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Abstract

A p p lic a tio n  o f  th e  y r a s t  c o n ce p t to  th e  p a ir in g  d eg ree  o f  f r e e d o m .  D . R . B es , 
G . G . D u s s e l, E . M a q u ed a  an d  R . P. J. P era zzo  (L a b . d e l C ic lo tro n , C o m i­
s ió n  N a c io n a l d e E n erg ia  A tó m ic a , A v . d e l L ib er ta d o r  8250 , B u en o s  
A ires, A rg en tin a ).
P h y s ic a  S c r ip ta  (S w ed en ) 6 , 2 3 9 -2 4 1 , 1972 .

T h e  Y rast a p p r o x im a tio n  is  ap p lied  to  th e  T = \  p a ir in g  c o llec t iv e  H a m il-  
to n ia n . A  fo rm a lism  is  th u s o b ta in e d  w h ich  m a y  in co r p ó r a te  a n h a r m o n ic  
c ffec ts  in  a s im p le  w ay . T h e  ex p er im en ta lly  o b se rv ed  a n h a r m o n ic itie s  in  th e  
‘“N i reg ió n  are  sa t is fa c to r ily  re p ro d u ced .

1. Introduction

This sym posium  is devoted to  high spin nuclear states and  thus 
it m ay appear no t to  be the place to  present a con tribu tion  
dealing only w ith /■■' =  0+. H ow ever, we treat the high valúes of 
the isospin and  of the num ber of partióles in a  sim ilar way as 
o ther con tribu to rs to  this sym posium  study the problem  
associated w ith high angular m om entum .

U sing the transfo rm ation  properties of the collective variables 
a (i.e., those of a quadrupo le  tensor)

A. Bohr [1] in 1952, constructed  a collective ham iltonian  de- 
pending on the three com ponents of the angu lar m om entum  
o pera to r and  on tw o intrinsic deform ation variables ft and  y.
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The deform ation variables A and  r  play the sam e role as the 
variables |8 and  y  in (2). The variable A corresponds approxi- 
m ately to  the gap param eter in the BCS solution  and  r  measures 
the difference betw een the neu trón  and  p ro to n  gaps in  the 
intrinsic system.

The eigenfunctions of (4) carry  the to ta l isospin T  and  the 
num ber of pairs of partióles M  as good quan tum  num bers. Thus, 
the solutions of (4) yield energy eigenvalues and  reduced 
m atrix  elem ents for the tw o-body opera to r, betw een / ’̂ =0+ 
states characterized by the p a ir of q u an tum  num bers {M, T).  
In  the región 40 <^4 < 70  ab o u t 40 states and  a  sim ilar num ber of 
transitions w ithin the collective band  have been identified.

It is easy to  find [3, 4] the solutions of [4] fo r som e lim iting 
cases, nam ely (a) V = ic A ^  (harm onic v ibrations; (o = {CIB)*, 

i b )  v ^ - c ó { A - A , ^ ) 6 { r - r ^ ^ y ,  r , , = o ,  tt/4 (rigid 
ro ta tions w ith axial sym metry).

These experim ental results how ever po in t ou t to  the existence 
of a  phase transition  betw een norm al and  superconducting 
systems. A  treatm en t of (4) sim ilar to  those of B aranger and  
K um ar [5], D ussel and  Bes [6] o r G neuss and  G reiner [7] for 
the quadrupole  case becom es im practical fo r valúes of M  and  
T  larger th an  2. O n the contrary , the application  of the yrast 
concept [8] seems suitable here. The central idea is th a t there 
exists certain  states in w hich centrifugal forces becom e so im- 
p o rtan t as to  produce stable deform ations. F o r  these states, the 
phase transition  could be trivially described.

In ou r case the relevant properties of the collective variables w e  m ust m inim ize w ith respect io  A, r ,  T,., Ty and  T^,

i.e., like a vector in isospace and  like an opera to r creating two 
partióles under ro ta tions in gauge space.

fo r fixed valúes of M  and  T. If {M, T)  are sufficiently large, the 
energy has a m inim um  for

(3)

U sing (as in (2)) these transfo rm ation  properties [2], the 
Pauli quan tization  principie and  sym m etry considerations, we

7 'i=  - M ,  Ty ^ T „  and 

and

T = M = \ T , \ ,  Ty = T ,= 0

(5)

(6)

 ̂ F e llo w  o f  th e  C o n se jo  N a c io n a l d e  In v e stig a c io n es  C ien tífica s  y  
T éc n ica s . B u en o s  A ires, A rg en tin a .

The valúes of A^^ depend on  the po ten tia l V. F o r  the harm onic 
poten tia l
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T able I. Reactions populating the different degrees o f  freedom  
wirliin the yrast aproximation

H ere Y  in d ica te s  a tra n s itio n  w ith  A F =  +  1; 7^ m ea n s A /) j ,=  +  1; e tc .,  a ll th e  
o th e r  q u a n tu m  n u m b ers rem a in in g  c o n sta n t

E xp cr im en t A<A„ A > Á „

(t,p )
(h ,p ) , (t,n ) 
(h ,n )
( P , t )
( p ,h ) ,  ( n , t )  
(n ,h )

r
i \ o
Y ,1 \0 ,A
Y,r
Y
Y

Y
Y
Y,r
Y, r,e,A
r,e
r

. 1, (7)

The states satisfying (5), (6) and  (7) define the yrast band, 
Each m em ber of it is characterized by the quan tum  num ber 
Y( M  T). The band  is oniy sem irigid because of the stretching 
effect (7). Thcy have T = Y  and  all the isospin directed aiong the 
in trinsic x-axis. The tw o-body transfer m atrix  elem ents are of 
o rder

(8)

.1 ( r ^ + M ) / 2 =  ± // r ;  ± ( « r - 2 ) ; . . . 0 o r l (9)

are the eigenvalues of the angu lar m om entum  in tw o dim ensions. 
If n / ' /1 =  1 we describe the g round  State of nuclei w ith two 
p ro tons m ore than  the yrast states (Zn isotopes) if n r =  - A  = l,  
those w ith tw o pro tons less (F e isotopes). The m atrix  elem ents 
!«/■ ‘ I a re  of o rder (27)*.

W e also ob ta in  excitations of the yrast states by allowing 
m otion  in the zl-direction (excited states w ith the sam e M , J a s  
the g round  State) o r by switching ro ta tional quan ta  from  the 
.V to  the V -  z  directions (producing antianalogue states). The 
order of m agnitude of the tw o-body transfer m atrix  elem ents 
correspond ing  to  +1 or ±1 is also (2 Y y .

2. Conclusions

+. • These elem entary excitations m ay be com bined to  form  m ore 
com plex states. T he classification according to  5 quan tum  
num bers Y, n^, np, and  A  can be show n to  be com plete 
(apart from  trivial 2T +  1 degeneracy in the labora to ry  frame).

2. The yrast approx im ation  is checked by com paring w ith the 
know n exact so lu tion  fo r the harm onic potential w hich are 
reproduced to leading order in Y. W e obtain  in addition  a physical 
in terp re ta tion  of the different o rders of m agnitude of the m atrix  
elem ents.

'3. All the { t ,p )  transitions reported  by G asten et al. [9] cor- 
respond to  A np  ±1 transitions. The ra tio  between (h,p) transfer 
processes reported  by H ansen and  N ath an  [10] correspond to  the 
ra tio  d(r(A/;^=- l)/d(T(AMj,^ )). I t is clear then th a t the potential 
energy surface is still a t best half explored fo r A  < 56. F o r  instance, 
we do not have in form ation  abou t the strong  yrast transitions

T able II. Valúes o f  D ' jC  and K  satisfying (11) and (12) fo r  the 
valúes o f  D jC  given in the firs t column

D IC D 'I C K

5 .0 - 2 . 6 0 .083
1.0 - 0 . 5 6 0.11
0 .3 0 - 0 . 1 9 0 .1 4
0 .10 - 0 .0 8 3 0 .1 7
0 .0 0 - 0 . 0 2 2 0 .23

or abou t the reactions. Table I shows the relevant reactions 
for A <56  and  for A  >56.

4. Sym m etry considerations lim it the form  of the anharm onic 
term s [2]. In  the potential energy surface the simplest anharm onic 
term s are of the form  A \  A* cos,'  ̂ir. In  the kinetic energy, the 
term  eos i r ( T l  -  T i)  mixes the valúes of T^.

T he inclusión of these term s is m ade as follows; F irst we 
m inim izo the potential

( 10)

betw een tw o consecutive yrast states.
The yrast states are physically in terpre ted  as being the single 

closed shell nuclei. F o r instance, the g round states of the N i 
isotopes constitu te  an yrast band.

T he equation  fo r the /-m o tio n  is reduced to  th a t of a  two 
dim ensional harm onic oscillator in the variable ? ; s i c o s 2 r  
and

w ith respect to A. F rom  the corresponding cubic equation  we 
ob tain  (A ^Jb)  as a  function of Y  and  D¡C.

Secondly we use the experim ental results on the ratios between 
(t, p) cross sections

R
a ( Y , o o o o ^  y,ooi ± i)/o(y,oooo<-> y,001 ± i)h

a(4,0000<->4,001 ±  l)/a (4 ,0000^4 ,001  + 1)h 

= A*^brl(A*^br)Y^i

( I I )

w ith

b% =

in o rder to  determ ine D 'jC  for a  given D¡C. The subindex H 
denotes the cross sections corresponding to  the harm onic 
approxim ation.

Similarly, the experim ental ra tio  betw een the transitions 
Ane = \ and  A n p ^  1 determ ines the strength  of the anharm onic 
kinetic energy term  <x>K2ri(Ty -  T¡) if one assum es D jC  (and 
D 'jC )  know n.

T reating  this term  in pertu rbation  theory,

S  =
ai y,0000' ► y, i ooo)/n( y,oooo -  y,oo i - 1)

a (  y,oooo y, i o o o ) a lo (  y,oooo -  y,oo i - 1 )h
( 12)

where

(T(y,oooo^y,iooo) 
ff(y,oooo->y,ooi - 1) b p Y

1̂1
\ + K

(13)

T he corresponding valúes of DIC, D ’IC  and  K  are given in 
T able II. W e have verified tha t the fitting to  the experim ental 
da ta  is alm ost equally good in the range 0.1 <Z>/C<1.0. The
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T able 111. Relative intensities o f  A iir  -  ±  1, (?,p) reactions {eq. ( / / ) )  

T h e  sta tes  are la b e lled  by ( Y ,  n o n A n r A ,  T ), W h ere T =  Y —A-

T arg e t State R esid u a l sta te ;?(exp)» « ( th .)

“ C a (4 ,0 0 1 1 ,3 )  
*“T i(3 ,0 0 1 1 ,2 )  
‘*“0 (2 ,0011 ,1 ) 
*“C a (4 ,0 0 0 0 ,4 )  
“ T i(3 ,0 0 0 0 ,3 )  
52C r(2 ,0000,2)  
“¡‘Feí 1,0000,1)

**C a(4 ,0000 ,4 )
™ T i(3 ,0000,3)
5^C r(2,0000,2)
™ C a (4 ,0 0 1 -l,5 )
5^Ti(3,0 0 1 -1 ,3 )
“ C r(2 ,0 0 1 -1 ,3 )
“ F e ( l ,0 0 1 - 1 ,2 )

1.00
0 .9 0
0 .63
1.00
0 .83
0 .56
0 .5 0

1.00
0.81
0.68
1.00
0 .81
0.68
0 .58

Table IV. Relative intensities o f  An^ =  l and  ] transitions
popidated in (h,p) reactions {eq. (12))

T h e sta tes  are la b e lled  as in T a b le  111

T arg e t State R esid u a l s ta tes 5(exp)i' 5 (th .)

” C a (4 ,0 0 0 0 ,4 ) 0̂ 5^(4 ,0 0 1 -1 ,5 )(4 ,1 0 0 0 ,4 )  0 .2 7  0 .13
'¡»T i(3,0000,3) ‘52v (3 ,o o i_ i ,4 )(3 ,1 0 0 0 ,3 )  0 .13  0 .23
=--C r(2,0000,2) = * M n (2 .0 0 1 - l ,3 ) (2 ,l0 0 0 ,2 )  0 .3 3  0 .3 7
“ F e { l ,0 0 0 0 ,D  5 « C o ( l ,0 0 1 - l ,2 ) ( l ,1000,1) 0 .6 7  0 .65

final selection of Z )/C ^0 .3  used in tables 3-5 was m ade by 
adjusting  the yrast transitions.

U -
a { Y . 0 0 n r A < ^ Y  , \ ,00 n p . 1)/ct( K,00 n p . I ^  r  r 1,00 np A )h

(t(3,0011 <->4,001 l)/a (3 ,0011 <->4,001 1)h
(1 4 )

where

(7Í 1^.00 A//’ . I <-> K — 1 ,0 0  n p  / l )  

a ( r , 0 0 / í / . . l ^ r  : l,00«r
...1 ) ^  /  

/1)h \
'eq j

b )  Y

-2 - ; -6 r V d 'f]
(15)

The best fit to  the da ta  show n in Tables IH -V  is m ade w ith the 
valúes D ¡ C = 0 3 0 ,  D ' jC -  0A 9  and  A' 0.14. W e note 
how ever th a t the yrast expansión in powers of l / F  m ay require 
substantial corrections in the present región of application. We 
have no t a ttem pted  yet a detailed m icroscopical calculation of 
the constan ts DjC, D ' jC  and  K, a lthough  it is w orthw hile to 
observe th a t the em pirical ra tio  D 'ID  --̂  -0 .6 0  is cióse to  the 
valué -0 .5 0  corresponding to  the puré pairing  forcé.

^  T ab le  V. Relative intensities o f  yrast transitions {eq. {14))

T h e  ex p er im en ta l v a lú es  are Q -correc ted . T h e  v a lú es  co rresp o n d in g  to  (p , t) 
an d  (t, p ) rea c tio n s  are n o rm a lized  to  1, fo r  th e co r resp o n d in g  tra n sitio n s
Y  3 < - ^ r = 4

T a rg e t State R esid u a l State Í7(exp). [ /( th .)

® »N i(2,0000,2) “ N i(  1 ,0000 ,1 ) 1 .48“ 1.39
« -N i(3 ,0 0 0 0 ,3 ) «»N i(2 ,0000 ,2 ) 1.31“ 1.03
®'N ¡(4 ,0000 ,4 ) «2N í(3 ,0 0 0 0 ,3 ) 1 .04“ 0.91

y « ‘Z n (3 ,0 0 1 1 ,2 ) « 2 Z n (2 ,0011 ,l) 1 .12” 1.15
•« 'Z n (4 ,0 0 1 1 ,3 ) «‘Z n (3 ,0 0 1 1 ,2 ) 1 .00“ 1.00

®“Z n (5 ,0 0 1 1 ,4 ) “ Z n (4 ,0 0 1 l,3 ) 0 .8 1 “ 0 .95
■“Z n (6 ,0 0 1 1 ,5 ) “ Z n ( 5 ,0 0 l l ,4 ) 0 .6 0 “ 0 .74
«^ Z n (3,0011,2) “ Z n (4 ,0 0 1 1 ,3 ) 1.00*2 I.OO
«® Zn(4,0011,3) « » Z n (5 ,0 0 Il,4 ) 0.8112 0 .95
«■'*Zn(5,0011,4) ’» Z n (6 ,0 0 1 1,5) 0.66*2 0 .74
5 « F e ( l ,0 0 1 - l ,2 ) “ F e (2 ,0 0 1 -1 ,3 ) 1.18» 1.84
'i» F e (2 ,0 0 1 -I ,3 ) «»Fe(3,0 0 1 -1 ,4 ) 1.41® 1.27

5. So fa r the applications of the collective ham iltonian  (4) have 
been restricted to  sufficiently heavy nuclei w ith sim ilar num ber of 
p ro tons and  neutrons, i.e., to  the surrounding  of A =56.  
R esidual effects of the T  ^ 1 pairing  forcé m ay be obtained 
w henever we are near to  a single-closed shell. F o r instance the 
región of 82 neutrons seem also suitable fo r doing (h,n) and 
(h,p) experim ents.
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