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Abstract
We report on measurements and numerical simulations of the behavior of MgB2

superconductors when magnetic field components are applied along mutually perpendicular
directions. By closely matching the geometry in simulations and measurements, full
quantitative agreement is found. The critical state theory and a single phenomenological law,
i.e. the field dependence of the critical current density Jc(B), are sufficient for a full quantitative
description of the measurements. These were performed in thick strips of carbon nanotube
doped MgB2 samples. Magnetization was measured in two orthogonal directions using a
SQUID magnetometer. Magnetic relaxation effects induced by the application of an oscillatory
perpendicular field were observed and simulated numerically. The measurements confirm the
numerical predictions, that two relaxation regimes appear, depending on the amplitude of the
applied magnetic field. The overall agreement constitutes a convincing validation of the critical
state model and the numerical procedures used.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Magnetic relaxation effects induced by the application of
a transverse ac field have recently been reported in high-
Tc superconducting samples [1, 2]. Researchers have taken
advantage of this phenomenon for getting rid of unwanted
irreversible components of the sample’s magnetic moment
Mirr [1]. We recall that Mirr relates to the existence of gradients
in the flux density, caused by the pinning of vortices in the
mixed state.

To be specific, when applying an oscillating ac field
perpendicular to the vector Mirr one may delete any trace of
this quantity and just record a distilled reversible magnetization
Mrev, which is basically untouched by the process. In brief,
as the irreversible shielding capacity of the sample is bounded
(Jc), when the external excitation requires a new component
of J the original current distribution changes and the related
magnetic moment diminishes or even vanishes.

From the theoretical point of view, the critical state
theory seems to capture the essential physics behind the

experimental facts. Of special note are the so-called shaking
effects on the flux lines. They have been predicted either
for thin strips within a purely analytical approach [3, 4] or
for arbitrary section strips in numerical studies [5]. In both
cases, the Lorentz force related critical current density Jc⊥
(here ⊥ is relative to the local magnetic induction) is the
basic concept behind the predictions of the sample’s magnetic
response. Remarkably, the component of Mirr perpendicular to
the oscillating magnetic field relaxes in the complete absence
of thermal activation effects. On the other hand, it was
predicted [5] that relaxation may essentially stop in some
metastable state or quickly lead to Mrev, depending on the
actual experimental conditions.

To our knowledge there is no experimental work on the
residual critical state along the oscillating field and the question
about the predicted complete/incomplete relaxation in terms of
the amplitude of the applied magnetic field [5] also remains to
be answered experimentally.

This work was devoted to investigating the shaking effect
on both components of M for MgB2 samples. It is, as far as we
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Figure 1. Detail of the experiment. First, the field is applied along
the sample y-axis, and removed (I). Then the sample is rotated by
90◦ and field cycles are performed with the field applied along the
sample x-axis (II). The magnetic moment is measured along the
X and Y axes during the cycle.

know, the first report of such effects in this superconductor.
The practical absence of anisotropy and the high pinning
forces make the material a natural candidate for measuring
the connection between the phenomenological critical state
approach and flux shaking effects. We have matched the
geometry of the measured sample and the simulations, and
also paid particular attention to the magnetic field dependence
of the critical current. In this way all the parameters which
enter into the calculation are fixed, and we are therefore able
to test the validity of the approximations. The results show full
agreement between the theoretical prediction and experiments
at a quantitative level. A single phenomenological relation
Jc⊥(B), i.e. the perpendicular (field dependent) critical current
density, has been used. Such a quantity is obtained from a
detailed analysis of the one-dimensional M(H ) response [6].
This gives confidence in the general applicability of the model,
and proves that the essential physics is captured by the critical
state approach [5].

2. Experimental details

The experiments were carried out on a polycrystalline
MgB2 sample doped with a 10 at.% concentration of single
walled carbon nanotubes (SWCNT). A Tc of ∼36 K was
obtained from the onset of the superconducting transition
in a magnetization measurement. As has been shown
elsewhere [7], the SWCNT increase the pinning force, and
therefore the critical current. Sample dimensions were 0.31 ×
0.66 × 3.0 mm. The longest dimension (3 mm) was set
parallel to the rotation axis used for establishing the crossed
field configuration (see figure 1). The smallest dimension,
(0.31 mm), is matched with the y-axis (d), and the remaining
(0.66 mm) with the x-axis (2w). The sample size along the
z-axis cannot be increased due to the space available within
the magnetometer. Nevertheless, the actual aspect ratio of the
sample has allowed a suitable quantitative analysis within the
long strip approximation.

We have used a custom built probe [8] with a rotating sam-
ple holder inside a Quantum Design SQUID magnetometer.

Rotation around a horizontal axis, perpendicular to the mag-
netic field direction, is allowed. The sample holder consists of
a nylon cylindrical rotating cradle of diameter 3 mm which can
turn on an axis perpendicular to the magnetic field of the mag-
netometer. On top of the sample holder a stepper motor moves
the cradle by means of a loop of Manganin wire which pro-
vides the mechanical linkage. There is some slippage in this
connection, so we checked the alignment of the sample, with
an estimated error of about 1◦, by measuring the perpendicular
and parallel components of the remanent magnetization of the
sample after rotation. The alignment before rotation is visu-
ally checked before each run, before lowering the sample. The
background signal of the holder, measured above the supercon-
ducting transition of the sample, is a few per cent of the sample
signal and is taken into account when analyzing the data.

The crossed field configuration (see figure 1) was achieved
experimentally by placing the sample so that the y-axis was
parallel to the axis of the magnetic field. Then it was cooled
in this position down to 10 K in zero field. Subsequently, a
magnetic field Hy was applied and then removed, producing
a remanent magnetic moment along the y-axis. With no
magnetic field present in the magnet so as to avoid magnetic
induction effects, the sample was rotated by 90◦ in order to
place the x-axis parallel to the field direction. Following this,
Hx was cycled several times. The values of τac varied between
66 and 120 min from the smallest to the largest Hx,a (maximum
field reached during a cycle).

Taking advantage of the SQUID’s capability to simulta-
neously record the longitudinal and transverse components of
magnetization with respect to the field, we measured the vec-
tor (Mx(t), My(t)) while oscillating the applied field Hx . All
the experiments reported were performed at 10 K. We have
checked that at this temperatures flux creep effects are negli-
gible, i.e. �M/M < 0.01 in a typical measurement period of
5 h.

The inductive quantity shown in this work corresponds
to the sample’s magnetic moment per unit volume (i.e. the
magnetization): μ0 M = (4π/10) × (m/v) in millitesla,
where m is the measured magnetic moment in erg G−1 (emu)
from the SQUID output, and v is the specimen volume
in cubic centimeters. The applied magnetic strength H is
expressed in terms of the magnetic induction B = μ0 H in
a vacuum. As usual, this relates to the approximation that the
reversible magnetic response of the sample may be neglected
as compared to the irreversible contribution, i.e. the magnetic
moment related to the pinning induced flux density gradients.

3. Experimental and numerical results

3.1. Analysis of the experimental data

In figure 2 we show the magnetization in both orthogonal
directions as the field along the x-axis is swept through
several cycles. We have plotted Mx and My against the
applied field Hx . In fact the position in the magnetic field
cycle is the relevant parameter because we are in the steady
state in terms of the current distribution. Experimental time
scales are long compared with transients associated with flux
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Figure 2. Experimental results for μ0 Hy,a = 0.4 T. In the lower
panel we show My as a function of magnetic field; the upper panel
shows equivalent plots of Mx . The curves correspond to the
following values of the maximum field reached in the sweep along
the x-axis: μ0 Hx,a = 0.2, 0.4, 0.6, 0.8 and 1.2 T. The larger circles in
the Mx versus Hx plot correspond to an extended magnetization loop
with μ0 Hmax = 3 T.

changes and small with regard to flux creep. In other words,
one may assume that the sample’s internal flux distribution
instantaneously follows the applied excitation, whereas it
keeps stationary until new variations are performed. The initial
field amplitude for the trapped magnetic field was μ0 Hy,a =
0.4 T while Hx,a was swept up to maximum values μ0 Hx,a =
0.2, 0.4, 0.6, 0.8 and 1.2 T.

The behavior observed is very similar to the calculations
reported in figure 7 of the paper by Badı́a and López [5], who
performed simulations using the same sample shape. My data
are shown in figure 3 as a function of time t (expressed in
units of the ac field periodicity τac). Two relaxation regimes
are visible, as predicted in [5], depending on the amplitude of
the cycling field Hx,a . When Hx,a is lower than the penetration
field along the x-axis, Hpx , the magnetization My essentially
evolves towards a finite steady state value after several cycles
with a small periodic component due to the redistribution of
critical currents produced by Hx(t). For higher fields Hx,a >

Hpx the magnetization My quickly collapses to zero, as can be
seen in the lower curves of figure 3.

The full penetration field Hpx may be estimated from the
constant Jc approximation in [9] as Hpx = 0.85wJc0/2. In our
case, this gives 0.84 T. Recalling that this quantity relates to the
disappearance of the flux free core within the sample, we have
refined this value to 0.76 T when the actual Jc(B) is taken into
account. A rather accurate determination can be made based

Figure 3. Plots of My(t) against time both in logarithmic and linear
scales: symbols are for measurements and full lines for the model.
Notice the two regimes: for H < Hpx a finite magnetization remains,
for H > Hpx the magnetization collapses to zero. The curves from
top to bottom correspond to μ0 Hx,a = 0.2, 0.4, 0.6, 0.8 and 1.2 T.
The insets show the magnetic flux lines penetrating the sample: (1)
just after inducing the remanent state for μ0 Hy,a = 0.4 T and
rotating the sample, (2) subsequent to the first half-cycle of Hx for an
amplitude μ0 Hx,a = 0.4 T and (3) the same for μ0 Hx,a = 0.8 T.

on the plot of the core’s area in terms of the applied field. On
the other hand, as one can check from the experimental data of
figure 2, this agrees approximately with the criterion often used
empirically of the intersection between initial magnetization
and the hysteresis cycle.

Other details of the theory are also reproduced: in
particular, we observe a step-like descent of My with plateaus
when the absolute value of the field Hx decreases, i.e. after
a maximum or a minimum of Hx . Nevertheless, the full
description of our experimental observations required some
refinement of the theory.

To start with, the magnetization process simulated in [5]
consisted of preparing an initial diamagnetic state in My and
subsequently applying the transverse field oscillations. Owing
to the experimental constraints in this work, the starting point
was a remanent paramagnetic moment My produced by first
increasing Hy, then putting it back to zero, and eventually
cycling the transverse field Hx . Up to a point this is a
mirror image of [5], with field leaking out of the sample
instead of drifting in. Although the initial My state does not
modify the qualitative properties of the further relaxation, the
full quantitative prediction (transients included) requires the
simulation of the exact process. On the other hand, we found
that accounting for a proper magnetic field dependence of Jc⊥
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Figure 4. Magnetization along the x-axis Mx (t) as a function of
time: symbols are for measurements and full lines for the model. The
curves correspond to μ0 Hx,a = 0.2, 0.4, 0.6, 0.8 and 1.2 T. For
higher values of Hx the response of Mx also shows a greater
amplitude.

is much more crucial. Consequently, although relying on the
same physical principles and similar numerical methods, we
have performed new simulations for this work.

In figure 3 we show measurements of My as a function
of time compared with the results of the simulations, in both
linear and logarithmic scales. In these graphs one can observe
the tendency of My to a finite saturation value for low values of
the amplitude Hx,a and its rapid collapse to zero for values of
Hx,a above the penetration field Hpx . The excellent agreement
between the simulations and the measurements can be clearly
seen. It should be remarked that the measurement of low values
of My is subject to larger experimental errors due to some
unshielded induction of the oscillating field along the x-axis.
This is apparent in particular in the logarithmic plots, where
the small discrepancies are enlarged by the scale. The errors
arise because small imperfections in the cylindrical symmetry
of the probe cause the sample to be slightly off center with
respect to the set of perpendicular pickup coils, producing
cross-talk between their signals. We compensate for this by
using the standard procedure indicated by the magnetometer’s
manufacturer, but the errors increase when the difference
between both signals is larger (i.e. small remanent My and
large oscillating Mx ).

In figure 4 we show the measurements of Mx which follow
the cycle imposed by the field, together with the corresponding
numerical results, also showing quantitative agreement. The
magnetization along x is cyclic after the first complete cycle in
Hx . It should be noticed that Mx is always in a metastable
state during the cycle so that the sample as a whole is not
in thermodynamic equilibrium, even when the value of My

is close to zero (or to the reversible equilibrium value). In
experiments such as those of Beidenkopf et al [10], which use
perpendicular fields and aim at measuring a thermodynamic
state, this fact could perhaps be relevant, especially if the
dimension d cannot be neglected.

As a final experimental issue, we stress that the
quantitative analysis of the sample’s response (Mx (t), My(t))
has required a careful determination of the critical current
density dependence Jc⊥(B). In particular, we were interested
in the low field region, and recall that problems arise when
extracting Jc⊥(B) from the width of the hysteresis loops
�M(H ) [11]. Thus, following [11], we prepared for this
purpose a sample shaped as a thin disk from the same batch of
material. From �M obtained by measuring with the magnetic
field along the axis of the disk, we estimated a zero field critical
current Jc0 = 6.0 × 105 A cm−2 which is in agreement with
other measurements in this compound [7]. From the same
magnetization loop we found that for fields below 3 T one can
use the following fit:

Jc⊥(B) = Jc0

(1 + B/B0)2
(1)

with B0 = 1.25 T. We emphasize that the above empirical
expression was introduced for instrumental purposes as a very
good description within our experimental range. In fact it can
conveniently replace what one needs in a calculation, i.e. an
interpolated table of Jc⊥(B) data that come from a specific
experiment.

3.2. Theoretical modeling

We recall that highly accurate predictions of the macroscopic
response of type-II superconducting samples, i.e. average
magnetic moment versus applied magnetic field, are typically
made in terms of the usual critical state theory [6]. In this
approach, the equilibrium configurations of flux quanta are
treated by the macroscopic relation |J × B| � Fp between
the volume pinning force and the average values of the current
density and magnetic flux density. Thus, a maximum value
for the pinning force is equivalent to a critical value in the
component of the current density, perpendicular to the local
magnetic induction (J⊥ � Jc,⊥). As regards the dynamical
properties, and corresponding to a large dissipation when flux
is eventually unpinned, one may treat the response of the
sample by the Maxwell equations for the average fields, plus
the condition J⊥ = Jc,⊥ in a magnetoquasistationary approach.
In physical terms, the dissipation related time constant may be
neglected, and evolution is controlled by the external excitation
process through Ampère’s and Faraday’s laws. These concepts
have been thoroughly discussed in some papers, deriving from
our interpretation of the critical state in [12].

The actual application of the above ideas to flux shaking
experiments for non-idealized geometries is not simple, and
has been done either under ad hoc simplifying hypotheses for
extreme geometries [3, 4] or by using numerical minimization
techniques [5]. In our case, variational solutions of Faraday’s
law when the sample undergoes a magnetic process as shown
in figure 1 have been obtained under the mutual inductance
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approach (equation (2) in [5]). Let us give some details about
how such a formulation arises.

In general, our three-dimensional proposal starts with the
variational statement of the critical state [12]:

Minimize C ≡ μ0

2

∫
R3

| �Hn+1− �Hn|2, �Jn+1 ∈ � (2)

with �Hn the magnetic field at the time layer n and the restriction
�Jn+1 ∈ � applied to the volume of the superconductor, i.e. the

current density vector is restricted to belong to some subset �.
In the case of long samples (the situation stated in this work)
the latter condition may be expressed in the aforementioned
form J⊥ � Jc,⊥ because the direction of �J is determined by
symmetry (z-axis in our sample).

Physically, induced supercurrents will be such that the
magnetic field configuration over the whole space keeps as
close as possible to the previous time layer (as a consequence
of Faraday’s law). One can show that this is achieved by the
condition that �J belongs to the boundary of the allowed region,
i.e. J⊥ = Jc,⊥ in the current case.

From a more technical point of view, in order to get
rid of the mathematical difficulties introduced by dealing
with R

3, and taking advantage of classical electrodynamics
manipulations, one can show that the principle may be restated
in terms of the current density and vector potential as follows:

Minimize F

≡
∫

�

∫
�

[ �Jn+1(�x) · �Jn+1 (�x ′)
|�x − �x ′| − 2

�Jn(�x) · �Jn+1 (�x ′)
|�x − �x ′|

]

+ 8π

μ0

∫
�

( �Ae,n+1 − �Ae,n

)
· �Jn+1 (3)

for �Jn+1 ∈ �, with �, the superconducting volume, and �Ae the
applied vector potential.

On the other hand, notice that in our problem (assuming
the long sample approximation), the current density may be
thought as a stack of parallel wires along the z-axis, each with
a current flow ±Ic (or 0), where Ic = Jcs and s is the cross
sectional area of the wire. Then, the variational statement may
be discretized by means of the mutual inductance picture. One
is just led to minimize the function

F[{Ii}] ≡ 1
2

∑
i, j

Ii,n+1 Mi j I j,n+1 −
∑
i, j

Ii,n Mi j I j,n+1

+ μ0

∑
i

Ii,n+1(Ae,n+1 − Ae,n), (4)

with {Ii } the unknown set of electrical current values at the
chosen collection of circuits, Ae the applied vector potential
and Mi j the mutual inductance matrix. These coefficients
are the geometrical property connecting two circuits given
by the Neumann formula which one can easily recover when
obtaining equation (3) from equation (4), i.e.

μ0

4π

∫
�

∫
�

�J(�x) · �J(�x ′)
|�x − �x ′| d3 �x d3 �x ′ ≡

∑
i, j

Ii Mi j I j . (5)

Finally, recall that the minimization of F[{Ii}] in
equation (4) is constrained by the current restriction
Ii � Ic ∀ i .

For the current work, a local field dependence of the
critical current Ic,i (Bi) has been used. Such refinement was
needed for a more realistic approach to the experimental facts.
As explained above, Jc,⊥(B) was derived from a specifically
designed experiment. Thus, the minimization has to be done in
a self-consistent fashion, i.e. one solves the problem for the
(n + 1)th layer of time, by using Ic,i (Bn,i), then calculates
Ic(Bn+1,i) again in terms of the new flux redistribution and
iterates until convergence.

4. Discussion

The results of our calculations are shown in figures 3 and 4,
in which the comparison between theory and experiment is
displayed. The general trends are those described in [5], i.e. the
remanent magnetization along the y-axis relaxes by means of
the ac oscillation of Hx(t). Two relaxation regimes may be
observed, depending on the amplitude of the transverse field
Hx,a . If this quantity is below the x-axis penetration field
Hpx , relaxation is slow. For a small number of ac cycles
incomplete relaxation is observed. When this threshold is
exceeded, relaxation is fast and the equilibrium magnetization
is rapidly observed. Finally, the relaxation process takes place
in a step-like descent, modulated by the ac cycle. On the other
hand, some peculiarities have been noticed in the experiment
that may be clearly ascribed to the field dependence of the
critical current. To be specific, small bumps are visible in
the step-descent of My that cannot be obtained from the field
independent Jc⊥ approximation. Additionally, in the present
case, the Mx (t) response does not show a field independence
(plateau) in part of the cycle as happens when Jc⊥ is field
independent and Hx > Hpx [5, 6].

In conclusion, transverse flux experiments in MgB2

samples have revealed a number of features that provide new
insights into the problem of applying mutually perpendicular
field components to type-II superconductors.

It has been shown that the behavior of the sample’s
magnetization along mutually perpendicular axes (Mx , My) is
quantitatively reproduced by the critical state equations at a
temperature of 10 K, and for an applied magnetic field in the
range 0 < μ0 H < 1.2 T. Basically, the theoretical model
presented in [5] may be applied to this case.

In the present paper we have restricted ourselves to a
situation where induced currents are mainly perpendicular to
the field direction. Then, the condition J⊥ � Jc⊥ is equivalent
to J � Jc, i.e. one may just focus on the modulus of the current
density vector. More general cases will be addressed in future
work.

On the other hand, a careful determination of the Jc⊥(B)

law has been required in order to achieve agreement between
theory and experiment, both for Mx (t) and My(t). This
observation completes recent work on YBCO samples [2], in
which the field dependence of Jc⊥ was merely connected to a
faster decay of My .
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