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Simple, approximate solutions are obtained in the case of prescribed axially symmetric boundary conditions. The results
are compared in one example with values obtained using a finite element code and good agreement is shown to exist. The
problem is of interest in several fields of engineering and applied science, for instance when performing thermal analysis of
nuclear fuel elements which in some instances exhibit thermally orthotropic characteristics.

1. Introduction

Orthotropic materials find wide application in
modern technology: from nuclear, oceanic and space
technology to printed circuit boards in complex
electronic packages.

On the other hand, a rather limited amount of
literature is available on the solution of thermal pro-
blems in orthotropic solids. at least when compared
with the large number of excellent textbooks, papers
and technichal reports dealing with materials of iso-
tropic characteristics.

The present paper deals with the development of
approximate, simple solutions of some boundary
value problems in orthotropic circular cylinders. In
some instances the results are verified using a finite
element code. *

2. Unsteady state heat conduction problem in an
orthotropic circular plate

It is assumed that the heat conduction coefficients
ky, ky (see fig. 1) do not vary with temperature. The
problem is then governed, in the case of an unsteady,
two-dimensional phenomenon, by the partial differ-

* Developed at Centro Atomico Bariloche, CNEA.

ential equation [1]
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where L(x, y) =0 is the functional relation which
defines the boundary of the domain, and p is an
integer (p > —1).

Making

T(xr Y, t) = Tl(xr y) Tl(t) (3)

and substituting into (1) one obtaines, following the
classical procedure of separation of variables,
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where A4 is an arbitrary constant.
On the other hand, the function T;(x, y)isa
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Fig. 1. Thermally orthotropic circular plate.

solution of the partial differential equation

9T 92T
e —+k a—y—1+5,,rl (6)

which may be expressed as
V8T, +67T1 =0 (7)
where V3 is the orthotropic Laplacian operator

92 92
V3=k, % 52 2tk, 3 o

It is important to point out that initial or bound-
ary value problems similar to the present one are
quite simple when dealing with rectangular domains
(a double Fourier series approach is in general appli-
cable for many problems of practical significance).

Ref. [2] deals with approximate solutions of
unsteady heat conduction problems in plates of
“exotic” boundary shape in the case when p = 0.

It will be shown now that the approach developed
in [2] is valid in the case of orthotropic circular
configurations when the temperature field is defined
by egs. (1) and (2).

Obviously, approximate analytical or numerical
techniques must be used if one wishes to find the
solution of (6) in the case of nonrectangular domains.

The first step consists in determining the separa-
tion constants §3,,.

It is shown in calculus of variations that the solu-
tion of the partial differential equation (6) is equiva-
lent to the minimization of the functional [2]

aT\? oT
= (5wl s
(73] fo A5 %) ~ BT [dxdy (8)
subject to the boundary condition

T\[L(x,y)=0]=0. ©)

The simplest approximation which satisfies (9) is
probably the expression

Ty=Ti=[a®— (x> +y )122A (2 4 2!

n=1 m=0
X x2mym (10)
Substituting (10) into (8) and using the minimiza-
tion condition
oJ[T
[ la] =0

11
I (1

one obtains a linear system of equations in the 4,,,’s.
From the nontriviality requirement one obtains a
secular determinant whose roots are the desired
eigenvalues §3,,.

[t should be clear at this point that expression (10)
makes the algorithmic procedure quite simple from
the point of view of calculating the separation con-
stants. When expressing the temperature field in its
final form, it is considerably more expedient to use
the Fourier—Bessel expansion which has the follow-
ing advantages:

(a) it is the exact solution in the case of a circular,
isotropic plate, and

(b) the coefficients are obtained by means of well-
known orthogonality relations.

Accordingly, as a first order approximation one
takes:

T, y, ) =Ty r, 1)
N ﬁ2
= 23B o) exp(_—" ) (12)
n=1 CpP

where Jj is the Bessel function of the first kind and
of order zero; the a,,’s are the roots of Jo(x) and the
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B,’s are given by [3]
pt1

B, Tozpﬂp(p ) pezadisail P”(""‘) (13)

n

where I'(p + 1) is the gamma function of argument
@+1).

Expression (13) is obtained making ¢ = 0 in eq.
(12) and using the initial condition (2a) and Sonine’s
integral 3].

Making p = 0 in (12), eq. (13) yields the well-known
expression

2T
= ° (14)
and (@)
and forp=1
4 Jo(an)
By, . (15
° 2 Fiam) )
Since
2
Ja(on) = — Ji(o) (16)
Qp
replacing (16) into (15) yields
By=Toy—— (17)
" Y a(en)

3. Steady state temperature distribution in an
orthotropic circular cylinder

The heat conduction problem is now governed by
the linear partial differential equation
*T  9°T 9T

kxﬁ+ky§2+kziiz_2=0 (18)

subject to the boundary conditions (see fig. 2)

2
T(X, ¥, Z) ‘z=0 = TO 1[‘(%) ]p s (193)
TG, y, )= =0, (19b)
Tla® — (x*+y%) =0,z] =0 (19¢)

Applying the method of separation of variables
one writes

T(x, y, 2) = T1(x, ¥) Z(2) (20)
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Fig. 2. Thermally orthotropic circular cylinder.

and substituting into (18) results in the differential
equations

92T d*T
kx a 2l+ky a 21+ﬁ2T1 (213)
and
d’z g2
2% —Z=0. (21b)
Z

The solution of (21b) subject to the requirement
expressed in (19b) is simply

Z(z)=A, sinhjikz (L-2). (22)

Using now the same procedure followed in the
preceding section one writes

T, y, 2) = Ty, 2)

N

= E)l B,,Jo(a,,r)[sinh 5 l’;

@- z)] (23)

Z

It is important to point out that the separation
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constants 3, are the same eigenvalues determined in
the previous section.

Making z = 0 in (23) and using the boundary
condition (19a) one gets

=T 2Pl F+1) Jp+1(an)
"0 B sinhBuVA) L Fi(a)

If the rod is infinitely long the solution of (21b) is

B

(24)

Z(z)=A4, exp(l\_/i" z) (25)

z

and the approximate expression for the temperature
distribution is

T(x, y, 2) =T, 2)

N
= nZ:Z B, Jo(0,r) exp(:/i" z) , (26)

z

where the B,;’s are given by relation (13).

4. Numerical results and discussion

The separation constants 82 are calculated making
N =2 and M =0 in expression (10).

The minimization condition (11) yields a two-by-
two determinantal equation

,%az
ym— :
Q+N7 1.047197
kx
2a2
(1+2)1.047197 —2220.261799
kx
B2a2
(1+2Q)1.047197 — ’;c 0.261799
L =0,  (27)
(1+2)1.047197 — Z" 0.104719

X

where A =k, /ky

Table 1 shows the values of 82a?/k, for kylky =
1,2 and 3. It is observed that for k,/k, = 1 (thermally
isotropic material) the two eigenvalues are in good
agreement with the exact results.

Figs. 3 and 4 depict the temperature variation as a
function of the dimensionless variable 7 = kxt/cp,oa2
for the two points of the plate and for ky/k, =2 and
3, respectively.

Table 1

Eigenvalues dctermined using eq. (27)

ky/kx ﬁ%d2 B%az
kx ky

Exact Approximate  Exact Approximate

1 57832 5.784 304712 36.883
2 - 8.676 —~ 55325
3 - 11568 — 73767
T, 5
.
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Fig. 3. Temperature variation: (a) at the center, and (b) at
point (D).
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Fig. 4. Temperature variation: (a) at the center and (b) at

point (II).

Also shown on these graphs are values obtained
using the finite elements method. In all these situa-
tions the parameter p has been taken equal to zero
[see eq. (2a)]. The agreement is good from an engi-

neering viewpoint.

Fig. 5 shows the variation of the dimensionless
variable T/T, plotted as a function of 7 at the center
of a thermally orthotropic circular plate for p = 1

and-ky/k, =2 and 3.
It is important to

emphasize the fact that for

relatively large values of the exponent only the

first term of the truncated series expansion predomi-
nates and calculations become quite simple. It is

also interesting to notice the fact that the present
approximate procedure leads to a unified formulation,
ideal from a designer’s viewpoint.

It is important to point out that the analytical
approximations involved do not take into account
the angular variation of the temperature field. Since
ky # ky, it is rather obvious that the temperature
variable is a function of both polar coordinates, r
and 0.

However, from the point of view of many practi-
cal applications and in view of the fact that the
boundary of the domain and the prescribed bound-
ary and/or initial conditions possess radial symmetry,
it is reasonable to expect that the approximate pro-
cedure developed herein will yield an “average”-
sort of value with respect to 8 for a given value of the
radial variable.

The same approach is valid if the prescribed initial
or boundary condition is given in terms of a poly-
nomiial of the type

Py =23 a7 . (28)

It is important to point out that the approxima-
tions can be improved if one adds additional coordinate
functions which take into account the angular varia-
tion of the temperature field.

5. Conclusions

Considering the common use of composite mate-
rials which in many instances can be modelled by
orthotropic materials, it may prove advantageous to
the design engineer to count on a simple functional
relation, such as the first term of expansion (12),
which provides reasonably accurate results from a
practical viewpoint and as a preliminary design aid.

Acknowledgements
The present investigation has been partially sup-

ported by the Comisién de Investigaciones Cientificas,
Buenos Aires Province.



266 P.A.A. Laura et al. [ Solutions in orthotropic circular cylinders

09
0.8
0.7
0.6
0.5t
04
O.3y
02

01

yda

1 . L | I T
0 01 02 03 04 05

Fig. 5. Temperature variation at the center of a thermally orthotropic circular plate: T(r, 6, 0) = Tg[1 — (r/a)z],
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