  c a s e  Eq. (2) b e c o m e s

k n « > - [ c / P ^ ( n ) J . | 0 ) .  (5)

S in ce the ground State y ,  ca n  b e  w r itten  a s ‘

ly„> = M P ^ (y3)i^ ^ (y„-í)]„ |0> , (6)

w h ere N  is  a  n orm a liza tio n  con stan t, one ob ta ln s  
from  Eq. (3) (note that in  the 6 - j  sy m b o ls  
= 0 i l  n is  evenl

+ M a ,)  -  e» + -  ¡V (y ,). (7)
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FIG. 2. Experimental (Ref. 11) quasiparticle states in Sb isotopes. The neutrons run from the major sh e lls  f il l-  
ing ^ 0 = 64 [for protons this may be considered a “magic number (Ref. 12)1 to A'q» 82.
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To obtain  Eq. (7), we u sed  the fa ct that 1 = , 0) and 1 ^ N { y „  I  0>,
w hich s te m  from  E q s. (5) and (6), r e s p e c t iv e ly .  Equation (7) g iv e s  th e q u a s ip a r tic le  e n e r g ie s  o í the 
(rt + 1) n u c leu s , w ith Z ^  + l  p ro ton s and A'o'*'" n eu tron s, w h ere  n is  ev e n  and is  the c o r e . S ince
fo r  d if íe ren t  s ta te s  of the (/» + l )  n u c leu s  is  the s a m e , one has

W { a ,^ ,)  -  J  -  ( € * -  e , ),
w h ere  the State (/3„+i) c a r r ie s  angular m o -  ,----------------------
m entum  k  { j ) .  Equation (8) in d íc a le s  that the e n -  
e r g y  d iífe r e n c e  b etw een  two q u a s ip a r tic le  s ta te s  
w ould d e c r e a se  ( in c r e a s e )  m on ton ica lly  a s  a  íu n c -  
tion  of the num ber of n eutrons n if  th e e n e r g ie s  
d e c r e a se  ( in c r e a s e )  in  the b egln n in g of the m ajor  
S h e ll. A ssu m e now that /i la b e ls  the ground s ta te s  
o í odd n u c le i in  Eq. (8). If th ere  i s  a  S tate a  for  
w hich  the en ergy  d iífe r e n c e  (8) d e c r e a s e s  in  the 
b egin n in g  o í the m ajor s h e l l ,  th ere  m igh t b e  a 
va lu é  of n  fo r  w hich  the r o le s  of the s ta te s  a  and 
/3 w ould change ( i .e . ,  a  b ec o m e s  the ground s ta te ).
But the m onotonic v a r ia tio n  of that en er g y  d if fe r -  
e n ce  would not be a ííe c te d  by th is  sw itch  of 
ground s ta t e s .  T h is  i s  in d eed  w hat happens in  
s p h e r ic a l n u c le i. In F ig . 2 w e show , a s  an e x -  
am p le , the Sb odd is o to p e s . A s w e go from  ^̂ Ŝb 
to  ”̂ Sb the ground s ta te s  have changed , but the 
ten d en cy g iv en  by Eq. (8) i s  fo llo w ed  throughout 
the f ig u re  by any g iven  p a ir  of q u a s ip a r tic le  
s ta t e s .  In p a r tic u la r , the d is ta n c e  b etw een  the 
s ta te s  and f ir s t  d e c r e a s e s  and th e s e  s ta te s  
are in terch an ged  in ^*^Sb. A fterw ard s that d i s ­
tan ce  b e c o m e s  m ore and m o re  n eg a tiv e , in  a g r e e -  
m en t w ith E q. (8).
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