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Non-Markovian Irreversible Behavior in a Simple Model
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The soluble model of an oscillator coupled to a scalar field is used as an example of irrever­
sible behavior. By studying the reduced density operator for the oscillator, a generalized 
Fokker-Planek-Kramers-Chandrasekhar equation for the Wigner distribution funetion is de- 
rived. The diagonal matrix elements of the reduced density operator satisfy a generalized non- 
Markovian master equation. By application of a time-averaged method, the ordinary Pauli mas- 
ter equation is derived. The time evolution of the occupation probabilities of the oscillator lev- 
els has been numerically computed, and compared with the solutions of the Pauli equation.

I. INTRODUCTION

Great progress in the understanding of irrever­
sible phenomena in quantum statistics was made by 
van Hove and his co-workers, 1 and by Prigogine 
and his school. 2 An important landmark in this 
context was the derivation by these workers of the 
generalized master equation (GME)0 This equation 
governs the time evolution of the probability distri­
bution of the system over states of the unperturbed 
Hamiltonian HQa For infinite systems, it predicts 
the evolution towards statistical equilibrium. 1,2

The GME, an equation to infinite order in the 
perturbation, is a direct consequence of the Schro- 
dinger equation, 3 and the only statistical hypothesis 
used in its derivation is the assumption of random 
phases at the initial time.

It is known that in the weak-eoupling limit, the 
GME goes over into the much simpler Pauli mas­
ter equation (PME), which has been solved for a 
number of different physical situations. The GME, 
on the other hand, has been explicitly written down

and solved only in very few cases . 4'5 As a conse­
quence, very little is known to date about the time 
evolution of the probability distribution for arbi- 
trary coupling strength. It would seem then that a 
number of simple examples are still needed in 
order to clarify and illustrate the general features 
of the approach to equilibrium in cases where the 
coupling constant cannot be considered small0

We present here a study of irreversible behavior 
for the simple model of an harmonio oscillator lin­
ear ly coupled to a scalar field»6’7 Similar models 
have been considered by other authors. 8-11

The dynamical equations for the system can be 
exactly solved, and this fact has been exploited 
throughout0 We take the density operator at the 
initial time as the product of a canonical ensemble 
density operator for the field and an arbitrary den­
sity operator for the oscillator, Consequently the 
approach to equilibrium described by the model is 
meant in a restricted sense, because at the initial 
time all but one of the degrees of freedom are al- 
ready in equilibrium. As has been pointed out
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elsewhere, 7 irreversible behavior in this model is 
essentially determined by the infinite extensión of 
the system, which makes the recurrence period 
infinitely long.

In Sec. II, we briefly review the most important 
properties of the solution of the equation of motion 
and how a connection with the phenomenological 
theory of Brownian motion can be established by 
means of a Langevin equation.

In Sec. III, we give the Green functions for the 
oscillator and the corresponding spectral density 
function, which illustrates the fact that the inter- 
action causes a frequency renormalization and 
leads to a finite width of the oscillator levels.

Using a complete set of Weyl operators, 12,13 in 
Sec. IV we make an operator Fourier analysis of 
the reduced density operator (RDO) for the oscil­
lator. The ensuing Fourier amplitude is the dy- 
namical characteristic function (DCF) . 12 The 
ordinary Fourier transform of the DCF is the 
Wigner distribution function. 14 We show that this 
distribution function obeys a partial differential 
equation, which can be seen to be a generalization 
of an equation first derived by Kramers and Chand- 
rasekhar in the theory of Brownian motion015,16 
In going over to the limit of classical statistical 
mechanics, it can be shown from the properties of 
the autocorrelation function for the stochastical 
forcé in the Langevin equation that the model de­
scribes Markovian processes. In this case, our 
dynamical equation coincides with the equation of 
Kramers and Chandrasekhar.

In Sec. V, we establish a connection between the 
DCF and the matrix elements of the reduced den­
sity operator (RDO), taken between eigenstates of 
an oscillator Hamiltonian with the frequency re­
no rmalized by the inter action. This allows us to 
derive an equation for the rate of change of the 
matrix elements of the RDO. This equation con- 
nects diagonal and off-diagonal matrix elements 
taken at the same time and is somewhat similar to 
the matrix equation with a tetradic Liouville op­
erator derived by Zwanzig. 17 Elimination of the 
off-diagonal elements gives then the GME for the 
model0 Since we workwith states of a renormalized 
Hamiltonian, thus separating transient and per- 
manent effects of the perturbation, 1 our master 
equation falls somewhat outside of the usual for- 
mulationSo1,2,17

At the end of Sec0 V we show how an application 
of the method of averaging18 and the consideration 
of the small-coupling limit allows us to obtain the 
PME for the model. This coincides with an equa­
tion previously derived by Montroll9’19 for an os­
cillator interacting with a thermostat through the 
exchange of radiation0

In Sec. VI, we find an explicit form for the oc-

cupation probabilities of the oscillator levels as 
a function of time. A Computer calculation of these 
occupation probabilities has been performed and 
the results are compared with the solution of the 
PME. The relevant fact here is the oscillating 
character of the exact solutions, which contrasts 
with the smooth behavior of the approximate solu­
tions» 4 This oscillator character of the time evo- 
lution of occupation probabilities thus seems to be 
a general feature of the approach to equilibrium in 
anynonweak-coupling theory. 4’17

Another general feature of irreversible behavior, 
which also shows up in this simple model, is the 
existence of three time scales measured, respec- 
tively, by a “collision” time, a quantum correla- 
tion time H/kT, and a relaxation time, determined 
by the coupling parameter. 1,9,17 Throughout this 
paper we have systematically neglected the “colli­
sion” time; it can be shown that the neglected cor- 
rections can be accounted for by means of a power- 
series expansión. This will be a question for 
future study.

II. PROPERTIES OF THE MODEL

In this section, we shall briefly review the most 
important properties of the dynamical model, as 
have been discussed in Refs. 6 and 7e The equa- 
tions of motion are

( j¿ 2- +woSj Q  = J d skg(Í)<p(2) , (1)

+kz ĵ <p<k)=g($.)Q , (2)

where Q is the coordínate of the oscillator and 0 
represents the field amplitude. The coupling func­
tion is

g(k) = gM(Mz+k2y U2 ,

and will eventually be considered in the limit 
M — °o; we shall henceforth refer to this as the M 
limit0 This amounts to neglecting the collision 
time in an ordinary kinetic problenu11

The solution of the initial-value problem for 
Eqs. (l) and (2) can be put into the form

Q=Qi + Q2, (p (k) = (/^(k) + 02(k) j (3)

where the Índices 1 and 2 refer to quantities which 
depend upon the initial valúes of the oscillator and 
the field variables, respectively0 Explicitly we 
have6’7

Q1(í) = S(t)Q0 + S(t)Q0 > (4 )
q2(í)= / d 3/fe[iv(k,T)<í>0(fe)+Ar(k,T)^0(e)] ,
0 1(k,/) = iV(k,r)Qo + Ar(k) r)Qo ,

</>2(k, t)= f d 3k'[Y(k,k',T)</>0(k') (5)
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+ 7(k, k ', t ) 0 o(k/ )] > t - 1 — ¿o >

with S(t)= J dzq \f(q)\z(sinqt/q) ,

i\T(k, t)= j  dzq (k| | q)/(q)(sin#¿/q) , (6a)

7 (k,k',¿)= j  dzq (k|í2|q)(q|í2+|k')(sin^í/^) ,

and f($)=g(q)D'1(q) ,

(k | Ü ¡ q ) = 5 (£ - q) + [£-(k)/(kz -  qz)]f(q) , (6b)

D(q) = (júl-q2+ j  dzk[\g(k)\z/(qz- k z)] .

The functions (6) have been explicitly given in Ref. 
70

The dynamical variables can be used as opera- 
tors in quantum mechanics, assuming the following 
commutations relations:

[Q, [<j>(f,t),$(r',t)\ = i m (v - f ' )  , (7)

where H is Dirac’ s constant expressed in suitable 
units.

We want to study the evolution of the system 
starting from an initial state which describes the 
field as a thermal bath of temperature T, and the 
oscillator in an arbitrary state. We thus assume 
the following density matrix at the initial time:

p(to) = Pi(to)p2(to) , (8)

where p2(í0) = eF~m* ,

where Hz is the Hamiltonian of the free field. P i( t 0) 

gives the initial condition for the oscillator*
The model can be related to the theory of Brown- 

ian Motion7’10”13 by showing that Langevin’ s equa- 
tion can be derived from Eq. (l),

Q + U)zQ+2TQ = K(t) , (9)

where cD2 = co2-  2TM, T = ir 2g 2 .

We assume co0 adjusted so that cD2> O.
We recall here that the stochastical forcé K(t) 

satisfies, in the phenomenological theory, the two 
relations

(10a)

Calculating the ensemble average of K(t) and 
K(t)K(t’ ) with the density matrix (8), and consider- 
ing times t »  l/M , we get7

(K(t)) = O ,

■ ¿ [ 7  + nr5(r)

(10b)

(10c)

with r - t - t '.  The term containing the derivative 
tends to zero as h -> 0, so that it describes a kind 
of quantum correlation0

The other two terms yield

lim {K(t)K{t'))=(ATkT/m)h{T) 
n /fer-o

III. GREEN FUNCTIONS DESCRIPTION

It is illustrative to look at the spectral density 
function which one obtains by solving for the Green 
functions. We define

Dn (t,t') = i(TQ(t)Q(t')) , 

Dn(ít, k'?) = i(T<p(k, t)4>(£, t' )> , 
Z>12(í,k'í,) = j<7’<?W<Mk', t')) ,

(11)

where T is the time-ordering operator0 These 
Green functions obey the following equations of 
motion:

(ĵ 2 + u Í jD n (t, t')= 5(t—t') + J d zkg(k)Dlz(t,ktl ) ,

DizÜ,k't')= J/fkg(k)D¿¿(kt,k' ? ) ,

/ 8a \ * * <12> 
[—S + kz )DZZ(M, k '¿') = 5(íc-k ')5(í -  t>)

+g(k)D12(t,k't') ,

D1Z(f  ,%.t')=g$)Du {t, t') .

From these equations, the following Dyson equa- 
tion for Dn can be easily obtained:

Dn {t, tf) = D0(u0>t -  t*) + j d t 1 dtzD0(ci>0, t -  tx)

xS ti i - tz lD n itz - t ' )  .

The self-energy function £ is defined by

s (í - í')=  / A k ( q ) | !f lo ( í> í - í ')  .
The zeroth-order functions D0(q, t) are the Solu­
tions of

q2
( ^ + 1 zSj D 0{q,t)=6(t) .

The self-energy function can be explicitly eval- 
uated. For the zero-temperature case we obtain

2>(uí) = Sĵ (cü) + ¿£2^ )  >

where 2TMZ(MZ + co2) '1 ? S2(co) = 2¿r|co| .
In the M limit, the Fourier transform of the Green 
function Dn becomes

Dn(w)= (oJz -  co2 -  2zr | co | )“x, oJz — (júq — 2TM .

The corresponding spectral density function, giv- 
ing the number of oscillator modes per unit fre- 
quency range, is

p(co)= (co/7r)lmD11(a))= 2ttco2| / ( co)|2
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: (2r/ir)w2/[(w2 -  o>2)2 + 4r2a>2] . (13)
We see that it has a Lorentzian form, centered 
around co and of width I\

IV. DISTRIBUTION FUNCTIONS AND FOKKER- 
PLANCK EQUATION

We shall base our discussion of the time devel- 
opment of the density matrix on an operator Fourier 
analysis of the RDO

p1(t) = Tr2p(t) . (14)

This is done by expanding p1(t) in the complete set 
of Weyl operators9’14

S2(£ ,7j)=exp¿(|Q0 + ?7Q0) (15)

in the form

pl(f)=(X/2ir)/_2d$ j_yvB(Í,r],t )n (^7}) .

The Fourier amplitude, usually called the dynamical 
characteristic function DCF, is

R(^r i>t) = rTr1[p1(t)a*^,v)]

= T r [p (o m ^ V ,t ) ]  ,

where Í2(f, r¡, í)= exp¿[|Q(í)+??<5(í)]

(16)

It can be shown that the ordinary Fourier trans- 
form of the DCF is the Wigner distribution function

_______________________________________ I

W(p, q, t) = y  di j d f )  R(Z,7i,t)expi(Zq + riq) 

= [l/(27r)2] J "d í, dr¡ (exp¿[|fe -  Q(t))

+ r t ( p ~ Q ( t ))])o  , ( l? )

where ( )0 means the mean valué with the density 
matrix at t -  0. It is known that W(p, q, t) is the 
quantum-mechanical analogue of the distribution 
function in phase space. To illustrate the mean- 
ing of W in the present case, we can evalúate it 
explicitlyD For this, we take pt(0) as a Gaussian 
combination of coherent states, which allows us 
to retain a statistical distribution of the initial 
coordinates, even in the classical limit. Thus let

p1(0) = j  d2aF(a)\o¿)(o¿\ , (18)

where la) is a coherent state, 20’21 a -  (2ñ/(d)1/2 

x(x  + iwy) ,

1
4iir&x&y 

and F(a)  satisfies 

= 1

exp - (x — Q0f  (y — QqY
2Axz

J d 2a F(a) =

Equation (18) is a generalization of Glauber’ s 
Gaussian density operator. 21 Using the explicit 
form of the density operator, it is possible to 
evalúate the DCF and the Wigner distribution func­
tion. For the latter we obtain

rríh ,) 1 n__ A<^\p -  p (t)f  + A ^ [q  -  q(t)f ~ 2A[q -  q(t)]\p -  p(t)] , * 
w (p¡ q> t )= 27r(AQ2A ^  -  Á2)1 7 2 ------------------------------2(AQ2AQ2-  A2)------------------------  ’ (19a)

where

AQ2 = AQ2S2 + AQ2S2+ K j{d zk/k) (nk+ ¡)(ÑZ +kzNz) , 

AQ2 = AQ2S 2 +AQ2á 2+ HJ(d3k/k) (nh + ${Ñz+kzÑz) , 

A2 = AQISS + AQzsS+ ñJ (d3k/k)(nk+ jr)Ñ(Ñ+kzN) ,

(19b)
AQl = Axz + ñ/2cS, AQl = Ayz + ñ̂Xú , 

p(t) = (Q(t)), q(t)=(Q(t)) .

The distribution function Eq. (19a) has the same 
form as the solution of the Kramers-Chandrasekhar 
equation, 15,16 given, forinstance, by Prigogine.2,22,23 
The difference can be seen to lie in the dispersions 
Eq. (19b). Particularly the dependence on the 
bath temperature, contained here in the factor nkf 
can be seen to be directly related to the spectral- 
density function |/(&)l2 0

The next step in comparing this particular model 
with general theories of irreversible behavior is 
to look at the equation obeyed by W(p, q, t). The 
derivation is given in Appendix A, and it is

q2t
\81 to‘ q-— + dq W= 8p (2rpw) + a’ (t)

¿W 
9pz

+ V  (t) d“W
dpdq

(20)

(21)

where a'(t)= j(K(t)$(f)+$(t)K(t)) , 
b'(t)=Í(K(t)Q(t)+Q(t)K(t)) .

In the classical limit, when K(t) satisfies the 
conditions (10a) of the phenomenological theory,
Eqs. (21) give

a'(t)= 2Tkt, b'(t) = 0 , 

and Eq. (20) becomes exactly equal to the Kramers-
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Chandrasekhar equation. 15,16 We note briefly that 
the left-hand side of Eq. (20) should be interpreted 
as the usual left-hand side of the Boltzmann equa­
tion, while the right-hand side contains the effect 
of “ collisions. ” Working with the RDO makes the 
left-hand side of the kinetic equation (20) time 
dependent; this fact will prevail in the GME to be 
obtained in Sec. V.

V. MATRIX ELEMENTS OF REDUCED DENSITY 
OPERATOR AND MASTER EQUATION

There is a simple relation between the DCF 
7, t) and the matrix elements of px{t), taken 

between eigenstates of the renormalized oscillator 
Hamiltonian:

R(£, 7], t) = T r1[p1(í)íl*(|, 77)]

= £  {m\pl {t)\n)(?i\si*\m)
mn

= H Pmn(t){n\Sl*\ m) .
mn

This can in turn be written

with RiMfV, t) = Tjp„{t){n\Q,*\n) ,
n

R0.iM , y , t ) = H 'p mn{t)(n\v\m) ,
n,m

where means that the terms with n -m  are ex- 
cluded and where d. and o.d . stand for diagonal 
and off-diagonal, respectively. Using the explicit 
form 12 of the matrix elements (m \n) , 
introducing polar coordinates in the (í ,rj) plañe

r =  (^/2co)(?2 + c o V ), cp= a r c t a n ^ r 1)

and the Índices v - n -  m, N=n + m, we can show that

Pmn(t) = PvN(t) = (l/2ir) f f ' d p  j ^ d r e - 1™

x (H Ŝ)1/2(e"<v)i,/2Z(jv-i'>/2 MR{r’<P> t] ’
* (22) 

where lvN(x) = e~x/zLvN(x) is the Laguerre function.
It is shown in Appendix A how the projection

rules Eq. (22) allowus to transíorm the differential
equation for R into an equation for PVN which is of
the form

T ,  M & . P Ü . . (23)
V*N*

The nonvanishing matrix elements of M are 

MvNvN = r - ( N + l ) a  + ivü ,

MVNT =  U a*ib)(N*v)U2(N±v+2)m

x (l  + 8a ,„+ «« ,„ )  ,

K vn%  = -  £(<* T ib  + T)(AT± v  + 4 )1/2(AT± v + 2)1/2

x (l + ««.M+0*lt») , (24)

K T -z  = - i ( a * i b -  r)(iVT v)uz(N* v -  2)1/2 
X (1 + 6t2iP+6t1i1<) ,

Mhh*2= Ua±T)(N+ v+ 1 ± 1)1/2(JV- v+ 1± 1)1/2 , 

where a=(& )~1a', b = U~lb' .

For a given N, v varies between -  N and N, so 
we can arrange PVN as a column vector (written 
horizontally for typographical reasons)

P ^ i K P - ^ P u P f ^ l P z , . - - ]  .
It follows from Eq. (24) that M’ does not couple 

N’ s oí different parity, so that in Eq. (23) we 
actually have two uncoupled sets of equations.
Since eventually we shall be inter ested in a diagonal 
GME, we can restrict ourselves in what follows 
to consider only those elements of P  which contain 
even N’ s. Defining a matrix D such that multiplied 
by P  it gives the diagonal elements17 Pd# -DP\ the 
off-diagonal elements are contained in P0td#
= (l -  D)P. We have the obvious relation P = Pd>
+ P o.d.*

Multiplying Eq. (23) alternately by D and by 
(l -D ) ,  we have the two equations

P dt = DMPd' + DMP0'dt , (25a)

P 0.á. = (1 -  D)MPá# + (1 -  D)MP0tdt . (25b)

Defining U(t9 tf) as the solution of dü/dt 
= (l -D)MU, with the initial condition U(t, t)= 1, 
and assuming P 0.d.(0) = 0 (random phases), we can 
obtain from Eqs. (25) the following diagonal GME:

~ P á'(t) = DM(t)Pd'(t)+ f U f  U(t, f )

x (l  -  D)M(t')Pá.(t') . (26)

It should be noticed that the general relation 
between matrix elements Eqs. (23) and (25) are 
instantaneous; they do not contain any memory 
term. This appears upon elimination of the off- 
diagonal terms P0.d.. As opposed to what happens 
with the complete master equations, 1,3 which refer 
to the full density matrix, the kernel in Eq. (26) 
does not depend only on the difference t -  f , but 
rather it depends on t and t' separately.

Ford18 has used the method of averaging to de­
rive the Boltzmann equation starting from the 
Liouville equation. We will see that this method 
also provides a link between Eqs. (25) and (26) on 
one hand, and the PME on the other hand. We 
recall here that the method of averaging is designed 
to systematically separate, in an equation such as 
(23) above, the slow from the rapid time variation 
of the solutions. Accordingly, we go back to Eq. 
(23) and writeitas P=eM P , where € is  aparameter 
which will eventually be set equal to one. We pro-
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pose the following series expansión for P(t):

P(t) = [ 1 + €A(2)W + €2A (2)W+ • • • ]Y(t), (27) 

where Y(t) is assumed to satisfy the following equa- 

tion:

dYn 2T

A R T U R O  LO P E Z

Y(t)= (eBa) + e2B i2) + • • • )Y(t) (28)

Here B Kn) is taken as time independent; this is the 
prescription that will make Y{t) a slowly varying 
function. Replacing Eqs. (27) and (28) in (23), we 
are led to the following set of equations:

Á a) + B a) = M, Á i2) + B i2) = MAa) -  A a)B a) . (29)

For A (1>(¿) to describe only the rapid fluctuations, 
we take

B a) = M(t) = lim (1 /t) f  * M(tf)dt'
t- «

Upon imposing the initial condition

p (o) = y (o) ,

we immediately obtain

A (1)(¿)= ] 0

To first order in €, we thus have

Y=MY  .

(30)

(31)

(32)

(33)

Equation (33) still contains diagonal and off-diagonal 
matrix elements of Y. The elimination of the off- 
diagonal elements can be done in exactly the same 
way as it was done for P, Eqs. (25) above. To 
lowest order in e, we thus have Yát=DMYdt, or 
explicitly

dYn
dt = ( a -  rkF^+te+rXn+l)^, 

+ [ T -  {2n+l)a}Y„ . (34)

This is the lowest-order approximation produced 
by the method of averaging, but it still contains 
the coupling parameter T to all orders, through 
the quantity a. In fact, we have

a=2TñJ'd3kk\f(k)\2(nk+ i )  . (35)

Using the property

1
lim | f(k) |2 = Um ^  {- z _ kzf  + ATzf?

27Tk
(36)

we obtain the following lowest-order approxima­
tion in T:

J

dt 1 -  é 4 {(n+l)Yn+1-[(n + l)e~ d+n]Yn + nem6Ynml},
(37)

where 6 = Uw/kT* This explicit form of the PME 
was first obtained by Montroll9’ 19 for a system 
of oscillators interacting with a thermostat through 
the exchange of radiation. Here we found that for 
this dynamical model, it follows from the GME by 
considering the lowest-order approximation to the 
slowly varying part of Pn(t).

VI. SOLUTION OF THE MASTER EQUATION 

Assuming the initial condition 

Y„(0) = P„(0)~ 8„n , (38)

the solution of the PME (37) can be put in the form

Yn(t) = $- l \ í  l - e ^ V  
- e - ' ) y - e " )

e -
ye emiFí( -N ,  - n ;  l ;x )  , 

(39)

„ , . s n \N\ Wtl[ í '( í ) -G W f - ,'G(í)í
p "(t)= (n + N)\ U  F V r * ' 1 ax. a ¿

where x= sinh2|0/sinh2|r, r = 2Tt ,

and 2^1 is the hypergeometric function, which in 
this case reduces to a polynomial of order equal to 
the smallest of the integers N and n. The prop- 
erties of the solution (39) have been thoroughly 
discussed in Ref. 19.

Using the definition (16) we can find the explicit 
form of the function R(Z9y, t) for the initial con- 
ditions (38). The projection rules Eqs. (22) allow 
us then to find the diagonal elements Pn(t). In this 
form, we obtain
p n(t)=(fi\pi(t)\n)

= (l/ir) j  " dx J_™dyLlf(uxz+vyz+2wxy)

XLn(x? + yz) exp[-(a%2+ ft>2+ 2yxy) ] ; (40)

where Ln(x) is the Laguerre polynomial of degree 
n, and the functions u, v, w, a, /3, y are defined 
as follows:

M(í)= S 2(it)+¿o2S2(í) ,

v(t)=sHt)+ (i/tf)sHt) ,

w(t) = S{t)[®S(t)+(l/ü)S(t)] , (4l)
a{t)= |fl + «Cí)] + ® J  (d3k/k) (nk+ )̂(Ñz + kzNz) ,

m = ü l  + v(t)]+ (l/ü)J(d3k/k)(nk+iKNz + kzÑz) ,

y(t)=j¡w(t)+ j d 3k (nk+ j,)Ñ{Ñ+kzN) .

In Appendix C we show how this expression can 
be further transformed so that finally we obtain 
Pn(t) as a finite sum of terms where

( - ) 08
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j ! (n -  j ) ! (N-  j ) ! (n + N+ ga) !
X (j -  a jl in  -  j  -  az)\(n -  j  -  a3)\(N -  j  -  a4)!(JV -  j  -  a5)! ( j -  a6)\(j -  a7)! 

x (*t -  A2)"-j -£,3U1 -  -  B2)N-J-a5 (2l -  MtV-'Hz! -  A T í^C íi -  22)-(”+jfM8+1) (42)

where F(t) = a - /3 - 2iy, G(t) = u ~ v -2 iw ,  and 
Ai,2, Bi,z, MltZ, and z lt2 are the roots of the fol- 
lowing quadratic equations:

F(t)zz + 2(a + ¡3-2)z + F*(t) = 0 ,

[F(t) -  G(t)]z2 + 2(a + ¡3 -  w -  v)z + F*(t) -  G *(t) = 0 ,

G(t)z2 + 2(u+ v)z + G*(¿) = 0 ,

F(t)zz+2(a+p)z + F*{t) = 0 ,

respectively. zx is chosen such that \zx \ < \z21.
In order to visualize the relevant features of the 

time evolution of the probabilities, a Computer cal- 
culation of Eq. (42) has been performed. As is 
well known, 19 the solution Yn(t) of the PME has a 
smooth time variation; in fact, it can always be 
expressed as a finite sum of real exponentials.
The computed valúes of Pn(t) show rapid fluctua- 
tions; Fig. 1 is a plot of APn{t)= Yn(t)~ Pn(t) as a 
function of 2Tt.

The two curves shown correspond to cD = 5T and 
to the two valúes 9 = 7.84 and 2. As is apparent 
from Fig. 1, the difference between the Pauli ap- 
proximation and the exact results is bigger for 
small times, which should be expected. For long 
times, APn does not approach zero because the

I

equilibrium valúes P„(°°) of the dynamical model 
differ from the Boltzmann distribution predicted 
by the PME. We can see from Eq. (42) that

Pn{°° ) - [4w !/a?(°°)- j3(°o)]

x Yj _____
aj+ctg+a =n *̂ 2 *̂ 3 * (̂  • (̂  “  (Z3) !

(°°) -  A 1 (°°)1n~°i[g , (<*>) -  A P(°°)1n~‘,a 
k W - S a M F V 1

(44)

The quantities z liZ(<x¡), A 1i2(°o) may be evaluated 
from (43) using the fact that for t= °° we have
y= u = v= w =  0 and

ar(«>)= j+a>J (d3k/k) |/(¿)|2(re* + |) , 

fi(°°)= i+  (l/ffi) j  dsk k ¡f (k ) ¡z(nk+ |) (45)

In the weak-coupling limit it follows straightfor- 
wardly from Eq. (44) that

(46)

Figure 2 gives the equilibrium occupation prob­
abilities for the oscillator levels in logarithmic 
scale. In all cases we have taken 9 = 1 .84. It 
should be noted how the probability for the ground 
state decreases with decreasing ü>/T, while the

FIG. 1. Difference between the 
exact solution for the occupation prob­
abilities and the Pauli approximation 
as a function of time. Solid line is 
for 0 -  7. 84 and dotted line for 6 = 2.
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FIG. 2. Equilibrium valúes of the occupation proba­
bilities for the oscillator levels. All cases correspond 
to 0=7.  84. The solid line is the Boltzmann distribution 
có = 5r, the dashed line is c3 = 5F, and the dot-dashed 
line is w = 2r.

probability for the other states increases. This 
can be understood in terms of the broadening of 
the oscillator levels caused by the interaction, 
which mixes the ground state with the excited 
states, thus depleting its probability with respect 
to the Boltzmann distribution valué.
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APPENDIX A

In order to obtain an equation for W(p, q, t), we 
will first derive an equation for R{k,r¡91). Accord- 
ing to the definition Eq. (16), we have

fl(? ,^ ,í) = <expi(¿|Q + T7Q)> , 
and consequently

/8  -2  9 >. & _  9 \{ü+ar,Tr^ +2rv̂ i)R
= j  (K(t)expi(£ Q + r¡Q) + h. c .)

= (̂fCíexpi(%Qí + yQi) + h0 c . )

+ i<^2exp¿(?Q2 + r]Q2) + h .c .)  . (Al)

The last step is a consequence of the initial con- 
dition (8).

Next we note the following identity, which is 
valid whenever the distribution of Q and 0 is Gaus- 
sian:

g= ((Ma + Na*)ex$(¡ia + Xa*))

= ((Ma + Na*){\ia + Xa*))(exp(¡ia + Xa*)) . (A2)

In order to prove (A2), we start from the auxiliary 
quantity

/= (exp(ju,a+Xa*)) = expj>X¡i(aa* + a*a) ,

where the last equality follows from the Bloch 
theorem .24 Deriving /  with respect to X and ¡i, we 
can establish the following two equalities:

= ilif+(a* exp(iia+\a*))= i  t±(aa* + a+a)f ,

|Xf+(a exp (/i a + Xa*)) = \x(aa* + a*a)f . 

Consequently, we have

g= (a i + *xf) M+( ax '  ^ f ) N= W«a+>M+ V-(a*a)N)f'

Applying this result to (Al), with the initial con- 
dition (8), we obtain, for t»{\/M),

= -[a '(t)rf  + b'(tHn]R(Z,V,t) , (A3)

where a' = Í(KQ+ QK), b'=i(KQ+QK) .

Equation (20) follows directly from (A3) by Fourier 
transformation.

APPENDIX B 

Equation (A3) can be written 

R = - iL R  . (Bl)

Defining the operator D through 

DR=(1/2tt) jQZtd<p R , (B2)

we can separate R in the form

R = Rd. + R0.d. , (B3)
where Rdt = DR, R0mdt = (l -  D)R . (B4)

From Eq. (Bl), we obtain the two equations

Rdt = -  iDLRdt -  iDLR0tdt , (B5a)

¿o.d. = “  ¿(1 -  D)LRám -  i( 1 -  D)LR0tdt , (B5b) 

which couple the diagonal and off-diagonal parts of
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R . Equations (B5a) and (B5b) can now be used to 
derive an equation for the matrix elements of the 
RDO Pmn(t). We will show in this Appendix how 
this can be done for the diagonal elements Pnn.
The generalization to the off-diagonal elements is 
str aightf o rw ard 0 

Applying the projection rules Eq. (22), we have 
on the left-hand side simply Pnn{t). On the right- 
hand side we will consider separately the contri- 
bution of the two terms. From the first term, we 
have

-  drln(r)DLRát = -  ( 1 / d(pl„{r)

x s i n 2<¿?r + r(a' sinz<p+b' sin<pcos<p)^ 

x ¿  lJr )Pm(t) , (B6)
m-0

where ln(x)= e mX/zLn(x) is the Laguerre function 
of order n. Using simple properties of the La­
guerre25 functions, we can reduce (B6 ) to the form

-  i fQ*drln(r)DLRá. = (af -  ThP„ml + (a' + D

x(n + l)P n+1 + [ T - (2 n + l)a']Pn .

The contribution of the second term can be 
written

-  iJjdrl„{r)DLRn.d. = - f ~ d r l n{r)

(1̂ 0 ) 1,Trfcp“> * ̂  ’K11 + r dr

Xr (̂N)-2)/z(r )+ rZl{N)-2)/z[ + ib')P]tr2)

+ £(<i , - í&')p£ >] ] .  (B7)
We have the following two types of integráis 

which can be evaluated by elementary methods25: 
c 00I d r r zl¡?)lm{r)= (m+ l)(m + 2)6„fm-  m{m+ l)S„+1>m 

0 + m (m -  l )6n+2tm , (B8)

dr l j r ) ( l  + r  > = ! ( « + l)(m  + 2)6„>m

-  \m {m -  l )6n+2,m •
Replacing the results for the integráis Eqs. (B8) 
in Eq. (B7), and collecting all terms together, we 
arrive at the final form of the equation for the 
diagonal part of Pm„(t):

Pn(t)= («' -  r U p ^  + (a’ + r)(n + 1 )P„tl

+ [r -  (2n + 1 )a']P„ - i[(n+  l)(w + 2)]1/a[(a' + ib' -  r)

x Pn*z,n+ y  ~ ib' + r )P n>nt3] - £ [ « ( « -  l )]1/2

x [ (a ' - ib '  -  D P „.2i„+ (a' + íb' -  r )p „,„.2]

+ [n(n + l )]1/2[(a' -  ib')P„ .1(B+1 + (a’ + ib')P„nt„.í],

where Pn =Pnn; we see here explicitly a coupling 
of the diagonal to the nondiagonal parts.

APPENDIX C

We show here how we can transform Eq. (40) for 
the probability of occupation of the renormalized 
state I n) into a finite sum involving the functions 
a > y y w• To this end, we first transform the 
integral in Eq. (40) to an integral over polar vari­
ables defined by

x? = r c o s z(p, yz= rs m zcp .

Thus, we have

P„{t)= (í /2tt) f^ ’ dcp drLn(r)LN(rH(t))e~rHt\ (Cl) 

where

H{t)~ u eos2cp + v sin2<p + 2w s in o co s<p ,

J(¿)= o? eos2<p+/3sin2<p+2y sinocos<p .

The integral over r  in (Cl) can be readily evalu­
ated, 26 and we obtain

(C2)

i CZir

H(t)
x ^ - n . - t f ;  1; _ 1][/(í)_ H(í)]j > (C3)

where ZFX is the hypergeometric function. Intro- 
ducing the change of variable z - e ZliS>, this last 
integral can be transformed into an integral along 
the unit circle in the complex 2 plañe; thus,

P„(f) = 4 {[F (í)-  G ( í ) f /F ( í f tl}(l/27ri)

C ( z - A x)n( z -  Az)” (z - B , f { z -  B j 1
x ) cdz \ z - z y ^ ( z + z i Y ^

x &Ft ( - n, - N ; l ; 4 z

____________ G (t ) ( z -M i) ( z -M s)____________
~F(t)[F(t)- G{t)]{z -  A j i z  -  Az){z -  Bj)(z -  Bz)

(C4)
The quantities F ,G ,A U2,B liZ>MltZ, and z 1)Z have 

been defined in the text.
Since ZF1 is a polynomial of order equal to the 

smaller of {n,N), the integrand in (C4) has only 
one pole inside the unit circle, at zx; thus, the in­
tegral is simply the residue at this pole, and by 
evaluating it by elementary methods we arrive at 
Eq. (48).
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A recently developed method to study ion-motion effects on plasma line broadening in the 
dipole approximation is extended to the general interaction. Coupling-constant and binary- 
eollision expansions are obtained for the “width and shift” operator. This operator is investi- 
gated for a model system to show the limifcs of the static-ion approximation.

I. INTRODUCTION

The spectral line shapes for atoms emitting 
radiation in a plasma are determined by the in- 
teraction of the atom with all the components of 
the plasma. 1 For a large portion of the line pro- 
file, the relatively heavy ions may be treated as 
static and their effects accounted for by the intro- 
duction of an ion microfield . 1,2 It was shown re­
cently3 that the ion microfield function can be in- 
troduced formally exactly, thus explicitly ac- 
counting for the large static-field contributions 
without the usual static-ion assumptions. The 
dynamics of the perturbers in interaction with 
the atom was treated in a collisional approxima­
tion by second-order perturbation theory. The 
resulting expression for the line shape is for­
mally similar to earlier work, 2,4 with generaliza- 
tion to include ion motion. Another important 
advantage is that ion-electrón ínteractions need 
not be treated in an indirect manner. 5

Here, this method of investigating the role of 
ion dynamics will be continued and extended. Ref- 
erence 3 was limited to the case of dipole inter­

action between the atom and perturber. This is 
extended in Sec. II to the general case in which 
all charges interact through a Coulomb potential. 
The width and shift operator is determined to 
second order in the plasma-atom interaction.
Since the Coulomb interaction is large for small 
distances this result cannot be correct for cióse, 
or strong collisions. To account for these, a 
binary-collision expansión6 of the width and shift 
operator is given in Sec. III. The first term in 
the expansión is essentially the impact approxima­
tion1,7 including ion-motion effects. In the last 
section, a random-phase approximation is used to 
determine how cióse to the line center a static- 
ion theory should be used. The región in which 
ion motion is important is found to be an order of 
magnitude larger than usually estimated. However, 
it is indicated that this result is not realistic 
due to an unjustified extensión of the electrón 
strong-collision cutoff procedure to the ions. The 
cutoff for the electrons has been studied by Shen 
and Cooper8 by an evaluation of the atom-electrón 
t matrix. The starting point for a corresponding 
study of the ions is provided by the results of


