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Definition of Nuclear Potentials from Double Dispersion Relations 
in Field Theory and Potential Scattering. 
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Institute de Fisica - Bariloche 

(ricevuto il 2 0 t t o b r e  1961) 

S u m m a r y .  - -  A method to describe the scattering of nucleons through a 
nuclear potential consistent with the results of field theory is presented. 
This potential results as a sum of ten potentials, five direct and five of 
the exchange type, each of them given by a superposition of Yukawa 
potentials. The weight functions for these superpositions are then shown 
to be obtainable from field theory through the use of double dispersion 
relations for the nucleon-nucleon system and of unitarity in potential 
scattering. 

1 .  - I n t r o d u c t i o n .  

I t  has been shown b y  N. KHUIr (1) t ha t  the scat ter ing ampl i tude  obta ined  
in potent ia l  theory  f rom a superposit ion of Y u k a w a  potentials ,  satisfies a spe- 
cial type  of dispersion relat ion a t  fixed m o m e n t u m  transfer ;  this dispersion 
relat ion expresses the scat ter ing ampl i tude  directly related to the potent ia l  

generat ing it. The propert ies  of the scat ter ing ampl i tude  a t  fixed angle for 
superposit ion of Y u k a w a  potent ia ls  of direct and exchange types  has also been 
considered (2) and finally, BOWCOCK and MARTIN (3) were able to show for this 
type  of potentials ,  t ha t  the scat ter ing ampl i tude  is analyt ic  in the plane of 
the scat ter ing angle inside the  same ellipse obta ined b y  LEH~ANN (4) in field 

theory;  they  were also able to show t h a t  the  scat ter ing ampl i tudes  satisfy 

Mandels tam representa t ion  (5) with known branch  lines, and poles. 

(*) Present address: Comisi6n de Energia At6mica, Buenos Aires, Argentina. 
(1) N. KHURI: Phys. Rev., 107, 1148 (1957). 
(2) j .  BOWCOCK and D. WALECKA: Nucl. Phys.,  12, 371 (1959). 
(3) j .  BOWCOCK and A. MARTIN: NUOVO Cimento, 14, 516 (1959). 
(4) H. LI~ItMANN: NUOVO Cimento, 10, 578 (1958). 
(5) S.  MANDELSTAM: Phys. Rev., 112, 1344 (1958). 



586 F. ~OR~Y 

CttARAP und Fu]3Is~ (s) have  shown tha t  one m a y  define a potent ia l  for the 
scat ter ing of scalar particles consistent  with the results of field theory  for 
bosons in teract ing through a charged pseudo-scalar  meson field (7). 

I n  the present  paper  we want  to show tha t  the same results ure valid when 

they  are generulized to take  into ~ccount the fermionic nature  of the nucleons. 

Then,  t'o reproduce the results of f i e ld theory ,  one is ted to the introdugtion of 
ten potentials ,  five of the direct and five of the exchange type.  They  are not  

independent ,  bu t  re lated two b y  t w o  by  s y m m e t r y  relgtions. These results 

are shown using Mandels tam representa t ion  for nucleon-nucleon scat ter ing in 

field theory,  as in t roduced by  AMATI, LEADER and VITALE (s). 
~ e x t ,  we want  to show how to construct  these potentials  f rom the results 

of field theory;  to this end it  is shown tha t  the prob lem m a y  be reduced to be 
formal ly  identicgl wi th  the  glregdy solved problem of superposit ion of just  
two potentials ,  one direct and one of the  exchange type.  Finally,  a me thod  

for explicit  c~lculation of the potent ials  is proposed. 

2 .  - S c a t t e r i n g  m a t r i c e s  in  p o t e n t i a l  a n d  f i e ld  t h e o r i e s .  

We will consider the elastic scat ter ing of two nucleons th rough  a charged 
pseudoscalar  meson field.  TO fix ideas we m a y  consider these nucleons to be 

a neut ron (n) and a pro ton  (p). 
They have  fou r -momen ta  p~ ~nd n~ ~nd P2 and n.2 in the 

initial grid fingl staSes, respectively.  E n e r g y - m o m e n t u m  con- 

Fig. 1. 

servat ion therefore reads 

n l + p l  = n 2 + p 2 .  

This l eaves  three independent  four-vectors  to describe the process, out  Of 
which, only two independent  scalars can be formed,  because the  particles are 

in the mass  shell. I t  is convenient  to define as Usual (*) 

(2.1) 

s ~ - - - - ( p a + n ~ )  2 - - - ( p 2 + n ~ )  2 ,  

t = :-- ( n , - -  n~) '  = - -  ( p ,  - -  p ~ ) ' ,  

u --~ - -  (n l  - - p 2 )  2 --~ - -  (n2 - - p l )  2 , 

s + t + u = 4 m  2 . 

(6.) j .  M. C~IAttAe and S. P. FU~INI- Nuovo Cimento, 14, 540 (1959); 15, 73 (1960). 
To be referred to as Ch. F. (I) and Ch. F. (II), respeetivelyh 

(7) j .  M. CHA~AP and M. J. TAUSNER: Nuovo Cimento, 18, 316 (1960). 
(s) D. AMATI, E. LEaDE~ and B. VITALS" Nuovo Cimento, 17, 68 (1960),. To be 

referred to as A.L.V. (I). 
(*) We are working with A 2 = A ~ - - A ~ .  
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I n  the center of mass  sys tem of the two nucleons, wi th  p and  n as initial 

s tates,  we have  

s = 4 ( m  2 +  ~2) = 4E2,  

(2.2) t = - -  2~2(1 - -  cos 0) ,  

u = - -  2~2(1 q- cos 0) , 

where ~ is the modulus  of the center of mass m o m e n t u m  of ei ther particle,  
and 0 is the scat ter ing angle. Thus,  s is the square of the c.m. energy, while t 
is minus the square of the m o m e n t u m  transfer.  

I t  will be  also convenient  to introduce the four-vectors  

P = ~(Pl + P2),  

(2.3) N = �89 (nl q- n=), 

LJ ---- (n~- -n l )  = (p~--p2) 

and  the vector  n = nl • n2. 
I n  the following, we will use the potent ia l  t h e o r y  scat ter ing a m p l i t u d e  T ,  

defined through its relat ion to the scat tering s ma t r ix  b y  

(2.5) s .  = ~ .  - -  2ui 5(w~-- w,)Tli , 

where I and i denote the final and initial states,  character ized b y  the m o m e n t a  
and  other q u a n t u m  numbers  necessary to specify them.  w is the kinetic 
energy. 

I f  the potent ia l  th rough  which particles in terac t  is given as a superposit ion 
of u  potentials ,  including a direct and an exchange par t ,  t ha t  is 

co co 

4~r 4pr  d ( rP~ ,  
/* t t  

which has a Fourier  t rans form 

co co 

(2.7) V(t, u) f Q~(a) § f ~((~) da = . ]  ~ t d a  j a2__u  ' 
t t  z t t  a 

i t  is known (3) t ha t  the scat ter ing ampl i tude  satisfies a Mandels tam repre- 

senta t ion of the fo rm 

r oa co 

(2.8) T ( s , t , u ) =  ~ dt + s t' 
tv--- t  ( t ' - -  t ) ( s ' - -  s i + [ t ~ u [ 

#2 4m~ 4t~ 
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When working in field theory,  we will use Feynman ' s  covariant  ampli- 
tude  G, defined through its relation to the field theoretical  S mat r ix  by  

(2.9) m 2  Gf i  Ss~ : 6 j ' i -  2 = i ( ~ ( p i -  Pl) E2 �9 

In  the physical region of the variables it  coincides with Goldberger, Nambu  
and Oehme's causal scattering ampli tude M, for which dispersion relations are 
written. A.L.V. define Feynman ' s  eovariant  ampli tude by  

(2.1o) 

Therefore 

(2.11) 

m 2 

S f i  = (~ i -~- i5 ' (p l  - -  Pi) ~ F i �9 

Gii--- FIi/(2=) 3 �9 

These authors  show tha t  it  is possible to write a Mandelstam representat ion 
for the nucleon-nucleon problem, when the causal amplitude is decomposed 
in an appropriate  way in terms of invariant  operators. This decomposition 

can in general be wri t ten as 

(2.12) M,, = ~ oj(stu) </Os i ) ,  
jffil 

where os(stu) are scalar functions of s, t and u and the 05 are matrices i n sp in  
and isotopic spin space. Of the large var ie ty  of choices of permissible decom- 
positions, to write a Mandelstam representat ion they find it convenient  to 
use the so called per turbat ive  invariants Ps, which allow them to write such 
representat ion proving it  up to four th  order per turbat ion theory (See ref. (7)). 

Then (2.12) will read 

5 

i i i  = ~ ps(s, t, u)(Ps)Ii 
5=1 

(2.13) 

with 

(2.1a) 
P1 = 1~" 1~ , 

/'3 = ( it  ~ ' e )  (ir ~'N)  , 

P2 = ( i~n 'PlP + i7 ~ ' N I " )  , 

P 4  = V " ' 7  ~ , P 5  n p 
= 7 s ~ 5  - 

Even  then,  it  is necessary to introduce a new set of invariants,  with simple 
behaviour  under  crossing, by  means of the new combination 

5 1 
(2.15) M1i = ~ ~ c~(s, tu)~<f[A~Cs]i) . 

5ffil T=O 
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Here, a decomposition in terms of the possible isospin states hns been m~de, 
by  means of the projection operators in isospace 

(2.16) A 1 : 41 ( 3  --f- ~ n  ~ *'~la) ; A0 ~-- I(1 - -  " ~ . - ' : , ) .  

Then, imposing C. --> (--1)JCj, one gets easily for the crossing condition 

(2.17) cr(s, t, u) = (--1)J+rc~(sut).  

Clearly, T indicates the possible isospin states 0 or 1, in channel n-n. The 
relation between the P~- and Cj is known. 

The Mandelstum representation is then writ ten for eueh c ~ as: J 

(2.~8) 

1 [ ~ 6m 2 - -  s - -  2t p~(stu) (5m 2 - -  2s - -  2t) p~ (stu) - -  c~(stu) = ~ p~(stu) + -  m + 

}} u) 
- -  4p~(stu) + pf(stu) - ( - 1 ) ~ { t ~ u }  + 8 ~ -  8 ' 

{ 1 T } 
cg(stu) = i [p~ (stu) - - 2 m p ~ - -  (3m 2 -  s)p~ + 2p f  - -  p~] + 

+ ( - 1 ) ~ { t ~ u }  -~ - -  

c~(stu) = i~  [Pl + 2mp~ + ( m ~ - - s ) p ~  - 2 p ~ - -  p~] - -  

D~ 
8 D - -  8 

D~ 
--  ( - - 1 ) ~ { t ~  u} + s . - - s '  

] ' a [ ~  ( 2 m 2 ~ S i p ~  ]} _ _  c ~ ( s t u ) = ~ i [ P ~ +  m + m 2 p ; + p ~  + ( _ l ) ~ { t + _ + u } +  D~ 
8 D - -  8 

[ ' -  ( 3 m ~ _ 2 s  2 t ) p ~ + 4 p ~ + p ~ l }  c~(stu) = { 1 P~ + 2m~ + s ~- 2t - -  - -  

with 

pl = 3 p + +  2p-,  

pO = 3 p + _  6p-,  

and (0) 
~J5 + 

p~:(stu)= __ g: 2(t tz-- t )  

3 ~  

co co 

t' ,~' F , , ( s  t ) T(--1p[ ,~+-~u] .  
(8'-- ~(t' t) 

41~ ~ 4 m  2 
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The  s igns 

channe l .  

F. MOR:EY 

-t-, - -  as supe r sc r ip t s  i n d i c a t e  t h e  i so top ic  s t a t e s  in  t h e  n-~  

3 .  - T h e  a d i a b a t i c  l i m i t  o f  A L V ' s  d i s p e r s i o n  r e l a t i o n s .  

I n  t h e  fo l lowing  we wil l  cons ide r  t h a t  t h e  ene rgy  of t he  i n c o m i n g  pa r t i c l e s  

is  such  t h a t  ~2<< m 2. This  we wil l  ca l l  t h e  a d i a b a t i c  cond i t i on  for  t he  p ro-  

cess. This  m u s t  n o t  be  confused  w i th  t h e  s t a t i c  cond i t ion ,  b y  which  one con- 

s iders  #2<< m 2. m is t he  nuc l eon  m a s s ;  # t h e  m e s o n  mass .  

To i m p o s e  the  a d i a b a t i c  l i m i t  wi l l  m e a n  to  cons ide r  ~2/m2---> O. 

D r o p p i n g  t h e  c o n t r i b u t i o n s  f r o m  t h e  b o u n d  s t a t e  to  t h e  causa l  a m p l i t u d e ,  

a s  i t  wi l l  n o t  be  of i n t e r e s t  to  us  for  t h e  m o m e n t ,  we can  w r i t e  eqs.  (2.15) in  

t h e  f o r m :  

(3 .a )  s ( l~rN(~,ut) C ~J~su t~A  7 

T=0 i = 1  

w h e r e  s u m  over  a is impl ied .  

The  sca la r  coefficients a r e  g iven  b y  c o m p a r i s o n  of (2.18) a n d  (3.1) as :  

(3 .2 )  

N1 i : 1 , for  i : 1 to  5, 

6 m  2 -  8 - -  2 t  m m 
N21 = -  2 m  ' N 2 2 -  2 ' N 2 3 - - 2  ' 

2 m : - -  s 2m 2 ~- s + 2t 
~v~, . . . . .  4 ~  ' 2r  = - -  :~,,~-~ - ,  

5m 2 -  2s - -  2t 3m 2 -  s m 2 - -  s 
.~31 : 4 ' N 3 2  - -  4 , -]~3~ - -  4 ' 

m 2 3 m  2 - -  2 s  - -  2 t  
N34 : 4 ' N 3 5 -  4 

~IV~41 = - - ] - ,  J-~42 I ~ Ju ] - -  - -  2 , 

N44 : 0 ~ ~45 : 1 

1 

~V~ = ~ ,  ~V~ - ~ .  

W e  h a v e  o n l y  w r i t t e n  t h e  exp re s s ion  for  N , ( s t u ) ,  be c a use  t h e  N j ( s u t ) ' s  are  

t o  be  o b t a i n e d  f rom these  b y  i n t e r c h a n g i n g  t e - + u .  Now,  we w a n t  to  consi-  
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der  phys ica l  processes,  and  for  t h e m  cos 0 is in the  region ( - - 1 ,  1). There-  
fo re  It] and  ]u] are  of the  order  of 2~ 2 (surely [t], l u ]<4~2) ,  while s _  ~ 4m 2. 

T h e n ,  

(3.3) Nij(stu)  ~-- N~(sut)  -= Nij(s) 

because  of the  condi t ion  on the  i n v a r i a n t s  C ~ - - ~  (--1)JC~. Therefore ,  in the  
(t<-ou) 

a d i a b a t i c  l imi t  we can  wr i te  f o r m u l a  (3.1) as 

(3.4) ~~I,~ = ~, ~ C  [p~(s, tu) 4- ( - -  1)*p~(s, u t ) ] A , .  
j ,T 

On the  o the r  hand ,  we h a v e  b y  eqs. (2.18), an  express ion  for  p~ t h a t  can  

b e  expressed  as 

(3.5) p~f(stu) ---- I ~  (s, t) :~ I~2 j~-(u, t) 

d i s regard ing  the  pole for  j = 5. 

Then  

(3.6) 

(3.6a) 

p~(stu) J+ 2I~;(s, . t)] [ 2 I ~ . ( u , t ) - -  '+ = [3123 (s, t) + -[- . 3I~2 (u, t)] = 

I j l ~  _ r p ~ ,  t) + t)] - -  [_ 2 3 (  8 ,  1 2 (  u ,  , 

[3I.~ 3 (s, t) - -  6 I ~ ( s ,  t)] § - -  = [ - - 3 1 1 2 ( U  , t) 6[ i~(U , t)] p ~ ( s ,  t u )  = " j+ ~+ 

Jo I j~ " t) = I~3(s , t) + ~2tu, . 

Then  we can wri te  

co co vo co 

F ~ ( u  t ) (3.8) py(stu)  = t' s' F~3(s t ) 
( s ' - - s ) ( t ' - - t )  + t' U ' ( u , _ _ u ) ( t , _ _ t )  , 

4 #  2 4 m  ~ 4t~ 2 4 m  ~ 

co co co co 

(3.9) p~(sut)  = u'  s' :E13(s u ) F ~ ( u ' t ' )  
(s'-- s) (u'-- u) + u' t' ( u ' - -  u ) ( t ' - -  t) 

4,a 2 4 m  ~ 4,u z 4 m  2 

Calling 

(3.10) 

(3.10a) 

we  ob ta in  

(3.11) 

1 
Gy(stu) = (2u) ~ Nj~C~p~(s tu ) ,  

1 
G~(sut) = ~ q Nj~C~p~(sut)  , 

( zT~ ) 

Gj = G~(stu)A1 ~:- G~(s tu)Ao--  G~(sut)A~ ~- G~(sut)Ao , 
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where each Gj satisfies a Mandelstam representat ion apart  from known scalars 
factors. 

~Notice tha t  in the adiabatic limit, where we said l ul was much smaller 
than  4m 2, the last te rm in expression (3.8), becomes practically independen~ 
of u so tha t  it can be wri t ten 

(3.12) 

co 

J t ' - - t  " 
4 t  t~ 

Similarly, considering [t]<<4m"-, one gets for the last term in eq. (3.9) an  
expression independent  of t 

(3.13) 

r  

J U ' - - U  " 
4 ,  2 

I f  one replaces eqs. (3.12) and (3.13) into their  places in eqs. (3.8) and (3.9), 
and the result  in eqs. (3.10)~ one can easily get for the causal ampli tude G: 

of (3.11) an expression similar to the one given by  (2.8) for the potent ial  scat- 
tering mat r ix  for a superposition of Yukawa potentials of direct and exchange 
type~ if properly defined G~ and GEt are introduced. 

Therefore, potentials ~ and ~ resulting from superpositions of Yukaw~ 
potentials  could be introduced if one imposes to the  results got from both  theories 
to coincide at  sufficiently low energies. This will guarantee the coincidence of 
the results for a certain range of energies. This is more easily done, however, 
if one works in one-dimensional, once substracted dispersion relations. This 
procedure allows as well to introduce a simple recipe for the construction of 
the various potentials.  

g. - The identification of potential scattering and field-theoretic results. 

I t  will be shown tha t  this identification is possible only for energies below 

the meson product ion threshold. 
Le t  us write for. eq. (3.10) a one dimensional dispersion relation at con- 

s tant  t. We get, aside from scalar factors 

(4.1) o ,ls, ult= f. 
4 m  ~ 

-~ U r U  
4~TJfl 

L~ 
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with 
c o  c o  

�9 , J T  t f 

G ( s , t )  l [ G ~ ( ~ , ' , t )  " '~ ' ' (4.1a) Im J r ,  = Jrj t ' - - t  dt' and I m G ~ ( u  ', t) = ~ J  t ' - - t  dt', 
4/~ 2 4 ~  2 

where by the reasons mentioned before, j ' d u ' ( ) / ( u ' - - u )  is really independent 
of ~t. 4,? 

Similarly we get for (3.10a), at constant u 

c o  c o  

(4.2) G]T(8' t))u = ~ fd8l]nlGJa2(st~ " + I f d lmG]Tl t '  2 ~ , 
�9 t ' - - t  ' 

4m ~ 4m ~ 

with 
c o  

G (s, u) = u ' G d s ,  u ) ( 4 . 3 )  I m  J~ ' - - -  

4/x ~ 

and f d t ' ( ) l ( t ' - - t ) ,  independent of t. 
4m 2 

Let us introduce 

c o  

and Im - -  U t . . . .  
7C U r -  q~ 

4 #  2 

(4.4) G~,(s, u)t = �89 u)t + Gy(s, u),] ; GE~(s, u) t = 1 1 ~[G(s, u),-G~(s, u),] 

and similar relations for G~j(s, t)~ and G,~(s, tL,. 
Then (3.11) can be written 

(4.5) Gj = [G~j(s, u),--Gj(s,  t)~] + [G/s ,  u)~--G.~(s, t M P :  , 

where P is the familiar isotopic spin operator: P ~ :  �89162 with eigen- 
values 1 and - - 1 ,  for triplet and singlet states ill isospace, respectively�9 

Let us try to compare this expression with a similar one in potential  scat- 
tering. We will get this one by using a method similar to the method of 
Ch.F.II,  adapted for fermions. Consider first a system of distinguishable par- 
ticles, with two charge states. 

From eqs. (2.6) and (2.8), we know that  for a potential  made up of a super- 
position of direct and exchange Yukawa potentials,  both direct and exchange 
parts satisfy a Mandclstam representation. 

Let us now consider a potential  of the form V ( r ) =  ~ + V ~ U .  It is known 
that  for a potential  of this type, it is possible to separate Schr6dinger's equa- 
t ion into two independent  ones, by means of the projection operator (2.16) 

(4.6) A , :  �88 = � 8 9  ~) ; A o = � 8 9  



594 F. MOREY 

Each of the uncoupled SchrSdinger's equations is writ ten in terms of the  
potentials 

(4.7) ~ )  = 5 ( •  

The resulting total  scattering ampli tude is then the sum of the ampli tudes 
deriving from e~ch potential  

(4.8) T(s ,  tu) ---- T~(s, tu)A~ + To(S, tu)Ao , 

which, by  vir tue of (4.6) and (4.7) and~ introducing 

(4.1o) T~(,, tu) = i(T~ + ~0), ~ ( s ,  tu) = �89 To) 

can be wri t ten 

(4.11) y(s, tu) = TAstu  ) + YAstu ) P~. 

Each of the amplitudes T+,  T ,  T~ ,  T~,  satisfy a Mandelstam represen- 
tat ion,  if they  ~re generated by  potentials made up as superpositions of u  
potentials. 

If we now consider tha t  the system of particles is tha t  of two undistinguish- 
able fermions, the total  scattering ampli tude will be given by  

(4.12) 

that is 

(4.13) 

T = T(s ,  tu) - -  T(s ,  ut) - -  T~(s, tU)A1 4- To(s , tu)Ao - -  

- -  [T~(s, u t )A~ - -  To(s, ut)Ao] , 

T = ~T~)(s, tu) - -  TE(S , ut)] 4- [T~(s,  tu) - -  TD(S , u t ) ] P  ~ (*). 

~Now, if  we write for T(~)(s ,  tu) a dispersion relation at  fixed m o m e n t u m  

transfer,  and for T(~)(s ,  ut) a dispersion relation at fixed u,  we get an expres- 

sion exact ly  analogous to (4.5), namely 

(4.14) T [~As, u ) , -  2~(s, t)~] + [TAs, u)~-- T~(,, t)~]~ ~, 

(*) Of course from here we get for proton-neutron scattering: Tap = Ts(stu) - -  T~(sut) 
while for proton-proton scattering: T,,  = Tnp(stu)--T~p(sut).  
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where 

(4.15) 

with 

(4.16) 

l i d  Im T~(s', t) ( U)t T,.s, ~ s'--  s 
4 m  ~ 

co 

1 
T~(s, t). td  ~ _ 8 ! 

] 
I m  T~(s', u) 

8 t - -8  

+ v~(t)~ 

+ l~(u), 

im ol ,t)= /dt, 
�9 t ' - - t  ; 

4,u ~ 

co 

Im T~(s', u ) =  _1 fldu' -FE(S' U') 
~ eft-- U 

4 , ~  

from which, performing one subtraction we get 

(4.17) 

(4.1s) 

~2 fd  Im T , ( ~  '2, t) T~(~, u)~ = T~(o, t) + ~- ~'~ 
�9 ~ ' ~ ( ~ ' ~ - -  ~ - -  ie) 
0 

ca 

T.(v ~, t)u = T~(0, u) + , ~  Im T~(V '2, u) 
~'~(~'~-- ~ - -  i~)" 

o 

On the other hand, we know that for a potential superposition of Yukawa 
potentials Khuri has shown that it is possible to write a dispersion relatioa 
at fixed-momentum transfer in terms of the potentials generating the scat- 
tering amplitude. This form of dispersion relation is just the first of eqs. (4.15); 
from this and eq. (4.17) one gets 

co 

o 

A similar relation is valid for the exchange part 

co 

(4.2o) V (u) = T (o, -  /Im T (V u) dn, . 

o 

In field theory, as results from eqs. (4.1) and (4.1a), each p(~)j(s, u)t satisfy 
a dispersion relation of the form 

(4.21) 
p(~) (s, u)~ = :~J  s ' - -  s 

4~r~ 2 

; d  ImPl(~)(u', t) 
�9 U r -  U 

4m ~ 
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performing one subtraction, we get 

(4.22) p(~) (v~, u), = p(~)(o), + 

c2. co 

§ ~ f d  Im t) 
~]"(~'~Z-~--is) u' p~(~) (u, (u' + t)(u' + ~2 § t) " 

0 4 m  ~ 

If  we confine ourselves to the elastic region, we can express (4.22) as 

(4.23) 
; d  ~ Imp(~)~o(~/'~, t) 

p(f) (V~, u), = p(f~)(0), + V'~ V,~(V,~ V~=-~- + O(V~/~L), 
o 

where ~tb~ is the center of mass momentum corresponding to the threshold 
for pion prod'action: ~h~=m#+#2/4. O(~2/~t~) means terms of the order 
of ~2/~h ~. (See Ch. F. I). 

We also know tha t  the elastic part  of G satisfies the relation 

(4.24) Im  G(~)jo, =- ~ ~ [G+j~,* G(~)k~ q- G + * G(~)k,! 
k E j e l  

valid in the elastic region (where E = m), resulting from the uni tar i ty  con- 
dition applied to the S matrix. Together with eqs. (4.23), they  determine 
completely the field-theoretic scattering amplitudes in the elastic region, in 
terms of p~j(O)t and p~j(0)t. Suppose we introduce a direct potential  scat- 
tering amplitude T~j and an exchange one TEj(~2tu)U for each term of the 
decomposition of G into G~ and G~P ~, and define the set of functions 
t(~)j(~ 2, tu) through 

(4.25) T(~)O12tu) = t(~) P~, 

P~ being the perturbative invariants. 
Then, the scattering matr ix s, associated with these potential  scattering 

amplitudes, will satisfy uni tar i ty  imposing on them the relation 

(4.26) ImTJ~,  = ~ [ T + *  T + * T z  ] .  (~)~ k T(~)~ + ~ (E)~ 

Again, this is a set of ten coupled, non linear integral equations. Now, 
with each of the scattering amplitudes, we can associate a potential  V,j(t) 
and VE~(t)P ~. As these are completely undetermined, we can define them as 
a superposition of Yukawa potentials for each j, direct or exchange, with 
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spectral  functions given by the relations 

(4.27) 

(~.28) 

co 

1 F I m  tm(~ '~, t) 
v~,(t) = t~ u ) + -  7~ j ~,~__ r  ~ d,~ '~ , 

0 

1 f I m  tE~(~] '2, t) ,2 
v~,(t) : t . ( r  u ) + -  ;~ j ~ ~+ d~ . 

0 

This means  tha t  the functions t(~)~ satisfy the  relations 

(4.29) 

and  therefore 

(4.30) 

~ ~ Im t/v ~ (~'~, t) 
/ ~J~ d ~  '~ , t(f~)t(~, u) ,  = t(~) (o)~ + ~ j ~ , ~ ( ~ , , _  ~ _ i+) 

o 

V(~)Jt) = t(~) (0)t-- / f I m  t(~)(~ 'z,~,~ t)d~/'~ (*). 

o 

If  we do this, we see tha t  eqs. (4.26) and (4.29) completely determine the  
potent ia l  scattering ampli tudes  T,~(~2, u)~ and T~(~,u) t .  We see t ha t  
eqs. (4.26) and (4.29) are formally identical  to eqs. (4.23), (4.24) of field theory.  
Therefore, if we fur ther  impose to the  potent ials  generat ing the  scattering 
ampl i tudes  to be of such a shape as to make  these equal to the field-theoretic 
scat ter ing ampl i tudes  at  zero energy, tha t  is 

(4.31) 

which of course means,  

(4.32) 

then,  one gets 

[ T A o  , u)~ = GAo , uh ,  

/ T A o ,  u)+ = GAo, u)+, 

[ t . ( o , u ) +  = p A o ,  u)~ ,  

tAo , u)+ = pAo, u),, 

(4.33) [p(~) (s, u)&, = t(f+)(s, u)t + o(,f/,TL). 

(*) Similar relations are valid for t(~)(~ 2, t), and p(~)(~, t),, giving the poten- 

tials V~j(u) and Vxj(u) and the amplitudes T(~)j(~ 2, t),. 

3 9  - I1 N u o v o  C imen to .  r 
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So, the results got f rom potentials of the form (4.30) will reproduce  the  
field-theoretic results for energies sufficiently below threshold. 

5.  - E x p l i c i t  c o n s t r u c t i o n  of  the  po tent ia l s .  

For  the moment  let  us only consider the direct parts  of the potentials and  
amplitudes,  as exact ly  analogous relations hold for the  exchange parts.  

I f  the scattering ampli tude at  zero energy is known in field theory,  as wo 
get f rom formulae (4.30) and (4.32) 

r 

�9 1 f I m t ~ ( ~  '~, t) d~,2 
(5.1) vow(t) = p~,(o, , ~ , -  ?~j ~ , 

0 

we can construct  V~ if I m  t.~ is known. 
l~ow p~(O, u)~ can be got f rom the Mandelstam representa t ion for p~j(s, ut), 

if we write for it  a one dimensional dispersion relation at  f ixed energy and ther~ 
set the value of ~ equal to zero. We get 

r r 

(5.2) p,,(O, u), = ~ d~ ~ - - t  + u' u ' +  t:  ' 
4 p  2 4r I 

where, ~ being equal to zero, we have set u --~ - - t .  In  this equat ion Im  p ,  
is the absorptive par t  of the causal ampli tude for channel two, ( p l + ~ , - ~  
- ->n,+~l) ,  while Imp1 belongs to channel one (P~+n, - ->nl+P~) .  As we are 
interested in values of It ]<< 4m ~ and the absorptive parts  are of the form 

(5.3) Imp.,,.~, = Z ~.(x) 

with 

(5.3) F ~ ( x ) = 0  for x < ( n M  2), 

M being the mass of particles in the intermediate  state,  the main contribu- 
t ion will come only from the first term, and from this one, only the pionic 

in termediate  states will be important .  Therefore, what  is required to know 
from field theory,  are the spectral functions for channel two for  

Fig. 2. 

one, two, etc., pions in the intermediate  states. This fact  is 
related to our decomposition of the potentials in direct and  
exchange tipes. In  the direct type  of interaction,  which groups 
together  all graphs of the type  of Fig. 1, channel one cannot  
give rise to pions in an intermediate  state if we choose to de- 
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scribe the process by  neutral  pions; if we consider the exchange process, 
i t  will group all graphs of the type  of Fig. 2; in a charged theory,  graphs of 
type  1, will represent  an even number  of charged pions interchanged, while 
graphs of type  2, will represent ~n odd number  of charged pions interchanged. 
Therefore in the direct par t  of the interact ion we don~t expect  pions in the  
intermediate  states for channel (p~) and no pions in the intermediate  s ta te  
for the interact ion (p~) in the exchange parts. 

To obtain the needed scattering amplitudes, one can make use, for instance 
of the results got by  ALV.L (their functions Qj given in their  formula (3.43)) 
which takes into account  up to two pions in the intermediate  states. 

Once the scattering amplitudes are got from field theory,  to solve the 
problem completely, one has to solve ye t  the system of eqs. (4.26), 
and (4.29). This would allow the knowledge of each I m t ( ~ ) n e c e s s a r y  to con- 

s truct  the potentials. We saw tha t  as it stands, eq. (4.26) represents a system 
of ten coupled non linear integral equations. If  we write the uni tar i ty  con- 
dition in terms of TI~, Toj instead of using the Tt~. 's then,  SchrSdinger's equa- 

tions is separated in terms of the potentials (V~, V0) and the uni tar i ty  condition 
applies separately for the T1/s and the To/s. Thus we get two systems of 
equations, consisting each in a set of five non linear coupled integral equations. 
Le t  us see if we can solve these systems. Suppose we want  to obtain the 
observable cross-sections related to the scattering amplitudes. We know tha t  
the differential scattering, cross-sections can be obtained from the potent ial  
scattering amplitude,  tha t  coincides with the field theoretic scattering ampli- 
tude  at  energies sufficiently below threshold, if we compute,  for instance 
for T = I :  

(5.5) 

where up,, un I and ~ ,  un~ are the spinors for the incoming and outgoing par- 
ticles respectively. The per turbat ive  invariants  are of the form Pj  = P~P~, 
where the n and p operators are to be saturated between un= and u, . ,  and 
u,~ and uv~, respectively. 

In  the Appendix,  i t  is shown tha t  if we compute  expression (5.5), and then  
order the result, we obtain an expression of the form 

(5.6) ]Tl2=O(m4)[t+t3]+ O(mz)[t+t3 +t+t~]-~ O(m~)[t+t+-~ t+t3 -~ t a+t 1 -~ t 3+t 4 + t,+t3] ~- 

~, O(m)[t+t4-~ t+t~ -[- t+t2 § t+tl] ~- O(m ~ It+t4-~ t+t~ Jr t+tl-~ t+ltl] ~- O(1/m 4) [t+t~] . 

Sui~pose the scattering amplitudes tj are functions only of ~2 and O, with  
a given dependence on m independent  of j, then  we can consider the non- 
relativistic limit of this expression. We see tha t  to a first approximation,  
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the  only term contributing to the cross-section is proport ional  to It+t3]. There- 
fore, if we set Schr6dinger's equat ion in terms of the potent ial  v3 alone, we 
will get f rom it a scattering ampli tude tha t  will reproduce the results got  
in a first non relativistic approximation.  Bu t  this scattering ampli tude will 
then  satisfy a uni tar i ty  relation of the form 

(5.7) P3 Im T3(~", t) : a T+ . T3 

because the per turbat ive  invariants are hermitian. Therefore eq. (5.7) to- 
gether  with (4.29) and (4.32) completely solves the problem in this first ap- 
proximat ion,  because, we already know how to solve a system like this 
unambiguously,  f rom the results of Ch.F.I  (Section 5). 

If  we go to the next  approximation,  we see tha t  now we have a mix ture  
of potentials three and two acting. The uni tar i ty  relation tha t  we now obtain is 

(5.8) P2 I m  te0? 2, t) = ~ [ T  + *  T 2 -~ T + * T3] , 

where now T3 and Im 1'3 are already known from the first approximat iom 
Therefore,  eqs. (5.8) and (4.29) and (4.32) can again be solved by  per turbat ive  

methods.  
The next  step would be to consider terms of order m2/m 4, but  we see from 

(5.6) tha t  the cross-section obtained to this order includes the contr ibut ion 
f rom potent ia l  v~, bu t  this is not  all, for we also find a te rm coming from the 
mix ture  of potentials three and four. This mixture  of potentials goes all the 
way  down to the terms of order 1/m2m4; this means tha t  to solve completely 
the  problem we should t ry  to device a method  for solving the system of three 
simultaneous equations, coupled and of integral type ,  coming from the scat- 
ter ing amplitudes corresponding to potentials V~, V4 and Vs. We don ' t  know 
of any such method.  Anyhow it is reasonable to expect  tha t  the results got 
up to second order in our nonrelativistic approximation,  could describe accu- 

ra te ly  the nucleon nucleon interact ion for a reasonable range of energies. 
To identify the potentials obtained by  this method with the usual direct, 

tensor,  spin-orbit, spin-spin and spin orbit-spin orbit potentials,  one must  
compute  the matr ix  elements of the per turbat ive  invariants in terms of posi- 

t ive energy spinors. 
When this is done, one finds that ,  the principal contributions coming from 

potent ials  associated with P2 and P3, the interact ion should be accurately 
described by  central,  spin-orbit and s.o.-s.o, parts,  with a contr ibut ion from 
the tensor potent ial  of the same order of magni tude in powers of 1/m, than  
the s.o.-s.o, type.  This does not agree with the results got phenomenologically 
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by  GAM]~IEL and THALEI~. (9), for instance, who fit the scattering' da ta  by  means 
of a central  plus tensor plus spin orbit  potential ,  wi thout  considering the pos- 
sibility of a spin orbit-spin orbit term. This ma t t e r  undoubted ly  requires 
fur ther  investigation (*). A phenomenologieal potent ial  containing all five pos- 
sible types would be most  desirable to this purpose. 

The potentials tha t  can be obtained in the way proposed, would be correct  
only outside a region of radius 1/3#, as up to two pions in the in termediate  
states would be considered. The inner region must  be still considered pheao- 
menologic. 

On the other hand, if phenomenologic potentials of the described type  were 
obtained, phenomenologic spectral functions for the nucleon-antinucleon channel 
two could be obtained, thus allowing a check on the theory  by  using Chew's 
method  (lo) for the determinat ion of bound states and phase shifts. 

I t  is worth making a last remark  about  the method proposed. The poten- 
tials obtained present  the same formal s t ructure  as Gupta 's  potentials (~), 
in the sense tha t  they contain a par t  explieitely proport ional  to the isotopic 
spin operator. 

At the same time, even though we have used a process of non relativistic 
limit in t rying to uncouple the uni tar i ty  condition, they are free from the 
inconsistencies of the static approximation,  as defined in Section 3, pointed 
out  by  Gupta  in thes ame paper  and by  Ch.F.I  for scalar particles interact ing 
through a neutral  meson field, because these inconsistencies derive from the 
application of the limit 1Ira-> 0 to the terms of a field-theoretic per turba-  
rive expansion of the interaction.  

About  the result  obtained~ notice tha t  a spin orbit-spin orbit  potenti la  is as 
able to produce the S and D waves mixture  wanted in the ground state of 
the deuteron,  as a tensor one. 

When this paper  was being completed, I learnt  f rom Dr. A5IATI tha t  he 
and his collaborators, were working at  this problem, t rying to apply their  
results from A.LV.I,  to the determinat ion of the potentials.  I ignore if our  
methods  agree. 

(9) j .  L. GAMMEL and R. M. TItALER: Phys. Rev., 103, 1874 (1956); 107, 291, 1337 
(1957). 

(*) This is done in a forthcoming paper. 
(lo) G. F. CHEW: Dispersio~ relations and unitarity as the basis /or a dynamical 

theory o] strong interactions, University of California U.C.R.L.-9289 {1960). 
(21) S. GUPTA: Phys. Rev., 117, 1146 (1960). 
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A P P E N D I X  

a) The evaluation of the cross-sections. 

To compute  eq. (5.5), one must  consider the contribution of terms of the  
form 

(AA) l +  - -  D n  + n + - - +  ~ + ~ + U ~ )  -+ tj k(u., ~u~)(u~P~ u.,)(u~P~u~)(u~P~ 

where sum over the final spin states and average over the initial spin states,  
bo th  for positive energy, is to be understood. Therefore, we must  consider 
all possible terms of the form 

(A.2) p p  la ~ _  t~t+~ Tr (P~.A+, P~A+,,) Tr ( jA+~PL4+~,)  t~t4i~k , 

where p ( . , ~ v  yop~,,,~,)yo, and A+(,,~, represent the positive energy projection 
operators 

~+m 
A+, -- 2m 

(A.3) 
A ~  - ~ + m  

' 2 m  

One easily gets 

(A.4a) T r ( l "  ~1-~-2~m 1" n2+2m m~] _-- 1 - /  n~'n2m ~ - '  

(A.4b) Tr 
^ ~ + m~ 

(l" nl?mm T"" P 2m--] 
Tr ~ ~ 2N.  P 

=~mm (7=~" 2N=P") = m ' 

(A4.c) Tr(1"  ~ §  ~ n 2 + m ~  Tr , , 2 
2m ~ e - 2 m  -] =4-m ( ~ q 2 N ~ )  ---- mg~qN~, 

(AAd) Tr ( A+.,r~A+.~) = 4m ~ (~,757znl~,n2~) = 

1 4)* n i 
4m 2 (-- ,~,(~n25nio + 2ia~nl~,n2o) = 2~-  Tr 0 ~ .An~o = 0 

(A.Sa) 
1 

Tr (%,P~, A+,lr~P Q A+,~) = ~ (g~o g~Q--g~,gc, q+gq~g~,~) P~,nl~Pqn~,+ P 2-- 

1 
= m- ~ (2P.  n~P. n2 - -  nl" n2P 2) + p 2 ,  
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1 
(A.5b) Tr  (~,P~,A+,,~qA+~,.)= ~ (P 'n2g~en~d-P'n ig~on2~) .d- (m2-nl 'n2)g~eP~,  

(A.5c) 

(A.6a) 

2i 
= 4--m jam" (n~ - -  nl)Po + a" "P(n l  - -  n~)o] = Tr  ~ i  a-APo = 0 ,  

1 
Tr  (~A+. ,  ~o A+.,) = ~ [ g ~ (, n2.g ~e n~ ~ + g e.g ~r ~ -~ ( m S -  n l  " n2)g~q], 

(A.6b) Tr  ( ~  A + ~ s A + . o )  = 

i i 

Tr  1 
(A.7) Tr  (75 A+,~ rsA+,.) = 4 ~  ~ [ ~ 7 , n l ~ n 2 , - -  m 3] = ~-~ (hi " n 2  - -  m~). 

:From here one can easily check tha t ,  the  order of magni tude  of the different 
factors  in powers of m is: 

~1~ -+ 0 ( 1 ) ,  ~2~ -+ O(m~), 

~12=~21.-->0(m),, 7e23 --> 0 ( m a )  , 

g12 -+ 0 ( m * ) ,  ~24 -+ 0 ( m ) ,  

~ 4  -> 0 ( 1 ) ,  ~2~ = 0 

:g15 = 0.  

~33-+ O(m') , ~4,'+ 0 ( 1 ) ,  

~ 4  -+ O(m*) , ~ 5  = 0 

ze.~5 -~- 0 

:From here, one immediate ly  gets eq. (5.6). 

:~55 -+0(11m4), 

b) The non relativistic l imit  of the invariants.  

Let  us take  as positive energy spinors 

1 ) and ~ ,  = 1 a .  ni 
(A.9) u ~ , ~  ( a . n i ) / ( E 4 - m )  E 4 - m  ' 

where the normalizat ion factor  [ ld -p2 / (Ed-m)2] - �89  has been taken  equal to 1. 
Therefore  we obtain 

{7 n �9 
a " n z a  n ' n  1 ~ 1 ~ _ i  with n = n  l •  (A.10) u~un ---- 1 ( E q _ m ) ~  ( E d _ m ) ~ ,  
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(A.11) g~,u,, ~ 1  4- i 
( E + m ) 2  ' 

(A.~2) 

(A.13) 

~n . yg2l~n . n l  
~ . ~ Y " ' P u ~ , - -  P o 4 - - ( E + m ) 2  Po § 

r �9 n a "  �9 P a " .  P a  n .  n ~  2 4 

E + m  E - t : m  

n l "  n2 2 P  2 ] 

= P o  14- (E 4- m) ~ 4- (E 4- m)Po] i(7" 'nPo E m ) ~ - - P o ( E @ m ) - -  

A - -  ibex"" n ,  

g~j,v" Nu~I = A - -  i B a  ~. n ,  

q n .  n 2 G .  

E 4 - m  - - E 4 - m [ 2 N + i a " •  

1 
(A.15) ~ , y ~  u,, - -  E 4- m [ 2 P - -  iav • A] , 

(A.16) g.,~,~ u,~, = 1 4- (E + m)2 - ~ 1 - - i  (E 4- m) ~ , 

I[~ p " n 
(A.17) u ; , r~  u-,, = 1 - -  i (E+mV' 

~ n . n 2  . O n ' / l t  1 . ~ n . A  
- -  (A.18) ~ , ~  u,, = ~ i E - +  m 4- * E 4- m E 4- m '  

Gv.A 
(A.19) u--~,?~ %, = i E 4- m " 

F r o m  here we can calculate the non relat ivist ic  l imit  of P2: 

(A.20) ~ , , ) + ' . P u ~  ~ l v u ~ ,  4- ~ , T v ' N u ~ ,  ~ 1  '~ u~, = 

a " n  1 

2B 
= 2 A  4- iC(a ~ 4- a~)" n 4- a ~" n a  ~'. n ,  

(E 4- m) ~ 

and  the  relat ivist ic  l imit  of P3 

( A . 2 1 )  ~,~ff'~. P u, ,  ~ ,y2, .  Nu~l = [A - -  i B a ' .  n] [A - -  i B a  ~. n] = 

= A 2 - -  iAB((7" 4- a ~) . n  - - B ~ a " . r t a ~ . n  . 

We see tha t  bo th  invar ian ts  contain t e rms  tha t  assign to the  associated po- 
tent ial ,  central ,  spin orbit,  and  spin orbi t -spin orbit  types  of in teract ions .  
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I f  we sea rch  for  t he  t e n s o r  eoupling~ we see t h a t  i t  a p p e a r s  b y  t h e  f i r s t  
t i m e  in  p o t e n t i a l s  V4~ because  t h e  non  r e l a t i v i s t i c  l i m i t  of P4 is 

"u ~ �9 [ l__ i  a" 'n  I a~'n ] 

( E  q -  m )  2 
[2N+ ia" xA]-[2P--  ia~ xA] _~ 

i 1 
~ 1 §  - -  (a. + a") .n  + 

( E + m )  ~ (E~- m) 2 
a n �9 n a "  �9 n 

[~.Aa~.A - -  ~ .  a ~ A  ~ ]  - -  - 
(E + m)~ 

R I A S S U N T O  (*) 

Si presenta un metodo per descrivere lo scattering dei nucleoni t ramite un potenziale 
nucleare che si accorda con i risultati della teoria dei campi. Questo potenziale risulta 
somma di dieci potenziali, 5 diretti  e 5 di scambio, ciascuno dei quali 5 dato 
da una sovrapposizione di potenziali di Yukawa. Si mostra poi che le funzioni di peso 
per queste sovrapposizioni si possono ottenere dalla teoria dei campi con l 'uso delle 
relazioni di doppia dispersione per il sistema nucleone-nucleone e con l'uso dell 'uni- 
tariets per lo scattering del potenziale. 

(*) Traduzione a cura della Redazione. 


