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Abstract

A numerical analysis ol Lhe retrieval behaviar o I i
assoclative memory model where the memorized patterns sre  stared
hierarchically is performed. It is found that the mode! is able Lu
categorize errors. For a finite number of categories these are

retrieved correctly even when tLhe stored patterns are  not.

-

Instead when they are allowed Lo increase with  the  number  of
neurons their retrieval quality deteriorates above =5 critiond

catepory capacity.
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1. Introduction

Recent studies of neuronal nctworks have centered around
simple models which attempt Lo expilain how these systems work as
an associative memory. According to Mc Culloch and Pitts [ 1] each
neuron i can be in one of two possible states, firing or quiscent.
It can then be described by an Ising-like variable Sl = T
(R = 1, ..M. The interaction between neurons i and | is
mediated by the synaptic strengths \}i which are used to store the
information. The dynamics of the N neuron system is  fully
deterministic and , in the case an cnerpgy & can be defined, 1t

relaxes to states which are its local minima.

For the simplest neural network modei [Z2] E is given by

g = - . D %
= id 553 ¢ )
(% 5
where the sum extends over all pairs of neurons and Lhe Kii are
given by the Hebb’s rule [3}]. Amit et al. [4] have shown  that o
the saturation regime, where the number p of memories stored  in

the 313‘5 grows linearly with N (p - «N), the network retbrieves
information properly for o < a, = 0.145H. At %, the quality of the
retrieval undergoes a-discontinuous transition to a regime where
the network is always confused. This means that even wWwhen the
input state is one of the memorized patterns the system evoives Lo
spurious states which have small overlaps with it.

As noticed elsewhere |Hjan unrealistic feature of the

Hopfield model 1is that the patterns have to he encoded in

orthogonal N bit words. However, this is not the way human memory



stores new information; in general, we classify it by louoking for
correlations with the already memorized patterns. As a result of
the classification process the patterns will appear categorized
according to their common features. InsLead of  being  orthogonal
as in the Hopfield model (Fig.la) they will be organized followi ng
a hierarchical structure given, for instance, by bLhe tree of Wi e
b

Another motivation to study models with patberns  classified
according to categories is the expectation thal also Lhe errors in
retrieval will exhibit the hierarchy. In the Hopfield model, when
2 exceeds its critical value * the system is attracted to
configurations with small overlaps with the stored patterns, a

fact which indicates the deterioration of the network 1

l-.‘ r‘

“n

associative memory. What we want is a model able to retrieve well
the average features of the set of palterns which belong te  the
same category. In this way, even when phe attractors are spurious
states with finite overlaps with several memorized patterns, these
will belong to the same class and there will not be e<rrors in
category retrieval.

In this paper we perform & numerical analysis of the
retrieval properties of both stored patterns and categories in the
plane (a,r), with » the ratio between the number of categories and
the number of neurons. This study reveals the existence of a

region in that plane where the network confuses the patterns  bul

it is still able to retrieve categories correctly. . This occurs on
the axis ; = 0 but also for slightly larger values of ;
Classification errors, i.e. a misclassitfication of t.he



patterns in catepgories, hecome important as the number ol
categories increases. Since it is not reasonable Lo ask  Lhe
system tc improve its input information we will not consider these
errors as a bad performance of the network. Nevertheless, Lhere
also exists a region in the plane (,;) where both pat.terns and

categories are confused, i.e. there are errors which g0 beyond tLhe

classification ones. This occurs for farge o« and

This work is organized as fallows: in Seclion 2 we Jrrersaeg
the model In Section 3  we define several procabiliLy
distributions which will be usecful Lo analyse the pattern and
category retrieval. The numerical analysis and the discussion of

the different regions in the plane (,:) are given in Section 4.

Finally in Section 5 we summarize our main conclusions.



2. The model

The first stage of the definition of the mode! concerns Lhe
generation ot patterns with a hierarchical organization. Assuming
that categorization 1s previous to learning the memories Lo be
stored in the system are generated according to a branched
stochastic process defined on the associated hierarchical tree.
The state of each neuron 1is determined simultaneously for the
whole set of the p patterns and independently of Lhe state of tLhe
other neurons. At the upper level of categorization all of tLhem
constitute a single category. As the stochastic process proceeads
tfurther the coarsest differences are put into evidence first and a
few categories appear.

From that point on, the processes for the different
categories are uncorrelated. At the lowest, level of
categorization the patterns are distinguished only by their finest
details

For simplicity we shall restrict the discussion to regul ar
trees such as the one of Fig. 1b. The generalization to more
complex ones i1s straightforward.

in particular we shall consider the simplest, case of two
level regular trees. This is enough for our purpose of analysing
the performance of a neural network when categories are present,.
The parameters of the tree are the number of categories N and lLhe

2
number of patterns r stored in each of them. The total number of
states in Lhe tree is p = N_ r. We shall frequently name the
categories as ancestors and the patterns inside them as their

descendents .

[



The stochastic process begins at Lhe first level where Na

variables yfu) (e = 1,..‘.NP) are chosen by uasing a  probabilily

distribution P,{yll y") with mean value ¥, - At the second level r
cr fq e .

variables yi"‘) (77 = 1,...,r) are selected using Pu(yﬁ §IJ) for

@ach ancestor «. The state of necuron i in the pattern i:-i( ) )} is

obtained by

(e,8) _ _. (2,73) B "
Si = sign y, 1, ._,Nd ¢2.1)
{ 1, NN 3
where - denotes the calegory and ¢ the memory within it

The next step is to store the p patterns 1in the synaphtic
connections. It is clear that the Hebb s rule does nol work for
correlated patterns. For hierarchically correlated patterns those
in the same category have a finite overlap q. This spoils tLhe
performance of the standard Hopfield model. To see Lhe effect of

this overlap let us consider the expression

N_t r
~(H) _ 1 () o (sf3) . o
313 = o by b bi hj 3 (2.7)
m=1 f1=1

then the action potential at neuron i
a, = p x) g (2.3)

i 1 J

evaluated for the state {8 7 | is

6
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(1-¢q) L}! t qr Si ) (2.4)
up to the contribution of categorics otLher than {S “i. Here we
have defined the state of the ancestor o, {S(J)}, as

5 1 £ (re,13)
1(1_!) . o c y: I
bi =7 T 5y : (2.5)
fi=1

Kven when the first term of eq.(?2.4) is of the right form the
second one spoils the performance of the system. But eq. (Z.4)
suggests the way to modify Hebb’s rule: instead of (2.2) we

propose

r ; N
3=+ | £ £ s, S. A F 8

13 f)‘. (2.6)

where an ancestor contribution was added to the standard form.
The parameter » is chosen in such a way that the action potential
is proportional to the memorized pattern itself. A trivial

algebra yields
vzt g/ (L4 g (r-1)) (2.7)

For r >> 1 eq. (2.6) is equivalent to the learning rule

proposed in ref. [5] inspired on the microstructure of

i



ltrametricity in the mean ticld theory of spin gilasses (6. i

15 also contained in & wore poeneral model based On the

pseudoinverse rule | 7,8].

§



3. Bnadysis of patbtern and ancestor rvotrivval

F'o study the retrieval propertices of the mode ! dorierd bed i
Lhe previous  section we shall use a sol ot probabi !ty
distributions of the overlaps between tLhe attractors and  Uhe
stored patterns and their ancestors.

Starting from one of Lhe memoriszed pabtberas, Lay
{5 }, the system will evolve to an atiractor ({5}, |ty

overlap with Lhe stored states is

N
(esy _ ! (<2)
' E 5, S5 RN
N J J
J=1
(e 05,)
3] i i . . .
in particular we will neced v - m and its distribution P(r )
Similarly the overlap between the output and the ancestor o
1 N
(ee) F st g, L,..., N (3.2)
N J J il

For the case that « is the initial category, we will consider  tLhe
(=)
distribution P_(m ).
We will be interested in the largest overlap M between  the

attractor and the categories other Lhan the initial one,

Mo max (') e ik )
and 1tLs associated distribulion Pa““'
When  Lhe number of categories increases Lhe patterns

generated with the process described in Section 2 tend to  have

4



small overlaps with categories different from their own. In  Lhis
case cven when the model works wel! we expect that the attractors
will also have small overlaps with those categories. Since the
network cannot learn more than what it was  taught we wiil  not
consider errors due Lo misclassification as true ones.

In order to identify classification errors, we consider the
distribution of the overlaps between the memorized pattern taken
as the initial state and the categorics

N .
N o e SFI-‘) SF““H")

1 1
N 2

(o, e ' ) 1

,
-
o

(x,3.)
The state {S il !} has an average initial overlap with its

own ancestor given by

m = m (3.H)

We will also need the quantity
*x
M = max (m ) o X uo s (3.6)

This will be useful to separate classification errors from Lruc
5 4 2 . *
errors by comparing the distributions for M and M .

The distributions P, l‘U and L’_l assoclated with the overiaps
(= ) r
w, m " and M respectively allow us Lo distinguish the possible

-
attractors. We are interested in delermining the behavior of the

10



network in the plane (<,r) where

“ = p/N (3.7)
¥ = Na/N -

We can expect three regions:

A) a region for o« and ; small where both ancesbtors and their

descendants work well . The output, ¢ither coincides with Lh:
input or eventually it is a state very close to il.. llere
m o~ 1
(=) 4
m @ 1 [1+q (r-1)|] (3.8a)
r
M 0

or, if the classification errors are present,

M-~ M . (3.8b)

B) Here, the attractor still belongs to the right category but it

is a spurious state which has overlaps with many memorized

patterns. These, however, belong Lo the same caLtegory as  tLhe
initial state. This means
<<
: 1 (3.9)
(”u) (“u}
m < m
|
M~ 0
()
besides >> M.

11l



Again, if classification errors are appreciable we should  ask
*

M M

C) This is a regime where both memories and ciutegories are

confused . In this case
n << 1
S (3.10a)
(vt,) ()
o << m
1
()
” " (§]

ontrary Lo what happens in regions A and B ,in this case Lhe
categoury  retrieval errors are always greater than Lhe

classification errors

(3.10b)

12



4. Numerical analysis
in this section we perform a numerical analysis in order to

determine in which regions of the plane (¢, ») the three possible

retrieval behaviors of the network appear. In particular we want
to check that for a finite number of ancestors (i.e. . - 0) the
categories are correctly retrieved, even when the patterus

themselves work badly.

The typical calculation was done by ‘taking one of  Lhe
memorized patterns as the initial state. Once an attractor was
reached we evaluated the different overlaps defined in Section 3.
Repeating the process for severa! networks we obtained the
corresponding distributions. Since we were interested in the
large N limit the simulation was done for several values of N.
Looking at what type of attractors tend to dominate for inereasing
N at fixed (¢,r), we determined Lo which of the three regions A, B
or C that point belongs.

Once ~,» and N are given the pgeomelric structure of the tree

1s determined. Apart from that we also need Lo define the
distributions used in the branched stochasilic process: P (yll ¥
and PZ (y?| y‘}. We took them as Gaussians, with y, - U and we:

chose their dispersions such that q =~ 0.5.

We show schematically in Fig. 2 where the regions A, B and C
are located. Let us notice that since there must be at least two
states in each category, the line <« = 2» sets a limit Lo tLhe
relevant region for this model.

We found a line uc(r) which separates the region where the

stored patterns (and consequently the ancestors) are retrieved

13



well (region A) from the other two regions (B and C). For o > =«

16
the attractors have a smal! overlap o with the initial pattern.
The change from m - 1 to a smaller value is discontinuous. KFor
/7 = 0 the system destabilizes at -C(U) =~ (.11 while for larger

values of ;, ﬁc{r) increases rapidly to about, 0.1%.

The line aC(y) was determined by observation of the behavior
of the distribution P(m) as N increases. Not too above Jc(y) this
distribution appears peaked at o 1 for small N. As N increascs
this peak tends to decrease while another one at a smaller value
of v appears. This is similar to the result reported in Ref. [4]
for the Hopfield model. The same behavior is seen for all values
af In Fig. 3 we show P(v) for the two largest values of N We
have used and » = 0, =« - 0.16. At this point the peak at, 7. -~ 1 has
disappeared and the peak at smaller values of m grows with N.

On the line » = 0 the number of categories is kept fixed as
the network is studied for different values of N. In order to

determine whether there is a transition to =« region with bad
(<« )

anceslor retrieval we evaluated Lhe disbLributions P (¢ ) and

Pa(MJ corresponding to the overlaps wilh the initial category and

with the others respectively. We found good performance of +the

categories up to the largest value of + - (.8 we considered on Lhe
axis ; = (. For =~ <« uc(U) the stored patterns are retrieved
correctly and clearly the same is true for the ancestors. The
distribution P yields an average overlap E{JU) in agreement with
eq (3.5). For « > WC(O) the attractor has finite overlaps with
all the memorized patterns in the initial category. This modifies
i L |
the average value of H(‘”) which becomes smaller than ru( U)-

1

14



Nevertheless, the average overlap M of the output with the olher

ancestors remains very small and o! the same order as Lhe

classifieation errors (about 5 x10 ) This indicates a good

category retrieval. The results for the average overlaps are
(= )

shown in ¥ig. 4. The data for m " still show a small dependence

with N but they are consistent with a continuous transition to a

region with bad ancestor cetrieval at, large, perhaps infinite, = 2
This 15 1n agreement wWwith the expectation that for o ot e number
ot ancestors there is categorization of errors Although not
relevant for category retrieval, we observed thal for large «  the

attractor nas finite overlap with a small fraction (about 5%) of
patterns inside the other category (for : ) we took Na = 2).

On the other side of the diagram, c¢lose to the line 2y
the categories behave quite differently. Uimilarly to what occurs
ior memory retrieval also the overlap between the attractor and
the 'nitial category jumps discontinuously to a smallier value.

Simul Lanvously M becomes greater than the colassitficatlion errors

= L T a +
and acqulres a value comparable to Lhatl of ¢ . I'his is shown
in Fig. 5 for the line o« = 2y, but a similar behavior occurs for
smaller values of y defining a line ;C{d). We cannol determine

however, whether these two lines, L and Vet coincide close to
o = 2 Here the number of memories in each category is small and
a change in memory retrieval might induce a c¢hange in  ancestor
retrieval as well HBesides, categories containing only two
patterns are very close te being simple memories in  the standard

Hopfield model. This is in agreement with our rough estimation of

Y. on the line a = 2; which is compatible with )c U.14-0.16.

| §+]



X

- 5 : ) . ” : 0
in Figs. 6(a,b) we have included the distributions PU[m )
and PP(HJ for N 1000 and Lwe values of which arce at different

sides of the critical lines («« - 0.14 and (.18 respectively). in

Fig. 7(a,b) we present the data for P(+) for the same values of

and ;. From these figures it 1is clear that <« = 0.14 is in
region A, while o« = 0.18 is in C. As we said before we cannot
rale ~ut completely the existence of a2 region like B in  between;
this nns been indicatea by Lhe dastied line in Vig. 2.

From our previous discussion we scee Lhal as g tnereasbes  al

fixed but large o the network goes lrom a region of good category

retrieval to the region C Jjust described. We determined the way

o

this occurs by observing the distributions Pu(m( GJ) and Pa(M}.
while ftor = 0 these +two distributions do not overlap
appreciably, as ; increases they shitt Lo a common average. This
14 shown in Figs. 8(a,b) for .37 and the two extreme values
of

The numerical simulation in region A was done analysing 20
different points on the plane (=, )  Kor each of them we took

about Ib0l statistical independent measurements corresponding Lo
different samples. Iln region B we considered 15 points each one
evaluated over 50-150 different samples. Finally in region C  we
simulated 20 points each of them averaged over a number of
networks ranging from 20 to b50.

The numerical simulations have been done with a Micro VAX [II

at Centro Atomico Bariloche and a VAX 8650 at the University of

Rome: .



5. Conclusions

[t is important for a living system to be able to  recognise
at least a few concepts without errors, even when the finest
details of the information are not retrieved well. We have shown
that this is the case for models oi associative memories where the

stored patterns are organized hierarchically.

We performed our analysis for Lhe simplest regular
hierarchical tree where only W) leewes |y 7y cabeporizabion A
present.. It would be interesling however Lo see how the system
work when more levels are included In this case we think that

when the number of categories and subcategories are kept fixed the

their retrieval will still remain pood even for large .
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Figure Captions

Fig. la) A tree with orthogonal patlerns.

1b) A regular tree with two levels. In tLhis example N'z 3
and r = 2.
Fig. 2) The retrieval behavior in the plane (+,;): we indicate

the three regions, A, B, and C, described in the text.
Within our numerical accuracy we cannot determine if the
dashed region exists or nolt.

Fig. 3) The distribution P(«) for o 0.16, » = 0 and N 500,
1000, the empty histogram corrcsponds to N 500, Lhe
dashed one to N - 1000. The double dashed repion shows

where the two distributions overlap.

Fig 4) The average overlap ﬂ(“”) of Lhe distribulion
P {m(ao))at # = 0 with N = 500 (o) and N - 1000 (e).

Fig. 5) The average overlaps of the distributions P”{H(_l’) (@)
and Pa(H) (@) for N = 1000 at the line 28 . The

dashed line is the average overlap of the distribution

of M (i.e. the effect of classification errors).

()
Fig. 86) The distributions Po(m ) and Pa{M) with N 1000; and
()
¥y = % . Pn{ﬂu 2 ) is indicated with the emplLy histogram,

Pa(H) with the dashed one. These distributions overlap
in the double dashed region. a) corresponds Lo o« .14,

b) =« = 0.18.

Fig. Ta) The distribution P(m) for .14 and ¥y = R
N = 1000.
Tb) The same distribution for - D.18; » = o/2.
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Fig. 8)

(=)
The distributions P_( >y and P (M) with N - 1000,

The empty histogram corresponds to the distribul.ion
(=)

Po(m Y ), Lhe dashed one to I"i(l"l}. and the doub!e

dashed region indicates where they overlap. a) - .82

yo= 0. b) @ 0.32, 0 16.
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