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ABSTRACT

Numer ical  r e s u l t s  are obta i ned  f o r  the r eg i ona l  thermal  h i s t o r y  of  a 
r a d i o a c t i v e  waste r e p o s i t o r y .  For such purpose,  an a l t e r n a t i n g  d i r e c t i o n  imp l i  - 
c i t  inethod has been used,  w i t h  s pec i a l  t r ea tment  o f  s i n g u l a r i  t i  es in heat  gene- 
r a t i o n ,  w i t h  a v a r i a b l e  g r i d  c a l c u l a t i o n .  The r e s u l t s  obta i ned  a re  in  accordance 
w i t h  p rev i ous  r e s u l t s  in c a l i b r a t i o n  cases .  These r e s u l t s  show t h a t  the  t ech-  
n ique deve loped c o n s t i t u t e s  a v a l uab l e  t oo l  f o r  t he  hand l i ng  o f  problems as the  
one under c o n s i d e r a t i o n .  I t s  a p p l i c a t i o n  i s  e x em p l i f i e d  by rneans o f  a case w i t h  
a t y p i c a l  g e a n e t r i c a l  con f i  gu r a t i  on and thermal  l oad.

1. INTRODUCTION

The numer i ca l  mode l l i ng  o f  t he  thermal  h i s t o r y  o f  a g r a n i t i c  mass under t h e r ­
mal l oads  produced by f i s s i o n  b y - p r od uc t s ,  f u r t h e r  on c a l l e d  " t he  r e p o s i t o ­
r y " ,  b r i ng s  al ong i n t e r e s t i n g  d i f f i c u l t i e s .  In o rder  to  unders tand theni, we 
on l y  rteed t o  c ons i de r  the s c a l e s  a s s oc i a t e d  w i t h  t  he i n t e g r a t i o n  doma i n and 
t hose  be l ong ing  to  the heat  sour ces .  So, t he  o v e r a l l  s p a t i a !  s c a l e s  i n  the 
area i n f l u e nc e d  by the r e p o s i t o r y  a re  in the  o rder  o f  seve ra l  k i l on te t e r s  and 
the  t ime s ca l e  o f  t he  same i s  i n  the  order  of  thousands o f  y ea r s .  On the 
o t he r  hand, the s c a l e s  c o r r e spond i ng  w i t h  t he  sources  a re  i n  t he  o rder  o f  one 
meter and o f  hundreds o f  y e a r s ,  t he  l a t t e r  being due to r a d i a c t i v e  decay.  
F i gu r e  1 i l l u s t r a t e s  a t y p i c a l  geornetry,  P a l a c i o s  e t  a l .  ( 1 983).

Aimed at  s t u d i e s  t h a t  wi 11 f o l l o w  t h i s  paper ,  c o n s i s t i n g  i n  p r e d i c t i n g  the 
water  f l ow and the d i f f u s i o n  of  r ad i onuc l  i des toward the  s u r f a c e ,  c o n s i d e r ­
a t i o n  must be g i ven t o  t he  t h r ee - d imens iona l  c anpu t a t i ona l  g r i d  ( 30 ) .  Th i s  
f a c t ,  a long w i t h  the v a r i ou s  s c a l e s  ment ioned above,  l e ads  t o  t he  c o n s i d e r ­
a t i o n  o f  heat  genera t i on  s i n g u l a r i t i  es in the hear t  o f  the rock i f  a reaso-  
nab l e  number o f  c a l c u l a t i o n  p o i n t s  ( i n  the o rder  o f  2,000) i s  d e s i r ed .

P1enty o f  l i t e r a t u r e  i s  now a v a i l a b l e  on s e m i a n a l y t i c a l  and numer i ca l  s t ud i e s  
f o r  cases  s i m i l a r  t o  the one d i s cu s sed  he rew i th .  Among the former ,  based on 
the  a n a l y s i s  o f  t he  thermal  problem i n v o l v i n g  t he  e x c l u s i v e  use o f  s i n g u l a r i -  
t i e s  f o r  t he  aprox ímate  d e s c r i p t i o n  o f  t he  problem,  we may quote papers p ro­
duced by Tin Chan et  a l .  ( 1978) ,  Kays (1980) and Wartg et  a l .  ( 1 979).  Among 
the  l a t t e r ,  we may quote works by C l a i r b o r n e  et  a l .  ( 1 979) , anonimous {1976) , 
Ventura and F e r r e r i  ( 1982 a,b) and Al tehofen (1981) .

* Menbers o f  the Ca r r e ra  del  IrTvé^ fgTdTr^cTerrrfrfrcT 'T íf^^The'T0rír(TT7Tr_gerrtTrTar



Rat i gan ( 1977) ,  Thunvik ( 1980) and Rae and Robinson ( 1979) de sc r i b e d  c a l i b r a -  
t i o r i  work aimed at  v a l i d a t i n g  t he r e s u l t s  ob t a i ned  f o r  f i n i t e  e le inents i n the 
case o f  heat  conduc t i on  and l i q u i d  novement.  In these  cases ,  the  number of 
nodes i n v o l ve d  f o r  the ca l  cu'l a t i  ons i s  in the o rde r  o f  4(10 f o r  p lañe symme- 
t r y ,  which a l l ow s  t o  assuine an orde r  o f  16,000 nodes f o r  the non- s immet r i ca l  
3D case.

Cons i de r i ng  t he need t o  i na i n t a i n  the CPU t ime necessa ry  f o r  s i m u l a t i o n  w i t h i n  
a g i ven marg i n ,  in t u rn  imp l y i ng  t he  r e du c t i on  o f  nodes to the  minimum p o s s i -  
b l e  number wh i l e  keeping r e s u l t s  a c c u ra t e ,  i t  i s  i i npor tant  to con s i de r  a 
t echn i que  t h a t  dea i s  adequate l y  w i t h  the presence o f  the  heat  sources .  As i t  
has a l r e ady  been d i s c u s s ed ,  t hese  sources  may be cons i de red  as s i ngu l  a r i t i e s  
and, f o r  t h i s  case ,  a work by Emery (1973) deserves  be ing taken i n t o  account  
as a t echn i que  o f  i n t e r e s t .  Some d e t a í l s  o f  t h i s  t echn i que  may be found in 
Appendix A and have on l y  been i n c l ude d  f o r  the sake of  e l a r i f i c a t i o n ,  s i n c e  
the  o r i g i n a l  t echn i que  i s  empl. oyed in a broader  sense.  Conceptual  l y , t h i s  
i m p1i e s  c o n s i d e r i n g  t he l o ca l  c o n t r i b u t i o n  o f  s i n g u l a r i  t i  es as a source d i s -  
t r i b u t e d  over  t he  g r i d ,  thus  d i s c a r d i n g  t he  usual  d i f f i c u l t y  a s s o c i a t ed  w i th  
t he  accuracy  o f  d i s c r e t P  scheirtes around the a lmost  punctual  sources  l o ca t ed  
i n  i s o l a t e d  p o i n t s  o f  the g r i d .

T h i s  paper shows the r e s u l t s  ob ta i ned  from a s s o c i a t i n g  a general  i z a t i o n  of 
Emery ' s  t e chn i que  ( 1973) w i t h  an a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  scheine (AOI) 
o f  the R ' Yakonov ' s  t ype  ( see Marchuk,  1975) i n  cases  o f  i n t e r e s t ,  a pp l i ed  to 
t he  prohlein of  pred i  ct. ing t he  thennal  h i s t o r y  o f  a r e p o s i t o r y .

The f o l l o w i n g  paragraphs  w i l l  se rve  to  i l  l ú s t r a t e  the t echn ique deve looed,  
t he  c a l i b r a t i o n  cases  and the r e s u l t s  ob t a i ned  f o r  a t y p i c a l  case r e l a t i r u j  
w i t h  the p r o j e c t e d  r e p o s i t o r y .  The r e s u l t s  o f  t he  complete  s tudy ,  i n c l u d i n g  a 
pa r ame t r i c  s tudy o f  the r e p o s i t o r y ,  w i l l  be cons i de red  s e p a ra t e l y  from t h i s  
paper.

?. THE NUMERICA!, TECHNIQUE

As i t  may be seen in Appendix A,  t he  s o l u t i o n  o f  t he  problem:

3T (1)
I t

= a V 2T + E q-j

where T i s  t he  l o c a l  t empera tu re ,  a i s  the thermal  d i f f u s i v i t y  of  t he  r o . k ,  t 
i s  t ime and q-¡ r ep r e s en t s  i s i  ngul a r i  t i es d i s t r i b u t e d  in the hear t  o( the 
r o ck ,  may be obta i ned  from the s o l u t i o n  o f  the problem:

= a V 2T + 2 - a V 2 Si } ( ? '
ó t  -j til.

where Sj i s  known, co r r e spond i ng  to  the s o l u t i o n  o f  t he  problem:

3 Si 9
= a V 2 Si + qi



i n  t he  v i c i n i t y  o f  s i n g u l a r i t y .

In d i s c r e t e  t e rms ,  equat i on  (2) must be w r i t t e n  as f o l l o w s :

3 .. n+1
T I  ( 1 -  i  <■ Tp = 
i =1 1 * '

> T I  t 1 - Ai  ■» «2 . I Tp 
1=1 XI

n+1 n Ata  n+1 n
+ M  Sp - Sp - —  ( v2 Sp + Sp )}  = TI , (3)

where P i n d i c a t e s  a g ene r i c  po i n t  i n  t he  g r i d  P ( x , y , z ) ,  n + 1 i s  an i n d i c a -  
t i o n  of  t ime t  = ( n + 1) At and sub index h i n d i c a t e s  a d i s c r e t e  form of  the  
L a p l a c i a n ,  taken t o  be the same t h a t  t he  one c ons i de red  f o r  V2T.

S i nce  t he  terms i n v o l ve d  in t he  v a r i a t i o n  o f  S may be c ons i de re d  as data and 
a re  obta i ned  as shown in  t he  f o l l o w i n g  paragraph,  equat i on  (3) i s  d i r e c t l y  
t r e a t a b l e  as f rom an ADI scheme 1 i ke t he  one cons i de red  by Ventura et a l .  
( 1978) ,  val i d  f o r  t he  q u a s i - l i n e a r  problem. In t h i s  case ,  however,  i t  was 
conven i en t  t o  modi f y  i t  i n  order  to c o n s i d e r  a g r i d  v a r y i ng  in space.  The 
a l g e b r a i c  d e t a i l s  a re  somewhat t e d i o u s  and on l y  f i n a l  r e s u l t s  a re  being 
i n c l u de d  he rewi th .

When an ADI process  i s  a p p l i e d ,  equat i on  (3) appears  as f o l l o w s :

( 1 - 7  °  4  )

( 1
At ,2
7  a y

★
TP - TI

** *

TD

II

TP

n+1
TP = TP ’( 1 -  A|  « 4  ) Tp = Tp , (4)

The c o n s i d e r a t i o n  o f  a v a r i a b l e  g r i d  does on l y  imp l y  a l t e r a t i n g  t he  form o f  
t he  c o e f f i c i e n t s  in t he  t r i d i a g o n a l  e xp r es s i on  co r r e spond i ng  t o  t he  l e f t  
member i n  equa t i ons  4 and t o  TI .  Thus,  i f  one o f  the equa t i ons  i s :

A" Ti + A ^  + A+ T í +i  , 

t he n ,  t he  c o e f f i c i e n t s  are expressed as f o l l o w s :

A- = - At a/ h x ( h L + h2)



A = 1 -  At a/ h L h2

A+ = - At a/ h2 ( h x + h2)

In the p re v io u s  e x p re s s io n s  h2 = x-j + 1 - x-j and h L = x̂  - x -j .^  It must be 
taken i n t o  account t h a t  the accu racy  o f  the r e s u l t s  degrades i f  h L and h2 are  
v a r i a b l e  and t h a t  t h i s  must be co ns id e re d  in  the e v a lu a t io n  o f  the  same.

The q u a s i - l i n e a r  case  must be t r e a t e d  in the  same way. In t h i s  case  the a lg o-  
r i t hm  shown in  Ventura e t  a l .  ( 1978) may be a p p l ie d ,  with  an adequate e v a lu a ­
t i o n  o f  the  c o e f f i c i e n t s  v a ry in g  in  space.

Some c o n s id e r a t i  ons must be made here concern in g  the  code deve loped .  Th is  
r e p re s e n ts  a h ig h ly  compact a lg o r i thm  in  which the s u c c e ss iv e  s teps  of the  
ADI are  obta ined  through the  permutation o f  subindexes .  Th is ,  a long with  a 
l i b r a r y  su b - r o u t in e  f o r  s o l v i n g  t r i d i a g o n a l  systems in  l i n e a r  e q u a t io n s ,  
al lowed f o r  o b t a in in g  the r e s u l t s  along with a gre at  computational  e f f i -  
c i e n c y .  The source  term s,  see paragraph 3, were obta ined  in  some cases  from 
modules separated from the main code.

3. ANALYSIS OF CERTAIN SINGU LAR I TI ES

As i t  was p r e v i o u s l y  mentioned,  the  techn iq ue  a p p l ie d  c a l i s  f o r  knowledge o f  
t h e  a n a l y t i c a l  s o l u t i o n  to  c e r t a in  s ingul  a r i t i e s  t h a t  are  r e p r e s e n t a t iv e  o f  
the  case under a n a l y s i s .  Three s i n g u l a r i t i e s  are u s u a l l y  found in the cases  
under study:  p o in t  s o u rc e s ,  f i  ni te-1 ength l i n e a r  sources and p lañe sources.

The p o in t  source i s  r e p r e s e n t a t i v e  o f  a c o n t a in e r ,  as i f  the  1 a t t e r  were i so-
1 ated in  the ro ck ,  s in ce  i t  should not be ignored  t h a t  i t  i s  smal 1 i f  compar­
ed with the geometrical  s c a l e  o f  the r e p o s i t o r y .  It may be argued t h a t  each 
c o n t a in e r  may be a source  with  f i n i t e  le n g t h  and radi us. However t h i s  woul d 
imply c o n s id e r in g  3000 i s o l a t e d  sources  f o r  a t y p i c a l  case,  thus d i s c a r d i n g  
t h e  p o s s i b i l  i t i e s  o f  a p p l i c a t i o n ,  as i t  wi 11 be seen f u r t h e r  on in  t h i s  re -  
p o r t .  The f i  ni te-1 ength l i n e a r  source  i s  o f  i n t e r e s t ,  s in c e  i t  r e p re s e n ts  a 
g a l l e r y  o f  c o n t a in e r s ,  and a plañe source  would be o f  i n t e r e s t  i f  a c o n t i -  
nuous power d i s t r i b u t i o n  had t o  be s im u lated .

The i n t e g r a t i o n  o f  the heat t r a n s f e r  equation  r e s u l t i n g  from the presence of  
s p e c i f i c  f e a t u r e s  has been d e sc r ib e d  in  c l a s s i c a l  works, such as Carslaw & 
J a e g e r ' s  ( 1959), a lthough i t  has o n ly  r e c e n t l y  been a p p l ie d  to  cases as the  
one analyzed herewith .

Thus, equation

3S
T t

= a V¿S
(5)

when the re  i s  an in s tan tan eo u s  r e le a s e  of  a given amount o f  heat,  Q, at  a 
poi nt o f  coord i  nates x ‘ y 1 z i s sol ved as f o l  1 ows:

S = ------ O. . 7 7  exp { -( x-x ') 2 + ( y - y  ') 2 + ( z -z  ') 2 /4a t }
4( Trat) 3'



In the case o f  a po i n t  source in an i n f i n i t e  media,  t he  temperature  at  a 
p o i n t  o f  c o o r d i n a t e s  x,  y ,  z ,  a t  t ime t ,  i s  ob t a i ned  by i n t e g r a t i n g  t he  pre-  
v i ou s  equ a t i on ,  g i v i n g :

V - R T ' * | r / l « l  (6)

where Qp i s  t he  power o f  t he  po i n t  sou r ce ,  independent  from t ime;  K i s  the 
c o n d u c t i v i t y  i n  t he  media;  and r i s  t he  d i s t a n c e  between the  p o i n t  under con­
s i d e r a r o n  and the  source ;  b e s i d e s ,  e r f c  i s  t he  complementary e r r o r  f u n c t i o n .  
T h i s  r e s u l t  cannot  be a p p l i e d  i f  t he  source  decays w i th  t ime .  However,  i t  may 
be usefu l  when accuracy  i s  s t ud i ed  f o r  t he  t e chn i que  i n t ro du ce d  he rewi th .

When the  source  i s  l i n e a r  and independent  from t ime ,  t he  n o n - s t a t i o n a r y  s o l u -  
t i o n  f o r  l a r g e  va l úes  o f  t  ( f o r  a l l  p r a c t i c a l  purposes ,  t he  va l úes  o f  t  are  
i n  t he  o rder  o f  severa l  years)  i s :

Si ■ - * )  .

where Oí i s  t he  l i n e a r  power d e n s i t y  and y i s  E u l e r ' s  cons t an t  (= 0. 577).

The s teady  s o l u t i o n  t akes  t he  f o l l o w i n g  form:

s ' “ i í t  ln  ( r / L'

where L i s a  cons t an t  o f  c h a r a c t e r i s t i c  l e n g t h .

When sources  are v a r i a b l e  w i t h  t ime ,  t he  s o l u t i o n  may be ob t a i ned  by means o f  
numer i ca l  t e c hn i qu e s .  Th i s  i s  s t i 11 t r u e  f o r  very  s imp l e  c a s es ,  such as the 
ones shown above,  a l t hough f o r  t he  l a t t e r  t he  t e chn i ques  shown herewi th  are 
economical  as f a r  as computat i ona l  c o s t s  a re  concerned.

R e y e r l e i n  and C l a i b o rn e  ( 1979) summarized a set  o f  equa t i ons  f o r  sources  of  
i n t e r e s t  f o r  t he  case in which source decay may be shown as:

Q = Q0 A exp ( - At)

In t h i s  case ,  t he  s o l u t i o n  co r r e spond i ng  w i t h  the  p o i n t  source  i s :

r 2/4at  ___
SP = * R ( Ai t , r /  f* « t )  , (7a)

where R i s  t he  rea l  pa r t  o f  t he  complex-argument  e r r o r  f u n c t i o n ,  de f i ned  as:

2 * 2  2 
W( c) = e~c { 1 + —  j C e- t  dt } = e " C . e r f c  ( - i c )  ,

TT 0

For the case o f  a p l añe source ,  the  s o l u t i o n  i s :



SpL .  - i l  e - z2/4“t  • J ( f l t ,  z l  J * r t )  (7b)
2 K ^

where J i s  t he  imag i na r y  pa r t  o f  W( c) and where, a d d i t i o n a l  l y ,  i t  has been 
assumed t h a t  t he  source i s  1ocated a t  t he  o r i g i n  o f  t he  c o o r d i n a t e s  ( z  =0 ) .

When the  sources  have a f i n i t e  l e n g t h ,  t he  s o l u t i o n s  may be obta i ned  from 
numer i ca l  quadra tu res ,  even i n  t he  case o f  a c ons tan t  power.

The equa t i on  cor respond í  ng w i t h  a 2L - l ong  f i n i t e  source paral  l e í  t o  t he  x 
ax i  s i s

s, - I 1 ( erfc (- J L 1 4 -) .  erfc ( * ~ L. . ) ) .
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Q- í  ( y - y  ') 2 + ( Z-Z ') 2 /4a( t - t  ') } dt
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as  shown by Tin Chan e t  a l .  ( 1978).  Si nce the  sub in t eg rand  o f  t h i s  equa t i on  
has some s pec i a l  f e a t u r e s ,  i t  may be subd i v i ded  i n t o  areas ,  as shown i n  an 
anonymous paper dated 1980, a l t hough  expe r i ence  has l a t e r  shown t h a t  t h i s  was 
unneces s a r y .

A s i m i l a r  t r ea tment  may be a p p l i e d  t o  t he  case o f  a p l añe  source  w i t h  f i n i t e  
d imens i ons .  In t h i s  case equa t i on  (8) would become:
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wi th
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) -  e r f  ( (10a)

and:

F2 = e r f  ( y + N
2 ) - e r f  ( 2̂ (10b)

D e t a i l s  on t h i s  s o l u t i o n  cannot  be found i n  bi bl i ography.  There f o re ,  t he  com­
p l e t e  r e s u l t s  wi l  1 be c ons i de red  s e p a r a t e l y .

Whi l e  t he  equa t i ons  shown r e f e r  t o  an i n f i n i t e  media,  i n t e r e s t  i n  t h i s  case 
i s  cente red  upon a s e m i - i n f i n i t e  media.  Th i s  may be so l ved  by means o f  the 
image method, which i s  v a l i d  f o r  t he  l i n e a r  case.

The d e t a i l s  o f  t he  c a l c u l a t i o n s  per formed a re  shown f u r t h e r  on i n  t h i s  paper.



4. PRELIMINARY NUMERICAL STUDIES

In order  to a t t a in  a proper idea  o f  the  accuracy  o f  the  r e s u l t s ,  some s tu d ie s  
and comparisons with  p rev io us  r e s u l t s  were performed so as to  v e r i f y  the  i n ­
f lu e n c e  o f  the  boundary c o n d i t i o n s  upon the  same.

Unless  s t a t e d ,  the va lú es  o f  the  t r a n s p o r t  parameters were r e p r e s e n t a t i v e  o f  
those  encountered in a t y p i c a l  g r a n i t e  mass, i . e . ,  K = 2.58 kcal/m/h/°C,  
p C = 520 kcal/m3/°C.  The heat source was al so r e p r e s e n t a t i v e  o f  a t y p i c a l  
thermal  load ( P a l a c i o s  et a l . ,  1983), namely 430 k c a l/ h .

For  almost every  c a s e ,  the  geothermal g r a d ie n t  was cons id ered  as imposed, re -  
s u l t i n g  in  T$ = 15.3°C f o r  z = 500 m and in To = 32°C f o r  z = 0.  The i n f l u e n -  
ce o f  the  f l u x - t y p e  boundary c o n d i t i o n  was found to  be n e g l i g i b l e  by Ratigan  
(1977) f o r  the  usual va lú es  o f  the  heat t r a n s f e r  c o e f f i c i e n t s  and, t h e r e f o r e ,  
i t  w i l l  not  be cons idered  f u r t h e r  on. The imposed geothermal g rad ie n t  was 
I o C/30m.

F ig u r e  2 shows th r e e  in t e g r a t io n  domains,  R-¡, i = 1.3 .  Domain Ri i s  r e p r e ­
s e n t a t i v e  o f  t h a t  p r e v i o u s l y  co ns id e re d  by the  authors ( 1982),  c o n s i s t i n g  in  
a u n i t  c e l l  with a c o n t a i n e r .  Domain R2 re p re s e n ts  the  case cons id ered  by 
Rat igan (1977) and l a t e r  by Rae and Robinson (1979).  Domain R3 r e p re s e n ts  an 
i d e a l i z a t i o n  o f  the thermal load ( r e c t a n g l e  ABCD in F ig u r e  1) and o f  the  
surrounding  media f o r  a case o f  our i n t e r e s t ,  P a l a c i o s  et  a l .  ( 1983),  which 
w i l l  be d is cu s se d  f u r t h e r  on in t h i s  paper.

The va r io u s  v e r s io n s  o f  the  program developed allowed f o r  a c o r r e c t  treatment  
o f  some problems o f  i n t e r e s t .  Almost a l l  cases were cons id ered  as 3D, under 
adequate boundary c o n d i t i o n s  and ad hoc so u r c e s ,  so as to  s im ú la te  2D cases  
( domain R2) .

Let  us f i r s t  c o n s id e r  the p rev io us  r e s u l t s  obta ined  with domain R i .  One o f  
th e  developed v e r s io n s  al lowed f o r  c o n s id e r in g  c o n s ta n t -s p a c in g  areas that  
p a r t i a l l y  represented  the phenomenon, with a steady p o in t  source .  T h is  has 
been i l l u s t r a t e d  in F ig u r e  3 fo r  plañe x = 0. For  the  sake o f  c l a r i t y ,  the  
f i g u r e  shows the symmetric source  t h a t  al 1ows f o r  a r e p re s e n ta t io n  of  the  
su r f a c e .

The r e s u l t s  obta ined  from d i f f e r e n t  v e r s io n s  o f  the  code using v a r i a b l e  and 
constant  g r i d s  were compared with eachother  and the  r e s u l t s  o f  the comparison  
a re  shown in F ig u re  4. The shaded zone o f  F ig u r e  3 was d iv id e d  i n t o  a r e g u la r  
g r i d  o f  10 x 10 x 20 p o in t s  in  the x , y , z  d i r e c t i o n s ,  r e s p e c t i v e l y . The width  
o f  the zone was 20 m along x and y ,  and the  he ight  of  the  i n t e g r a t i o n  sub-do-  
main ( ZP) was v a r ie d  to  cons id e r  the  i n f l u e n c e  o f  boundary c o n d i t i o n s  as time 
e la p se d .  The boundary c o n d i t i o n s  were a d i a b a t i c  in  the  v e r t i c a l  w a l l s  and im- 
p l i e d  f i x e d  temperatures ( c o i n c i d e n t  with the  geothermal di s t r ib u t io n )  at  the  
top  and at  the bottom. The curve r e s u l t i n g  from ZP = 120 m and from a uniform  
d i s t r i b u t i o n  of  20 p o in t s  demonstrated th a t  i t  was not convenient  to  work 
with  p o r t io n s  o f  the area o f  i n t e r e s t ,  s in c e  -a s  t ime went by- t h e r e  was an 
i n c r e a s e  o f  the in f l u e n c e  o f  the r e p o s i t o r y  upon temperature d i s t r i b u t i o n ,  
i n v o l v i n g  1 arger and la r g e r  areas o f  the  rock mass. For t  < 50 y e a r s ,  the  
h e ig ht  ZP = 300 m was s a f e ,  as a boundary c o n d i t i o n .  Another se t  o f  c a l c u l a -  
t i o n s  was performed employing a graded mesh d e f in e d  by Z( i) = 2 ZP ( í ( i - l )  
ZP/19 - ZP/2>/ZP] 2 s ign (k-11) and ZP = 1,000 m. T h is  mesh avo ids the  o r i g i n  
where the steady p o in t  source i s  l o c a te d  and v a r i e s  p a r a b o l i c a l l y  with the



d is t a n c e  to the o r i g i n .  The r e s u l t s  so obta ined  are  shown as c i r c l e s  in F i ­
gure 4 and served to check the  s e n s i t i v i t y  o f  the  codes with r e sp e c t  to  g r id  
v a r i a t i o n s .  C a l c u l a t i o n s  were performed with  At = 0.25 y e a r .

Comparisons were made f o r  a one-dimens ional  case with sp h e r ic a l  symmetry in -  
v o l v in g  a p o in t  source .  The case  was t r e a t e d  as C a r t e s i a n ,  as from t r a n s f o r -  
mation T '  = T r ,  where T ‘ i s  the "temperature" in  the  C a r te s ia n  case .  The gej) 
m e t r i c a l  dimens ions  and the  p h y s ic a l  f e a tu r e s  o f  the so u rce ,  as well  as the  
m a ter ia l  s ,  corresponded to the actual  case and are  shown in F ig u r e  5. The 
source  was c o nstan t  in t im e ,  s e l e c t i n g  At = 0.5 y e a r ,  and the  i n t e g r a t i o n  was 
extended to  104 y e a r s .  The g r i d  was v a r i a b l e ,  with  10 p o in t s  on the  r a x is  
l o c a te d  at  r = 5, 15, 30, 60, 130, 200, 350, 500, 750 and 1,000 m. The r e ­
s u l t s  f o r  t  = 50 and 104 y e a rs  a re  shown in the same f i g u r e .  E r r o r s ,  with  
r e s p e c t  to equation  (7a) a re  shown on the  r i g h t  s id e  of F ig u r e  5 and, f o r  
t  = 104 y e a r s ,  tbey  d id  not surpass  0 . 5 % in the  areas o f  i n t e r e s t .  N a t u r a l l y ,  
e r r o r s  in c re a s e d  up to  2%, as T decreased to  5 10"2 .

The geometry shown in F ig u r e  2b was used f o r  comparison between our r e s u l t s  
and those  obta ined  by Ratigan (1977) .  The c ont in uous  source  o f  such r e fe re n c e  
was s imula ted  f o r  cases  with and without  decay.  The l a t t e r  case  was in c lu d e d  
among those  c o ns id ered  by Rae and Robinson ( 1979).

Both re f e re n c e s  show c a l i b r a t i o n  r e s u l t s  a g a in s t  a one-dimensional  case 
i n v o l v i n g  the c o n s id e r a t i o n  of  a cont in uous  p lañe source.  The source  i s  
f i n i t e  in both cases and the r e s u l t s  were compared, f o r  co n t ro l  purposes,  
with  those obta in ed  from the i n f i n i t e  source .  R e s u l t s  were obta ined  employing  
a graded g r id  with 12 x 12 x 20 p o in t s  and At = 0 .5  y e a r .  T h i s  g r i d  s imulated  
the  c o rrespond in g  one in R a t ig a n 's  work ( 1977),  whose r e s u l t s  approximate the  
temperature  at  the r e p o s i t o r y  p la ñ e ,  as i n d i c a t e d  in F ig u re  6, where the  
r e s u l t s  o f  the a n a l y t i c a l  s o l u t io n  ( e q u a t io n  7b) are  al so in c lu d e d .  The 
c i r c l e s  serve  to i n d i c a t e  the r e s u l t s  obta ined  from the  techn iq ue  cons idered  
herewith  and are  c o n s i s t e n t  with the  one-dimensional  approach under a n a l y s i s .  
Rae and Robinson (1979) showed a s l i g h t l y  b e t t e r  comparison than Ratigan b e t ­
ween t h e i r  r e s u l t s  and the a n a l y t i c a l  ones.

F ig u r e  7 shows, f o r  plañe z = 0, a comparison between our r e s u l t s  and those  
o bta in ed  by Rae and Robinson ( 1979) fo r  the so u rc e  with decay and under a 
one-dimens ional  approach.  As i t  may be seen,  t h i s  i s  an e x c e l l e n t  comparison  
and th e r e  i s  coherence with what i s  shown in F ig u r e  5. The same g r i d  and time 
step  as be fo re  were used.

Comparisons were a l s o  performed with p r e v io u s  r e s u l t s  obta ined  by the  authors  
f o r  the  case o f  the  domain shown in F ig u r e  2a. In t h i s  c a s e ,  two types o f  
sources were c o n s id e r e d ,  correspondin g  to  a p o in t  source and to  a f i n i t e  
l i n e a r  source .  In both cas e s ,  the  boundary c o n d i t i o n s  c o in c i d e d  with those  
p r e v i o u s l y  shown by the  authors ( 1982); that  i s ,  they  were a d i a b a t i c  at  the  
v e r t i c a l  w a l l s  and the  temperature  was co nstan t  at  the e a r th  s u r f a c e  and at  
2,000 m deep.

F ig u r e  8 shows the comparison between the  r e s u l t s  obta in ed  by the  Heating !> 
code,  see Turner et  a l .  (19 77) ,  and by the  technique  in t ro d u ce d  herewith f o r  
t h r e e  p o in t s  o f  i n t e r e s t ,  r e p r e s e n t a t i v e s  of  a p i l l a r  between g a l l e r i e s ,  of  
t h e  ce nte r  between two c o n t a in e r s  and o f  a p o in t  on a c o n ta in e r  a x i s .  Only 
f i v e  nodes were cons idered  as per d i r e c t i o n s  x and y ,  w h i le  20 nodes were 
co ns id e re d  al orí g z .  The t ime step was 0.5  y e a r .  The c a l c u l a t i o n s  were per-



formed without  c o n s id e r in g  the symmetry o f  the system and us ing the  r e s u l t s  
o f  Heating 5 (shown as H5 in F ig u r e  8) as a r e f e r e n c e .  Di f f e r e n c e s  hard ly  
went over 10%, tending  to decrease  with t im e ,  and s t a b i l i z e  a t  5% as a whole.  
I f  the  d i s c r e t i z a t i o n  used i s  taken in t o  account ,  the  r e s u l t s  compare 
e x c e l l e n t l y  with those  cons id ered  as b a s ic  ( H5) . On the  other  hand, the  di f -  
fe r e n c e s  in the  composi t ion  o f  the  media,  t h a t  were co ns id e re d  in the base 
c a s e ,  were d is reg ard ed  in our model.  The codes developed showed almost the  
same performance when c o n s id e r a t i o n  was given t o  the  s o - c a l l e d  " g r in d  t ime"  
( i . e . ,  CPU time/number o f  ce l l s/num ber  o f  t ime steps) . In f a c t ,  t h i s  t ime was
0.0067 and 0.0059 sec/cel  1/t ime step f o r  the H5 c a l c u l a t i o n s  and f o r  our c a l -  
c u l a t i o n s ,  r e s p e c t i  vel y ,  (12% gain) with the p o in t  source in an IBM 370/158 
Computer. Furtherm ore,  we can in c r e a s e  g r i d  dimens ions  (and ,  c o r r e s p o n d i n g l y , 
the  t ime steps) without any s i g n i f i c a n t  l o s s  o f  a cc u r a c y ,  thus a l lo w in g  
a c c u r a t e  c a l c u l a t i o n s  in l a r g e  r e g io n s .  The a u t h o r s 1 idea i s  not  to  c o n s id e r  
these  programs as " s u p e r io r "  than Heating 5. The in t e n t i o n  i s  showing t h a t  i t  
i s  p o s s i b l e  t o  use a p a r t i c u l a r  techn iq ue  advantageously  in t h i s  case.

As a l a s t  v e r i f i c a t i o n  step  and c o n s id e r in g  the  need t o  a c q u i r e  some expe- 
r i e n c e  on the s im u la t io n  o f  cont in uous  so u rc e s ,  the two-dimensional  con­
f i g u r a r o n  i s su e d  by Ratigan (1977) was re p re s e n te d ,  c o n s id e r in g  51 l i n e a r  
so urces  (and t h e i r  images).  The sources  were c ons idered  to  have a length  
equal to  t h a t  o f  the  i n t e g r a t i o n  domain in the  sense x ( see F ig u r e  2b) , t h a t  
i s  1,500 m, and were separated  at a d i s t a n c e ,  L f ,  o f  10 m in order to cover  
500 m as i n d i c a t e d  by Ratigan (1977) .  The r e s t  o f  the  dimensions were a d ju s t -  
ed as shown in F ig u r e  2b. The number o f  nodes ,  as per c o o r d in a t e  y ,  was 10 
( h a l f  o f  those in the  quoted reference) .

R e s u l t s  were s imula ted  as i f  c o rrespond in g  to  sources without decay (shown by 
Rae and Robinson,  1979),  as wel 1 as f o r  cases with r a d i o a c t i v e  decay ,  both 
with  the  same programme.

F ig u r e  9 shows an e x c e l l e n t  compar i son with  the r e s u l t s  obta ined  by Rae and 
Robinson (1979) f o r  the case  without decay .

F ig u r e  10 i s  a comparison for  the case o f  sources with decay.  T h is  was only  
performed f o r  a pe r io d  o f  ten y e a r s ,  with  At = 0 .5  y e a r ,  s i n c e  the  computa- 
t i o n a l  cost  was c o n s id e re d  as e x c e s s iv e  f o r  a t e s t .  The comparison i s  a l s o  
good and F ig u r e  11 shows a temperature  p r o f i l e  along the r e p o s i t o r y  plañe.  
The d i f f e r e n c e  with the prev io us  data does not exceed 3% and the  authors  
b e l i e v e  i t  i s  due to  the small l o c a l  d i f f e r e n c e s  in m o de l l in g  the sources .

The r e s u l t s  shown above i n d i c a t e  th a t  the techn iq ue  developed i s  a t t r a c t i v e  
and r e l i a b l e ,  w h i le  comparable with those  in the consu lt ed  l i t e r a t u r e .  T h is  
i s  coherent  with the  i n d i c a t i o n s  made by Emery ( 1973) f o r  s im p le r  c a s e s .

5. APPLICATION_IN_A TYPICAL REPOSITORY

A b a s ic  study case o f  the r e p o s i t o r y  c o n s i s t s  in a geometry as t h a t  in d i c a t e d  
in  F ig u re  2c. Lx and Ly are  s e l e c t e d  in such a way th a t  the  t o t a l  number o f  
c o n t a i n e r s  ( Nc) , est im ated  in 3,000,  may be i n s t a l l e d  in g a l l e r i e s  running at  
Dp = 20 m from eachother and at  De = 5 m from each o the r .  Cons id e r in g  a t o t a l  
o f  29 rows o f  c o n t a i n e r s ,  with  a t o t a l  l e n g th  Lx = 520 m, 3,046 c o n t a in e r s  
may be lodged in a pl ant o f  0.29 km2 . T h is  im p l i e s  a thermal load  o f  5,200  
KW/Km2 ( 5 . 2  W/m2) , i f  each c o n t a in e r  has an i n i t i a l  power o f  500 W.



R e s u l ts  were obta ined  f o r  a case o f  sources with  decay fo r  a law o f  the  type

0 = Q0 exp ( - 2 .2 8  E-6 t)

where t i s  given in hours .  Th is  v a r i a t i o n  i s  an approximation  to  the  decay o f  
wastes r e s u l t i n g  from the r e p ro c e s s in g  o f  n u c l e a r  f u e l .

The r e s u l t s  were obta ined  by means o f  a coarse  g r i d ,  with 8 x 8 x 14 nodes in 
d i r e c t i o n s  x,  y and z r e s p e c t i v e l y . As per the c o n s i d e r a t i o n s  made in the 
p r e v io u s  s e c t i o n ,  t h i s  g r id  ensures a reasonab le  accuracy  in the r e s u l t s .  
B e s id e s ,  c o n s id e r a t i o n  was given t o  the symmetry o f  the systern. C a l c u l a t i o n s  
were performed with At = 0.5 y e a r .

F ig u re  12 shows the  temperature t ime e v o l u t io n  at  the r e p o s i t o r y  a x i s  (x = 0,  
y = 0,  z) , wh i le  F ig u re  13 shows the temperature v a r i a t i o n  f o r  z = 1 m and 
x = 0. The v a r i a t i o n  along x lo o ks  s i m i l a r .

S im u la t io n s  were a l s o  performed f o r  r e s u l t s  from a f i n i t e  p lañe source e q u i -  
v a le n t  to  the r e p o s i t o r y .  The r e s u l t s  may be seen in F ig u r e s  14 and 15, 
showing i d e n t i c a l  t e nd e n c ie s  as those  in F ig u r e s  12 and 13. The 1 a t t e r  way of  
s i m u la t i n g  the  r e p o s i t o r y  i s  h ig h ly  economical in computation t imes and, 
t h e r e f o r e ,  i t  w i l l  be used in performing f u t u r e  parametr ic  s t u d ie s .

The d i f f e r e n c e s  in the r e s u l t s  are on ly  a p p a re n t ,  s in c e  they  are a c t u a l l y  
l o c a l  e f f e c t s  o f  the v a r io u s  so u rces .  Thus,  the  comparison o f  both c a s e s ,  f o r  
z = 20 m and f o r  x = y = 0,  shows a d i f f e r e n c e  t h a t  i s  not  above 2%.

6. C0NCLUSI0NS

R e s u l t s  were obta ined  concern ing  heat t r a n s f e r  in an i s o t r o p i c  s e m i - i n f i n i t e  
media i n v o l v i n g  concentrated  sources f o r  heat g e n e ra t io n .  These sources may 
be c ons idered  as ge n e ra to rs  o f  temperature  boundary l a y e r s .  T h i s  im p l ie s  that  
a standard  approximation  to  the  f i n i t e  d i f f e r e n c e s  w i l l  r e q u i r e  severe  compu- 
t a t i o n a l  c o s t s ,  so as to  reach a reason ab le  accuracy .

In order  to s o lv e  the above d i f f i c u l t y ,  a techn iq ue  was c ons idered  a l low in g  
f o r  an adequate treatment  o f  sudden v a r i a t i o n s  in temperature ,  which was ap­
p l i e d  by Emery ( 1973) and whose general fo rm u la t ion  i s  shown in Appendix A.

As from a computational  v ie w p o in t ,  a d i s t r i b u t i o n  o f  pseudo-sources  was ap­
p l i e d ,  as a r e p r e s e n t a t io n  o f  the  c oncen trated  sources .  T h is  was combined 
with  the l i n e a r  vers ió n  o f  an i m p l i c i t  a lg or it hm  with  a l t e r n a t i n g  d i r e c t i o n s  
d e s c r ib e d  by Ventura et a l .  ( 1978). In the  ve rs ió n  in t roduced  here w ith ,  the  
l o g i c s  may be s imply  a l t e r e d  in order  to  c o n s id e r  d i f f e r e n t  ty p es  o f  sou rces .

The r e s u l t s  show an e x c e l l e n t  comparison with c a l i b r a t i o n  cases and l e t  us 
assume t h e i r  v a l i d i t y  in the other  cases under c o n s i d e r a t i o n .

Thus,  a v a lu a b le  techn ique  has been a p p l ie d  to  t h i s  type  o f  s t u d i e s ,  s in c e  i t  
has the  f o l l o w in g  advantages:  i t  has no p r e c i s i ó n  problems connected with the  
presence o f  i s o l a t e d  s i n g u l a r i t i e s ,  the number o f  nodes in the g r id  i s  reaso ­
nab le  ( o f  the order  of  2,000) f o r  the 3D c a s e s ,  the  data s t r u c t u r e  leads to  
t r i d i a g o n a l  schemes, the  g r id  i s  v a r i a b l e  and the  technique  i s  u ncond it io na l  - 
l y  s t a b l e .  F i n a l l y ,  d isadvantages  are  r e l a t e d  with the  t ime needed to  cal cu-



l a t e  the  lo c a l  a n a l y t i c a l  s o l u t i o n s ;  however, f o r  those cases in which we are  
i n t e r e s t e d ,  t h i s  has al lowed f o r  a q u i t e  d e t a i l e d  s im u la t io n  o f  the  lo ca l  
temperature  peaks.

A d d i t io n a l  l y , t h i s  techn iq ue  i s  c o n s id e re d  p a r t i c u l a r l y  important as f a r  as 
design i s  concerned,  s in c e  i t  al so a l lo w s  f o r  an adequate s im u la t io n  o f  the  
thermal h i s t o r y  in terms o f  the  f i l l i n g  o f  the r e p o s i t o r y .  Th is  i s  n a t u r a l l y  
e x te n s iv e  to  other  appl i c a t i o n s .

A s imple way was al so c o ns id ered  f o r  the r e p r e s e n t a t i  on o f  the  r e p o s i t o r y .  
T h i s  c o n s i s t e d  in the in t e g r a t i o n  o f  f i n i t e ,  plañe heat source  with a r e c ­
t a n g u la r  p l a n t .  T h is  re p re s e n ta t io n  has shown to  be r e l i a b l e  when compared 
with  onedimensional cases and,  t h e r e f o r e ,  i t  w i l l  be employed f o r  the a p p l i  - 
c a t ió n  o f  the  model in cases o f  i n t e r e s t .  However, i t  on ly a l low s  f o r  appro-  
x im a te ly  s im u la t in g  a P ro g r e s s iv e  f i l l i n g  o f  the  r e p o s i t o r y .
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APPENDIX A

C o n s id e r a t io n  o f  s i n g u l a r i e s  in the f i n i t e  d i f f e r e n c e  method

The f a c t  th a t  the  presence of  s i n g u l a r i t i e s  in an i n t e g r a t i o n  domain or in i t s  
boundary b r in g s  along d i f f i c u l  t i e s  f o r  i t s  numerical  r e s o l u t i o n  i s  wellknown.  
Fox (1979) summarized the usual tech n iq u es  f o r  the treatment  o f  these  problems.  
These are  g e n e r a l l y  ad-hoc tech n iq u es  f o r  d i f f e r e n t  c as e s .

Emery ( 1973) in t ro d u ce d  another working techn iq ue  t h a t  i s  v a l i d  f o r  the case of  
f i n i t e  d i f f e r e n c e s  and f i n i t e  e lements ,  c o n s i s t i n g  in generat in g  a pseudo source  
d i s t r i b u t e d  al 1 over the f i e l d ,  r e p re s e n t in g  the in f l u e n c e  o f  the  p e r tu r b a t io n  
caused by the  i s o l a t e d  "s ingul  a r i t y (  ies)  ".  The case d e a l in g  with f i n i t e  d i f f e -  
rences  w i l l  be the one c o ns id ered  in t h i s  appendix in a broader sense than that  
o r i g i  n a l l y  co ns id e re d  by Emery, a lthough based on the  same c o n c e p ts .  " S i n g u l a r i ­
t i e s "  are  very  strong v a r i a t i o n s  o f  the v a r i a b l e s  o f  i n t e r e s t .  We have p r e fe r r e d  
t o  m ainta in  a vague sense in the d e f i n i t i o n  o f  the  same, a lt h ou g h ,  in  the case  
o f  s t a t i o n a r y  s o u r c e s ,  those are  s ingul  a r i t i e s  in an a n a l i t i c a l  sense o f  the  
word.

Let  us c o n s id e r  t h a t  the  problem to  be so lved  i s  the  f o l l o w in g :

OT + Q + E q-j = 0  A. 1
i

where 0 i s  the d i f f e r e n t i a l  o p e r a t o r ,  T i s  the  temperature ,  0 a re  the d i s t r i ­
buted sources and q-j are  the c oncen trated  so u rc e s .

C o n s id e r a t io n  w i l l  on ly  be given to  the  case in which the  i n t e n s i t y  o f  the  sour­
ces  i s  known. T h e r e fo r e ,  no contants  w i l l  have to  be assessed and t h e r e  w i l l  be 
no singul  a r i t i e s  a s s o c ia t e d  with the  boundary c o n d i t i o n s .

It w i l l  be co ns id e re d  (Emery,  1973) t h a t  A . l ' s  s o l u t i o n  may be shown as f o l l o w s :

T = T + E Si A. 2
i

If  subindex h serves  to  i n d i c a t e  a d i s c r e t e  v e rs ió n  o f  the o p e r a t o r ,  S repre-  
se n ts  the a n a l y t i c a l  s o l u t io n  t o  the  problem:

0 Si + q-j = 0,  A. 3

T i s  a temperature showing a smooth v a r i a t i o n  w i th in  the i n t e g r a t i o n  domain. 
Th en,

Oh T = 0h T  + 0h S. A . 4

Since  T i s  smooth, then O T̂ i s  a good approx imation t o  OT; t h e r e f o r e ,

0h T  = OT = OT - OS = Q



Then,

I f  Q = O and O 
blems.  When:

Oh T + 0 - Oh S = O, A . 5

V2 , then A . 5 i s  the equation  co ns id e re d  by Emery f o r  steady pro

we are  d e a l in g  with the case th a t  Emery c o n s id e re d  f o r  t ime-dependent problems 
( n o t e  t h a t  the  sources may be constant  with t im e ) .
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by means o f  l i n e a r  so u rces ;  t  in y e a r s .

3. Temperature t ime e v o l u t io n  along a x i s  y .  z = 1 m; x = 0; t  in  y e a r s .

4. Temperature t ime e v o l u t io n  in the  r e p o s i t o r y  p lañe .  P o in t  A (x  = y = z 
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F i g .  15. Temperature t ime e v o l u t io n  in the r e p o s i t o r y  p lañe along a x i s  y .  ( z  = 
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