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Thermodynamics of Deformation under Irradiation
By

A. Sa r c k  and K. .1. Sa y i n o 2)

A n  irrevers ib le  t h e rm od yn am ic  model is pro  pi ised f< >r descr ib ing  t lie defc trmat ion o f  a crysta l under 
stress and irrad iat ion . A th e rm o d y n a m ic  in equ a l i ty  is found to re la te  the la tt ice  s tra in ing  and 
st ress w ith  the  ir révers ib le  part o f  the free en ergy  dens ity .  As  an app l ica t ion  o f  t he m odel the case 
o f  straight  d is locat ion  c l im b ing  under ir rad iat ion  is studied.

U n  m odè le  th e rm o d y n a m iq u e  ir revers ib le  est p roposé  pour  décr ire  la d é fo rm a t ion  d 'un  cristal 
sous con tra in te  et ir rad iat ion . I nc inéga l i té  th e rm o d y n a m iq u e  est t ro u vée  (pi i ra t tache  la d é fo r ­
m at ion  et les contra in tes  du réseau avec  la par t ie  ir revers ib le  de la densité  d 'ene rg ie  libre. C om m e 
app l ica t ion  du m odè le  on étud ie  le cas de la m on tée  d une d is locat ion  coin sous ir rad iat ion.

I. Introduction

The macroscopic constitutive equations of plasticity must lie consistent with t lie 
thermodynamics of irreversible processes in a continuum medium, i.e. continuum 
thermodynamics | 1 |. Plastic deformation constitutive equations result in the con­
tinuum as an average of the dynamic behaviour of microstructural lattice defects 
(mainly dislocations). One of the main goals of studying the statics and dynamics of 
lattice defects is to relate those constitutive equations of the continuum medium to 
the microstructure of the crystalline medium (see for example:  11 ice [2|. Navino and 
Harriague [3|. ( i i ttus et al. [4] for applications). However,  seldom is any discussion 
found in the literature on the thermodynamic validity of the assumptions used for 
establishing that relationship. For example, when rate theory is used for solving the 
recovery of point defects under irradiation and the resulting plastic deformation due 
to dislocation climb and/or glide [5. (>]. in general no test is performed to prove that 
the corresponding constitutive equation deduced by that procedure can be framed 
within the theory of continuum thermodynamics. In general, relating microscale to 
macroscale behaviour in real crystals and understanding the thermodynamics behind 
that relation is a major task even under quite simpli fying assumptions. Oerinain et al. 
| 1 ]. Rice 12]. Mm/. [7]. and Ntolz [S|. establish general thermodynamic relations 
between micro- and macro-behaviour of materials. However,  not clear from those 
works is the synergetic influence of. for example, more than one micro-process being 
involved in that behaviour. W e  shall t ry in this paper the t her mod vnainic descript ion 
of a crystal being mechanically stressed and irradiated by energetic particles. That is. 
we shall assume energy "pumping"  into the system through the bombardment with 
a f lux if of particles, which modi fy the crystal defect population, and by the action 
of  external forces which impose the existence of a stress field £ within the crystal. 
1'nder those combined effects a strain field ? is established which will be in general 
composed of a reversible component f K that goes instantaneously to zero when the 
external effects disappear, and viscoelastic or plastic ones which are either permanent
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or require some finite t ime for recovery. W e  shall take in what follows these latter 
strains as composing the irreversible crystal straining e1. At the mierostructural level, 
the reversible straining is related to small displacements of  the atoms within their 
energy well at t he lat t ice. while the irreversible one is related t o t  he density and (list ri- 
bution of  lattice defects, the so-called plastic state // of the crystal |2],

Wi thin the general problem described above we shall show in the fol lowing section 
the existence and evolution of a free energy function 0 r. which relates the external 
variables: ( i ) partiele flux </ and (ii) external stress rr,.. or the equivalent internal ones:
( i ) crystal damage . via product ion of Frenkel pairs, and ( i i ) t he internal st ress field a 
induced by rr,. (rr is assumed to be homogeneous and rr =  rr,.). with the plastic state // 
and st rain e. As an example of t he application of our approach, in subsequent sect ions 
we shall deduce from that free energy function 0 r the constitutive equation of  a 
medium under irradiation and stress, when this medium is modelled under a set of 
simpli fying assumptions. Specifically, in the example we shall assume t lie plastic 
state of  the crystal to be determined by the vacancy and interstitial point defect 
concentration. rv and i--r respectively, i.e. //,, = (rv. and only a single line defect 
type:  straight edge dislocations. The  irreversible straining « i l l  be taken as induced 
solely by  dislocation climbing, i.e.. // is related to the space distribution of these 
dislocations. The thermodynamic forces that act on each dislocation in the presence 
of the point defect population and the homogeneous stress field w ill be shown. These 
forces agree with those deduced in the classical literature on dislocation theory [!).
10], However,  for the sake of simplicity we shall not enter into a detailed treatment 
of the problem of dislocation cl imbing as extensively developed by Ha 11 uffi | I 1 | In 
Balluffi 's approach the cl imbing rate is determined by the point defect diffusion to 
jogs in the dislocation line and the subsequent jog migration within the line. W e con­
sider. however, that it is i l luminating to see how in the simple case treated below, 
the forces acting over straight dislocations, once expl ici t ly replaced in the time 

evolution of the free energy function. (/>,. al low to relate the dislocation climbing 
rate, and therefore the resulting irreversible straining, with point defect absorption 
and emission and long-range diffusion. That is. the classical equations (see Hirth 
and Lothe |!l| and Friedel [10]) o f  dislocations cl imbing under stress and irradiation 
result, in the example, by solving the t ime evolution of the function <t>l .

'2. Free Energy ¡mil Plastic Work

According to ( Jermain et al. [ 1 ]. t he rate of product ion of local cut ropy //* at a point r 
and time t under a heat f lux t/. can be written as

oTi ] * ( r ,  f) =  o[T's{r. t) -  e(r. 0 ]  • Tr  ( o T • ¿) -  q  • V ( ln T )  . I l l

where T  stands for temperature, p for density (assumed to be constant). n for specific 
entropy (per unit mass), t for internal energy (also per unit mass), the stress a  and 
strain € fields have been defined in the Introduction, and a T is the transpose of the 
st le s s  tensor a. Through all the paper dotted variables indicate time rates.

The  ( ' lausius-l)uhem inequality imposes

QT¡]*(r. I) ~ ' 0 . (2)

If  the free energy per unit mass, 

y< -  r -  Ts .

and the ...... lit ion (2) are replaced into (1). we obtain at constant temperature T  for
the evolution of  that free energy density

-  Qij'(r, I) +  T r  ( a 1 • e) 0 . ( • >
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In what follows we shall always take the constant temperature case plus the fo l low­
ing general assumptions:

(i) the free energy density function y( f .  i/cr I I .  T ) can always lie defined at a point 
(/-. I) in the cont inuum;

(ii) under a change of  stress a a reversible strain e1' (elastic strain) always appears;
(iii) this reversible reaction depends linearly on the stress.

/■'!, =  S¡jmom ; (3)

( iv)  in addition, although this is not the most general case (see Hill | 12| and Kocks 
[13]), we shall take the compliance »S';,-/.-, as independent of the other variables of the 
system II. T :

(v )  we shall also assume that the strain can always be written as

e =  £u -  er . (<i)

where e 1 is t he irreversible part of it (i.e.. does not recover under instantaneous changes 
of a ):

(vi )  f inally, the relation between microstructure and continuum medium will be 
established by an (“in bed ding procedure | 14. 15]. The  idea of this approach is as follows: 
for one type  of inhomogenei ty distributed randomly, an equivalent homogeneous 
medium is assumed to exist. The macroscopic properties of  this medium must be the 
same as those of  the composite formed by replacing a volume region of the con­
tinuum medium by the appropriate defect core region. For the case of the straight 
dislocation, for example ,  this will be a cylindrical volume of radius =  h (Burgers 
vector and approximately the radius of dislocation core).

The real material will be considered to be composed by "representative volume 
e lements" ( I I V K )  [15]. and t he above embedding procedure is used within each R Y E  
for obtaining the internal variables uH and // at the corresponding position r in the 
equivalent continuum medium.

The R Y E  should be taken as infinitesimal in the continuum limit, but they must 
be relatively large compared with lattice parameter or defect core region.

An additional simpli fying assumption is to take the function y as constant as a 
function of position, i.e.. all R Y E  are identical in the medium. This approach avoids 
any influence of the gradient of the continuum medium on the problem and the sub­
sequent dif f iculty in its treatment within the embedded approach. Therefore, this 
approximation will be taken throughout this paper.

The total free energy F  of  the crystal results, in the above approximation, as

F (f . n,r  II. T )  =  I ’o y ( f .  >i,r  I I  T )  . (7)

where I ’ is the volume of the crystal.
I 'nder the above assumptions

»[dy.(f .  a,r  II. T )  |v „ , r  =  dll ' j , =  a;j d f ! !, . (S i

where H'R is the reversible work. From (S )  the function y< is obtained.

o y ( f .  i i ,r  I I .  T )  =  \  S i j k , a ; j ( T k i -• 0 K ( 7 ’ ) f  </>,(//,_. //.  T )  . ( 9 )

where t he integral ion constant is divided into t wo parts, a reversible one 0 ]{. related 
to the temperature, and an irreversible one (l>{ that is related also to the temperature 
and to the plastic state // and point defect concentration »  . By replacing the time 
derivat ive of (it) and (<>) into ( I ) ,  we find

Tr  ( a T ■ c 1) ■ <¡>¡(11, . II. T )  . (10)
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Furthermore. from (it), at constant T

ijY =  a/j'efj +  </>, =  or — <jT(Sn ■ S ') .

here N1!. »S'1 stand, respect ivelv. for t lie rate of change of  t he reversible and irreversible 
parts of the entropy. By energy conservation e = 0. and then

_  0 T = o T S [ ; 0 . ( I l l

Therefore 0 1 is related to the irreversible part ol the entropy and it must be nega­
tive. From (10) and (11). we conclude that it is thermodynamical ly leasable that the 
irreversible straining of the lattice e 1. and then the total straining e . due to the e v o ­
lution of the plastic state and or defect population and/or temperature, may be in 
a direction opposite to the external st ress. Hence t he local plastic work can be negat ive : 
Tr  ( a T e) _ 0. F i l iat ion  (10) is still valid when //. or T  are themselves stress 
i lependeiit .

3. Microstnu'lure — Macrost.ructure Relation

Consistent with the hypothesis (vi )  and (7) of the previous section we shall define the 
t hermodynamics of t he crystal via t he funct ion oip t hat except for t he volume term 1 
assumed to be constant, agrees with F. W e  shall define at each representative volume 
element the thermodynamic forces j y as the conjugate ones to the set of incremental 
internal variables d f , .  that are local changes of type  \. being related to a microstruc- 
tural defect configuration, such that d£„ = (d/f,r  d//)A.

Although this approach is very similar to the one of Rice [2], it differs from it by 
the use of hypothesis (vi )  above, which implies an effect ively homogeneous medium 
and bv the fact that in Rice's work the corresponding internal variables £ depend 
on the location within the medium. Actually,  one ot the purposes of his work is to 
arrive at a t herinod vnamic descript ion of t hi' cont inuum medium when t hose variables 
depend on the position in the medium.

From (!>) the forces /, are defined by

- M - V  ( » , - " ) ■  {V2]

w here
d'V/V/i,. I I )  = 0 , (H f  : -I//,. II  4 d//) -  0,(/i„. I I )  .

1 n t he case of interest of  a medium under irradiat ion and mechanically stressed, t lie 
defect concentration //,. is given by the one of vacancies rv and interstitials r t in the 
medium and the irre\crsible free energy rate can be written at any point as [1(5|

= -  /, i 4 ://v -/v ; » ./' i  4  / ivA 'v l : ! '

where /i, and : ux are the t hermodynamic forces due to the non-uniform interst it ial 
and vacancv concentrations. // being the corresponding chemical potential. I\ i and 
A’ v are the rates of ])roduction of interstitials and vacancies, assumed to be equal. 
J t and ./v are the interstitial and vacancy fluxes, respectively. The  tirst term on the 
right-hand side o f (13) is the irreversible free energy rate associated, for example, 
to the cl imbing of  dislocations. The  assumption (vi )  of Section 2 implies the tree 
energy rate to be t he same for every point in t he continuum. Equations (1(1) and (13) 
will describe therefore the evolution of the system and relate macrostructural 
stress/strain states with microstruetural plastic state, defect concentration, and 
product ion.
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4. Application to Dislocation Climbiiiir

The cl imbing of disloeat ions in a medium under st ress and wit h a deleet concent rat ion 
in excess of the equilibrium one. is due to the detect absorption and emission at the 
dislocation core. This essentially depends on two main effects: the avai labi l i ty of 
defects in the dislocation core neighbourhood, and the feasibil ity ol that absorption ot 
a defect at tin- core itself. As we shall see below, those two rate l imiting factors are 
represented separately in (13). For the sake ot showing this tact w<1 shall lust sol\e, m 
Sect ion 4.1. the case of simultaneous interst it ial and vacancy absorption and emission 
(including recombination) from a straight dislocation with given constant concen­
trations Cj. (\. of interstitials and vacancies in the medium. At the dislocation core 
the concentration of defects is taken as zero. The effect of  jogs and dislocation core 
configuration is not explicit ly included. The  rate controll ing c i t ed  is taken here to 
be t lie last jump of t he point defect to t lie st raiglit disloeat ion core (t heretore t lie name 
“ jump met hod"  used l>\' < Joesele [17] for this met hod for solving t he react ion volume). 
This in general can be taken as a simpli fying assumpt ion of t lie ef fect ively much more 
complex physical situation.

In Section 1.2 we solve the case where every defect that reaches the core neigh­
bourhood is instantaneously absorbed. For that case the long-range diffusion ot 
defects determines the cl imbing rate.

Both in Sections 4.1 and 4.2. the “ effective' '  continuum medium is determined by 
solving the problem within a “ representative volume element where the dislocation 
is embedded. Either a constant defect concentration or a condition on the defect flux 
may be assumed as boundary condition. A  single dislocation type w ill be considered to 
exist .

1.1 ■hnnjt inclhoil

W e shall assume a medium under st ress and irradiation. Identical straight dislocations 
are homogeneoiislv distributed m it. I he point detect concentration is taken as 
constant except at t lie disloeat ion core, and as being composed by vacancies and inter­
stitials. i.e.. II =  (rv. Cj). In this section only the first and last two terms on the right- 
hand side of (1 ;t ) will be considered, i.e.. j v =  -I, =  «  except at the singular points 
at t lie boundary of t he dislocation core | 17],

A dislocation unit segment will cl imb a lattice distance h when a vacancy or inter­
stitial is either absorbed or emitted at its core. Finding the force acting on the dis­
location follows 11 ii it e closely the deduction in basic text books (tor example. \\ cert Ilia n 
and Weert man [ IN |t. By integrating (13) and considering only vacancy emission, one 
obtains the thermodynamic ton e f,.t for climbing from

■ (a b) b Q,. -  T S X -f r  A  F v — V 'h In ~  =  f, (n b)  . (14)

where n is the dislocation line direction, b the Burgers vector assumed to be equal 
to a lattice parameter, n ■ b the positive cl imbing of a lattice parameter. the 
thermodynamic force per unit dislocation length. Qv. Nv. A  I N arc energy, entropy, 
and volume expansion, respectively, due to the creation ot a vacancy per unit dislo­
cation length, c is the density of lattice sites.

Equation (1 t) can be written as

. . kT  , -V' (a  b) b In ( 1 5 )
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where Ay is the concentration of vacancies in thermal equil ibrium in the perfect 
lattice.

Q v -  T S ,  : P  A I  M  

k T
X'l = r exp (16)

If r-j interstitials and i\. vacancies are included as independent defects (i.e.. as non­
interacting one with the other). (15) transforms into

/■.

( i t  b )

li-
2 (o  • b) ■ b

k T  .V ? f l

I,
In ( I T )

where .V" is the thermal e(]iiilibrium concentration of interstitials.
The dislocation cl imbing rate per unit length, conjugate to the force (17). can be 

obtained by considering that cl imbing results f rom:  a) interstitial trapping at the 
dislocation core, b) vacancy trapping, and c) vacancy emission. The processes a) to c) 
are sketdied in Fig. 1 for a dislocation in a simple square lat t ice. I 'nder t he simpli fying 
assumption that the dislocation climbs rigidly as a straight line (no jogs or defect 
diffusion at the core are expl ici t ly treated), the cl imbing rate is deduced for a given 
concentration ('¡. cv of  point defects in its neighbourhood. By examining Fig. 1. this 
rate can lie shown to be

( n  ■ b )  

b- (/q/Vi -  " v/ V v  : X V K )  ■ ( I S )

where the point defect tra]>ping a) and b) are given by the first t wo terms on the right 
side of (18). /A. I ) y are t lie self-interstitial and vacancy di f fusivity in t he neighbourhood 
of the dislocation, and /q and mv are numerical values that de])end on the number ot 
interstitial sites per lattice site and the lattice symmetry.  For the simple square 
lattice of Fig. I. ii j =  3/4. hv =  1. The third term gives the vacancy emission term with

V* -  V°v -- V
'i-Vv (19)

F ig .  I. S im p le  square  la t t ic e  d is locat ion  clinili- 
ing  b y  t ra p p in g  and  em ission o f  p o in t  defects,
ii) In te rs t i t ia l  t rapp ing ,  b )  v a ca n c y  t rapp ing ,  
c) v a ca n c y  emission
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wh (TO
. .  \ ( a - b ) - h ] l >  o [ ( a  ■ b )  ■ b ] b
•V -V <‘xp kT  an(1 A i =  -Ni l“xP -  kT

The above equation ( IS)  has been deduced on the basis of the last jump of the 
defects determining the dislocation cl imbing rate. As a result, this rate, and therefore 
dp0| <\t ( IS),  depends on the local concentration of point defects, the local jump rate, 
the lattice symmetry,  and the dislocation core geometry,  d 1 ’</>T/d£ for this case, also 
depends on the production rate of defects, and through the thermodynamic force, on 
t he st l ess field.

4.2 Diffusion controlled  c lim b in g

W e now look at the whole equation (13) but under the assumption that every  defect 
that reaches the immediate neighbour sites of the dislocation core is instantaneously 
absorbed. The contribution of the defect population to change the irreversible free 
energy density.

d'V/;,

d/

can be deduced bv  fol lowing the work of Dederichs and Schroder [19]. Savino and 
Tomé [20]. and Tomé et al. [21] on lattice defect diffusion. There, the defect f lux is 
evaluated at a given lattice site 7?, by considering all the possible defect thermal 
jumps to near sites R¡. For the irreversible free energy at that site one must replace 
in (13) the defect flux deduced by the above authors.

Q h  

' kT
<■'■'( I!¡) r \p

7 , / ’ ! ( 'XP ( '  /.y’ ) ^  ij > 

(20)

where y  stands for interstitials or vacancies. c ' i ( R j )  is the defect concentration at site 

R h E ( l i j )  the energy of the lattice with the defect at site /?,. and Qfj the energy with 
the defect at the saddle point location when jumping through the minimum energy 
path from R,  to A', (.S',; =  R , -  R, ) .  If further we replace the chemical potentials 
and fiv in (13) by the defect concentration cv. we get within this approximation, for 
a slightly distord crystal.

d_|c i <1 'V /M V  //) 

dt <1/
Jr.

=  ." 1  c-xp
i.v

Q u \
k T )

( E W X

¡E-<( R , ) \ 
v  A- v  cy( A’ , ) exp { —p r 1 )  • (21 )

In the case of diffusion controlling, the dislocation cl imb rate, when the recombina­
tion is negligible, is

I ,  =  (</, -  J v) (u < b)  . (22)

Wi th  (17). (21). and (22). d l’0 I/(U can be obtained.
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II only the single-defect case (either interstitials or vacancies) is considered in (21), 
we got the Lagrangian for the stationary case.

d|,.

Ir' d/ '
dp0 1(»_.  //)

( 1 /

r n / Qi j  

I H  ‘ X|) (  kT

K  v  c( Ii¡)  exp
A'7’

(23)

where d;,^ 'd/ is ,/(•« > b).
Kquation (23) exact ly agrees with the ansat/. o f Dederichs and Schroder 

Diffusion in stress field under irradiation can he deduced from (23).
Finally, in this case of long-range diffusion of  defects, it can he easily proved that 

the maximum climbing rate is determined by the condition of  no accumulation of 
defects in the neighbourhood of the dislocation. Thermodynamical ly the condition of 
extreniuni results for

F 0 !

d/
(I .

In turn, this lack of point defect accumulation depends on the jump rate at the 
dislocation core.

o. Summary and Conclusions

We have developed a thermodynamic f ramework for describing the plastic state of 
a crystal under stress and irradiation.

\\V have shown, based on an embedding procedure, the existence and evolution of 
the irreversible part of a free energy. <t>l . which relates the external variables (i) 
particle flux </ and (ii) external stress rr,.: or the equivalent internal ones (i) crystal 
damage n,r  via production of Frenkel pairs, and (ii) the internal stress field n induced 
by a,., with the plastic state // and strain

As independent external variables, irradiation and stress can produce an opposite 
st raining effect on the lattice. However,  we found a t hermody namic rest fiction, based 
on the Clausius- Duhem principle, which imposes

Tr  ( a 1 ■ e) >  0 ,  .

where 0 ,  0. This implies that the straining may be opposite in sign to the stress, 
i.e.. some amount of anti-straining may exist, however, l imited to a maximum value 
satisfying the above inequality.

A similar conclusion as above was obtained l>v Rice |2| in the case of relaxating 
" loeked- in"  energy. In our case inequality (10) is due to the coexistence of more 
than one mechanical process. As we said in the Introduction, energy is irreversibly 
"pumped "  into the system, both by irradiation and by the mechanical effect of  an 
applied stress. The above result validates, for example, the case of radiation growth 
of anisot ropic materials. I n t hat case, t he direct ion of t he net deformat ion of a specimen 
may be independent of  the direction of  the stress [3]. However,  even in that case, 
(11) must be satisfied. i.e.. t he maximum amount of anti-st raining is t hermodynami- 
cally restricted.
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As an example of a simple application for the above thermodynamic approach. 
1 lie problem of st raight dislocation cl imbing under irradiat ion is studied by explicit ly 
developing the irreversible ])art of the free energy. The dislocation line is assumed to 
remain always straight, and two limiting cases are studied: (i) constant concentration 
of defects, except at the dislocation core (defect jump method f 171) and (ii) long-range
dif fusk...... . defects. In the first case a defect jump rate restriction at the core is
imposed, while in the second that jump rate is taken as infinite. The appropriate 
climbing rate is obtained in each case. Also in t he second case. Dederichs and Schroder's 
ansat/. [ 19] for point defect diffusion under st ress is deduced within t his thermodynamic 
framework and based on the microstructural defect jump rate.
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