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Nuclear Magnetic Resonance (NMR) plays a central role in developing quantum informa-
tion sciences and technologies. Key features such as its non-invasive nature and the ability
to process information on nuclear spins by versatile quantum control designs with electro-
magnetic fields, have made NMR to become a powerful technique for sensing systems from
atomic and molecular scales with spectroscopy to millimeters in imaging. This brief overview
provides quantum sensing tools with which we are contributing from Latin America, by com-
bining quantum dynamical control and estimation strategies with NMR methods to probe
physical, chemical, and biological processes. It introduces the basic and key concepts on
how controlled spin-sensors can monitor the correlation dynamics of their environment, and
selectively and optimally infer its relevant parameters. Then these concepts are illustrated
with state-of-the-art implementations for characterizing (i) biological tissue microstructure
with diffusion weighting imaging, (ii) quantum information dynamics and scrambling in
out-of-equilibrium systems with solid-state NMR quantum simulations, and (iii) molecular
structures by selective estimation of spin-spin couplings and online learning control designs
with experimental proposals. We expect these concepts will motivate the development of
quantum dynamical control of spin sensors to monitor systems in a variety of fields, and in

particular to exploit the non-invasive strength of NMR, e.g. in biomedical diagnosis.

I. INTRODUCTION

Nuclear Magnetic Resonance (NMR) has a central role
paving the way to the development of quantum tech-
nologies. It was one of the first experimental means to
control quantum systems to process information [1-10],
and thus inspired the development of quantum control
methods in a wide variety of systems, such as cold atoms
[11-13], ion traps [14-16], Rydberg atoms [17, 18], po-
lar molecules [18, 19], nuclear spins in liquids and solids
[20-25], and nitrogen-vacancy centers (NVc) in diamonds
[26=31]. Furthermore, it inspires prompting crucial ques-
tions regarding the unique benefits and distinctions that
quantum information offers compared to classical infor-
mation: what is the inherent quantum nature of informa-
tion, and what aspects cannot be replicated by classical
systems? [3,

In general novel control methods have emerged to ex-
tend the lifetime of quantum states [22, |, manipu-
late and transfer them to specific destinations [22, 19-50].
These have influenced numerous application areas start-
ing with quantum computing and simulation [20, 25,

|, and reaching applications of biological, chemical or
technological interest where quantum systems play the
role of sensors [21, 23, —

These quantum technologles are already part of our
reality and a critical step towards their deployment is
finding their optimization and robustness to extend their
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application areas. NMR is a technique very well devel-
oped on dynamical control methods for sensing a wide
variety of systems, and therefore has an important role to
play on the development of novel quantum sensing tools
[75-77]. The broad scope and versatility of the quantum
control methods is the strength of NMR. This allowed
to test the first quantum information processing algo-
rithms [1, 2, 6, 78] and can be a testbed for answering
fundamental questions about quantum mechanics with
quantum simulations [20, 25, 79-80].

Quantum sensing and sensors are of particular inter-
est for this overview, as they will serve in applications
ranging from thermometry [73, 87-89] and magnetome-
try [90, 91] to medical imaging [24, 66, 70, 87, 92-94] with
subnanometer resolutions [24, 64, 66, 70, 72, 74, 95-97].
The simplest quantum sensor, is a qubit which is the ba-
sic unit of quantum lnformatlon [3, 19, 98]. In its analogy
to the classical bit, the qubit, represents a system with
two well-defined physical properties such as, for exam-
ple, two energy levels or particles with spin % Here the
sensor is a quantum system used as a sensitive probe of
its environment, e.g., for measuring electric or magnetic
fields, temperature, or pressure.

Quantum sensing can be approached through various
strategies, as discussed in Ref. [98]. One of the most com-
monly used strategies involves utilizing a quantum sys-
tem or coherence to probe physical quantities at atomic
and nanoscales. While these strategies might not neces-
sarily offer an advantage over classical devices in terms
of introducing more efficient information processing, they
can allow probing spatial scales that are not accessible by
classical means. In this overview, we will mainly focus



on this scenario, as it is closer to applications for sens-
ing physical, chemical, and biological processes. How-
ever, exploiting quantum information that cannot be
reproduced by classical systems, such as entanglement,
can potentially introduce more sensitive quantum sens-
ing strategies for extracting and processing information
[30, 89, 98-100]. Depending on the experimental setup,
quantum sensors can be accessed and controlled individ-
ually or in an ensemble.

Individual quantum-sensors have been shown to detect
magnetic fields produced by individual electrons or nu-
clei, enabling the determination of subnanometer-scale
structures of individual molecules [101-105]. This revo-
lutionary tool has the potential to transform the fields
of chemistry and biology, opening up new possibilities
for precision medicine. Yet, while promising the detec-
tion by individual quantum systems, most probably these
techniques will remain invasive approaches.

NMR detected by induction coils at room temperature
address an ensemble of qubits composed of some 10%°
identical copies of a nuclear spin in proper molecules. The
qubit-sensor state in these cases is defined by an statis-
tical mixture, that in some situations can be processed
to generate pseudo-pure states [1—1, 8-10, 79, |. In
this scenario, for example, the hydrogen’s nuclear spins
of the water molecules composing about of 70% of our
body, serve as sensors of their environment. One of the
NMR strengths compared to other quantum technologies
that allow single qubit-sensor addressing, is that the sig-
nal of such an ensemble of sensors can be detected non-
invasively independently if there exist or not a quantum
advantage for processing the information.

This NMR strength also imposes a great challenge, how
to extract the relevant information about microscopic,
nanometer, and atomic scales, stored on the quantum
sensors within the ensemble. For example, extracting
quantitative microstructure information of living tissue
by noninvasive imaging is a key element for understand-
ing disease mechanisms and allowing early-stage diag-
nosis of pathologies [107-113]. Exploiting the restricted
molecular diffusion of water molecules within tissues that
contain structured media, the effective resolution of Mag-
netic Resonance Imaging (MRI) can be boosted to ex-
tract tissue microstructure features within a pixel far
exceeding the resolution of standard MRI techniques
[ , 94, —125]. The key here is the de-
mgn of sultable dynamical quantum-control strategies to
codify this information into the spins signal evolution.
This thus shows the importance of developing quantum
sensing methods to extract efficiently and reliably this
huge microscopic information.

A. Decoherence, the fragility of quantum systems

The main tool, and at the same time the main problem
of this developing area, is that quantum sensors, like all
quantum systems, are highly susceptible to their environ-

ment. The environment in general destroys the quantum
nature of the sensor’s time evolution in a process called
decoherence [120].

From a fundamental point of view, microscopic de-
scriptions of decoherence processes are central to under-
standing the nature of quantum and classical irreversibil-
ity [20, 25, —130] and their connection to chaos and
thermalization [20, 25, , —136]. From a more
practical side, this relaxatlon effect plays a highly rel-
evant role in a wide range of processes needed to real-
ize quantum computers [22, 47, 19, 57], quantum sim-
ulate or monitor condensed matter many-body systems
of interest [20, 21, 25, , 63, 86], probe physical,
chemical, and biological proccsscs at nanometer scales
[21, 23, 24, 27, 63~ , |, such as protein
folding [62, I, and are even the basis of MRI tech-
niques for clinical purposes [24, 70, , , —144].

To successfully achieve such important applications,
the key development lies in the ability to suitably con-
trol and exploit the decoherence effects. In particular,
to move forward with these promising quantum sensing
technologies and expand their applicability, it is thus es-
sential to find the best overall strategy to extract the
maximum possible information from the environment —
either classical or quantum— in the shortest possible
time through optimal quantum control and monitoring
of the sensor-qubit [93, 137]. This is the main focus of
this review.

B. Decoherence control

Conceptually, the idea of considering nuclear spins as
sensors through decoherence control is based on identi-
fying the most efficient mechanisms to estimate informa-
tion through quantum control. The dynamical control
tools used to manipulate spins and their decoherence are
based on (i) coherent control through electromagnetic ir-
radiation (continuously or pulsed) [11, 43, 44, 49, 75, 70,

—149] and (ii) incoherent control through projective
measurements of quantum states or by stochastic inter-
actions that induce dephasing [50, 53, —154].

Coherent control has triggered great interest in the
field of quantum information and irreversibility [22, 47,

, 51, , , |. A family of these methods
derives from decoupling techniques developed within the
NMR field [75, 70, —147, |, that were generalized
into what is known as dynamical decoupling (DD) or dy-
namical control [41, 4317, | to reduce the de-
coherence effects of quantum states with a serie of time-
reversed quantum evolutions. Instead, incoherent control
is based on repetitively measuring/projecting a state of a
quantum system during its evolution, collapsing the wave
function in such a way that one can freeze its dynamics
—a phenomenon called the Quantum Zeno Effect (QZE)
[162]. In NMR, projective measurements cannot be per-
formed directly, but they can be mimicked by induced
dephasing [50, 53, 78, , .



Although these two control techniques do not appear
correlated, their treatment has been unified [43, 44, 164].
This universal approach of quantum control thus forms
the basis of modern dynamic control and derives into
that either sequences of control pulses, quantum evolu-
tions, or projective measurements effectively modulate
the interaction between the system and the environment
[ ) ) ’ ) ’ ] ’ ) ]

This modulation of the system-environment interac-
tion is typically represented by a function f(t), where
in the case of m-pulse spin-echo sequences [l145—
modulates its effective sign [19]. The square of the
Fourier transform of f(t), Fi(w), acts as an spectral
filter of the environmental noise spectral density S(w)
[21, 43, 44, , , 166—168]. Under certain conditions,
the decoherence exponentially decays with an argument
x [ Fi(w)S(w)dw [13, 44, 166]. Thus, in the absence of
modulations, the filter Fy(w) is centered at zero frequen-
cies, and the corresponding dynamics is dominated by the
static components of the environment S(w ~ 0). How-
ever, the shape of F;(w) changes with control and if the
overlap is reduced, the decoherence time increases, while
if the overlap increases, the decoherence time decreases.
These features schematize the key concepts that are cov-
ered in this review: specific spectral or time correlations
properties of the environment can be probed to extract
relevant information via suitable dynamical control of the
qubit-sensor.

C. Decoherence based quantum sensing

In the context of quantum sensing, it is necessary to
develop optimal controls of the spins to generate robust
filters of the spectral information of the environment
[21, 24,63, 94, 169-171]. In turn, it is necessary to under-
stand what type of information and with what precision
can be extracted [93, , |. Combining dynam-
ical control of open quantum systems with quantum in-
formation theory and estimation, we have recently shown
that there is a maximum extractable information that
describe a wide variety of environments characterized by
generalized diffusive and relaxation processes [137].

In this short review, we focus on providing the ba-
sic and key fundamental concepts and tools that can be
used to design proper quantum dynamical control, which
instead of increasing decoherence times, highlights or fil-
ter in/out specific properties of the environment that are
useful for quantum sensing applications (Sec. II). The
concepts introduced here are not based on achieving a
quantum advantage in processing information compared
to classical approaches, but on utilizing real quantum
systems that are inherently at spatial scales beyond clas-
sical means. These systems can be used to extract either
classical or quantum information, potentially leading to
novel applications.

To provide context for the key introduced concepts,
we present some state-of-the-art examples of these tools

being implementated for:

(i) Sensing molecular diffusion processes in NMR and
MRI, put into the context of the highly relevant appli-
cation of quantitative imaging of biological tissue mi-
crostructures (Sec. III),

(ii) Probing high-order correlated dynamic of many-
body quantum systems using solid-state NMR quantum
simulations, with important implications for the devel-
opment of quantum technologies and the understanding
of non-equilibrium quantum physics (Sec. IV), and

(iii) Selectively probing specific interactions via quan-
tum sensors to determine spin-spin coupling-network
topologies and therefore molecular structures. It in-
cludes strategies relevant for filtering out unknown envi-
ronment’s degrees of freedom and incorporating real time
adaptive learning of optimal estimation control (Sec. V).

These concepts are introduced in general terms, so they
can be applied to either single or ensemble quantum sen-
sors. We expect that these concepts, which bridge quan-
tum information sciences and technologies with highly
relevant applied areas of NMR spectroscopy and MRI,
will inspire and facilitate the development of novel mech-
anisms for monitoring chemical, physical, and biological
processes, with particular relevance to non-invasive med-
ical diagnosis.

II. SPIN AS A QUANTUM SENSOR: KEY
CONCEPTS

We here illustrate how a generic spin-1/2 I can acts
as a qubit sensor of its environment, and its connection
to quantum sensing definitions [98], with specific focus
on sensing environmental fluctuations that induce deco-
herence. We thus characterize the decoherence effects
induced by the environment, and show how they can be
probed by dynamically controlled spin probes. As deco-
herence effects can be a useful resource of information,
we introduce quantum estimation metric tools to extract
the relevant information from the environment.

A. Quantum sensing and sensor

According to the definitions reviewed in Ref. [98],
quantum sensing is generally based on three strategies:
(i) using a quantum system to measure either classical
or quantum physical quantities, (ii) utilizing quantum
coherence based on a spatial or temporal superposition
of states to measure a physical quantity, and (iii) lever-
aging quantum entanglement to enhance measurement
sensitivity or precision beyond classical limits.

The first two strategies involve most of physical sys-
tems commonly used at present, having broad applica-
tions in various fields. While these strategies do not
necessarily utilize quantum information correlations be-
yond classical metrics, their main advantage over clas-
sical sensors is their ability to operate at atomic and



nanoscales, providing information that is inaccessible by
classical means [19, 98]. The third strategy offers the
additional advantage of entangled quantum systems to
achieve Heisenberg-limited measurement [30, 89, 98-100].
However, this strategy is more challenging to implement
as it requires multiple sensing qubits to be entangled for
then measuring relevant physical quantities for practical
applications. In this overview, we focus on the first two
quantum sensing strategies that mainly rely on a single
qubit-sensor defined by a spin-1/2, and their potential
applications.

A quantum sensor such as the spin-1/2 thus is de-
scribed by two-energy levels and the corresponding eigen-
states. It can be initialized in a known-state, manipu-
lated by time-dependent fields and measured at a probing
time. The spin-1/2 senses its environment by interact-
ing with physical quantities felt as an effective magnetic
field.

In this review, we delve into quantum sensing strate-
gies that involve optimizing the inference of parameters
that define essential features of a sensor’s environment.
Specifically, we focus on how quantum dynamical control,
either coherent or incoherent, can aid in this process. Our
primary emphasis is on inferring these parameters from
steering decoherence effects induced on the spin-sensor
due to effective stochastic field fluctuations.

B. Spin dephasing due to the interaction with the
environment as a information resource

We consider a spin-1/2 as a quantum sensor for its
environment, specifically for detecting effective fluctuat-
ing fields induced by the environment through a process
known as pure dephasing. The spin state can be initial-
ized into a superposition of its excited (|1)) and ground
(l4)) energy states

1(0)) = cosO[1) + e “@sinO|]), (1)

where |1) and [||)) are the eigenstates of the system
Hamiltonian Hg = w, I, with I, the z component of the
spin operator. The whole dynamics of the qubit system
(S) interacting with its environment (E) is described by
the total Hamiltonian

H="Hs+Hse + Hg, (2)

where Hpg is the environment Hamiltonian and Hgg is
the system-environment interaction Hamiltonian. Single-
spin sensors can be typically initialized into this con-
sidered pure state, but in magnetic resonance of nu-
clear spin ensembles, the initial state is describe by a
pseudo-pure state |11, 8=10, 79, 106]. In the latter case,
the spin state is described by the initial density matrix
p(0) =p|(0)) (¢(0)] + (1 —p)1, where 1 is the single spin
identity operator, and p the probability of creating the
state [1(0)) (¥(0)| over Boltzmann equilibrium state at
infinite temperature defined by 1.
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Figure 1. Decoherence control of a quantum sensor. (a) The
nuclear spin —a qubit-sensor— can be dynamically controlled to
maximize relevant information about its environment coupled
by the interaction strength g. This information is inferred by
monitoring the induced decoherence caused by the environ-
ment fluctuations E(t). (b) Squematic control sequences that
modulates the sensor-environment interaction by the function
f(t): (i) A free evolution wih a constant f(t) = 1. (ii) Spin-
echo sequences also called dynamical decoupling (DD) that
switch the modulation function sign between f(t) = £1. (iii)
A free evolution interrupted with projective, quantum non-
demolition (QND) measurements. The modulation function
is f(t) = 1, but at every projective measurement the qubit
state resets to its diagonal states and the evolutions starts
again from the projected sate. The QZE effect is observed
for very frequent QND measurments. All sequences are ini-
tiated with a F-excitation RF-pulse and ended by the signal
readout. (c) Spectral domain representation of the dephas-
ing. A typical environmental spectral density S(w) is shown
in red, and the corresponding filters functions F;(w) resulting
from the controlled modulations illustrated in (b) are shown
in blue (FID), green (DD) and violet (QZE) respectively. The
free evolution causes a sinc function centered at 0 frequency,
a periodic sequence of inversion pulses produces sincs func-
tions centered at the inverse of the modulating period +wo,
and the QND measurements produces a flat filter that gen-
erates the QZE. (d) Schematic behavior of the signal decay
of the qubit magnetization M (¢) under the three dynamical
control shown in (b,c): free (blue), DD (green) and projected
evolutions (violet).

We consider the qubit to be subject to environment-
induced decoherence, as pure dephasing [19, 175], un-
der the action of the system-environment interaction
Hsg = gI.E (Fig. 1a). Here g is the qubit-environment
interaction strength, and E is an environment operator.

On the system rotating frame of reference that pre-
cesses at the qubit frequency w,, the dynamics of the
environment is driven by its Hamiltonian Hg and seen
as a small perturbation on the qubit sensor due to the
qubit-environment interaction. By using an interaction
representation with respect to the evolution of the iso-
lated environment, we can eliminate the environment
Hamiltonian Hpg, and the qubit-environment interac-
tion becomes time dependent Hsg(t) = gl E(t) with
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A semi-classical field approximation replaces the quan-
tum environment operator E(t) with a stochastic func-
tion. We thus simplify its effect as an effective exter-
nal field fluctuating over time, inducing a spin frequency
wsp(t) = gE(t) that varies randomly. This typically
called weak coupling regime or Born approximation, rep-
resents well the quantum qubit-environment interaction
up to second order and consider negligibly the qubit-
sensor influence on the environment [43, 44, , -

|. Under this approximation, even if the environ-
ment is quantum, the interaction is effectively modeled
by a fluctuating classical field. As a result, the quantum
sensor infers classical information from the environment.
However, this classical information can reveal physical
properties at atomic or nanoscale that might not be ac-
cessible by classical sensors.

Considering an ensemble of realizations of this random
noise on the qubit system means that the average mag-
netization vector differs from the individual evolutions.
This average magnetization represents an ensemble aver-
age of non-interacting, equivalent spins as in bulk NMR,
or the ensemble average of the quantum evolutions of a
single spin-sensor. Then, the spin magnetization signal
M(t) = Trlps(t)I;] = (I.(t)) of the x spin operator com-
ponent, gives the observable of the mean spin coherence

M(t) = <e—i¢(t>> M(0). (3)

The phase acquired by a spin during the evolution time
t,is ¢(t) = fg wgp(t')dt', and the average over the ran-
dom phases of the spin ensemble is denoted by the brack-
ets. Under dynamical control with spin-echo sequences
[19, 145-147], the average phase becomes null, (¢(¢)) = 0.
Typically the random phase ¢(t) follows a Gaussian dis-

tribution [180], and the spin signal

M(t) = e~ 7O M(0) (4)
thus depends on its random phase variance via the at-
tenuation factor J(t) = 3 (¢*(t)) [19]. For single spin
sensors [27, 30, 65, 90, , , —184], this

characteristic decay is inferred from the probabilities
pr(t) = (1+£e7®) /2 of measuring the system in
the symmetric or antisymmetric superpositions of energy
states, |£) = |1) £ [{) [137].

C. Probing environment correlation functions and
noise spectrum by dynamical control

We here introduce how information from the environ-
ment is manifested by time correlation functions and/or
their corresponding spectral representations, on the pure
dephasing effects experienced by the spin-1/2 sensor. We
also show, how to probe this information by dynamically
controlled qubit-sensors.

wt

Under the considered weak-coupling regime between
the qubit and its environment, the decoherence attenua-
tion factor of the qubit-sensor state is expressed by the
integral product (overlap) of two functions [13, 14, :
the coupling spectrum of the environment S(w) that is
obtained by the Fourier transform of the autocorrelation
function of the qubit-frequency fluctuation induced by
the environment (wsg(t)wse(t')), and a spectral “filter”
function Fi(w) determined by the Fourier transform of
the modulating function f(¢) of the applied control.

As schematized in Fig. 1b, the quantum dynami-
cal control may be coherent, incoherent, continuous or
pulsed, and it modulates effectively the qubit frequency
as f(t)wse(t) [49]. Under free evolution, f(t) = 1
for the whole time interval, while under coherent con-
trol, it may be arbitrarily modulated. In particular,
for a serie of inversion w-pulses (spin-echo sequences
[145-147]) applied to the qubit by electromagnetic fields,
the control modulating function switches between =41
at every instant where the instantaneous pulses are ap-
plied [49, ]. An incoherent control may be applied
by quantum non-demolition (QND) projective measure-
ments [137] and/or induced dephasing mimicking the
QND measurement [50, 53, 78, 79, 152], that repetitively
and stroboscopically projects the qubit state, for exam-
ple to its initial state. Here, the control modulating func-
tion is f(t) = 1 following a free evolution until the next
measurement /projection, where the qubit phase is reset
to its initial value and the qubit evolution starts again
[43, 44, , |. When it is done frequently, it freezes
the dynamics evoking the QZE [162].

The control parameters may be the total evolution
time ¢, the number of pulses or modulating oscillations
N, etc. For simplicity, in the following, we leave those
parameters implicit and will explicit only some of them
when it is required. Under these considerations, the at-
tenuation factor J(t) of Eq. (4), characterizing the mag-
netization decay, becomes

t t
0 =5 [ [ @ 1w) seywse) S0, 6)

where in several situations the correlation function is
stationary (wsg(t ) wse (")) = (wse(0)wse(t” —t')) and
gives the frequency domain representation

Jt) = /Ft(w)S(w)dw. (6)

Figure 1c shows the filter functions Fy(w) correspond-
ing to the control modulations shown in Fig. 1b, while
the associated corresponding magnetization decays are
shown in Fig. 1d. The filter property of the modulating
control of the qubit frequency can be seen as, if Fy(w)
is 1, it passes the experimental noise at that frequency
without attenuation whereas if it is 0, it blocks the noise
completely at that frequency. By suitable design of quan-
tum control strategies, one can tune up the “filter” func-



tion to successfully complete a specified task in the pres-
ence of the environment [56, 93, , , , , 185—

].  In particular one can exploit this filter func-
tion description for quantum sensing the environment
spectral density, in a process called noise spectroscopy
[19, 98]. Based on dynamical decoupling or spin-echo
train sequences, it consists of changing the filter function
Fy(w), e.g., by varying m-pulse spacing or the control-
field Rabi frequency, recording the resulting decoher-
ence decay J to deduce the noise spectral density S(w)
[21, , , , |. Alternative approaches
are based on relaxometry, a term originated in magnetic
resonance spectroscopy for measuring relaxations times
as a function of a magnetic field strength [176, , |.
It uses perturbation theory and the Fermi’s golden rule
to probe specific frequency components of the spectral
density by changing the magnetic field strength.

We focus here on probing decoherence effects based
on the expression Eq. (6) by dynamical quantum con-
trol with pulse sequences. Remarkably, Eq. (6) applies
not only for pure dephasing effects under coherent and
incoherent control as we focus here, but also for dissipa-
tion effects [14, , , |. Moreover, it is still valid
for non-stationary noises based on identifying the non-
stationary environmental eigenmodes as recently demon-
strated in Ref. [L66].

Notice that for presentation purposes, we consider only
one term in the qubit-environment interaction, however,
the framework considered in this section can be extended
to multiple environment interactions . g;S; E; by repre-
senting S(w) and F;(w) as matrices [166, , , .
Typical shapes for the environmental, noise spectral den-
sity S(w) are for example the Ohmic power law in w, a
Lorentzian function representing an Ornstein-Uhlenbeck
process, and generalizations of them as the inverse of a
polynomial of the frequency w [21, 24, , ;7 193-195]
as it is the case of a quantum brownian motion for ex-
ample [175] For non-stationary environments, a bispec-
trum or multiple frequency dependences enter into ac-
count [166, 187] and more complex multi-spectrums need
to be considered for non-Gaussian noises [L70, 179].

D. Inferring environmental parameters and
attaining their ultimate error bounds by dynamical
control

In this section we introduce information metrics that
can be exploited to optimize the quantum sensing control
strategies for inferring specific parameters that charac-
terize some property of the qubit-sensor’s environment.
Probing the environmental spectral density by noise
spectroscopy methods typically requires several measure-
ments to reconstruct fully S(w) [21, | However,
if the functional form of the noise spectrum is known,
one may only probe specific parameters that describe the
noise spectrum [24, 66, 92, 93, , |. In this case,
the figure-of-merit for the estimation of an environmen-

tal parameter xg that characterizes the environment of
the sensor is its relative error € = ‘:”E

The relative error € of the parameter extracted from
the magnetization signal of Eq. (4), is limited by the
quantum Cramer-Rao bound e¢ i for an unbiased single-

parameter estimation [98, S =199],

- ECR(-TE) _ 1

Here ¢ r defines the minimal attainable relative error per
measurement N. Tt is written as a function of the quan-
tum Fisher information (QFI) Fg(xg) of the parameter
TE [ )

The QFI depends on the behaviour of the spin mag-
netization signal in Eq. (4) [137, , , | with a
functional dependence on the parameter to be estimated
g, the total evolution time t of the decaying signal and
the control parameters, according to the equation

2 2
M(tzgp) dln M(tzp)
g M(0) M (0)
fg(zE):SIHQQG) [ M(t ]) 2 [(%E ] (8)
yTE
1_[ M(0) }

amplitude contrast parametric—sensitivity

Then, by maximizing Fo with respect to the dynami-
cal control parameters, the minimum relative error ecpr
is minimized [137, ]. Therefore the optimal control
parameters defined by

]__opt ctrl( E) — Hcltar‘lx(fg(l'E)% (9)

. - . t ctrl
provides the minimum attainable error ez“" (zg) for

each chosen control, bascd on preparing the optimal ini-
tial state (1) with © = 7, and achieving the best trade-
off between the amplitude contrast of the qubit signal
and its parametric-sensitivity to zg according to Eq. (8)

[137, 199].

When the spectral density has a frequency range with a
power law dependence on the parameter to be estimated,
suitable control can be designed to filter in this frequency
modes thus giving J arjEm‘ Then, it is demonstrated
that there exist an ultimate error bound in the estima-
tion per measurement that applies to all possible control

sequences

opt ctrl v1-— e~2J0 _ @

—_— = 10
CR — ajoe_jo a’ ( )

but remarkably it is only attainable under suitable con-
trol [137]. Here the value of J = Jo=1+1W(-2¢"%)~
0.8 that minimizes this bound, where W (z) is the Lam-
bert function, yields the equality with g9 = 2.48.

The optimal control designed to attain this ultimate
relative-error bound &g/« for key env1ronmental param-
eters g should thus probe the regime J IE at a time
such as J = Jy. Examples of such key parameters are
the coupling to the environment g, the correlation time



Te, diffusion coefficients Dg, and the relaxation time 75
among others [24, 66, 73, 93, 137, 196, 199].

Notice that the attained ultimate precision bound dis-
cussed in this section, gives the standard quantum limit,
as the inference strategy is based on a single-qubit sen-
sor paradigm [98, 198]. This precision limit thus can
be improved if multi-qubit sensors are implemented to
exploit entanglement for reaching the Heisenberg-limit
[80, 89, 98-100].

Summary: Selective and optimized inference of
environmental parameters

The basic and key concepts presented in this section
show how dynamically controlled qubit-probes can high-
light or filter in/out environmental modes. Quantum
control can thus steer decoherence to probe specific in-
formation on the environment, rather than reducing its
detrimental effects. We address the challenge of extract-
ing efficiently the relevant information for specific pur-
poses, as full knowledge in practical times is not possible.
We introduce quantum information metrics and quantum
control strategies for maximizing the extractable environ-
mental information.

III. PROBING MOLECULAR DIFFUSION
PROCESSES: TOOLS FOR CHARACTERIZING
TISSUE MICROSTRUCTURE

In this Section, we show how the presented general
tools can be use to extract highly relevant tissue mi-
crostructure information from the noise correlation func-
tions via the dephasing of the qubit-probes in diffusion
weighted NMR-MRI [107, 108, 110, 111]. We first intro-
duce the principles that characterize the spin dephasing
induced by the molecular displacement due to Brownian
motion in presence of a constant magnetic field gradi-
ent, and then demonstrate two important applications of
these concepts. The combination of quantum estimation
metrics and quantum control tools predict the ultimate
precision limits for estimating tissue microstructure sizes,
and they enable selective inference of specific microstruc-
ture sizes.

A. Decoherence induced by molecular
displacement noises

In diffusion-weighted magnetic resonance spectroscopy
and imaging, the nuclear spins of molecules intrinsic to
biological tissues and porous media in general, in par-
ticular the spins 1/2 of protons in water molecules, in-
teract with external magnetic field gradients along their
random Brownian motion [77, 115, 119]. Properties of
the media microstructure are indirectly codified in such
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Figure 2. Concepts of diffusion-weighted NMR /MRI signals
for probing tissue microstructure sizes. (a) Schematic image
of axon diameters in the brain white matter. The myelin
sheath covers them (dark circles) to protect the nerve and
communication of the central nervous system. In presence of a
constant magnetic field gradient, nuclear spins precesses with
different frequencies at different spatial positions. A Brow-
nian motion of the nuclear spins is schematized highlighting
how they can probe restriction length of the diffusion process
L., associated with microstructure sizes, e.g. in a cylindrical
compartment /. = 0.37d, where d is the diameter. (b) Pulse
Gradient Spin Echo (PGSE) sequence for probing the diffu-
sion correlation length: An initial 7-excitation RF pulse, fol-
lowed by the diffusion weighting contrast building block that
consists of a w-pulse at half the diffusion weighting time ¢ and
ended by the signal readout. In between two gradient pulses
of duration §, with A as the delay between the two gradient
pulses. When § = A = %, PGSE is equivalent to a Hahn
gradient modulation sequence.

interaction. The media structure can affect the mag-
netization signal and its decay through various physical
processes. The relaxation times 77 and 75, for exam-
ple, are impacted by compartment sizes due to changes
in the mobility of water molecules near compartment
walls [77, 201-205]. Additionally, magnetic susceptibility
heterogeneities can induce inhomogeneous fields, which
are often referred to as background or internal gradients
[92, 196, 203, 206-213]. Finally, compartment restric-
tions can also influence the Brownian motion of spin-
bearing particles [24, 66, 110, 214-220]. All these features
are thus useful to extract microstructure properties be-
yond the resolution limits imposed by conventional MRI
acquisition. However, obtaining this information typi-
cally requires implementing suitable dynamical control
over spin decoherence effects.

Our focus here is solely on extracting information re-
garding the size of tissue or porous microstructures from
the decoherence effects that occur in the spin signal due
to the restricted Brownian motion of molecules within
the compartments of the media (Fig. 2a) [110, 115,
119, 216, 221]. This sets a simple paradigmatic exam-
ple, where suitable probing specific properties of the dif-
fusion spectral density based on the concepts introduced
in the previous section, provides quantitative information

about microstructure sizes [24, 66, 70, 120, 220]. In some
cases, 11 and T, relaxation weightings can be factored
out from the signal [24, (6], and internal gradients ef-

fects can also be vanished by suitable design of the pulse
sequences symmetries [92, 203, 222, 223].
We consider the sample in presence of a static mag-



netic field. The Larmor precession frequency of the spins
is defined by a homogeneous magnetic field along the z
axis. We describe the magnetization evolution of spins
diffusing within the compartments in the rotating frame
of reference at this Larmor frequency. Then in presence of
uniform magnetic-field gradient G7 applied along an ar-
bitrary direction 7, the precession frequency of the spins
wsp(t) = vG - 7(t) fluctuates due to the spin’s instan-
taneous position 7(t) suffers a random motion, where =
is the gyromagnetic factor of the corresponding nucleus
[77, 224]. As typically the random phase ¢(t) accumu-
lated by the spins during a diffusion time ¢ is describe by
a Gaussian phase distribution [225], the spin dephasing
given by Egs. (4) and (5), depends of the molecule dis-
placement autocorrelation function (wsg(t wse (")) =
VG2 (Ar(t)Ar(t")) = ¥ G? (Ar(0)Ar(t' —t")). The
brackets represent the ensemble average over the random
phases and Ar(t) = r(t)—(r(t)) is the instantaneous devi-
ation of the spin position from its average value [218, 219].

For molecules that diffuse within the media microstruc-
ture, the displacement autocorrelation function contains
information about the boundaries of the compartment
where the molecules are contained [24, 66, 70, 93, 94, 1 14—
118, 120, 121, 123, 124, 226-228]. For example a simple
model for restricted diffusion is the Ornstein-Uhlenbeck
process, where (Ar(0)Ar(t — t')) = Dor.e"='1/7¢ with
Dy the free diffusion coefficient and 7. the correlation
time [24, 66, 180, 216]. The characteristic time 7. is
the one required on average for a molecule to probe the
boundaries of the compartment characterized by the re-
striction length /., which are related by the Einstein’s
law ¢2 = 2Dg7, |77]. The Fourier transform of this auto-
correlation function thus gives the displacement spectral
density [21, 66, 93, 216, 218],

’}’2CJ2D0TC2
(1 + w?72)

2 2D 4
- VGQ ofe 1)
7(4DZ + w2fh)

S(w) =

Modulated gradient spin echo (MGSE) sequences gen-
erates time dependent magnetic field gradient G(t) =
f(#)G, yielding the spectral filter Fy(w) that is used to
probe the displacement spectral density related with the
diffusion spectrum as D(w) = w?S(w)/ (v*G?) [66, 77,
119, 216, 221]. With this, the corresponding attenuation
factor described by Eq. (6) can be calculated.

In a restricted diffusion process due to a close (non-
permeable) compartment, the restriction length /. de-
pends on the geometric size and shape of the compart-
ment [216, 229, 230]. For the examples of simple geome-
tries as spheres, cylinders, or planes, a good approxima-
tion is given by £, = v/2xd with xy =0.21, 0.26, and 0.30,
respectively with d the sphere and cylinder diameter or
the plane distance, respectively [24, 66, 216, 219]. Figure
2a shows a scheme of the relation of the restriction length
of the Brownian motion with the diameter of a cylinder.
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Figure 3. Attaining the ultimate precision bound of the re-
striction length £, from diffusion-weighted magnetization de-
cays. (a) Relative minimum error £?/e3 per measurement as
a function of the normalized restriction length £2/¢% for the
estimation of £.. The colored scale for the circles gives the
normalized optimal diffusion length ¢%,/¢%. The bound is ap-

proached when ¢2/6% < 1 and £/ > 1, and 502 = 7,
G

implying (72G2D0)1/3 T € 1. The quantity €* /e yields di-
rectly the number of measurements AN needed to attain the
ultimate precision bound per measurement. (b,c) Effects of
Ts-relaxation on the estimation of £. = 0.37d for a cylindrical
compartment diameter of d = 5um with a diffusion coefficient
Do = 1um?/ms representative to brain gray/white matter.
Relaxation times 7> = 1000, 100, 10, 1ms (light to dark gray
circle-lines) are considered and contrasted to the case without
T> effects (blue circle-line, equivalent to 7> = o). (b) Rela-
tive error €2/ in the estimation and (c) the corresponding
optimal time ¢, as a function of the gradient strength G for
the optimized PGSE control sequence (6 = A). As shorter
is T», more detrimental are its effects on the precision in the
estimation of d, and reduces the dynamic range of gradients
that can attain the best performance.

B. Precision Limits of Compartment
Microstructure-Sizes

Resorting to the information estimation tools intro-
duced in Sec. IID, we can now define the optimal con-
trol strategy to attain the ultimate error bound per mea-
surement defined in Eq. (10), to estimate the restriction
length parameter xg = ¢, and thus compartment size in-
formation [93, 137]. The MGSE control sequence should
be such that f(t) satisfies the following requirements: (%)
Its spectral filter F;(w) should only overlap with the dis-
placement power spectrum S(¢.,w) (Eq. (11)) within the
spectral region with the strongest dependence on /. to en-
hance the estimation sensitivity, i.e. at low frequencies



when S(l.,w =~ 0) oc £2. Within this regime, the signal
attenuation factor is J(t) o< £2, and thus has a power law
dependence on the parameter to be estimated, ¢., allow-
ing to use Eq. (10) with a = 4. (ii) The total diffusion
time ¢ should be such that J = Jj as predicted by Eq.
(10).

Based on these arguments, a MGSE control sequence
that produces a narrow low-frequency bandpass filter
thus defines the strategy most sensitive to infer the re-
striction size ¢.. The most typical sequence used in diffu-
sion weighting imaging is the Pulse Gradient Spin Echo
(PGSE) |77, 231], which contains only one gradient-sign
switch as shown in Fig. 2b. The longest possible modu-
lation period is when 6 = A = %, and thus if optimized
gives the narrowest low-frequency bandpass filter, analo-
gously to the one of a Hahn spin echo sequence [145] with
a constant gradient or a gradient echo modulation [93]

t t
F{;GAS:E% (w) = t3sinc? <‘%>Sin2 (%) —FHahn ().
(12)
The condition (7) to attain the bound is then satisfied

if the diffusion time is ¢ > 7. with the corresponding
attenuation factor

2072
7°G* 4
t) = Lot 13
Tt =t (13)
From the requirements (i)-(ii), we thus found [93] that
the optimal diffusion time is
t =4DoJo/ (v G?L2) . (14)

In Fig. 3a we show the optimized relative error de-
termined from this optimized diffusion time as a func-
tion of the restriction length ¢, and the diffusion length
{p = /2Dyt in units of the dephasing length (g = {/ 27%1
77, 93]. The ultimate bound is only attained for ¢, <
EG < ED[():;].

The optimal diffusion length increases with reducing
the restriction length, thus under experimental condi-
tions when 75 relaxation becomes relevant, the ability
to achieve this optimized diffusion time is limited by the
intrinsic decoherence effects that decrease the magneti-
zation signal by M, (t) = e M (t). Then the relative
error bound exponentially increases with T% [93]

e > eTigg. (15)

Accounting thus for different 75 relaxation times, Fig-
ure 3b shows the optimized relative error, and Fig. 3c
the corresponding optimal diffusion time ¢, for a restric-
tion length defined by a cylinder with diameter d = 5um
as a function of the gradient strength used for the op-
timized PGSE sequence. There is now an optimal gra-
dient strength for a given 75 time, that increases with
decreasing T». Also as predicted by Eq. (15), the lower
attainable relative error increases with reducing the 75
time.
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Figure 4. Decay shifts for probing selective microstructure
sizes. MGSE sequences: (a) Hahn gradient modulation shape,
(b) periodic modulations as in CPMG or OGSE, and (c)
NOGSE. They start with an excitation 7/2-pulse followed by
modulated gradients and end with an MRI acquisition pro-
tocol. The NOGSE sequence concatenates the Hahn (a) and
CPMG (b) gradient modulations with a total of N refocusing
periods during ¢t = (N — 1)tc +tg. (d) Spin-echo magnetiza-
tion decay for the Hahn and CPMG modulations as a function
of the diffusion time ¢/7.. For refocusing periods tc > 7. and
tg > 7.N, the decay-rate is constant 7202 Dofrc2 (black solid
line). The shift from the free-evolution decay (dashed) in-
creases with N. The contrast AM between both sequences
is selectively probed by the NOGSE by changing the ratio
between tc and ty for a fixed ¢ (inset).

Notice that the results presented in this section, as-
sume that other experimental errors during the acquisi-
tion of the spin signal are lower than the quantum state
uncertainty. Further considerations similar to those eval-
uated for T5 relaxation limitations might need to be taken
into account as well. The optimization of control will,
therefore, depend on these additional sources of uncer-
tainty. Nevertheless, the precision bounds predicted here
are the ultimate ones that can be attained if the intro-
duced sensing protocol is performed. We find that this
bound can be improved, and recalculated, by modifying
the PGSE sequence using stimulated echoes [232], that
store the magnetization signal on the z-axis during the
delay A to avoid the T3 relaxation mechanisms, and ex-
tend the signal lifetime to T3 relaxation times. The con-
sidered precision bounds are dictated by the standard
quantum limit. Recently, it was introduced the use of
NOON state preparation in multi-spin molecules for a
more sensitive probe of molecular diffusion that improves
the considered precision bound [233].

C. Probing selective microstructure-sizes with
spin-echo decay-shifts

Typically the decay of the spin-echo magnetization as
a function of the diffusion time, is reduced by increasing
the gradient oscillation frequency of the refocusing peri-
ods of MGSE sequences (Fig. 4) [24, 66, 119, 218, 219].
However, within the restricted diffusion regime, when the



refocusing periods are longer than the correlation time 7,
the dephasing cannot be refocused as the spins have fully
explored the restricting compartment. The spin-echo de-
cays exponentially with the attenuation factor

J(t) =v*G?*DEr2 (t — (2N + 1)7.) (16)

for square gradient modulations [24, 66, 94]. The attenu-

ation factor thus has a constant rate %710 — 42G2 D272
that is independent of the number of refocusing periods
N (black solid line in Fig. 4d). As the transition from
the free-diffusion to the restricted regime depends on the
modulation periods, even at long times this information

remains in the spin-echo as a “decay-shift” (see Fig. 4b)

[ I ) ) ]
Y2G?*Dor3 (2N +1) o (5. (17)

Due to this shift, subtracting spin-echo signals derived
from MGSE sequences with different numbers of mod-
ulating periods still gives a non-null signal reflecting a
contrast directly proportional to the restriction length as
oc 73 = (8 [24, 66]. Thus this provides a selective probe
of microstructure restriction sizes that can be directly
reflected on the image contrast [94]. Moreover, the de-
cay shift has a parametric sensitivity to the restriction
length of a power of 6, compared to a power of 4 if the
restriction size is determined from the width of the dis-
placement power spectrum of Eq. (11), which can be
determined from the spin-echo decay-rate.

This decay-shift can be selectively probed by a Non-
uniform Oscillating Gradient Spin Echo (NOGSE) se-
quence (Fig. 4c) [24, 66], which is also advantageous to
avoid other relaxation mechanisms to keep the total diffu-
sion time constant as well as the number of sign switches
of the gradient that introduce imperfections. Internal
gradient effects can also be removed by suitable design-
ing NOGSE sequences with time modulation symmetries
that cancel out those effects [92]. The sequence was in-
spired by non-uniform spin-echo sequences introduced
within the quantum information processing community

, 46, |, and it is based on concatenating two gradi-
ent modulation sequences with different frequencies, one
with one refocusing period ¢z and the second with N —1
refocusing periods t¢ | |. Then, by changing the ra-
tio between their corresponding refocusing periods such
that the total diffusion time is ¢ = (N — 1)t¢ + tg, the
contrast between the extremes can be probed (Inset of
Fig. 4b).

In the regime of restricted diffusion, the NOGSE con-
trast AM reflects the difference between two MGSE se-
quences with different gradient frequency modulations

[24, 66, 94]
AM e ¢TGP (1PN D ) (18)
where we have subtracted the spin-echo signal between

the refocusing-period limits when ¢t = ty and when
tc — O, tg —t.
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If the restricted diffusion regime is reached with a re-
striction diffusion length small compared to the dephas-
ing and diffusion lengths, ¢, < l¢ < /{p, then, the
NOGSE contrast AM can be approximated by a Gaus-
sian function as a function of £, [94]

L (EN° 0. — 5\’
AM ~2(N —1)e3/? (%) exp {—12( i ) ,
(19)

where the maximum contrast is attained for a restriction
length ¢f ~ </§\/%.
NOGSE contrast acts as a microstructure-size “bandpass-
filter” [941]. The maximum of AM at the size £/ can be
tuned to highlight a given restriction length ¢, if the me-
dia contain compartment size distributions, by choosing
properly the sequence control parameters, i.e. the gradi-
ent strength G and the diffusion time t.

Figure 5 shows proof-of-principle MRI experiments
that were performed in the Corpus Callosum of an ex-
vivo mouse brain [94, 235]. Two images of the Corpus
Callosum, based on the contrast AM of a NOGSE se-
quence for two gradient strengths are shown. The sig-
nal originating from water diffusing in smaller restriction
lengths gives a stronger contrast signal for the larger gra-
dient, and the one originating in larger restriction lengths
is manifested on the image with a weaker gradient.

Two region-of-interest (ROI) are marked, and their av-
eraged signal is shown in Fig. 5b as a function of the
gradient strength. As the biological tissue microstruc-
ture is heterogeneous, to fit the experimental data we as-
sume an established log-normal distribution model P(£,)
for the compartment sizes. Then, the observed con-
trast is the contribution of signals originated from all the
compartments weighted by the log-normal distribution
AM = féc P(l.)AM(£.)dl.. From the fitting we extract
the size distributions shown in Fig. 5¢. The Figure also
shows the expected signal contrast AM as a function of
the restriction length for the two gradient strength used
in Fig. ba.

The colored contrast shown in Fig. 5a without as-
suming any distribution size model is consistent with the
size distributions determined in Fig. 5c, where the cor-
responding NOGSE filters that overlap on them, high-
light ROI 1 for the larger gradient as smaller sizes are
probed comparing with the ROI 2 size-distribution. In-
stead, ROI 2 is highlighted for the weaker gradient, as
it contains larger sizes than the ones in ROI 1. These
results are consistent with histological validations [220].
The NOGSE ability to generate contrasts based on selec-
tive signals originating from specific microstructure sizes
is thus demonstrated [94].

Thus this demonstrates how the

Summary: Towards non-invasive histology of tissue
microstructures

A great challenge faced by diffusion weighting imaging,
is how to extract detailed tissue microstructure features



(a) roi2 splenu™
; AT, T g
E - ana 3y -
e G=275mT/m
(b) (c)

B0 T " roio |08 ROI 1 z
s L rROZO S | AM ROI2 18
~ @ .\ FitedcuveROI1 a G=275mT/m o
@400 574 FitedeuveROI2Z—— 4 £ 0.4 G=800 mT/m qm
= Py = 8
5 T 12 1 12
3 T s
1200 1202 12
O o < g
o A8 r E
z > L ez

05~ 00 %

00 800 — %
Gradient G [mT/m] Restriction length £, [um]
Figure 5. NOGSE contrast images of selective microstruc-
ture sizes in an ex-vivo mouse brain. (a) Images of the Cor-
pus Callosum of an ex-vivo mouse brain were performed on a
Bruker Avance III HD 9.4T WB NMR spectrometer, based on
NOGSE contrast AM fixing G, N = 2 and ¢t = 21.5 ms [235].
(b) Average AM signal as a function of G for the two ROIs
marked in (a). Our theoretical model for a log-normal distri-
bution fit the experimental data with median 1.34 +0.04 and
2.22 £0.02 pm and geometric standard deviation 1.82 =+ 0.02
and 1.8240.02 pm for ROI 1 and ROI 2 respectively, consid-
ering Do = 0.7 yum?/ms. (c) The size-distribution P(£.) and
AM as a function of £, for the ROIs and G indicated in (a).

as a non-invasive “histology” mechanism. These micro-
scopic details are relevant for understanding pathology
mechanisms and developing treatments of cancer and
neurodegenerative diseases. Attaining this goal sets a
highly relevant challenge, where NMR and MRI quantum
technologies play an important role. Quantitative infor-
mation on tissue microstructure needs to be extracted
fast and reliably, as in-vivo imaging imposes hard con-
straints on image acquisition times.

Towards achieving those goals, this section thus shows
how quantum information metrics can help design-
ing suitable electromagnetic pulse sequences to extract
quantitative information of tissue microstructure sizes.
The extractable information is bounded by fundamen-
tal quantum physics limits that give a tool to asses when
quantitative information can be extracted reliably and in
practical times. While the methods consider estimating
compartment restriction sizes, they are general and can
be adapted to different settings and relevant parameters.
Achieving optimal strategies for extracting the relevant
information, depends on model knowledge that charac-
terizes the tissue microstructure. Towards developing
tools to extract information without this prior knowledge,
we demonstrate how suitable dynamical control can fil-
ter in the signal of selective compartment-sizes. This ap-
proach is independent of size distribution assumptions.
It thus sets a step towards designing methods to scan
size distribution, by tuning control parameters of MRI
sequences.
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IV. PROBING MANY-BODY QUANTUM
SYSTEMS OUT OF EQUILIBRIUM: TOOLS FOR
CHARACTERIZING THE DYNAMICS AND
SCRAMBLING OF QUANTUM INFORMATION

In this Section, we provide tools for evaluating the re-
liability of controlling the quantum dynamics of many-
body systems with time reversal echo sequences. As re-
alistic operations intrinsically contain imperfections, we
thus show how to quantify the fragility of a controlled
dynamics to perturbations by monitoring decoherence ef-
fects of suitable designed sequences. We first consider the
dynamics of quantum information on these large systems,
and show how it is connected to quantum information
scrambling, a kind of “quantum spin diffusion” process.
We show how this complex dynamics is determined by
Out-of-Time-Order Correlations (OTOCS) that can be
measured with multiple quantum coherences. We intro-
duce time reversal echo sequences that can determine the
fidelity of the control dynamics of quantum information,
and show how it is determined by the effective number of
active spins involved on the quantum evolution. Finally,
we show how the fragility of quantum dynamics intrin-
sically depends on the number of correlated active spins
that quantify a “quantum diffusion” coherent length.

A. Quantum spin diffusion and information
scrambling

Quantum control to generate generalized time reversal
echoes [127, 236, 237] similar to the spin-echo concept,
can also be used to probe the “quantum diffusion” pro-
cess on spin-coupled networks in solid state systems. In
this case, rather than probing the spins spatially moving,
their excitations exchange between different spin sites
quantum mechanically (Fig. 6) [238, 239]. The latter
was demonstrated as its quantum evolution is reversible
in time [127, 236, 237].

This spin dynamic leads to the build-up of many-body
quantum superpositions. Initially, they were measured
within NMR by observing multiple quantum coherences
(MQC) using spin counting techniques [240-246] MQCs
provide a hard lower bound on the number of correlated
spins, allowing us to predict the propagation of a local
excitation within a spin network [20, 25, 83-85, 136, 247—
250]. MQCs are a useful tool because they are relatively
easy to measure and characterize without requiring a full
quantum state tomography, which is impossible on prac-
tical times for large quantum systems.

MQC experiments, typically begin with an initial state
in which the spin states involve local information, be-
cause they are uncorrelated on the Boltzmann equilib-
rium. The quantum mechanical propagation of this lo-
cal information into many degrees of freedom describes
what we call a “quantum diffusion process” (Fig. 6),
also known as quantum information scrambling because
the complex correlations created on many-body states



prevents information from being extracted from local
measurements [136, —253]. Recently, it has been
demonstrated that scrambling dynamics can be char-
acterized by MQC [20, 25, 86, , , |, and ob-
serving these dynamics has become a significant area
of study [136, 253]. MQC have a well-established his-
tory in solid-state NMR systems, which typically op-
erate at high temperatures [20, 25, —-246].  How-
ever, advancements in cold-atom experiments now make
it possible to measure MQCs in nearly pure, zero-
temperature initial states [130, , ]. Undestand-
ing the scrambling dynamics is shedding light to out-
standing problems in various disparate physics fields from
quantum statistical mechanics to cosmology [136, ,
including quantum chaos [32, &6, , , |, irre-
versibility [20, 25, 85, 86, , , |, thermalization
[25, 59, 84, , | and entanglement [136, |

Here, we provide an overview of the connection be-
tween tools developed within solid-state NMR, tools to
quantify the information scrambling dynamics and how
it is reflected on the decoherence effects of time-reversal
echoes as discussed in Sec. II. We show the implementa-
tion of these tools with solid-state NMR quantum simu-
lations.

B. Dynamics (spreading) of quantum information

To set a paradigmatic experiment to spread the local
information into a many-body system, one can start from
the high-temperature thermal equilibrium state p(0) ~
(]I—i— %IZ) Jtr{I}, where I, = Y, I¢ [259]. As the
unity operator I does not contribute to an observable sig-
nal, the initial state can be considered as p(0) x I, that
commutes with the dipolar hamiltonian H 44 [259]. In this
equilibrium state, the spins are uncorrelated and thus
form an ensemble of local states, which can be thought
as the initial local information, similar to the initial posi-
tion of the spin bearing molecules in the previous section.
This state thus represents an ensemble of local pseudo-
pure states as described in Sec. II and similar to the ones
considered in Ref. [3].

To propagate this local information into the spin net-
work, the system is put out of equilibrium with an evo-
lution operator Uy(t) = e~**0, whose Hamiltonian does
not commute with the initial state [20, 25]. In spin count-
ing experiments the double-quantum Hamiltonian is typ-
ically used [240, 243]

Ho=— diy [ILT, - I,T]] . (20)

i<j

It is designed by quantum engineering techniques based
on dynamical control of the quantum system evolution
exploiting average Hamiltonian theory [148]. This Hamil-
tonian flips simultaneously two spins with the same ori-
entation and thus the z-component of the magnetization
m, changes by m = Am, = £2. The coherence order
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m = m; ; —m;,; classifies the coherences |m ;)(m. ;| of
the density matrix, where I, |m,;) = m,;|m,;). The
change of coherence order allows probing of the number
of correlated spins K as it changes by AK = +1 wit-
nessing the information spreading over the system from
the initial ensemble of localized states [2410, , 258].
This cluster size of correlated spins can be associate with
an effective volume o 3, with £ the effective “quantum
diffusion length” (Fig. 6) [25, 59].

Notice that this picture assumes the many-body sys-
tem as a closed quantum system, and its non-equilibrium
dynamics is determined only by the system Hamilto-
nian itself. Thus external relaxation mechanisms are ne-
glected, besides the ones effectively produced by the own
quantum mechanical evolution of the many-body system
driven by the considered Hamiltonians. In a solid-state
experiment, the relaxation mechanism that drive the sys-
tem to thermal equilibrium with the lattice have a char-
acteristic time 77, that is much longer than the time scale
accessible for monitoring the quantum mechanical evolu-
tion shown in this section.

The observable in the MQC experiments is the mag-
netization operator I, rather than I, as discussed in Sec.
11, thus M(t) = Tr[Lp(t)] oc Tr [I.I2(t)] gives the I.
evolution. The evolved state p(t) o< 19(t) = Uy (t) LU ()
thus contains the dynamics of the information spreading
into the spin network. The system state can be expanded
in coherence orders as

Ry=Y Y (@I ) @ =Y 10,0,
m  h(m,n)=m m
(17, 70) on

where the operator Ig,m = Zh(m,’ﬁ):nl Ig,mﬁ(t)|m><ﬁ|
contains all the elements of the density operator in-
volving coherences of order m, and h(m,7) = m is
the Hamming distance between the states |m) and |7)
[254, 258]. As only the elements with m = 0 are observ-
able by the magnetization operator I,, the magnetization
M(t) o< Tr [I2 4(t)] decays as a function of time manifest-

ing the information scrambling [59].

C. Time reversal echo as a fidelity of the dynamics
of quantum information

MQC are thus useful to probe the quantum infor-
mation dynamics based on the scrambling of informa-
tion. They can be used to quantify how sensitive is
a quantum evolution to perturbations as a function of
the information spreading length ¢ [20, 25, 86, |. To
assess the sensitivity to perturbations of a controlled
quantum dynamics in a many-body system, we can
quantify the deviation between the actual driven state
L (t) = Up(t)I.U}(t) and the ideally driven state I?(t) =
Uo(t)IZUJ(t), where U, (t) = e~ ") and Uy (t) = e~ "o
are the perturbed and ideal control operation, respec-
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Figure 6. Schematic representation of “quantum spin diffu-
sion” driven quantum mechanical by the many-body system
Hamiltonian, without considering external relaxation mecha-
nisms. A spin-coupled network is represented at time ¢t = 0
with a local spin excited (red arrow). The spin positions are
assumed static. Due to spin-spin coupling interactions, the
initial local excitation propagates to the neighbor spins build-
ing up highly complex, many-body quantum superpositions.
The correlations between the spins due to the quantum su-
perposition are represented by random trajectories connect-
ing the red arrowed spins, defining a cluster size of correlated
spins K. The effective “quantum diffusion length” ¢ is associ-
ated to an effective volume o 3 that occupies the cluster size
K.

tively. The perturbed Hamiltonian is
H(p) = Ho +pX, (22)

with p the strength of the perturbation Hamiltonian 3.
The instantaneous state fidelity is defined by the inner-
product between I (t) and I2(¢),

F(t)=Tr [L)I2)] /Tx (1), (23)

where the factor Tr(I?)~! ensures that .#(0) = 1. This
fidelity is measured by choosing the observable magneti-
zation I, equal to the initial condition, then evolving the
system with the perturbed evolution operator U,(t), and
then by the inverted Hamiltonian with the unperturbed
evolution operator Ug (t) |20, 86, 258]. The observable
NMR signal after the time reversal echo with a proper
normalization is

F(t) = M(t)/M(0)
=Tr (Iz UL (6)U, () LU (t)Uo(t)) [T (12), (24)

that is equal to the fidelity after considering cyclic permu-
tations. Figure 7a shows two typical NMR signal decays
from solid-state NMR quantum simulations, representing
the fidelity for two perturbation strengths.

This fidelity can be written as

F(t)=M(t)/M(0) = =7, (25)

where the attenuation factor can be described using a
perturbative expansion for the echo evolution operator
UlU, [260]. We obtain up to second order on the pertur-
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bation strength

o [Tr (I25%(t)) — Tr (I.S(t) 1.5(t)))

J@t)=p T ()
LT (15, =@)P)
=pP— 4
Tr (12)
t t
=p? / dt” / dt' Kx(t',t") + ... (26)
0 0
where X(t) = fotdt’Ug(t’)EUo(t’) becomes a time

dependent perturbation, with the correlation func-
tion Kx(t',t") = TY([IZ’UJ(t/)EUO(;Zi](EI;)YUJ(t”)EUO(t“)]*).
This attenuation factor increases with the perturbation
strength p as shown in Fig. 7a,b.

The argument of the double integral is an Out-of-Time-
Order Correlation (OTOC) as the operators are not or-
dered in time [136, 251-253, 261]. If the perturbation
Hamiltonian is a dephasing term like ¥ = I, [86], we find
that the attenuation factor of the fidelity grows as

t t T ! m1t
J(t)=p2/0 dt”/0 dt’T ([IZ’IB(t LR ) ¥

Tr (12)
(27)
with a perturbation correlation function
Tr ([IZ,IS(t’)] [IZ,IB(t”)]T)
Ko(t't") = (28)

Tr(12)

defined by the inner product of the scrambling commu-
tators [I.,12(t')] [Iz,Ig(t”)]T. For ¢ = t”, the OTOC
Ky(t) = Ko(t,t) gives the scrambling of information into
the system, and thus we expect the fidelity to decay de-
pending on this information scrambling [36, 254].

D. Spin counting by time reversal echo:
Out-of-time-order correlations as a measure of
information scrambling

As the MQC coherence orders are not observable di-
rectly by the spin magnetization, one can recover this
spread information and make them again observable, by
reversing in time the dynamics driven by the double-
quantum Hamiltonian Ho by changing the sign of H,
[240]. This leads to a time-reversal echo of the initial
magnetization I, as in Eq. (24) without a perturbation,
and the full initial local condition is recovered reflecting
the reversible nature of the quantum dynamics [2306, 237].

To measure the degree of spreading of the local infor-
mation into the system, the MQC are encoded by apply-
ing a rotation along the z-direction ¢, = e~**!=. The ro-
tation ¢, plays the role of the perturbation to the evolved
state I0(t), where the information was encoded. As in
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Figure 7. Probing the dynamics of quantum information in
many-spin systems with solid-state NMR quantum simula-
tions [80]. (a) Fidelity decay .7 (t) = M (t)/M(0) as a function
of time for two perturbation strengths. (b) The fidelity decay
rate J'(t) = %7 (t) as a function of time t. (c) Cluster-size of
correlated spins and OTOC, K (t) as a function of time, deter-
mined from the second moment of the MQC spectrum (inset).
The number of correlated spins K (t) defines the “coherence
length” on which the dynamics of quantum information are
comparable between the ideal and perturbed evolution. (d)
The fidelity decay rate J'(t) as a function of the cluster-size
K (t). Notice that the saturation of J'(¢) in panel (b) appears
when the cluster size K (t) localizes in (c), which is also evi-
denced by the accumulation of points in (d). This localized
regime occurs when the fidelity decays with an exponential
law at times > 0.3ms in (a). The experimental data of the
shown quantum simulations were extracted from the spin sig-
nals of the hydrogen nuclei of polycrystalline Adamantane on
a Bruker Avance III HD 9.4T WB NMR spectrometer with a
1H resonance frequency of w. = 400.15 MHz.

Eq. (24), the observable magnetization at the end of the
evolution is

Fold,t) = ﬁﬁ (1. U3 (10-Us (LT3 ()60 1)
__ 1 0 of
where Uy(t) = ¢.Up(t). Each coherence term

|m..i)(m. ;| of the evolved state I? (t), acquires a phase
m¢ due to the rotation perturbation ¢, giving

Fo(9, 1)

MO (10 (DI (1)) nrar,

(30)

MZVI’

where the time reversal fails according to the strength
of the perturbation ¢. The coherence orders F3, =
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Tr (12) Ty [IgwM(t)IS:FM(t)} are obtained by performing
a Fourier transform on ¢ [240].
The fidelity of Eq. (29) can be rewritten as

ﬁﬁ [10() 612 (t) 6]
1

—1_ 0 2
=1 o™ B0} @)
defining an OTOC function [85, 86, 249, 254, 257]. From

a Taylor expansion as a function of ¢ in Eq (31), w
obtain for the attenuation factor

¢2 0 2
ot 6) = g oy {20, L) 62)
¢2 .
S )
M
which connects the second moment of the MQC spectrum

Sou M2Z3,(t) (Fig. 7c) with the OTOC function Ko(t).
Therefore, this second moment

D MPFR () = Ko(t) (33)
M

ﬂo(tv d)) =

quantifies the information scrambled into the system by
the double-quantum Hamiltonian Ho [84, 86, 249, 254,
262]. Notice that the attenuation factor of Eq. (32) is
equal to the one obtained in Eq. (27), considering that
¢ = pt and that the Taylor approximation at short time
evolutions gives Ko(t',t") ~ Ky(t).

This second moment Ky is typically used in NMR to
determine the number of spins where the initial exci-
tation was propagated, generating quantum correlations
manifested on the coherence orders |20, 25, 245, 263] —a
method called spin counting [240, 244, 246]. To provide a
direct connection between the number of correlated spins
and the second moment of the MQC spectrum, the prop-
agation model of excitations within the system has to be
known. This connection was originally derived by Baum
et. al. for Gaussian MQC distributions based on a semi-
classical picture, where the excitation of the coherence
orders evolves as a diffusion processes on the Liouville
space [240, 243]. This simple assumption works reason-
ably well in several solid-state systems [241, 244, 264],
but the MQC distribution is not always Gaussian as was
observed in several systems [20, 258, 265, 266]. There
is no general method to determme the number of cor-
related spins independently of the system dynamics. A
quantitative number of correlated spins is thus typically
determined based on dynamics or system-model assump-
tions [83, 254, 262, 265].

The connectlon derived in Eq. (33) between the second
moment of the MQC spectrum and the OTOC function,
allows to derive a more formal definition for the cluster
size of correlated spins [36, 254]. The second moment K
quantifies the degree of non commutation of the evolved
state I19(¢) and its initial state I, with the norm of the
commutator |[I2(t), I.]| [56, 218, 219, 262].



The cluster size of correlated spins can be computed by
counting the number of active spins during the quantum
dynamics, by decomposing the evolved state in Eq. (21)
as I2(t) = Y., c%(t)Pgz. Here %(t) are time-dependent

complex coefficients and {Pﬁ = (ﬂ)N ®fV=1 L(ﬁ)} is a
basis of the composite Hilbert space for N spins 1/2,
with the index i labeling the spins, u; € {0,z,y,2} and
{Ifj)} is the set of single spin operators including the
identity operator Iél) = [. The second moment is thus

1251
Kolt) ~ 310" L(@), (34)

where the magnitude L(@) quantifies the number of ac-
tive spins associated with the coherence transfer process
(7| Pg|m) [267, | based on quantifying the number of
non-identity operators and non-I, operators in Pj.

The second moment Ky of the MQC spectrum is thus
the average number of active spins in the state I0(t),

weighted by the dynamical coefficients ‘cg(t)‘2 deter-
mined by the spreading of quantum information through
the quantum evolution. This thus provides an interpre-
tation for the information scrambling in spin systems
based on a “diffusion coherent length” associated with
the number of active spins. As L(@) defines a Hamming
distance, Eq. (34) provides a way of quantifying a corre-
lation length as an average Hamming distance that de-
termines the quantum information spreading quantified
by the OTOC function of Eq. (33) [254].

E. Fidelity of the spatial spreading of quantum
information based on a generalized MQC spectrum
and OTOC

To assess the sensitivity to perturbations of the scram-
bling dynamics of information, similarly to the encoding
of conventional MQC in Sec. IV D, we apply the rota-
tion operation ¢, = €'’ between the perturbed (for-
ward) evolution Uy(t) and ideal (backward) evolution

Ug(t) (used in Sec. IV C) [20, . The fidelities of
Eqgs. (24) and (29) now becomes

Zo(t) = Tr (U} (06U, () LUS (06 Uo(®) - I.) /T (1)

= Tr [L()¢LI2(t)¢.] /Tr (I2)

= 2" T () Tr (I2) (35)
where the last row of the equation defines a generalized
MQC spectrum. It is defined by the partial fidelities of

different coherence orders m, determined by the MQC
inner-products [20, 25, 80]

This generalized MQC spectrum quantifies the deviation
of the density operator elements of the perturbed evolu-
tion for a given m. It is equal to the conventional MQC
spectrum if the perturbation strength p = 0.

The fidelity #4(t) is now related with a more general
OTOC that quantifies the deviation of the information
dynamics induced by the perturbed Hamiltonian H(p)
with respect to the one that is driven by the ideal Hamil-
tonian Ho [36, 254]

Tr [12 (1) .11 (¢) 1]
Tr (12)

Fy(t) =

h ([62 121, (1))
oTr [19(1)11(1)]

T ROL)]
T |\

(37)

Here the term ﬁTr [I2(t)I1(t)] is the overall fi-
delity of Eq. (23), and the term in the paren-

thesis contains a more general OTO commutator
Tr (1'22)71 Tr ([(bz,lg(t)] (@, Iz(t)]T) than the one found
in Eq. (31).

This OTOC quantifies the deviation of the perturbed
evolution by the overlap of the commutators [(ﬁz,lg(t)]
and [¢, I, (t)] via the inner-product [36, 254]. Again after
a Taylor expansion as a function of ¢, we obtain that
the attenuation factor has a term given by the second
moment of the generalized MQC spectrum %, (t)

E 2 Fn(t) _ Tr (L), L), L])

K(t) = S Fm(t) Tr [I,.?(t)ll (t)}

(38)
This second moment of the generalized MQC spec-
trum thus provides an OTOC, that gives the degree of
non-commutation shared by the evolved states I°(t) and
I.(t) with respect to I, based on the inner-product be-
tween the commutators [I,(t), I,] and [I2(¢), 1] [86, 254].
Figure 7c shows the growth of this second moment as
a function of time for two perturbation strengths from
solid-state NMR, quantum simulations.
Determining the active spins during the dynamics as
in Eq. (34), we obtain that the second moment is [254]

S L O (L@, (39)

K(t) ~ S0

u

where now ¢%(t) are time-dependent, complex coefficients
of the perturbed quantum evolution. This expression
now gives the average number of active spins that are
shared by the ideal and perturbed quantum information
dynamics. This result demonstrates that the OTOC of
Eq. (38) is an average Hamming distance based on the
active spins, weighted by the product between the ideal
and perturbed evolution coefficients ¢2(¢)ck” (t).

The key implication of this result is that the second
moment of the generalized MQC spectrum, related with
the generalized OTOC of Eq. (38), defines a “coherent
diffusion length” of the scrambling dynamics of informa-
tion between the ideal and perturbed evolution. Based on
the MQC fidelity %,,(t), it quantifies the scrambling of



information by the spin-spin interactions of Hg that sur-
vived the perturbation effects, and thus it shrinks with
increasing the perturbation p (Fig. 7c) [20, 25, 86]. Al-
ternatively, the second moment K (t) thus quantifies how
comparable are the perturbed and unperturbed quan-
tum information dynamics as a function of the multi-
ple quantum coherence order m. Notice that the non-
equilibrium many-body dynamics observed with these
techniques thus reflect the coherent dynamics generated
by the engineered Hamiltonians. This is quantified by
the signal that survives the decoherence effect induced
by other degrees of freedom that were not considered in
the described Hamiltonians [25].

F. Fidelity of quantum information dynamics as a
function of the coherent diffusion length

Based on a second-order approximation analysis in Sec.
IV C, we found that the fidelity between the ideal and
perturbed dynamics decays with an attenuation factor
that depends on the OTOC function Ky(t',t"). This
OTOC is defined by the inner product of the scrambling
commutators [I,12(t)] [Iz,lg(t”)]f. For t' = t", the
OTOC gives the second moment of the MQC spectrum
Ky(t) that provides the average number of active spins
in the dynamics.

In analogy with the molecular diffusion problem of Sec.
ITI, where the fluctuations of the environment are de-
scribed by a classical diffusion process, here the decoher-
ence decay of the time reversal echoes depends on the
quantum scrambling dynamics of the initial information
stored on I,. The average number of active spins K(t)
plays the role of the root mean squared displacement in
the molecular diffusion (Ar(¢)Ar(t)). The OTOC func-
tion Ko(t',t") in the attenuation factor of Eq. (27), thus
plays the role of the displacement correlation function
(Ar(t")Art")).

The experimental results so far have demonstrated
that the fidelity of the quantum information dynamics
decays with a power law J'(t) < (K(t))® as a function
of the second moment of the generalized MQC spectrum
(Fig. 7d) [86, |. The exponent « depends on the per-
turbation strength. Although a non-perturbative anal-
ysis needs to be performed to contrast with a theoret-
ical prediction, this demonstrates that the fragility of
the quantum evolution depends on the “coherent diffu-
sion length” determined by the average number of active
spins K (t), which quantifies the scrambling of the quan-
tum information.

Notice that for large perturbations, the effective num-
ber of active spin where the information propagated re-
liably —quantified by the generalized OTOC K (t)- lo-
calizes, while for low perturbations it propagates indefi-
nitely on the observed time scales (Fig. 7) [20, 25, 80].
This shows that perturbations larger than a given thresh-
old set a bound to the coherent length where informa-
tion can be propagated reliably. The decoherence scal-
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ing law is linear with K(t), i.e. J'(t) o< K(t), when
the localization behavior is observed (Fig. 7d). A lin-
ear dependence for this decay rate is predicted from
the second-order approximation of Eq. (27). Assuming
that at this perturbation regime, the correlation func-
tion decays fast with a characteristic time 7., we find
that J(t) ~ p? [, dt” [1 dt'Ko(t',t") ~ p>r. [ dt' Ko(t)
and thus the decoherence rate is J'(t) o< Ko(t).

Summary: Tools for assessing the reliability of
controlling the dynamics of quantum information

The tools introduced in this section, provide a paradig-
matic strategy to characterize the dynamics of quantum
information, based on the spreading of a local state into a
many-body system. The introduction of controlled per-
turbations plays the role of control imperfections, thus
setting an approach to studying the robustness of con-
trol operations during the propagation of quantum in-
formation. We show tools combining NMR techniques
and quantum information metrics that quantify the sen-
sitivity to perturbations of the information propagation
dynamics. Remarkably, they characterize the control op-
eration’s sensitivity based on a spatial assessment of how
reliably the information was propagated. The general-
ized fidelity of the control operation is based on the co-
herent length of the controlled information, rather than
only providing a global fidelity. All these combinations
of tools provide a framework for benchmarking quantum
hardware and control technologies to achieve robust and
reliable control strategies for developing quantum tech-
nologies.

V. SELECTIVE PROBING OF COUPLING
STRENGTHS: MOLECULAR AND SPIN
NETWORK CHARACTERIZATION

In this Section, we present a control strategy to probe
the sensor-environment coupling g, when the full spectral
density S(w) is unknown or too complex to be fully esti-
mated. We here show that the best precision estimation
can still be achieved with a rough knowledge of the overall
width of the environment spectral density (=~ 7.!). To
achieve this precision bound, we apply stroboscopic QND
measurements conforming to a QZE regime to filter out
the unknown details of the environment. We exemplify
the usefulness of this, with two experimental setups.

A. Quantum Zeno estimation for selective sensing

The ultimate error bound in the estimation of g is at-
tained in the regime where J o g2 (% = g* being o = 2,
in Eq. (10) of Sec. IID). Since the coupling strength is
g*> = [dwS(w), this regime is achieved when the filter
function F;(w) = F} is flat in the main domain of S(w)



(see Eq. (6), and violet filter in Fig. 1c) [137]. Then, the
attenuation factor J = Fy¢? need also to fulfill the con-
dition J = Jy. A freely evolving qubit-sensor produces
a flat filter F; o ¢ in the main domain of S(w) only if
t € 1., leading to J o< t2¢g%. But in general, this short
time is not enough to attain [Jp, and dynamical control
is needed.
A flat filter at times longer than the environment correla-
tion time 7. is obtained via stroboscopic QND measure-
ments on the qubit-probe in the basis of |£). Performing
repeated cycles of free evolution interlaced with QND
measurements at a rate larger than 7!, conform the
quantum Zeno regime (see Fig. 1) [137, 151]. The filter
function then describes a spectral broadening far beyond
the width of S(w) (Fig. 1c). As the free evolution is thus
interlaced by these stroboscopic projections that resets
the initial state of the qubit-probe, its attenuation factor
is given by a free evolution one during the stroboscopic
time ¢/N, multiplied by the number of projections N, i.e.
[ ’ ’ ? ]
g2t2
T(9:t) = S5
where the time interval between the QND measurements
ﬁ < 7, for a total control time ¢. Thus, the ultimate
error bound of Eq. (10) is attained, by adjusting the total
control time to t = v/2NJy/g provided that N > ;2{%

(40)

The advantage of attaining this Zeno regime is that
it requires only to satisfy the condition % < 7. for the
time interval between measurements, rather than the to-
tal evolution time ¢. This quantum control tool allows
extending the probing time to the optimal estimation
time for attaining the ultimate precision limit [137]. The
outcomes of the QND measurements do not need to be
read out, as the measurements are only used to steer the
qubit-probe evolution. Thus QND measurements can be
emulated by dephasing induced by noise on the qubit
probe thus effectively projecting its quantum state to the
suitable basis [50, 53, |. This is typically done by in-
duced dephasing produced by magnetic field gradients
[50, 53, 152], T5 relaxation [78] or stochastic interactions
[163, , .
We now show two examples where QND measurements
in the QZE regime are used to determine the coupling
strengths of complex spin-networks [53]: An illustration
of the method from experimental implementations in lig-
uid state NMR, and an experimental proposal with NVc
in diamond as a qubit-probe, to attain the precision esti-
mation bound of coupling strengths with the environment
by implementing an online-learning protocol.

B. Molecular coupling inference from spin-coupling
network topologies

In chemistry and in quantum technologies, one is inter-
ested to characterize the entire coupling network topol-
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ogy of the spins/qubits [53, 75, , —273]. However,
spin-coupling network topologies in many-body system
are in general very complex, and the inference from their
coherent evolution is thus also very complex. This com-
plexity for determining the entire coupling-network struc-
ture makes the multi-parameter estimation very difficult
and unpractical in several situations [53, 163]. The QZE
control strategy introduced here thus was implemented
to simplify these complex many-spin dynamics that de-
pend on several parameters, by implementing projected
evolutions [50, 53]. The QND measurements were ex-
perimentally implemented by applying repetitive random
magnetic field gradients [50, 53] or stochastic processes
[ , | to the qubit-probe. We here thus
show thls facilitation for the estimation of the couplings
strengths by the implementation of the QZE estimation
protocol.

We consider a Hamiltonian with an isotropic (Heisen-
berg) interaction between the spins as it is typically found
in liquid state NMR [53, 75, —273]. The Hamiltonian
is

H= quz +> giuLi- L, (41)

i<j

where 7 indexes the different spins, w? are the chemical
shifts, and g;; are the coupling strengths between spins
1 and j. We need to attain the QZE regime, where the
evolution time is shorter that the correlation time of the
environment of a given spin of the molecule, i.e. a time
t < gigl, (wf — wj-)_l. Within this regime, we can thus
approximate the evolution operator by using the first or-
der Trotter-Suzuki expansion that leads to

—iHt/h ~ H —itwi I} H —itg“Il-Ij. (42)

i<j

Ut) =e

We consider an initial condition where a given spin is
excite/polarized and the remaining spins unpolarized
p(0) = 1 + 0pI?, in a kind of pseudo-pure state [3].
Thus, the quantum evolution of its magnetization is de-
termined by the evolution of the operator I7. At short

times t < g{jl, (wf — wj-)il, its evolution is given by

t? t?
-y [IZ ( % ) + 2

J#i
where the term O includes the higher Trotter-Suzuki ex-
pansion orders in time, and non-observable terms when
monitoring the evolution of the I7 operator steered by
the non-demolition measurements [53]. At this short time
scale, the dynamics when observed from the initially ex-
cited spin gives the magnetization M (t) = Tr [p(¢t)I7]. Its
evolution can be mapped to the one obtained for a cen-
tral spin ¢ that is homogeneously coupled to the remain-

ing spins j, with an effective interaction g = 4/ % Zj 91'2]'

with N the number of neighbor spins [274]. The spins j
are thus considered as the environment here, and at this

+ O, (43)




QZE regime the details of the interactions between them
are invisible, thus allowing to estimate the effective inter-
action strength g of the spin-probe spins with the envi-
ronmental spins j. This simplifies significantly the com-
plex dynamics of a large molecule as was demonstrated
in Ref. [53]. Then by optimizing the total evolution time
tot = /2N Jy/g along this projected evolution, this cou-
pling strength can be efficiently estimated by attaining
its ultimate precision bound based on Eq. (9).

C. Real-time adaptive learning of coupling
interactions with a NV center quantum probe

Attaining the ultimate precision limit requires a previ-
ous knowledge of the parameters to be estimated, as the
optimization protocol depends explicitly on the unknown
parameter xg [137]. Thus, for example, the predicted op-
timal time ¢t = /2N Jy/g for this QZE estimation proto-
col to estimate the coupling depends on g. To circumvent
this optimization procedure one can monitor and control
the probe using an efficient real-time adaptive estima-
tion protocol [137, 275-277]. Figure 8 illustrates such a
protocol and shows how it can attain the predicted ulti-
mate precision bound, Eq. (10), when the qubit-probe is
optimally controlled.

The protocol is general to estimate any parameter, and it
is based on an online experimental learning design based
on Bayesian statistics to maximize an information gain
The real-time adaptive protocol consists of () first as-
sume a probability distribution p(zg) for the unknown
parameter zp based on some prior knowledge. (i) Then
determine the optimal control of the qubit-probe based
on maximizing the information gain about the parameter
2 g, which depends on probability distribution p(zg) and
a likelihood function p(d|zg,t) of obtaining the possible
outcome data of the qubit measurement d = {4, —} in
the basis |£). In our QZE protocol, the optimal control is
based on finding the best time ¢,, to perform a measure-
ment. (77) We then perform the qubit-probe measure-
ments of its state, at the predicted optimal control time
tm. According to the outcome data d from the measure-
ments, we update the knowledge of xp using the Bayes
Rule

p(d|$1_:;, tm)P(TE)
p(dtn)

where p(d|t) is a normalization factor for integration over
zp. The estimation of the unknown parameter xg is
an iterative process that repeats these three-stages N,
times, where N, stands for the number of measurements.
The knowledge of x g thus improves iteratively when opti-
mal control is used, and its probability distribution p(zg)
converges to a narrow peak around its true value zf"¢
(Fig. 8b).

Figure 8 shows numerical simulations based on experi-
mental data of the intrinsic environmental characteris-
tics of a NVc spin-probe [278]. The coupling strength g

P (ze) = p(rpld,tm) = (44)
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Figure 8. Real-time adaptive estimation protocol. (a) Scheme
of the estimation protocol of the parameter zg, based on a
Bayesian estimator and an online experimental learning de-
sign that maximizes the information gain, so as to find the
best measurement time. (b) Convergence of the probability
distribution p(zg) under optimal control of the spin-probe.
Starting from an initial prior distribution, the protocol con-
verges to a narrow one with a peak centered at x4 "¢, after N,
measurements (one per loop in this algorithm). (c¢) Nitrogen
Vacancy Center (NVc) as spin-sensor of a *>C diamond sam-
ple [278]. The environmental spectral density is a Lorentzian
function with 7¢ = 10pum and a coupling g = 0.03MHz. In
this setup, projective measurements result from applying MW
/2 pulses on the 0 +» —1 transition and a laser-induced relax-
ation (green arrows) between the ground and exited electronic
states that preserve the spin (solid curly arrows). At the end
of the sequence, the readout is completed by measuring the
laser-induced fluorescence intensity (d) Convergence to the
optimal time ¢ for estimating xg = g as a function of AV,,; and
(e) the corresponding minimal relative error in the estimation
of g, measuring at the estimated time t,, at each step N,.
Here, free evolution and Zeno control with N = 100,500 are
averaged over 600 realizations. The ultimate bound (Jéﬁ

dashed line, @ = 2) is only attained by Zeno control when
tm ~ V2N Jo/g consistently with our theoretical predictions.

is here related the coupling interaction with the NVc en-
vironment. We simulate the implementation of the QZE
protocol compared with free evolution (further details
can be found in Ref. [137]). Projective measurements
may be emulated by a brief (stroboscopic) induced de-
phasing [50, 53] of the NVc coherence based on radiative
decay to the electronic ground state, which is longitudi-
nally spin-conserving [279] and effectively collapses the
wave function. For the simulations, we assume the pro-
jective measurements are perfect and instantaneous.

Figures 8d,e compare the predicted optimal time by the



real-time learning estimation protocol and the attained
minimum relative error as a function of the iteration step
Npn. The results are shown for the qubit-probe mea-
surements after free evolution and with N = 100 and
N = 500 stroboscopic measurements during the pre-
dicted optimal time ¢,,. Clearly, the free evolution es-
timation protocol does not converge to the ultimate pre-
cision bound due to the lack of knowledge of the full
spectral density of the environment. However, the QZE
protocol reduces the minimum relative error of the es-
timation without assuming knowledge of the full spec-
tral density, and with 500 projective measurements, it
converges to the ultimate precision bound. The optimal
stroboscopic times between the projective measurements
are found to be in this case ﬁ ~ 1.9us, which is con-
sistent with the predicted optimal time by the ultimate
precision bound of Eq. (10).

Thus these results demonstrate that the ultimate preci-
sion bound for the coupling strength with the environ-
ment can be attained without prior knowledge of the full
spectral density. Moreover, they also show that real-time
adaptive learning protocols can be implemented to cir-
cumvent the requirement of prior knowledge of the value
of the parameter to be estimated.

Summary: Selective and iterative online learning
inferences

In this Section, we show how implementing incoher-
ent control to attain the QZE regime, allows the selec-
tive inference of parameters. This strategy simplifies
the qubit-probe dynamics and the inference procedure
by filtering out the complexity of the full environment.
More importantly, it also attains the ultimate estimation
precision bounds in the standard quantum limit. With
this paradigmatic example, we highlighted the loophole
of efficient parameter estimation by dynamical control:
it requires prior knowledge of the parameter value. In
cases where no prior knowledge exists, real-time adap-
tive learning can be implemented to the inference proto-
col, that iteratively converge to the optimal control and
estimation precision bounds. Although these inference
protocols are exemplified estimating coupling strengths,
the approach is general and adaptable to infer other pa-
rameters. The selective inference strategy of a relevant
parameter may also be a paradigmatic approach for find-
ing the fastest possible way of attaining information, as
it only focuses on the relevant one.

VI. CONCLUSIONS AND PERSPECTIVES

We provide a brief overview of some tools that we are
contributing to develop from Latin America and posi-
tioning them in the context of synergistically merging
the fields of nuclear magnetic resonance and quantum in-
formation sciences and technologies. We introduce these
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tools in the context of the state-of-the-art in developing
methods for quantum sensing of physical, chemical, and
biological processes. The main concepts for decoherence
and relaxation control based on sequences of electromag-
netic field pulses are described. In terms of decoupling
techniques in magnetic resonance, these strategies are
typically used to extend the lifetime of quantum states
or dynamics. Rather than extending their characteris-
tic times, we focus on designing decoupling sequences to
exploit decoherence and relaxation mechanisms as key
information resources.

We introduce the main concepts for designing quan-
tum control to extract efficiently and/or selectively the
relevant information from the decay time of spin sig-
nals. Quantum control thus rather than reducing de-
coherence, steers it to infer spectral and time correlation
properties on the environment of the quantum sensors
—the spins-1/2. We show how key concepts that merge
quantum dynamical control and information estimation
tools with magnetic resonance fields, can be applied to
specific goals such as characterizing biological tissue mi-
crostructure with diffusion weighting imaging, monitor-
ing the dynamics of quantum information and its con-
nections with out-of-equilibrium many-body physics, and
molecular characterization through selective estimations
of spin-spin couplings.

Although the methods and strategies are illustrated
with these specific examples spanning a variety of fields,
the concepts for designing suitable control to infer the in-
formation are general. Implementations of the presented
approaches can thus be adapted to different experimental
setups and/or applications.

The importance of extracting information in the fastest
time possible is evidenced by the need for deep biological
tissue imaging at the microscopic and nanoscale. Inva-
sive or surface imaging technologies might attain these
scales, however the strength of NMR is that potentially
can achieve those scales in deep tissue, non-invasively.
Highly relevant information on biological functions and
pathologies within a pixel of an MRI image is typically
very large and complex, as the typical spatial scale of the
MRI resolution and the biologically relevant scales differ
by orders of magnitude. We show how suitable quantum
control of the information stored on nuclear spins, that
self-diffuse within the tissue microstructure, can extract
microscopic features from the restriction boundaries that
the molecules feel. Quantum estimation tools provide the
ultimate precision limits for estimating tissue microstruc-
ture parameters, as well as metrics for determining the
best control sequence design to achieve them. These find-
ings also allow for the assessment of the feasibility of ob-
serving microstructure features quantitatively.

As a step towards extracting information indepen-
dently of model assumptions that represent the quantum-
probe environment, we show how selectively observe spe-
cific microstructure sizes. We introduce examples on how
suitably designed pulse sequences may help develop tools
for scanning microstructure size distributions without as-



suming a model a priori. The combination of selective
and efficient extraction of information from tissue mi-
crostructure may help pave the way to find quantitative
diagnostic tools, that can be implemented in practical
acquisition times compatible with in-vivo imaging, where
the relevant information needs to be extracted fast.

Through experimental observation and exploration,
methods currently used for extracting tissue microstruc-
ture features might probably be implemented in optimal
ways that are consistent with the prediction derived from
the presented quantum estimation tools. As biological
systems are very complex, still it is very important to
complement those findings and explorations with funda-
mental concepts and derivations that provide the esti-
mation limits. This combination of approaches can help
evaluate the self-consistency of model assumptions, quan-
titative estimations, and mathematical representations,
as validating tissue microstructure features is extremely
difficult in non-invasive ways. Even with the implemen-
tation of invasive observations, there are no clear mecha-
nisms to validate quantitative methods without distort-
ing the natural tissue. We thus find that self-consistent
estimation protocols based on non-invasive observation
contrasted with fundamental predictions and evaluations
might help to reconstruct tissue microstructure informa-
tion without prior knowledge.

Another important application related to extracting
information from complex systems with a large number
of degrees of freedom is the monitoring of the dynam-
ics of quantum information. We show how starting from
localized states, its propagation can be probed from de-
coherence manifested on time reversal echoes. Here a
“quantum diffusion mechanism” driven by quantum me-
chanical evolutions induces fluctuation in the spins states
inducing decoherence when a perturbation is introduced
to the control Hamiltonians. Several NMR studies start-
ing in the '80s explored the complex spin dynamics of
many-body systems. Probably due to the challenging na-
ture of understanding these many-body systems, in par-
ticular when they are out-of-equilibrium, a gap of years
exists without active research on the topic, until quantum
information processing trigger again the interest.

It is still not fully understood how a local excitation
“diffuses” quantum mechanically in a complex spin net-
work and might eventually thermalize without an exter-
nal reservoir. The developments and new motivations
within quantum information processing and simulations
fields have thus attracted new attention to these out-
standing problems. New techniques and approaches were
introduced that can now be applied to study these com-
plex dynamics. Considering quantum systems as quan-
tum simulators have changed significantly the strategies
to push forward the frontiers of our knowledge of many-
body systems out of equilibrium. This approach al-
lows adapting a set of established, but more importantly,
robust tools developed in NMR and condensed matter
physics, as building blocks to generate new types of engi-
neering to monitor the non-equilibrium dynamics. This
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combination of approaches is now being exploited to un-
derstand the interplay of different types of interactions
and the dynamical behavior of spin systems.

Out-of-Time-Order Correlations (OTOCs) triggered a
broad interest in diverse fields of physics. They intro-
duced new mechanisms and interpretations for under-
standing the dynamics of quantum information in large
and complex quantum systems. OTOCs are a quantita-
tive tool to measure the scrambling of quantum informa-
tion starting from a local excitation into the system’s de-
grees of freedom. We show how multiple quantum coher-
ences developed within NMR are an important proxy to
measure the OTOCs, and how they are both connected to
monitor the evolution of the number of active spins that
are correlated by the quantum information distributed
over the spin network. We illustrate how a suitable de-
sign of time reversal echo sequences can provide tools
for characterizing via decoherence effects the control of
many-body systems out-of-equilibrium with realistic op-
erations that intrinsically contain imperfections. These
tools can quantify how fragile and sensitive is a controlled
dynamics to the control imperfections. These tools thus
provide protocols for achieving robust quantum systems
and control strategies for designing and deploying quan-
tum technologies.

Last but not least, we show an application of merging
quantum control and information tools for the selective
inference of parameters, that might also be a key to devel-
oping novel technologies for extracting information in the
fastest time possible. As full knowledge of a system will
probably remain impossible for several practical applica-
tions, filtering relevant information is a key paradigm for
diagnosing systems and processes. We thus show particu-
lar examples of how suitable quantum control, filters out
a large set of degrees of freedom, to only be sensitive to
specific parameters. We exemplify this concept with the
specific example of inferring spin-spin couplings, useful
for molecular characterization and Hamiltonian learning,
up to their ultimate precision limits. We used also this
example, to show how real-time adaptive learning can
also be incorporated for the designing of optimal control
strategies, and to achieve iteratively the ultimate preci-
sion limits of the information.

As a concluding remark, NMR has shown to be a lead-
ing quantum technology to exploit quantum dynamical
control for highly relevant quantum sensing applications.
They span from molecular characterization to imaging
applications, exploiting decoherence mechanisms, mul-
tiple quantum coherences, many-spin quantum correla-
tions, and quantum imaging modalities. NMR is a very
versatile technique for dynamically control quantum-
states and is well-developed for sensing applications. One
of the strengths of NMR is its non-invasive nature, which
makes the technique very suitable for in-vivo studies of
biological systems such as animals and humans. Thus
exploiting quantum control and estimation tools for de-
signing novel diagnostic methods is an area where NMR
plays an important role, as alternative quantum tech-



nologies will face very difficult challenges to achieve non-
invasive strategies.
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