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Abstract: The eqmvalence between the description of the many-body fimte nuclear system m terms 
of Feynman dmgrams lnvolwng only the fermlon degrees of freedom and of Feynman dmgrams 
mvolwng ferm~on and phonon degrees of freedom ~s proved for mtermedmte states m the 
case of a general two-body residual interaction 

1. Introduction 

We d~scuss the p rob l em of  fermlons  moving  in a set o f  s ingle-part icle levels, and  

in teract ing th rough  a residual  t w o - b o d y  force. Th~s p r o b l e m  m a y  be solved, ei ther  

by pe r fo rming  a shel l -model  d l agonahza t lon  [see, for  instance,  ref. 1)] or, m per tur -  

ba t ion  theory,  using a F e y n m a n  d iag rammat i c  expans ion  [see, for  instance,  refs z, a)]. 

Concep tua l  and  prac t ica l  s implif icat ions are achieved by  descr ibing this physical  

s~tuat~on m terms of  fe rmion  and  collective variables .  These two degrees of  f reedom 

are  coup led  th rough  the par t i c le -v ibra t ion  in te rac t ion ,which  has been usual ly  

assumed  to be l inear  m the p h o n o n  coord ina te  and  quadra t i c  in the fe rmion  c rea t ion  

and  anmhdat~on opera to rs  This f r amework  has been extensively used an nuclear  

physics,  ever since suggested in ref  4). However ,  for  a long t ime,  only  the vertices 

o f  figs 6c and d were t aken  into  account  A n  impor t an t  deve lopment ,  within this 

f r amework ,  consis ted in re la t ing the  value o f  the  collective pa rame te r s  to  the 

rmcroscop~c s t ructure  5), and  also, to  consider  two part icles  6) or  one superconduc t ing  

quaslpar t tc le  7) in teract ing with the phonons .  
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The partlcle-phonon bas~s ~s overcomplete and wolates the Pauh prmctpte In 1967, 
Mottelson 8) introduced the vertices of figs 6a and b, thus mclu&ng all the possible 

orientations of the hnes entering a gtven vertex Therefore, all the t~me permutations 
of the vertices were considered in a Feynman diagram corresponding to the partlcle- 
vibrat~on interaction. In thls way, the Pauh principle between the odd particles and 
the phonons was taken into account, at least to first order m the interaction strength 
Detaded apphcations of this formahsm were performed m the Pb region 9, 1 o) The 
particle-pamng phonon vertices (fig 13) were introduced mref .  10) 

However, there stdl remained questions concermng the order to which the Pauh 
principle and the overcompleteness of the basts were taken into account, the extent 
of the equivalence between ferm~on and field treatment of the residual interaction, 
the adequacy of the linear part~cle-phonon interaction, etc. An answer to these 
questions was given m ref 11) It was shown there that the four-point verttces 
(fig 1)have to be included, m addition to the previous particle-phonon vertices 
(fig. 6 or 13). The rules for using them m a diagrammatic expansion were also pro- 
vlded These rules were verified in s~mple but non-trivial models ~ 1, 12). In all cases, 
the conventional shell-model results were reproduced to the order m which the 

perturbat~ve field expansion was carried out 
In the present paper we prove the equivalence between the Feynman diagrammatic 

expansion involving only fermtons and a s~mllar expansion for the nuclear field treat- 
ment of the residual interaction, for processes connecting lntermedmte states The 

contributions of field diagrams involvmg phonons, appear as a partml summation 
of Feynman diagrams, which is s~mdar (but not equal) to the partml summation 
implied m the RPA (for instance, four-point vertices are to be kept here). 

However, m Feynman diagrams the initial and final states are fermlon states which 
satisfy the Pauh principle, while phonons are used m the basic states of the nuclear 
field theory The generalization of the proof of the eqmvalence between the two 
treatments to process connecting lmtml and final states ~s not considered in the 

present paper This problem has been dealt with only m an heuristic way * 
In this paper we also generahze the rules given m ref 11)for the partlcle-wbratlon 

vertices, for the case of an arbitrary interaction 
In sect 2, we revisit the formalism for the two-ferm~on propagator In sect 3, 

we construct a particle-hole field Hamfltoman using the collective degrees of free- 
dom that arise from the partial summation of all the diagrams m which a pair of 
fermion hnes successively interact with each other In sect 4, we study the interac- 
tion with an external one-particle field Q, w/thin the field formahsm. ApphcatIons 
to particular cases are discussed m sect 5 The particle-particle (hole-hole) case is 

briefly considered m the appendix 

¢ For schematic models, it has been shown that the spurious components which are present m 
the initial or final states are ehmlnated through the field treatment giving rise to states which have 
zero matrix elements for any processes connecting them w~th the physical states 12) 
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2. The two-fermion Green function 

The fermlon Hamdtoman includes a single-particle term, H~ p., 
residual interaction, Ht b,  

H = Hs p + Ht b , 

H~ p = E eja+aj , 

and a two-body 

0) 
(2a) 

(2b) 
3 

-~"~t b ~ E < J l j 2 1 V [ j 3  + + = j4>aj t  alz a j4 aja.  
JE 

The matrix elements in (2b) are 

<J, J2 I VIj3 Ja> = f d 3r, dZr2 ~P*I(1)cP~2(2)V( 1, 2)[~pj~(1)cpj,(2)- %12)~.(1)-I. (3) 

In what follows, we wall label with k (t) the states lying above (below) the Ferrm 
energy All the poss~bdmtles for the two-body matrix elements (3) are represented 
m fig. 1 

The quantities ej m (2a) are the smgle-patttcle energies. We assume that all the 
Hartree-Fock contrlbutmns have been included already in the ej. Correspondingly, 
all the diagrams, including processes such as those of fig 2, should be disregarded. 
The one-fermlon free propagator can be written as 

Ga~(j, t 2 - t l )  = (1--nj)e-'~At2-t°O(t2--tl)--nje-'~At2-tOO(tl--t2), (4a) 

O(t) = {10 If t=>0 (4b) 
l f t  < 0 ,  

where n j (=  1, 0) is the occupatlon number of the state j. 
The interaction (2b) can be treated using a Feynman perturbatlve expansion. In a 

general Feynman dmgram, the fermlons freely propagate [eq. (4)] between any two 
of the mteractmn vertices shown in fig. I A dmgram may contain sections which 
ale joined wlththe remaining parts through four "external" fermmn hnes, jx,  J2, Ja 
and J4, interacting at the instants t~, t2, ta and t 4, respecttvely The contnbutmns 
of these sections to the total propagator Js gwen by the two-fermlon Green func- 
tion, which is defined as follows" 

G(Jl t l ,  J2 t2, J3 t3, J4 t4) = (~bl T{a+(tl)aj~(t2)a+(t3)aj,(t4)}kk>. (5) 

In eq. (5), I~k) stands for the real ground state of the system; af( t )  ~s a fermion 
creahon operator m the Helsenberg pzcture, 

af( t)  = emtaf e -m', 

and T { .] is the time-ordering operator. The propagator (5) can be expanded m 
powers of the interaction. The zero-order term is 

GtO) = (~J3J4 (~JIJ2 G f l F ( J 4  ' t4-- t3)GHF(J2,  t2 -- t l )  

- -  (~J i J4 (~J3J2 GHF(  J 4 '  t4  - -  t , ) G H F ( j z ,  t2 -- t 3 ) ,  ( 6 )  
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Fig. 1 
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The  four-point  vertices o f  the residual two-body interaction 
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Fig  2. Har t ree-Fock  cor rec tmns  to the  smgle - fe rmmn propaga to r  
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Zero- and  first-order cont r ibut ions  to the  p ropaga tor  (5) for the  t~me ordering 
tl  > t2 > ta > t4. 
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Fig 4 

t2 j , Jl., J2 Jl' 

t 4 . 

(a) {b} 

The second-order con tnbu tmns  to the propagator  (5) for the ttme ordering 
tl > t2 > t3 > t4. Only contributtons o f  the type 4a are included m (8) 

and describes the propagation of two fermlon hnes without interaction. We shall 
discuss first the parUcle-hole case, i .e .  t t ,  t2, ta and t ,  are such as those of fig 3 

The first-order contribution to (5), pictured in  fig. (3b), Is 

c (1) -- - i<L.  J.WIJ  J3> dTCH (j2, 3--t,)C.F(j3, 3--t3) 
bOG 

× t , -  3). (7) 

Since in (7) the intermediate time 3 ~s integrated from - oo to + oo the four-point 
vertices that are involved are those of  figs. ld (~ > t 1 > t 2 > t3 > t,),  I f  (t t > 

T > t 2 > t 3 > t 4 )  , la  (tt > t2 > z > t 3 > t,),  etc. 
Of  all the second-order contributions to (5), we will consider those processes m 

which the two vertices have a particle-hole pmr m common (fig. 4a), i e. 

(~(2) 
~ph  = - - ( - - i ) 2  X <J2i]V[jx k><kja]Vlij3> J_oo d3 J _ d 3 '  GttF(J2,t2--3') 

tk 

x GHF(jx, 3 '--h)GaF(k, z ' -r)GHF(i ,  3--3')GHF(J3, 3 -  t3)GHF(J4, t 4 -  3). (8) 

The second-order contributions to (5 )which  are included m (8), involve the 
propagation of a particle-hole pair (ki)  from 3 to 3'. There are also higher-order 
contributions in which the particle and the hole propagate between 3 and 3' rater- 
acting an arbitrary number of times through all ~rreduclble vertex parts *. These 
contributions are taken into account if the product of the two ferrmon free propa- 
gators -GHv(k ,  3"--3)GHF(i, 3--Z') is replaced by the full Green function (5) w~th 

* An ]rreduc~ble vertex part  ~s defined la) as a part  of  a diagram whach has a four-point vertex 
at Ume t where the hne J3 enters and the lane j4 leaves the graph, and a four-point  vertex at tame 
zero, where the line Jx enters and the line jr. leaves; ~t ~s Irreducible if  ]t is not  possible to separate it 
into two parts by breaking only two fermmn hnes at the same time. 
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t x ---- t 2 = 1: and t 3 = t4 = z '  

E f f ~ ) = ( _ , ) 2  E (J2jlVljxJ')(J"J41VIJ'".t3)J_odTJ_od3'Gnr(j2,t2-*') 
V>= 2 JJ'J"J"" 

× ~ .~ ( .h ,  • ' -  t , ) G ~ ( j  ~, J ' T " ,  3 ' -  0 6 8 ~ ( . h ,  • - t~ )c .~ ( .h ,  t ,  - O, (9) 
where 

Gph(J ~/, J'~/'", z ' --  z) = G(j3', j '~ ', j"z, j"  'Q. (10) 

The Green function (10) has been extensively discussed m the literature [see e.g. 
refs 13-1s)].  We expand (10) in terms of  a complete set o f  elgenstates [~b.) o f  H, 
having excitation energies co.: 

c ~ ( j  j ,  j j , ~ ' -  3) = ~ + + - '~-" ' -~) ' . . . . . . .  (~klaj aj, l~kn)(~bn[a~,,a,,,,l~)e O(z - z )  
n 

+(~[af, as,,,[~bn)(~'n[a+ aj,[~k)e'~"(~'-~O(r-~'). (11) 

By replacing (11) into (9), we obtain 

v > 2  ~ --c~ oc 

× Y'. {A(j~ j , .  , )A*(j~ j , ;  ~)e-"°""'-'O(3'-3)+A(j, j~. , ) a * ( j i  J2.  , )  

× e '~"( ' ' -  O0(Z--'Ct)}GHF(J3 , ~" - - / 3 ) G H F ( J 4 ,  t , - -  3 ) ,  ( 1 2 )  

where 

a(JaJbn) "= Z (JaJ[V[jbJ')(¢ a+a,'[~,) • (13) 
j j"  

In  (10) and (13) the restriction is made that  there should be one pamcle  and one 
hole present in each pair  (jj ') and O"f") .  

3. Equivalence between the fermion and the nuclear field treatment of the residual 
interaction 

In this section we discuss how the partial summat ion  m (9) corresponds to replace 
the original Haml l toman  (1) by another  Hamll toman m which extra collective 
(particle-hole) degrees o f  freedom are included * 

The factor within curly brackets m (12) has the same time-reversal properties as 
the propagator  of  a free phonon  16) with energy 09. The summat ion over n accounts 
for all the diagrams in which a parucle and a hole line mutually interact v number  
o f  tmaes (v > 2), through all possible irreducible vertex parts. The propagat ion  of  
each mode n is represented by a wavy line. The question whether a wavy line corre- 
sponds to the propagat ion o f  a true phonon  or  o f  a particle-hole pair  is irrelevant, 
since there is no way to distinguish between them. to investigate thls difference, 
another ferm~on line has to interact w~th either the particle or  the hole line. However,  

+ The existence of a holomorphtc mapping between the Feynman-Goldstone and the nuclear 
field theory diagrammatic expansmns was shown in ref 29) In th~s case, however, the proof was 
carried out only for the energy, and in the framework of the single-particle propagator formahsm. 
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Fig. 5. Correspondence between the Feynman dlagrammat~c expansmn of the propagator (5) m the 
pure fermlon treatment (left) with the Feynman dmgrams assocmted w~th the same propagator m 

the nuclear field treatment (right) 

A{k , ,n ]  A( tk ,  n') 
(ct) (b} 

n 

-A  (el, n] A(k'k,n) 
(c) (d) 

Fig 6. The particle-vibration coupling vertices for the particle-hole bosons 

we have assumed tha t  ei ther  the par t ic le-hole  pa i r  or  the  p h o n o n  p ropaga tes  

wi thout  in terac t ing  with any o ther  line o f  the dmgram between their  c rea t ion  
and  annlbAat lon.  

The cross ing o f  a wavy line with ano ther  line o f  the d i a g ra m (either a fe rmlon  line 

or  ano the r  wavy line) co r responds  to  an even number  of  crossings between fe rmion  

lines Therefore ,  it  does  no t  in t roduce  any ext ra  minus  sign, as the  crossing between 

two  fe rmlon  hnes does. Thls is a fur ther  evidence o f  the ident ical  behav ior  o f  the 

p r o p a g a t o r s  o f  a b o s o n  and  a par t lc le-hole  pair .  

The  factors  A*(jajb, n) (A(jojb; n)) represent  the ampl i tude  for  the crea t ion  (anni-  

halat ion) o f  a p h o n o n  n and  a single fe rmion  t rans i t ion  f rom the state Jb to  the state 

j ,  (fig. 5). They should  thus  be cons idered  as the s t rength o f  the parUcle -phonon  
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' k>k] ~ /  k, i~2~V,] k']'k',sks ' ' 

2 + ,!2, V 

interac 
hons k,n k ? k I 

F,g 7 Correspondence bet~een the Feynman dmgrammat:c expansion of the one-body propagator 
m the pure ferm~on treatment (left) w~th the Feynman diagrams associated w~th the same propagator 

m the nuclear field treatment (right). 

interaction However, these vertices do not exhaust the effects of  the two-body 
residual mteractzon In fact, the four-point vertices still give a contribution through 
G ~1~ We thus justify the replacement of the fermlon Hamdtoman  (1)by the nuclear 
field Hamdtoman  introduced m ref 11), namely 

Hf = Hs p q- Ht b + Hb + Hp ,~ , 

Hsp = E ~ J a ) - a J ,  
J 

Htb ¼~(JljzlVld3j~)a+l + = a~2aj'a'~" (14) 
J 

= Z 
11 

+ + + 

Hp,  = ~ Z {A*(j, J2n)r. a,2aj,+A(31 jzn)r .a , ,aj ,} ,  
n J 1 1 2  

where F,, + is the phonon creation operatcr.  
In (14) the two-body interaction H t b does not contain Hartree-Fock contribu- 

tions These are incorporated m the smgle-parhcle term Hamdtoman  Hs p Both 
the ~ertlces of  H t b and the paTticle-wbratlon interaction Hp ~ (figs. 1 and 6) have 
to be included, and all t~me permutations of  these vertices have to be taken into 
account Diagrams mvolwng the simultaneous creation of a particle-hole parr of  
hnes, any number of  succestve interactions between them, and the simultaneous 
ann:hflatlon of the pair (bubbles), should be disregarded Because of this last rule, 
onl'v a diagrammatic treatment of  (14) appears to be feaslble 

Note that in eqs. (14) the eollecbve degrees of  freedom are Independent of  the 

smgle-part~cle ones, namely 

J r .  +, a ; ]  = [ r . ,  a ; ]  = 0. 

The state I0) is the vacuum, both for fermtons and bosons, 

F.IO> = a~10) = akl0) = 0. 
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There are four possible pamcle-phonon interaction vertices (13), according to 

whether the fermlon states jo, Jb correspond to particles or holes (fig. 6), 

A(ki ,  n) = (Ola+ akHp v r + l  0)  = ~ (k i ' lVl ik ' )2(k ' t ' ,  n)+(kk' lVl~, ' ) l~(k' , ' ,  n). 
k ' l '  

A(ik, n) = (01np v r+~ a~a.I o) = ~ (,i'lVlkk')A(k',', n)+(,k'lVlki')~(k'G n), 
k ' l"  

ak2r. 10) = Z (kl ~'lVlkzk')~(k'z', n) A(k  1 k2, n )  = (0lak, n v v + + 
k ' l '  

+ (k~ k'lVIk20/a(kT, n). 

A(i l  i2, n) = - ( 0 1 a ~ H p  v a .  r~+10) = Y. ( i~t ' lVI ,2k ' )2(k ' i  ', n)q-( i l  k ' lV l i z i ' )  
k' l"  

x ~(k'l', n), i15) 
where the amphtudes ). and/~ are defined as 

2(ki, n) = @la?akld/n); t~(k,, n) = @la;a , l~n) .  (16) 

The equivalence between the Harmltoman (1) and (14) is thus estabhshed for 
sections which are joined w~th the remaining part  of  the diagram through four 

external ferm~on hnes. 
This equivalence may be slmdarly establtshed for sections which are hnked with 

the remaining part  by only two external hnes However, an ad&tlonal rule must be 

introduced m this case t 
The zero-order contribution to the corresponding one-body Green function repre- 

sents the propagation of a free fermlon (fig 7) There are no first-order terms The 
second-ordel contribution contains two eqmvalent ferm~on hnes. We select the 
higher contributions in which the same pair of  partlcle-hole hnes successively interact 
through all irreducible vertex parts. All these contrtbutions can be replaced by a 
dmgram corresponding to the free propagatxon plus a dmgtam containing a phonon, 
following the same procedure as before However, this procedure implies an male- 
pendent summation over the intermediate single-particle states for each of the two 
equivalent fermion hnes m the second-order contribution. Thus, the second-order 
term is taken into account twice and, thelefore, ~t must be subtracted once; whenever 
there is a fermlon hne and a boson hne which appear and d~sappear at the same 
vertices, we must include another dmgram m whlch the phonon hne is replaced by a 
particle-hole pa~r, and which is evaluated w~th an additional minus sign. In th~s 
dmgram the summation over the mtelmedmte two-particle states should be ordered, 
as is usual m the Feynman dmgrammatlc treatment 17) The two-particle hnes and 

the hole hne do not interact between the two vertices. 
In ref. ~1) the frequencies COn and the fermton-boson lnterac+-mg strengths 

A(JaJ b, n) are obtained using the RPA. Consequently, only the irreducible vertex 
parts consisting of the four-point RPA vertices (figs. la  and d) are included 

t The  difficulties connected  with the  t rea tment  o f  the  single-particle states w~th the  par t , t ie-  
v ibra t ion  c o u p h n g  were pointed  out  to us  by M Baranger  
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in the construction of the phonons This reqmrement corresponds to a particular 
solution of the two-body Green function (10) (possibly the only practical solution) 
but the Hamiltonian (14) is, m principle, more general 

All the second-order processes in which the two vertices have a pair of particles 
(holes) m common (fig 4b) are not considered m eq (8). Coriespondmgly, the 
higher-order terms m which the intermediate pair of partlcles (holes) interact an 
arbitrary number of  tames, are left outside the partial summation (9) Hence all 
these diagrams should be exphc~tly considered when the particle-hole field (14) is 
used A straight-forward generahzation of (14) consists m including also the 
particle-particle (hole-hole) field HamdtonIan, in order to replace the corresponding 
set of dmgrams (see the appen&x). 

4. Interaction with an external field 

The interaction of the system with an external field is proportlonal to tile one-bod) 
operator 

Q - - Z  " ' + <JlQIJ ) a ,  a,. (17) 
J.l" 

Any fermaon dmgram that describes the effect of (17) contains two ferm~on hnes 
(jj') havmg a common vertex (J]Q[J ' )  a t  an instant t o These two lines are included 
watban a section of the total diagram, such that thts section joins the remammg part 
of  the diagram through thc two "external" fermaon hnes (JlJ2) at the instants t t 
and t2 (tl # tz) respectively (see fig 8) The contribution of this section to the time 
evolution of the system is 

Go = Z (JJQIJ')G(J1 tx,jztz,Jto,J'to) (18) 
J.l" 

In addition to the case of free propagation within the section, let us consider those 
cases in which the two hnes (Jr  J2 )  have a common interaction vertex at the time r, 
wh:ch is also common to the "internal" particle-hole pair, (JsJ¢) We also assume 
that ( j j ' )  corresponds to a particle-hole pair Applying the same arguments as in 

t 2 - -  _ _  
j J2 "9' J2 
2 V I 

4 " / ,  k, + ' " ' + /  ' tl ctlons + . . . .  Jl +'/t...__t ")  
(k') k ' { ' t  "1 (k_),l - ', r \ / J 1  '+'n/-~ 

Fag 8 Correspondence between the Feynman &agrammatlc  expansion describmg the effect o f  an 
external single operator  Q m the pure fermlon treatment  (left) with the Feynman diagrams asso- 

ciated ~ ~th the same process m the nuclear field treatment (r~ght) 
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' I 

< k l Q h >  < k l Q I  k ' >  < l l Q l l ' >  

x .... ~~ k x . . . .  .~ 

<tlQIk> <'Yn IQI'Y> <'~lQl~n> 

Fig 9 The verhces of the single-particle operator Q within the field treatment 

sect. 2, eq. (18) can be wntten an terms of the usual particle-hole Green funcUon 
(10) which depends on a single time difference Z - t o :  

GQ = -- ( j2IQIjl)GHF(J2, t 2 --to)GHv(j I , t o -  t l ) --  ( -  z) 

x ~ ~ ( J lQl : '>(Jz  J41VIj~ J3> GnF(32, t2--z)Gr~F(J1, r-- t1)  
JaJ4 J J" 

× Gph(Ja J4, J)', z-- to) } . (19) 

In order to obtain the field representation of the operator Q, we use m (19) the 
expansion (11): 

Ga = -Qz IQI j l )GHF(JZ ,  t2--to)GHr(Jl, t o - - t l ) - - ( - - t  dz 
- o o  

x GaF(JZ, tz -- T)G.F(j~, T -- t~) ~ {A(j2 J1, n)(~.lQlff>e-'~"(~-'°)0(¢ - to) 
n 

+ A*( j  1 J2 n)(~klQl¢,)e '~"~*- t ° ) O ( t o  - -  ~')}, (20) 

where 

<¢.1Q1¢> = ~ <JlQIJ')(¢.la,+a,,l¢> = ~, {(klQli>k*(ki,  n)+(ilalk>l~*(ki ,  n)}, 
Jr '  ks 

• , a+a = <¢101¢,> = ~ QIQIJ ><if1 j ,,14J.> ~, {(k lal ,>#(ki ,  n)+(i lQIk>2(ki ,  n)}. (21) 
JJ '  ks 

The first term m (20) represents the amphtude for the transmon between the 
s,.ngle-partlcle states (J~J2) The second term accounts for a whole set of dmgrams 
in which an mltml particle and an initial hole state successwely interact through all 
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possible irreducible vertex parts, until the final external hnes are s~multaneously 
created. Th~s set of diagrams is replaced by a single one in the field language 
(fig. 8). Thecoetiicients (21) represent the amphtude w~th which the phonon n ~s created 
or annlhdated by the operator Q 

In the field formahsm, the operator Q contains both a ferm~on term Qf plus a 
boson term Qb, 

Q = Qf q-Qb, (22a) 

• ., a+a Qe = ~ ( J l a l J )  j ~', (22b) 
J.f 

Qb = Y'. <¢. IQI~)F.  + + <OIQIO.>F. (22c) 
n 

Thus, m the field formahsm, a one-body operator has the vertices shown m fig. 9. 

5. Evaluation of the phonon frequencies and the fermion-boson vertices within the RPA 

The arguments of the preceding secUons are completely vahd for the most general 
Green function (10). If  the exact propagator is known, all the diagrams of fig. 10 
are "forbidden" diagrams 

However, in practice, the propagator (10) can only be evaluated performing 
~anous approximations. The most important ~s to consider the four-point vertices 
figs. la and d as the only ~rreduclble vertex parts m all the intermediate processes 
bet~veen z and z'. Th~s "ladder" approxlmat~on leads 5) to the RPA elgenvalue 
equations 

(ek--e,);t(kt, n)+ Y. {(kt~lVlsk~)R(k 1 t~, n)+(kk,  lVl,q),u(k~ q ,  n)} = to,2(k,, n), 
kill 

--(sk-s,)/~(kt, n)-- }". {(khlVi,k,)!a(k , q ,  n)+ (kk,lVl~q);t(k , h,  n)} = o,,l~(kt, n), 
k i l l  

(23) 

where the amphtudes 2(kt, n) and p(kt, n) [eq. (16)] fulfill the orthonormahzahon 
condmon 

{2(kt, n)2*(kt, n')-I~(kt, n)It*(kt, n')} = 6,,,. (24) 
k~ 

In this case, dmgrams such as 10d and e must be exphc~tly taken into account, since 
they are not included in the definmon of the phonons; the diagrams 10a, b and c 
remain "forbidden" 

Another possible further approxnnatlon to (10) is to exclude the vertex ld from 
the construction of the phonon (TDA) In such a case, 10b becomes a legmmate 
d~agram, which is neither accounted for m the propagator of the boson nor m the 
part.,cle-boson vertices These vertices are readily obtained from (15) by setting 
~(kt, n) = 0 
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k '  i 
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Fig 11. The second-order processes m the propagat ion o f  a fermlon hne 

An alternative approxlmatmn is to consMer only the direct part of the four-point 
vertices la and d which appear m the construction of the boson. This procedure 
may be useful when the residual mteractmn becomes separable within flus approxi- 
mation (such as for a multlpole force). In this case, the matrix elements of the 
interaction have the form 

QxJ21 V l j a J , >  = - V,,,3 V ,2 , ,m (25) 
The etgenvalue equation (23) is replaced by the dispersion relahon 

1 = Z g[ Vkt122(~k--~q)/[(gk--e') 2-(D2]" (26) 
k* 

and the amplitudes 2(ki,  n), It(M, n) have the value 

_ Vk, ]Vk, lE4(ek--e,)O&t -~  (27) 

p(ki ,  n) - Vk, IVk,124(ek--e,)o& / -4 (~ _~,)+~, {E (28) 
[ ( ~ - ~ , ) ~ - o , . ~ ] ~  • 
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Introducing (25), (27) and (28) in (15), we obtain for the particle-vibration vertices 

A(sj ' ,  ,,) = - g  V,,, A . ,  
w~th 

[o,.z A,, = ~ Vk,[2(k,, n)+t~(ki, n) ]  = ~ , k, [ ( e k - e , ) 2 - o 2 1 2 . ]  " 

In this case, one has to distinguish between the direct and exchange vertices in any 
diagram and disregard those diagrams presenting successive direct interactions be- 
tween a particle and a hole line In the example of fig. 10c, only diagram 10c-I should 
be disregarded, while the diagram 10c-2 should exphcltly be taken into account. 
In this way, one gains a greater s~mpllficatmn in the constructmn of the phonon, 
at the expense of including more dmgrams in the perturbatlve expansion An ad- 
vantage of this procedure appears when we are interested m separating diagrams 
contrtbutlng to different powers of t2-a, f2 being related to the degeneracy of the 
single-particle states 12) According to eq. (26), g½Irk, is of the order O -~ with 
respect to the (zero-order) partlcle-hole energy ek--e , or to the frequencies co,, 
Therefore, An is of order umty, the particle-phonon vertices of order ~2 -~, and the 
four-point vertices of order f2 -1. Since each closed loop of the fermlon lines intro- 
duces a contribution of order t2, the diagram 10c-1 is of order A2(kL n)V2f22 
= O(~2 °) while the diagram 10c-2 is of order A2(ki, n)V~(2 = 0( (2-1) .  

Another advantage of including only the &rect terms of a separable mteracnon 
m the contribution of the phonons is that we do not need to subtract any longer the 
second-order graph which appears when there is a fermlon and a phonon line m 
parallel (fig. 7) This is due to the fact that the two lines k' and k"  in fig. 11 are no 
longer equivalent and, thus, both k' and k"  are summed independently over all 
slngle-pamcle states 

6. Conclusion 

There is a holomorphic mapping between the Feynman diagrams corresponding to 
the pure fermlon Hamlttonlan 1) and to thenuclear field Hamlltonlan (14) of ref. 11) 
The subset of fermlon diagrams which differ only within a particular section and 
such that this section represents the propagation of a particle-hole pair is replaced 
by three diagrams within the field treatment The two diagrams corresponding to 
the zero- and first-order propagators remain as in the fermion treatment and a 
single dmgram containing a phonon substitutes the remaining elements of the subset 

The fermion HamIltonlan (1) and the nuclear field Hamlltonmn (14) yield lden- 
tlcal values for the two-particle propagators, provided that the phonon frequencies 
and the strength of the particle-phonon vemces aie adequately calculated The RPA 
is the most convenient (although not the most general) way of obtaining these 
quantities Similar considerations are made for the vert,ces corresponding to any 
external one-body operator. 
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The nuclear field Hamiltonlan treats the fermion and phonon degrees of freedom 
on an equal footing The e~genfunctmns of the zero-order Hamlltonlan m eqs. (14) 
are the elementary modes of excitatmn of the nuclear system. The product of these 
e~genfunctmns thus prowdes a basis for dealing with the many-body nuclear 
problem, which displays the basic features of the nuclear correlations The nuclear 
field theoiy dmgrammat~c expansion of the residual interactions is a systematic 
method for coriecting the d~fferent short-comings of this basis, violatmns of the 
Pauh principle, overcompleteness, effects of the two-body lnteractmn wh:ch are 
not included in the zero-order wave functmns, etc. 

D~scussions with M. Baranger, A. Bohr, P F. Bortlgnon, H. Feshbach, A. Kerman, 
B. Mottelson, J. Negele, T. Marumon and H. Sofia have greatly stimulated thls work. 

Note added m proof: After this paper was submitted for publication, the work 
of ref is), which discusses some of the subjects dealt with in this paper came 

to our attentmn. 

Appendix 
T H E  PARTICLE-PAR T IC L E  A N D  THE H O L E - H O L E  P H O N O N S  

The pamcle-hole case ~s d~scussed m the prewous sections. The same arguments 
can be camed  over for the situatmn in which the succesive interactions take place 
between two-particle(or two-hole) lines. 

We start by assuming a dtfferent time ordering than that of fig 3, namely with 

t 2 > t t (fig 12) 
Out of all the second-order contnbutmns, we have now to consider only the 

processes in which the two verhces have a pair of pamcles (or holes) in common 
(fig. 12c) By replacing the intermediate free propagator by the full pamcle-partlcle 
Green function, we can write the equivalent of eq (9) 

~ )  = ( - 0  2 ~ (JgJ21VlJJ')(J"J'"lVlJ1 J 3 ) J _ d ' c J _ d z ' G H F ( J 4 ,  t4 - z ' )  
v>=2 j<j '  

j , ,  < j , , ,  

× GrtF(J2, t2--z')Gpp(JJ',J"J"', Z'--Z)GHF(J3, z--ta)GHF(JI, z--t1), (A 9) 

where 

Gpp(jj ', j " j ""  z - z') = G(j"z, jz', j "  'z, j 'z') (A. 10) 

is the partlcle-pamcle Green function 14, 27). The restriction upon the pairs (jj') 
and ( j" j" ' )  is that they are either two particles or two holes The expansion (11) 
now reads 

Gpp(JJ ' , J "J" ;  z - - ' c ' )  = E <~lajaj'lt~.><~.las+"as+"'[~>e-'O°(*'-*)O(z'-z) 
n 

+<fflafas+,,,[¢.><~k.lasaj,kk>e'~"w-~)O(z'-z) (A.11) 
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Fig 12 
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(a) 

/ / 

(b) (c) 

Zero-, first- and second-order contributions to the propagator (5) corresponding to the 
t~me ordering t4 > t2 > t i  > ta 

A a ( k l k 2 , n )  Act(12 I i ,n) A a ( k , , n )  
(a) (b) (c) 

• A.r ( 12 I i ,n) A r ( k  1 k2,n) A r ( k l , n )  
{d) (e) (f) 

The particle-vibration couphng vertaces for the addition and removal pa~rmg bosons 

< k, IP"IO > <kl  IP+I O> <tt IP+IO> 

p÷ 

Fig 14 The vertices of the two-body creahon operator P+ w~thm the field treatment 
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The field representation of (A.9) is obtained using (A.11): 

E ~ )  = - J _ d ~ J _ d ~ ' ~ . ~ ( j . ,  t.-~)G.~(j~, t2--'c ) 
v > 2  

X Z {a*(Jl 33, n)a~(j4 J2, n)e-'°~°('-r)O(z'--r) 
n 

+ a*( j ,  J2, n)A,(Jl J3, n)e"~"t~-")O( z -  z')}GnF(Ja, z'--tl)Gnv(Ja, z'--ta). (A.lZ) 

In ttus case the particle-vibration vertices correspond to the addition and to the 
removal phonons: 

Aa(JaJb, n) = ~ (jaJblVl#'>(~laj, ajl~O.>, 
j > j '  

(A.13a) 

A,(Ja Jb, n) = ~ (JJ'l VIj. jb)(~la + a~, I¢.). 
J> j '  

(A.13b) 

The set of dmgrams in which two particle(hole) hnes interact v number of times 
(v > 2) is replaced by a single diagram m which an addition-type (removal-type) 
boson is present. The field Hamdtonmn now reads 

Hf = H~ p +H t b q-Hb-kHp v , (A.14a) 

Hb = Z {O~a,. r+..  Fa., + ~or,. F. , .  + F~,.}, (g  14b) 
n 

H. .  = E ~] {(A*(j~ J2, n)r+.+Ar(J1 J2, n)Fr,.)aj2aj, 
n J l > J 2  

+(AIjl J2, ,,)r.,,+A~*(j~ j : ,  n)r,+,.)aj +, a+}. (A.14c) 

The particle-wbratlon vertices are pictured in fig. 13. An operator creating two 
particles has the form (fig. 14) 

P+ = E ( f l l  P+ [O)a+aj + + E {(~O.] P+ ]if) F+ .  + (fll P+ I~'.)F.,.}, (A.22) 
j > j t  n 

where 

(¢.IP+I'P) ~ ' + + = ( j j  IPlO>(~bnla, a s, I~b>, 
j > j "  

(q~IP+I~,> Z "' + + = <d! IPlO><~Olaj aj, l~b.). 
J>d" 

(A.21a) 

(A.21b) 

Again, the most practical way of obtaining the frequencies 09 and the vertices (A 13) 
and (A.21) is through the RPA 

In the case of pairing phonons, one does not subtract an extra dmgram when 
there are a ferm~on and a boson line which appear (and disappear) at the same vertices 
as for particle-hole phonons. 
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