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SUMMARY 

Tha ()fe.ct of thermal gradiente on the diffusion of thermal neutrons in 
solid media has been obtained, assumiug i) classical scattering of neutrons 
by nuclei ii) particular distribution function for tha velocity of nuclei. A 
correction, linear in grad T, is obtained. Quantum effects have Ilot be en 
taken into Mcount. Tlms the better the agreement of the used scattering law 
with the actual one, the better the obtailled results will hold. 

1. INTRODUCTION 

The a.im of this paper is the theoretical derivation of the offects 
of temperature gradients on the diffusion of thermal neutrons in 
non-absorbing scattering media . 

.As a first approximation the . Lorentz theory of electl'ons in 
meta.ls can be used (1). In order to solve the problem, it is nece­
sary to assume zero electric charge, and resort to maiXwellian sta­
tistics instead of Fermi 's, tiue to the usually low density of neu­
trons. Under these conditions one obtains: 

where 

v = V 81c T/rr m'J is the maxwellian average for the absolute value 
of lleutrons velocity, and 

l = l/nt lt S2 the mean free path of neutrons in the scattering media. 
In the following we shall use subscripts 1 and 2 for nuclei 

and neutrons respectively, ml and m2 being their ma~es, nl and ~ 
their number densities, and s the diameter of the nuclei. 
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By introducing the scalar flux of neutrons: 

the vector flux 

J=- (l/3) grad<l> 

is obtaiend. 

This equation is identical with the comni.on diffusion law, usua­
lly derived from the elementary diffusion theory (2). 

However, the fundamental formulae that have been used in 
this application imply a$umptions that do not hold in the case of 
neutrons in solids, namely: there is no energy exchange between 
nuclei and neutrons, and the nuclei are at resto 

From a clruJsical point of view, these assumptions are not valid 
in the case of neutrons since the maes cannot be neglecte'd when 
compared with those of nuclei. 

In order. to introduce the velocity of nuclei it should be ne­
cessary to resort to the velocity distribution function f¡. The diffi­
culty al'ises from the fact that tI cannot be determined from a 
transport equation, as would be the case in a gaseous binary mixtu­
re. This <:J.ifficulty can be obviated by assuming a convenient mo­
del for the solid in the absence of neutrons; such a distributioll 
function tI is assumed not to be appreciably influenced by neu­
trons, as long as theil" number density is sufficiently low, this re­
quirement -11-2« 11,¡- being fulfilled n the usual cases. 

One may then obta.in an integro-differential equation involving 
the corresponding function t2 for neutrons, which is equivalent to 
the Boltzmann transport equation for one component of a gaseous 
binar-y mixture. It shoul'd be noted that collisions between neutrons 
are negligible, because n2« 11,1. 

If t2 expanded as a series of functions, and the fore-mentioned 
integro-differential equation is adequately sepamted in a sequence 
of integral equations, the solutions of these equa.tions are the func­
tions of the series in which f2 was expand€d. 

J ust as in the case of Enskog method, a special solution of 
tha transport equation, valid only for nearly thermal neutrons, is 
obtained in this way. The only ne~esary values for the determina­
tion oí !2 are: 11-2 and the temperature distribution throughout the 
sca,ttering medium. 
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'On thebasis of the first two functions of thef2 series, the diffu­
aion law corrected fOl" the temperature effect hasbeen obtailied.' 

J + 'and J _. have been defined in the usual neutrOl1S diffusion 
theory way (2), their expressions having been calcula.ted on the 
basis of the said approximatiol1. With them, boundary conditions 
for two c'ases, namely: the interface betwe~n t~o ~catterlhg media 
and between a scattering medium and a vacuum, have been esta­
blished. 

A. few examples with and without absorption have also be en 
calculated. 

2. DISTRIBUTION FUNC'rION FOR NUOLEI' 

It has already been seen. that, on the basis of a conveniently 
modified Lorentz theory of eIectrons in meta.Is, the usual law of 
diffusion is obtained. This is mainIy due to tho' type of /2 expafi.­
aion used for solving the probIem of eIectrons in metals. 

This treatment lits well in the lattel" cage since the ion-electron 
Ell1ergy exchange in negligibIe, the electron mass being sm,all wiht 
respect to the ionic one. This assumption, "however, does not hold 
for neutrOl1S and light l1uclei; thus it .. is necessary to talce iIi:to 

. , . ' . • ¡ 

account the veloeities of nuclei. 
It should now be necessary to' introduce /t, but it has alr~a.dj\. 

heen pointed in § 1 that tbere is no transporto equation for nuclei. 
ConsequentIy it is llecessary to obtain it previollsly to the resolution . 

. of the transport equation; in order to that it, shall be' assuined thé 
following model for nuclei in a solid: they behave like classical 
harmonic and isotropic oscillators,with a lmique frequenoy,: that 
can be obtained, e. g. from Einstein theory of spccific heats. In' s~ 
far as this frequency does not appear in /1' its actual value dooS 
not affect the obtained distribution functiol1,. but, the ratio of freo' 
quency to temperature' determines the va.lidity of this classical de-' 
rivation, when the diffaction effect of the latticie is disregarded. ' 

A. macroscopically smaU voIume d1' is considered. The number 
of oscillators within this voIume is: nI dr. If maxwellian statistics 
is used, the l1umber of oscillators in dr which have their phase 
sp~ce representative .points in ·a cell of· energy E, are given by: 
(nl d1') exp(- f3 E)jZ where Z is the partition function for an 
oscillator of frequency '\1 : 

Z = (lcT/h v)3 and ~= l/'e T. 
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The classical expression for E is E = (P12/2m1) + %K2q12 

where 

P1 = (P1:e' Pl'Y' P1z) is the momentum, 

q1 = (q1:e' Q1Y' Q1z) is the cúordinate, and 

[(2 = 4 n:2 m¡ y2 the oscillator force constant. 

The distribution function 11 (r, el, t) is then obtained by adding 
up (n1 dr) exp-( (3 E)jZ over all the phase space cella for an os­
cillator whose velocities lie between el = P1/m1 and 01 + del = 
= (P1 + dp¡) /mt. 

A good approach to the summat,ion is obtained by integrating 

f(n1 dr) [exp (- ~ E)/Zh3] dp1 dql = 
ti 

over the volume v = dr. The result is then: 

2.2 

= (n1 m13/h3) (h Y/'~T)3Iexp (- m1 e12/2lcT) fex p (_[(2 q12/2 kT) dq1 
, ti 

It, should be noted that the integration must be extended over 
a voIume, aIthough macroscopicalIy small, sufficiently great as to 
assure the condition J[2q12/2lcT » aLL over the volume surface. This 
condition is obviousIy satisfied ir the voIume contains a sufficiently 
high number of nuclei, an'd in this case the integration can be exten­
ded to infinity without illtroducing any a,ppreciable error. The ex­
pression for 11 comes to be 

f 1 (r, Cl, t) =nl (mt/2n: lcT)3/2 oexp (- m1 ct
2/2 kT) 2.3 

It is easily seen' that it appears to be the same as that for a 
perfect, monoatom le gas. 

liad we considered quantum oscillators, the distribution func­
tion would be the same as 2.3 if the medium temperatura were 
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high enough so that the oscillators stayed in high quantum number 
states. The fulfillment of the last condition would justify the classi­
cal treatment of the neutrons-nuclei collisions if the difraction with 
the lattice were not taken into account. 

The scattering law :obtail1ed from the assumption done, that 
neutrons malte indepen'dent collisiol1s with each one of nuclei., 
must then be replaced by the sum oí tha- Bragg scattering plus the 
incoherent scatteril1g. 

Bragg scattering is higly anisotropic, but for a nearly isotro­
pic distribution of neutron velocities, the number of neutrons 
scattered from a given volume of a polycl.'istalline medium is in'de­
pendent of tbe direction in a first approximation and proportional 
to the sca,lar neutrons flux. 'fhis follows from the fact that the 
number of neutrons of'a givell speed scattered by each of the Bragg 
reflectiol1s in a given direction is proportional to the number of 
incoming neutrons with velocities makil1g the corresponding Bragg 
angle with the outgoing velocity. This number being in a first 
approsach independel1t of the direction of the scattered neutrons, 
due to the assumed isotropy of tha neutron velocity distributioll, 
the il1tegration ovar all the speeds and Bl"agg angles is again direc­
tion-independent. The isotropic scattering proportionaJ to tha neu­
trons scruar flu·x leads to the usual diffusion law. 

The corrections due to thermal gradients must be obtained 
from the temperature dependel1ce of the scattering law, arising from 
the neutrons-phol1on scattering, illcluded in the ineoherent scattering. 
Therefore, the classical model assumed for the scattering of neu­
trons must be taltel1 o111y as a particular seattering law. 

The results obtained will hold if the assumed scattering law 
is a good approximation to the actual one. 

3. THE EQUATION 

The neutrol1s tral1sport equation is formally the same as that 
for one componel1t of a bil1ary mixture of gases,. the nucleiplaying 
the role of the other compol1ent (3). 

In the following the notation of Chapman and Cowlil1g sha11 
be used. 

The faet that n2 « n, makes it possible to '1) neglect neutron-
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neutro:p. collisjons, and 2) assume that t1 will not be modified by 
th~ .. pre:f!~nc.e of neutrons. In such a case: 

.. 

Of2 Of2 Of2 (( , , d d· . 
. Tt+ c2.--¡¡;:+F· uCíI =JJ [fl f2 -flf21g21 b b {dc1 3.1 

It is sometimes . advisable to make the following variable trans­
formation (see (3) 3.45 and 3.5). 

g21 b db dof.= k21 dk 

Itis necessary to introduce the integral operators L(f2) and 

! 21 < IP2) defined by 

L(i2)' ff< i l' f 2' - f 1 f 2) g21 b db d E dc1,= ffU l' f 2' - f 1 f 2) lC 21 dkdc1 
. 3.3 

3.4 

where 

i. ' 

4. STUDY OF 'l.'HE HOMOGENEOUS INTEGRAL EQUATION AND 
ITS KERNEL 

.. The solution of the integral equation: 

is <l.l!l = constant, It is obtained by methods only slightly different 
from those used in (3) Chapter IV (4). 

The. non-homogeneous integral eqll~.tion,associated with 4.1 
can be written 

4.2 

In order to resort to well-lrnown theorems dealing with 'inte­
gral equation, it is advisable to write 4.2 as a Fredholm equation. 
Following Chapman and Cowling (3) the equivalence 

4.3 
", .. ,;' 
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, can be shown, where 

. , 

[(o (c) =,exp (- m2 c2/21cT). (- 4n.s2 A/b2) . 

. ((1+bc2) [ ~.V nBrf( V b/2c)/V b/2c]-exp,(7mlc2/2kT)} 

4.4 

being A = -(m11'n:l) 3/2 j(2lcT)8; b = mlllcT anéL K(C2,c) a symetri. 
cal kermel. 

, Equation 4.2 has ·a solution if, and only ii. 
1 1" 

JI (c2) tPi (c2) dc2= O 4.5 

where the 'I!' i(C:l) are the linearly independent solutions of 4.1. 
Since the unique solution of 4.1 is <1>2 - ex (7', t), the condition for 
4.2 to be solved is 

JI (c2) dc2=O 4.6 

It should be remarked tha,t the only solution of 4.1 is 
<1>2 = a.. l'his is a consequence of tW() related facts; i). 11 was oh­
tained independently of the transport equation, and ii) 12 was the 
only unlmown in the equation. This imposes at the same time, that 
the only conservation equ·a.tion that can he tlirectly derived from 
tIle transport equation is that for the number of neutrons. 

5. METHOD FOR THE SOLUTION OF THE TRANSPORT EQUATION 

It is advisable to define D as in 

D 12= o 12 + o 12 . c
2 
+ F. o 12 

. U t .0 r o c2 

5.1 

Resorting to 3.3, equation 3.1 éan be rewritten as follows: 

5.2 

On setting 

5.3 
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and introducing 5.3 in 5.2 

no 00 

Df2=L (2Jft» = Z; L (Ur)) 
r-O r-O 

5.4 

is obtained. 
Tbe first member of 5: 2 can be expanded according to 

"" 
D f2=-n1 n2 2:lD(r> 5.5 

r-U 

where D(') are functions obta,ined operating on f2 with some diffe­
rential opera,tors that wiIl be defined in §7. From 5.4, 5.5 and 3.4 
it follows: 

00 

Z {I21 (d>lr)) -D(r>}=O . 5.6 
r-O 

The new unlmowns <I> 2(") are defined accordillg to f2(') = 
= fO! <1>2(r) where f02 has been defined in 3.5. It should be empha­
sised that [02 can be made identical with f2(0), provided D(o) is con­
veniently chosen, as will be shown in §6. 

Equation 5.3 is a solution of 5.2 if the equations 

5.7 

are satisfied for aU vaIuas oí r. 
If D(s) is defined in such 'a way that the only f2(') appearing 

are thooo for r = 0,1, ... s-l, the second member of 5.7 will be 
lmown after having solved al! equations fol" r<s. 

The general' solution for 5.7 is 

,h. (r)_ X (r> +.1. (r) 
\1.12 - 2 '1-'2 5.8 

where X 2 (·) is a particular solution fol" 5.7 and qr 2(') is the gene­
ral solution for 4.1. 

The only solution for 4.1, as it has already been seen in §4, is 
a (1',,t). The conditiol1 4.6 fol' solvil1g 5.7 then rearls: 

J D(r)dc2 =O 5.9 

One should demostrate that D(') / -V ](0 (C2) is integrable and oí 
integrable square for each r. 

Two problems arise: i) to separate 5.5 conveniel1tly and ii) 
to determine <I>2(') = a(r)(r,t) for each value oí r. 
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6. FIRST ORDER APROXIMATION 

In order to obtain the first approximation, D(o) will be defi­
ned by: 

6.1 

or according to 5. 7 

1 ( . 'O») 
21 <1>2 =0 6.2 

for which the only solution is ~2 (o) = ce Consequently the first 
approximation will be 

f 2 (O) = 0.(0) f 2 (o) 6.3 

Setting a (o) = 1, the so---obtained first approximation is tha-t 
of the maxwellian distribution for the each-point temperature OI 
the scattering media, and for a number density of pa,rticles equal 
to the number density of neutrons at each point. 

The setting of a (O) makes it posible tó obtain the remaining 
a(r). Then 

and consequently 

This equation is satisfied when 

If2(1') dc2= IN) Xt')dc2 + 0.(1') n2=O 6.4 

Equation 6.4 will be taken as the condition determining the 
values of a (r). 

7. SEPARATION OF THE TRANSPORT EQUATION 

In the case of gaseol1s mixtures, five differential eqll'ations are 
obtaincu from the transport equation without l'esolving it explici­
tely, namely, the equations that state the conservation of mass, 
momen tum and kinetic energy (3). 
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From these equations:,the ,time, ilerivati:v:es of the density of 
particles, mean velocity and temperature, a,re obtained. These equa­
tioris must then be intl'oduced'm Df2 in order t(Fperform'1;he S€para-
tion 5.5 (3). ' 

, It has been seen n §4 that, according to this, only one conti­
nuity equation can be derived: the one which refers to the num­
br.r of neutrons: 

The equation for the mean velocity: 

n2 c2 J/2 c2dc,¿; 

7.1 

7.2 

is just the required one, as the vectorial fl~ of neutrons can 
be expressed: 

7.3 

The mean velocity will be obtained fl"om the second approxima~ 
tion since the first one is maxvellian and, being isotropic, does 

not contribute to C2. 

As long as the transport equation only dete'rminesthe neutrons . 
c1istribu,tion function, it cannot lead to a differential equatioll for 
th6 conservation of kinetic energy, as the involved integraIs do not 
vanish. It should be lloted th-at thia limitation do ea not lead into 
troubles since, neutrons being approximately thermal, tha tE)mpe­
rature that appears in ¡'2(o) is the one of the scatterhIg medium. 
Thel"efore, the time derivative of temperature follows from the me­
dium properties. 

It is now posible to write the separation 5.5 explicitly. Tt is 
posible to write: 

. 00/(1'-1) OH 1(0) 01(1'-1) 01(1'-1) 
-n1n2D(1)= + ... +---+c.--+F.--

, o t o t ' 2 o r : o c2 

7.4 
for r =F 0, where 

Os 12(1') '012(1') 0sn2 0/2(r)osT' --=--.-+--.-
o t o n2 o t o T o t 

7.5 
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.being· 

~Sn2_ a [ ._()] 
-----. n2 c2

s 
o t o r 7.6 

n2 c2(s) JI2(S) c2 dC2 7.7 

, The symbol 8.T !U is an arbitrary function in t and r satisfying 

i:. Os T = oT 
s=oot ot 

7.8 

As it is seen in 7.4 tha only f(lc) that a.ppear in D(r) are tbose 
for k between O 'and r-1. Otherwise, it is not difficult to show (4) 
that 7.4 satisfies 5.5 and 5.9; consequently, the integral equations 
5.7 admit a solution for every r. Each one of them could be sol­
ved once the solutions for eyery foregoing equations where known. 

It remains still to be shown for every case that D(r)!v K O(C2) 
is integrable and of integrable square. 

8. SECOND ORDER APPROXIMA'l'ION 

From 5.7 the equation 

121 (<1>2(1») =D(1) 8.1 

is obtained for r = 1. 

The external forces acting upon neutrons are in general ne­
gligible, and then F = O. AIso: a oT / at =0 which is equivalent 
to considering this effect being of higher order with respect to 
ihe secon'd order approximation. With this simplifica.tion, it follows 

8.2 

It is necesary io find a particular solution for 8.1, called X 2 (1) 

in § 5; it has already been se en in § 6 that á (1) is entirely deter­
mined by 6.4. The expression: 

X (1) = A. O 1n n2 + O 1n T . B 
2 Ul' ur 8.3 
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is tried as a particular solution, in which A and B a,ppear to be the 
new unknowns. Resorting to 8.1 and 8.2 the following equation 
is obtained 

Equation 8.3 is a solution if A and B are themselves solutions 
for the following integra,l equations 

As it has been shown in § 5 these equations can be solved when 

8.7 

and 

![(m2 c2
2/2kT) -3/2J cd 2

0 dc2 =O 8.8 

respectively. It can be shown, considering the symetry of the inte­
grands that these conditions are satisfied; therefore, 8.5 and 8.6 
admit a solution. 

A and B only depend on 0, n(r'"t) and T(r,t); as they are the 
only variables that appear in 8.5 and 8.6, these variables determine 
vectors according to: .Al ,= A (C2) . C2 an~ B = B ( c:¡) . C~, where 
A(c2) and B(V2) are functions of C2, n(r,i) and T(r,t). 

Although it is not necessary to obtain A(C2) and B(C2) expli­
citly, it wilI be necessary to calculate some coefficients tha,t depend 
on these functions. 

It can be shown that a(l) = 0, from which 

1(1)-1 (Ol[A()' ()lnn2 B() ()lnTl 89 
2 - 2 c2 c2• o r + c2 c2• o r , . 
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9. DIFFUSION LA W 

The difrusion law can now be derived from the vector flux of 
neutrons estimated to a second orden approximation, the flux being 

J= n2 cl1) -,1 f 2 (1) c2 dC2 9.1 

.As the operator 121 ( <P 2) has beE'n definen a,ccording to Chapman 
and Cowling (3), the functional: 

[G2; [(2]12=1 G2 (c2) 12d[(2 (c2)]dc2 

in the same as that of (3) 4.4.9 
It follows (4) 

9.2 

9.3 

which is the diffusion law. It should be noted that the term on 
a 11~ T/or is the one from which the correction to the usual diffu­
sion law if obtained. Coefficients [A.; Ah2 ama [A; Bh2 will be 
computed following Chapman and 9owling. 

10. ESTIMATION OF J + and J-

It is useful to introduce magnitudes similar to those used in 
the theory of neutron diffusion (2). 

If aS is a surface element and 'ni its normal unit vector, J..;­
is defincd in an equivalent manner. It can be shown (4) that 

J+= (1/4)n2 c2(O):+ (1/6)t-(n1 n2) u~:n2 . .[A; A]lZ+ 

()lnT2 u r . .[ A; B]d . ~t 10. 1 

() In n 
J-:-=(1/4)n2c2(O)-(1/6H-(n t n2) ur 2 .[A; A12+ 

ulnT 
+~.[A; B]12}.n 10.2 



.-316-:-

On comparing with, 9,.3 it follows 

- 1 
Jt = (1/4) n2 c2(0) + 2J . n 

- 1 J_= (1/4) n2 c2(0)- 2J.n 

10.3 

10.4 

These are the formulae 5.17.1 and 5.17.2, from (2), c.orrected 1 
for the influence of temperature gradients. 

11. ESTIMATION OF [A; Ah2 A:t:ID [A; Bh2 

,These co~fficients are approximately obtaine'd following Chap~ 
man and Cowling (3). On definil1g (5) 

a(r)=Sa/2(r) (m2c22/2 kT) c2 

a - [a(r) . laM] rs- , 12 

11.1 

11.2 

as = [A; d S)]12=- (1/n1 n2)1120 c2. a(s) dC2 11.4 

f3s = [B; ja(s)]12=- (1/nln2) 1 120 [(m2 c22/2/cT) - 3/2] c2. !aMdc2 : 

11. 3 

11.5 

o r 

11.6 

o r 
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, . 

AV) = 11.7 

It folIows (4) according to Chapman and Cowling that 

11. 8 

11.9 

The va.lu.es of [A ; Ah2 ·and [A ; Bh2 can be obtained with as 
many terms as wished provided a sufficient number of coefficients 
a., ~ r, ·and ar8 a.re lmown. 

The values oí ar and ~r are (4) 

ctr=>- (3/2n1) V (2lcT/~2) 'Oro 

~r=cto['óro- (5/2) 'ór1] 

where ¡,r is the Kronecker's simbol. 

11.10 

11.11 

Introducing these values into 11.8 and 11.9 the following ex­
pressiolls are obtaille'd 

where Ar8 (m) is arB cofaetor in A (m). 
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The coeficients aoo, aOl, a11, a02, a12 and aZ2 are lmown (6). 

The flrst three terms for [A; Ah2 and [A; Bl 12 have been 
calcula.ted on the assumption that both Ilud('i and neutrons behave 
like rlgid spheres. 

Calling 

11.14 

11.15 

where Mz = mz/m:J + mI, it follows 

11.16 

P2(X) =73728 (1-X)4 (18-24x + 110x2- 68x3 +194x4 ) 

Ql(X) = 12- 8x + 6X2 

Q2 (x) = 4098 (13824 - 36864x + 84264x2 - 206104x3 + 
+ 295662x4 -166633xo - 61152x7 + 13482x8 ) 

By U 12 it is meant, as usual, the average diameter of nucleus 
and neutron; this magnitude having been introduced through coefi­
cients arB • Quantity nI u 212 'Ir represents the macroscopic geometri­

cal cross section 1: •. C"lo) is the maxwellian mean value for the ve­
locities. 

Table 1 shows several numerica.I va.Iues of 

a T = [A ; Bh2 / [A ; Al l:l and ~1' = (J.7'--lh within the M2 

. variation range, namely: from O. O to 0.5. 
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TABLE I 

M. 0.0 0.1 0.2 0.3 0.4 0.5 

T 0.97791 0.91379 0.84960 0.78465 0.71823 0.64971 

T' 0.54073 0.52209 0.50285 0.48218 0.45831 0,42579 

at 0.55294 0.57135 0.59187 0.61451 0.63811 0.65536 

~t 0.05294 0.07136 0.09187 0.11451 0.13811 0.15536 

12 .. BOUNDARY CONDITIONS 

It is advisable to express the diffusion law as a function of the 
scruar flux of neutrons W: 

12.1' 

It is then obtained 

where "í arrd ~T have been defined in § 11. 
The boundary conditions in the separation of two scattering 

media a.re taken to be the continuity of J + and J _ in the fore­
mentioned separation Burlace, letting n (see § 10) coincide with its 
normal. It follows from 12.1, 10.3 and 10.4 

12.3 

12.4 

Thecontinuity of W and the component of J. norma.¡ to the 
separation surface are boundary conditioDS equivalent to 12.3 and 
12.4. 

In the sepa.raUon of -a scattering medium and vacuum, the 
bounda.ry condition is chosen to be 

J_=O 12.5 

talring n directed inte vaCllum. 
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APPLICATIONS 

13. UNIDIMENSIONAL STEADY-STATE PROBLEM 

.A planar symetry medium without produetion 01" absorption 
of neutrons is considered. The direetion of the maximum yari'abi­
lit Y of metlium properties is taked as the x-axis. For the steady sta­
te it holds Ja: = Jo = constant and J y = J z = O. Resorting to 12.2 
it follows: 

for wieh the general sol'lltion is given by 

m . 

el> (x) = (3 I.iy) Jo [T (x) ]-13T f[T (x) ]-13T d x + B [T (x) ]-13T 13.2 
O 

where' T(x) is the temperature as a funetion of x, and B is an in­
tegration eonstaJlt . 

.An experinrent only sligh'tly differing from the eonditions 
assumed aboye eould be performed in the following way: a slab of 
with 2l amI equal vallles for' W and T in both sides. Resorting to 
12.3 follows: 

() 

el> ( - l) = (3 I. Jy ) Jo [T ( - l) ]-13T fiT (x) ]13T .d :J) + B [T ( - 1) ]-13T 

-l 

+l 

el> (+ l}= (3 ~JY) Jo [T (+ l)]-~T fiT (x) ]13T 'd w+ B [T (+ l) ]137' 

o 

where x == + l and x = -l are the eoordinates of both sides of 
the slab. In order to satisfy the imposed eonditions to q¡ and T, 
Jo must yanish, therefore 

13.3 

Placing ~7' = O the ordinary diffusion law is obtained. Then 
it holds 

<!> (x)/<!> (l) = 1 13.4 
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In order to exemplify the foregoing results, the values, T (O) 
= 6000 J{ and T ( + l) = 3009 J{ can be chosen: from 12.2 it follows 
0.964 <ep (O) / ep (l) < 0.899 when ~ T varies between 0.05294 and 
0.15536, and (p (O) / (p (l) == 1 when the ordinary law of diffusion 
is used. 

It is seen that the variation recorded for <I> (O) / <I> (e) ex­
tends from 3.6 % up to 10.1 % as M2 varies frbm O. O up to 
0.5 according to whether the ordinary la.w of diffusion or the 
corrected one is used. 

14. UNIDIMENSIONAL DIFFUSION EQUATION WITH ABSORPTION 

It shall be 'clssumed that the diffusion la-w 12.2 is still valid 
even with small absorption of neutrons. Applying the continuity 
equa,tion fol' the mimber of neutrons with absorption, the diffusioll 
equation: 

un') u ' I 

-~=--.J-Z: ,(j> ut or a 
14.1 

is obtaine\l where ~a ir:; tIte macroscopical absorption cl'oss-sectioll. 
]u the unidimensional case, equa.tion 14.1 leads to 

14.2 

and for the steady state 

d2 :d> ' d l n T d ID [ d2 l n:T I 1 
d 

2 + ~T-d- -d + ~T d 2 - (3, Z:a Z:s/y) (1)=0 
x x ,x X .1 

14.3. 

A slab of with 2l is assumed. 0ne side of the slab limits with 
vaCllum 'and other side has a fixed neut.ron flux J ... 

A temperatura distribution is given in the slab. Both vallles 
of the scal'ar flux ID at the side where J f1) is fixed shall be calcula.. 
ted, assuming that the ordinary or the corrected diffusioll law 
holds. 
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Chosing 

14.4 

a simple equat.ion is obtained, since from 14.1 it follows 

the general solution of which la given by 

Using the ordinary law of diffusion, - or taking ~T = O, 
which is equivalent - it follows: a= aO = O and 

Calling x = O ihe coordinate of the first side and x = l the 
<!"Oordinate of the other one the boundary conditions are J al (O) = 
= Jo 'and J _ (l) = O. Bringing these conditions into 14.5 the follo­
wing equation holds: 

. _ [a - (3 ~s/2 y)] S h ~ (l- x) -~ e h ~ (l- x) 
<I>(x)=2Joexp(ax) ¡(2y/3~3) (a2_~2),-a]Sh~l-~Ch~l 

14 .. 6 

It is easy to identify the expression I /3 ~ 8 appearing in 12.2 
with the coefficient D' appearing in the common law of diffusion: 
J = -: D . grad dl 

If graphite is taken as scattering medium, it holds D = O. 92 cm. 
Tal~ing T = 450°]( at x == O and T = 300°]( at x = l, it follows 

from 14.4 that 

la::::::!0.20 14. 7 
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For graphite :Ea :::=3.7 10- cm~i hence ~o=2.01 10-2 

cm-l. 

From Ta.ble 1 and equation 14.7 it follows a2~i < lO-Sjt· 
whence for l> 10 cm, 

14.8 

Introducing 14.8 into 14.6 and neglecting a and (.( with res­
pect to (.(/~o, it follows 

If the Yahl~ oi <l> (O) obtaiued resorting te the ordinary diffu­
sion la·w when applied to the same problem, is: called ¡j)O(O) the re­
lation 

(P (O)j,j>O (O) = 1- a!~o 

is obtained. 
If l == 30 cm, then C( / ~o = 0.022, which is a 2.2 % difference 

it the values of <l> (O) according to whether the corrected tliffusion 
law ot the ordinary one is used. 

15. FINAL REMARKS 

It has been shown that the Boltzmann transpol't equation jn 
the case of a very dilute binary mixture can be solved by a mc­
thod similar to the one of Enskog, if the velocity distribution func­
tion for the more a.bundant component is previously given as max­
wellian antl time independent. In such a case there is only one 
parameter to be given, namely: the number density of the lesa 
abundant component at each point at a given time. 

These results have been ·applied to the diffusion of tbermal neu­
trons in a scattering medium. Irthe distribution function for tb6 
Bcattering nuclei has been obtajned by assumming that they behaVie 
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lilc~ classical harmonic isotropic· oscillators. The frequency of these 
oscillators do es not appear in the so obtained distribution function. 

A better model is to assume quantum oscillators instead of 
thé classic·al ones. For a temperature of the medium slich that the 
oscillators are in high quantum number sta,tes, they may be taken 
as clalSlSical, and also the neutrons have enough energy to make the 
riuclei change their quantum state by collisions. If diffraction: effects 
with the lattice are not considered, the 'a,pplicability of the modd 
is to be tested by the ratio medium temperature-vs-Deybe tempera­
ture, as the lattar corresponds to the maximum frequency of the 
oscillations of the solido 

With the claooical oscillators modal a diffusion law corrected 
for the effect of thermal gradients has be en obtained. This latter 
cffect appears in the same natural way as thermal diffnsion do es 

, in gases. 

The scattcring law assumed fol." neutron nuclei collisions is 
l.hat oI. rigid spheres, which is isotropic in the center of mass sys­
temo This law is assumed only for numeri{!al calculation of the 
lliffusion law coeficients and the derivation of some properties of 
the equations. Other scatte·ring laws could possibly be assumed wit­
hout c'h'clnging the analytical fnrm of the obtained diff~ion law. 

If neutron difraction with the lattice is t'clken into account, 
.c,ollisions with phonons and Bragg scattering rather than indepen­
dent collisions with each one of tha nuclei must be considered. The 
transpol."t equation in this case contains the corresponding scatte­
ring law and must lead, in a first approximation to the usual dif­
fusion law, if the velocity distribution for neutrons is not fa.r from 
isotropic (see 2). The temperature corrections to the diffusion law 
arise from the temperature dependence of the scattering law. The 
clrulsical model chosen is then equivalent to Msume' a particular 
(and easy to menage) scattering law. Therefore, the obtaim'd tem­
perature correction for the diffusion law is valid insofar as the 
scattering law represents a good approximation. 

A few problems representing possible experimental conditions 
have be'en calculated, leading to variations of the scalar neu­
tron 'flux of a few unities per cent, according to whether the 

1,", 

,0rdi;llary law of diffusion 01." the corrected one were used. 


