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Summary. - The quantum electromagnetic field of radiation is stndied 
for ~he ease of a spectral distr ibution of energy and momentum. Paekets  
of photons are introduced and classified. Some of their coherence proper- 
ties are discussed by associating equivalent classical fields with each 
packet.  The emission and dispersion of such t)aekets are studied with 
special emphasis on the fluorescence resonance of frequeneies near the 
atomic frequency. A scattered packet  is shown to contain frequeneies not 
present in tile ineident radiation, as found experimentally by R. LJ~NXUnq¢, 
and the apparenl  non-eonse~vation of energ'y is seen to be a consequence 
of the Heisenberg uncertainty princil)le. 

1 .  - I n t r o d u c t i o n .  

Since t h e  v e r y  b e g i n n i n g  of w a v e  meehan ie s ,  q u a n t u m  p h e n o m e n a  con- 

ce rn ing  e l e e t r o m a g n e t i e  w~ves  h a v e  been  w i d e l y  s tud i ed .  D;owever,  no com- 

p l e t e  f o r m u l a t i o n  of t h e  p r o b l e m  has  been  g iven  to  cove r  t h e  s i t u a t i o n  when  

the  w a v e  c o n t a i n s  a r a n g e  of w a v e  v e e t o r s  k, e x c e p t  for  some spec ia l  p r o b l e m s  

such as t h e  m~turM l ine  b r e a d t h .  The  ex i s t ence  of e - ;pe r imentM da ta ,  such  as  

t hose  o b t a i n e d  b y  R.  L E S : ~ I E R  (1) on r e s o n a n c e  f luorescence,  shows t h e  need  

for  such a f o r m M i s m  to  desc r ibe  processes  i n v o l v i n g  n o n - m o n o c h r o m a t i c  ra -  

dia.t ion. 

W e  f i rs t  i n t r o d u c e  a f o r m M i s m  for  p h o t o n  p a c k e t s  in  Sec t ion  2. These  

i n v o l v e  l i nea r  c o m b i n a t i o n  of m a n y - p h o t o n  func t ions ,  b u t  s inee in p h y s i c a l  

(*) This work is par t  of the thesis submit ted to Cuyo National University, Ar- 
gentina, ill eandidaey for the degree of Doctor in l 'hysies. 

(*') Present address: Cavendish I ,aboratory,  I~anlbridge, IT. K. 
(1) R. LI~.XNUIER: :Inn. Pl~ys., 2, 233 (Paris, 1947). 
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processes the number of photons is conserved or changes by a definite number 
(one or two) we do not mix states with different numbers of photons. Some 
of the properties of the photon packets can be discussed by introducing the 
associated electromagnetic fields, as was first done by BECK (2) in a different 
context. This is necessary in order to define the momentum distribution of 
an arbitrary photon packet. In the limit of large numbers of photons, the 
associated fields also allow us to give a meaning to the classical concept of 
coherent radiation, and to extend this concept to packets with a small number 

of photons. 
The formalism is first applied to photon emission by an atom in Section 3, 

and it is shown explicitly for the first time that  a system containing a large 
number of similar radiating atoms gives a beam of coherent radiation as is 
very well known experimentally in classical optics. The second application 
(Section 4) is to dispersion phenomena in which a p~cket changes its original 
distribution. This is applied in Section 5 to the dispersion of a one-photon 
packet by a bound electron (resonance fluorescence). LEN~VrES observed tha t  
the scattered resonance fluorescence radiation contains frequencies not present 
in the incident radiation. This phenomenon is discussed in detail and the ap- 
parent non-conservation of energy is seen to be a consequence of the Heisen- 

berg uncertainty principle. 

2.  - P h o t o n  p a c k e t s .  

When the radiation field is quantized and the photons are introduced, it  
is necessary to have a system of generalized functions to describe the field. 
We shall be interested in states of the field 

(1) F; 10>, 

F2 = (const.) exp [--in¢okt](a;) '~ , 

where a~ is the creation operator of the photon k~ k a multiple index that  de- 
fines the wave vector and polarization; [0} is the state vector of the vacuum; 

the constant is chosen in order to normalize (1) to unity. 
The state representing an arbitrary one-photon packet is therefore written 

(2) r l l 0 >  = ~ x , , r ~ I 0 > ,  
k 

(-~) G. BECK: N u o v o  C i m e M o ,  1, 70 (1950). 
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where the ~k's satisfy the normalizat ion relation 

(3) ~ i ,Zk l2  = 1 .  
k 

In future  we shall drop I 0> and use F to represent  states of the system. F ~ is 
not  an eigenstate of the energy and k vector, bu t  has a mo me n t u m and po- 
larization distribution 

l ( k )  = l ~ l  ~ . 

An n-photon packet  is similarly defined by  

(~) F ~ = ~ L ~ ( n ~ ,  n , ,  n~,  . . . ,  ~1 ~ ~, " " ,  
[nil 

where 

L~(n~, m ,  n~, ...) = 0 
if 

x? n~ # n 
i 

and 

(5) ~: I~(n~)12= 1. 
[ n t ] 

We shall restr ict  the name photon packet  to states such as (4) which contain 
a definite number  n of photons, i.e. are eigenstates of the photon  number  op- 
erator  ~ + a k ( t  k . 

k 

As mentioned in the introduct ion,  i t  is useful to associate a cl~ssicM field 
with a photon packet .  We first define the spectral distr ibution operator  

(6) D = ~ a2ak, exp [ - -  i ( k  - -  k ' ) r ]  . 
lclc'  

This is, for a photon packet ,  the  diagonal par t  of the square of the vector  
potential  operator,  except  t ha t  we omit for convenience a numerical coefficient 

2zee2h(~oko~k.) -~ and the null field divergence. Similarly D is re la ted to the  
energy density and the action density of the system except  for  some coefficients. 
The Fourier  components  of this operator,  namely D(k, k ' ) =  a~ak,, have for 
a photon packet  F ~ the expectat ion value 

(7)  

< D ( k ,  k ' )>~ - ~ n~ IL, , (n~)I  s ~ = k ' ,  

[nil 
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Now a general electromagnetic field can be expressed in terms of the vector 
potential 

(8) d~ --  ~. e~/4z~c  ~ [q~ exp [ik,,x,,] 4- q* exp [-- ik,,xt,] ] tt - -  x, y, z, let. 
k 

where ek and qk are respectively the polarization versor and the amplitude of 
the k Fourier component. I t  is convenient to define the classical quantity 

(9) - -  o ,li 5 ,  k 
lc,k' 

which isessentiMly the intensity of the field, and is the classical dynamical 
variable corresponding to the operator D (6). Its Fourier coefficients are 
similarly 

(10) D~(k, k') = 2/]ix/(o~o)~,q'~q~, , 

Thus the classical field which we shall associate to each photon packet is de- 

fined by the condition 

(11) (D(k, k'))~ = D~(k, k').  

Although (11) always defines D~ the set of equations (10) do not necessarily 
have a solution for the q's and thus it is not always possible to invert (9) and (8) 
to derive the corresponding Ac. Although Ac is completely arbitrary, Dc has 
to have the form of the square of an arbitrary vector and is not itself arbitrary. 
I t  is of course necessary to work with the intensities of the field D and De 
rather than with the corresponding A and A~ because (A} is always zero. 
Physically (11) always defines the spectral distribution of the energy, but this 
distribution does not always correspond to a single field Ac of well determined 
intensity and phase. In fact, if a quantum field admits its classical associate 
i.e. if Dc corresponds to a single Ac, it means that the quantum packet cor- 
responds to a coherent field in which the Fourier components are well defined 
in magnitude and relative phase. Inspection shows that packets satisfying 

this condition are: 

a) Packets containing only one state k but any number of photons; 

b) One-photon packets; 

c) Packets of n photons having the same distribution as a one-photon 

packet. 

The last is the most general case and includes the previous two as particular 
eases. Two packets are said to have equivalent distribution when the expec- 
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tat, ion values of the D operator  are proportional,  the factor  of proport ional i ty  
being the rat io of the to ta l  number  of photons. If the one-photon packet  is 
expressed by (2), it  can easily be shown tha t  a packet  of n photons has an 
equivalent  distr ibution if and only if 

( 1 2  ) L ,  ( n , )  .n~ ! r .: ! ~;.~ ! . . .  J~ ,, '.... 

'Only these packets correspond to one coherent radiat ion field. 
For  a more general packet,  it may  be possible to associate M classicM 

fields in such a way tha t  the expectat ion value ~ D is equal to the sum of 
the M classical Dc magnitudes.  Consider for example the packet  

k/," 

such tha t  2k ¢ 0 only if ¢ ~ - - 0  and vice yersa. This two-photon packet  is 

the superposition of the  two one-photon packets defined by  L,. and /J~ with 
non-overlapping speetr~fl distribution. With it  we can assoeiate two classical 

fields, i.e. those belonging to the two one-photon packets, bu t  on going through 
the analysis it is found tha t  the relative phase of these two fields is complete- 
ly arbi trary.  If  the two pa(,ke~s "~re not  orthogonal ( ~ 2 f # k ¢ 0 ) ,  then 

]c 

even the two fields are to some extent  arbi trary.  Kowever,  as will appear 
later, the  physically impor tan t  fact  is the minimum number  of separate fields 

required. 

3 .  - P h o t o n  e m i s s i o n .  

In  this section we shall consider the emission of a photon by  an electron 
making a t ransi t ion between two bound states of energy E1 and E2, and apply 
the  general theory  of damping phenomena formulated by  HEITLER (:~). 

In  the case of spontaneous emission, the general theory gives immediately 

the formt~tion of the photon packet  

k 

where 

A Hu,) 
CZ/, . . . . . .  

/~(<'n,--<')(, ~- i ~ , "2 )  ' 

(3) \V. IIEITLF4-I: O~14tJtl'~ltJi Theory . f  Ra,liatioJ~, :~rd edition (I)xh)rd, 1954), 1). 163, 
181, 196. 
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Hk,o is the mat r ix  element of the interact ion Hamil tonian between the electro~ 
and the electromagnetic field, taken  between the state k, consisting of t h e  
electron in the  ground state and one photon  k and the  state 0, consisting of 
the electron in the  excited state  and no pho ton ;  (,)o is the f requency defined 
by  ?gO)o----E~--E~ and y is the natural  line bread th ;  A is some normal izat ion 

factor.  
A more interesting case is the  emission b y  an a tom in the  presence of the. 

one-photon packet  (3) with distr ibution ~k, i.e. st imulated emission. The  
result  in this case is a packet  of two photons with expansion coefficients 

(14) 
_L~(n~ = 1, nk, = 1) = A(]k~k, -~ ~k,~k) 

L~(n~ = 2) = A V ~ . , ~ ,  

where e~ is again given by  (13) and A is the  normal izat ion facor 

(15) 

and 

(16) 

is the scalar product  of the two one-photon packets  ~k and 2k. This two- 
photon packet  has, in generM~ two associated fields t h a t  can be t aken  to  be  

the fields associated with the one-photon packets  (*). 

(17) 
1 i i - l ~  ] 

~ exp [i(Pl] , 

[fl~k + 2~] exp [iq)~]. 

I f  ]fl] # 1  then (17) shows t ha t  the associated fields contain two a rb i t r a ry  
phases ~0, and ~0~. PhysicaUy, with arb i t rary  incident  radiation,  the  emi t t ed  

packet  is par t ly  phase incoherent  with the incident one. If  I f l [ = l ,  (17) re- 
duces to  one classical field, i.e. the emi t ted  radiat ion coherent  with incident.  
The condition l f l ]~  1 implies tha t  the incident photon is equal to the pho ton  

emit ted  in vacuum (**). 

(*) As mentioned before, the association is not unique, and in this case, for 
example, an exchange of ~k and ~1¢ in (17) yields another possible association. 

(*') I fl] =1 implies ,~--~-7~ exp [i~v]. The arbitrary constant phase difference has 
no physical significance and is completely undetermined since the phase is the canon- 
ical conjugate variable of the number of photons which is diagonal in our case. 
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Similarly, if the incident packet is a coherent n-photon packet with spectrM 
distribution equal to the photon (13) emitted in the vacuum, it is found that  
the emission of an additional photon is stimulated. This photon is added 
coherently to the wave. Instead of the factor ~:2 in (14), a factor ~/(n~+l) 
comes in, corresponding to the usual enhancement factor for stimulated emis- 
sion. A packet of the form (12) is built up, so that  the emitted photon is 
added coherently to the wave. Thus the emission from an assembly of many 
radiating identical atoms results in a final coherent n-photons packet with 
one coherent associated classical field, as is well known experimentally from 
classical interference experiments. 

4.  - Dispersion of photon packets .  

In this section we shall study phenomena in which packets change their 
structltre, i .e.  the scattering of photons by electrons. As regards scattering 
by free electrons (Compton effect), the calculations are quite straightforward 
with the following results. With any type of incident packet, it is verified 
tha t  the scattered packet contains only wave vectors consistent with the con- 
servation of energy and momentum. The main result of interest is that  the 
scattered photon is incoherent with the unscattered part of the incident packet, 
even when the incident packet is coherent. 

As regards scattering by a bound electron, consider an incident one-photon 
packet with spectral distribution 2k containing frequencies in the region of 
the excitation frequency ~Oo to an excited state of the electron. The outgoing 
packet contains some unscattered incident radiation plus a dispersed com- 
ponent. As is shown in the Appendix, the dispersed part has spectral distri- 
bution 

: t  H ~.o 2~.' Ho,7,,' 
( i s )  #~, -- . ~  

('~1:-- O)o + i70/2 ":' ~'~.-- (o~.-! iy~./2 ' 

where 

2i I ~ , o :  2 
(19) 7~" : h2 ~o~,-- ~oo + iyo/2 ' 

Hk:o is the matrix element for the emission of a photon k from the atom when 
it goes from the excited state to the ground state; 7o is the natural line width 
of the excited state. 

Eq. (18) has been evaluated for several different initial distributions and 
the results are summarized as follows: 
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i) Fo r  an incident  monochromat ic  p~cket  of f requency ~,) near  o)0, t h e  

outgoing packe t  is pract ical ly monochromat ic  with line width  y~ (<< Y0) de- 
fined b y  (19). 

if) I f  the ingoing packe t  is a <~ white  )> beam,  i .e .  i t  has a uni form distri-  

bu t ion  over  a vel T wide range containing ~o0, the  dispersed photon  has  t h e  
same dis tr ibut ion as the na tu ra l  line emi t ted  by  the a tom in the  exci ted state,  

i .e .  a line with na tura l  width 70 centred abou t  (o0. 

iii) I f  the original packe t  has the same distr ibution as a packe t  emi t ted  

in v a c u u m  b y  the  a tom in the s ta te  concerned, i .e .  a line wi th  m a ~ m u m  a t  

(oo and width  7o, then  the dispersed radia t ion has a s tronger  m a x i m u m  at  ~oo 
and is somewhat  narrower  than  the incoming one. The in tens i ty  dis tr ibut ion 

is in fac t  propor t ional  to the  square of the  spectral  distr ibution of the  inc ident  

radiat ion.  

iv) I f  the  excitat ion packe t  has a m a x i m u m  at  (o near  o~. and a nat-  

ura l  width  y, the fluorescent packe t  shows two maxima,  the first near  ~o0, 

the  second near  ~o. The distr ibution is in fac t  just  propor t iona l  to the distri- 

but ion of case ii) above mult ipl ied by  the  in tensi ty  distr ibution of the incident  

packet ,  as one would expect .  

Cases i) and ii) are the well-known cases of exci ta t ion b y  a ve ry  sharp line 

and exci ta t ion by  an uni form distr ibution respectively,  discussed b y  H~ITLEa. 
However  the present  formal ism allows one to make  explicit  calculations for 

the first t ime for cases iii) and iv). 

5.  - T h e  L e n n u i e r  e f fec t .  

Our mos t  impor t an t  appl icat ion of formula  (18) is the account  for the 

effects observed by  LE~NtTIER. In  his experiments ,  mercury  ~ =  2 5 3 7 A  

radia t ion was obtained f rom a ho t  source containing several  isotopes, so t h a t  

the line was very  broad  with  a width of abou t  4.7-10-~i~. The cent ra l  
p a r t  of the band  containing the fundamen ta l  f requency was then  el iminated 

b y  means  of a suitnble filter. This beam,  wi th  the  character is t ic  f requency  

missing, was used to excite another  sample of mercury,  and the fluorescence 

r~diat ion was ~nalysed af ter  el iminating the coherent  radiat ion due to no rma l  

dispersion. The outgoing beam showed three  ma.xim~ instead of two, the  

th i rd  being a t  the fundamenta l  a tomic  frequency.  The appearance  in the final 

s ta te  of frequencies not  found in the  original radia t ion and  the appa ren t  non- 

conservat ion of energy were a t  first sight very  puzzling. Kowever ,  we shall  

show t h a t  the effect can be deduced direct ly with the use of eq. (18). 
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The exact  shape of the incoming packe t  is in general ve ry  complicated.  

However ,  the mos t  i m p o r t a n t  fac t  of the  appearance  of the th i rd  m a x i m u m  

can be explained with a simple approx imat ion  to the real distribution. We 
have  chosen ~,~ I to have  a distr ibution consisting of two tr iangles with m a x i m a  

at  (,)o 4-2},o, each one of to ta l  width 2)'0 as shown in Fig. 1. The to ta l  width 

I~kl' 

/ 
Fig. 1. - Al/proximate intensity distribution of the incident radiation in Lennuier's 

experiment. 

of the spectrum, 6),,,, represents  the width of the original b road  line, and the  

missing central  frequencies in a range 2~0 abou t  (oo are those el iminated b y  
the filter. We assmne ~ constant  phase in each of the two regions of the 
spectrum, bu t  a phase difference of q~ between the two par ts .  When  this dis- 
t r ibut ion is subs t i tu ted  into (18), the value of the summat ion  depends s ensi- 

t ively on the phase difference q~ between the two parts .  The resu l tan t  s~,eetra 
for the two ext reme cases ~ o and ~ are plot ted in Figs. 2 and 3 ~nd i t  

is seen t h a t  while the first spec t rum resembles the in<.ident radiation~ the 

second one shows a very  high peak a t  <'>o. I n  the ac tual  Lennuier  exp~.riment, 
the two zones of the initial  spec t rum probab ly  came f rom the emi,Bsion b y  

different isotopes. The phase difference between them is therefore quite a t -  

b i t ra ry  and the observed spect rum is the in tensi ty  distr ibution averaged over 

all q~. The resu l tan t  spec t rum is shown in Fi~. 4 and displays the three m a x i m a  
of approx ima te ly  the same height  as observed by  LEN'N~TIER. 

The appearance  of the th i rd  m a x i m u m  can be explained simply by  the 

Heisenberg uncer ta in ty  principle. When the a tom is excited by  a mono- 

chromat ic  wave t h a t  is spread through all space, the t ime at  which the excit- 

ation takes place is complete ly  unknown.  Consequently the energy can be 

exact ly  determined and the outgoing packe t  is therefore prae~iea!ty mono- 
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Fig.  2. - F luo re scen t  
p a c k e t  for  ~=:0 .  

Fig.  3. - F luo re scen t  
p a c k e t  for  ~ s=s .  i 

P~'k I' 

I - -  

Fig. 4. - The  f inal  ob- 
se rved  i n t e n s i t y  w h e n  
a v e r a g e d  over  all  pos- 
sible p h a s e  differences.  
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(,hromatic. ~ e n  the excitation is produced by a uniform distribution, the 

in(,oming packet  is well loeMized in space, and the time of the e):citation of 

the atom can be determined with high certainty. As the mean life of the ex- 

cited state is of the order ?i?, o ~ and is the only time uncer ta in ty  in the process, 

the energy uncer ta in ty  in the fluorescent packet  is of the order yo. The spectral 

distribution is tha t  of the characteristic line. The other cases of Section 4 

a nd  the Lenntfier experiment are intermediate examples. The atomic process 

reduces the time uncer ta in ty  and the fluorescent spectrum is then broadened. 

The frequency ~oo, favoured by resonance phenomena, appears then in the out- 
o-oing packet.  

$ #- $ 

The author  is deeply indebted to Dr. J. A. ]~ALSEIR0 for suggesting this 

investigation and for his constant  advice and illuminating discussions. He 

wishes also to acknowledge some useful discussions with Dr. V. I-ireNE and 

Dr. J. WES~I<A~n" and the help of Dr. g .  BA~.t_XZA~ in the solution of some 

mathemat ical  difficulties. 

~ P P E ~  I ) I X  

To study the fluorescent dispersion of a one photou paeket we (,onsider 
the solutim~ of the t ime-dependent Schr6din~'er equation with the initbfl con- 
ditions of Table I. 

TABLE I. States, energies attd ittilial comlitio~ts ]or /luorescenee resonance. 

,~ t a t e hfitial ' 

Label  . . . . .  A t o i t l  P h o t ,  o l l  c o n d i t i o n  b,t(O ) 

ki (;round state k ;t~ h~ok 
0 ' Excited state none 0 b(,J o 
t'j (~round state /.- o hco~. 

=: 

Energy E. 

The states ki "rod k] are the same states of tile system, but  for the sake 
of (.la,rity we add i or ] according to whether the state is appearing as a com- 
ponent of the initial or final packet. The SchrSdinger equation becomes 

(A.1) ik b,(t) = ~ tf,,..,,b,,(t) e x p  [ i (E , , - -  E,,)t/k] + ikb,,(O)b(t) . 

17 - l l  A ' u o v o  C i m c t d c , .  



~ 5 8  L . M .  F A L I C O V  

In terms of the Fourier transform 

co 

(A.2) b,,(t) = - -  2~ i  E G,(E)  

the equations becomes 

exp [ i (E~  - -  E) t /h]  , 

(A.3) 

(A.4) 

(A.5) 

(E - - E ~ ) ¢ ~ ( E )  = Jg~,,o Co(E) + ~ ,  

( E - - E o ) G o  (E) = ~ Ho.~G~dE)  ~- ~ Ho ,k jG~(E)  , 
k Ic 

(E  - -  Ek)Gk+(E) = Hk, .~Go(E) .  

We now put 

(A.6) ¢° --  ~. Vo,~V~,~(E - -  Eo) , 
1¢ 

(A.7) Gk,~ = ~ Uk,~.~Gk~ ~(E - -  E~,), 
k 

where 

~(x) - - - - i ~ ( x ) .  
X 

Substituting (A.6) and (A.7) into (A.4) and (A.5), and using 

we obtain 

(n.8) 

(A.9) 

where 

(A.IO) 

x~(x )  = 1 

I ~  k* f,O1J~O.ki 

Uk'1ki = E - -  Eo + ih7o/2 ' 

(E  - -  Eo)Ho.ki 
Uo.~i = E - -  Eo ~- i]g7o/2 

k 

is the natural line breadth of the excited atomic state. Substituting (A.9) 
~md (A.6) into (AA) we obtain 

~ k  

(A.11)  G~, = E - -  Eo + i~7~/2 ' 

where 

(A.12) 2 i /h  - -  Eo ~- ih7o/2 7~ 
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a.nd where we h~ve  ne~o'leeted t e r m s  of the  o rde r  e2/]ge. W e  a re  i n t e r e s t e d  in 
t he  va lues  of b,.s(t oo) which  a re  p r o p o r t i o n a l  to  the  coefficients in  t h e  f inal  
p a c k e t .  F r o m  (A.2), (A.7), (A.8) :rod (A.11)~ l e t t i n g  t - ~  c ~  a n d  us ing  

l i ra  ~(x) exp  [ - -  ixt]  = 2~ i  5(.e) , 
t-+co 

t h e  f inal  r e su l t  ( lS)  is o b t a i n e d .  

R I A S S U N T O  (*) 

Si s tudia il campo elettromagnetico quantistico della r~diazione per il easo della 
distribuzione spettrale dell 'energia e dell ' impulso. Si introducono e si classificano i 
pacchett i  di fotoni. Si discutono Mcune delle loro proprietS, di coerenza associ~mdo 
ad ogni pacchetto un campo fisico equivMente. Si studia l 'emissione e la dispersione 
di tal l  pacchet t i  sottolineando la risonanza di fluorescenza a frequenze prossime a 
quella atomica. ,qi mostra the  un pucchetto the  ha subito lo scattering contiene fre- 
quenze che non sono presenti nell~ radiazione incidente, come b~ sta.to trov~to speri- 
mentalmente d~ R. LENXU~ER, e si vede che l 'apparente  non-conservazione dell 'energia 

una conseguenz~ del principio di indeterminazione di Iteisenberg. 

(*) Tr(uYu~io~e a cura della Rcdazlone. 


