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Abstract: The deformation of the deuteron in the presence of a target nucleus ¡s studied in the 
adiabatic approximation. Its effect on the deuteron optical potential is discussed. The contribu- 
tion of deuteron break-up to this potential is also calculated.

1. Introduction

The elastic scattering and polarization data for deuterons are not sufficient to deter­
mine uniquely the optical potential parameters of the deuteron. The existence of 
families of parameters which give equally good fits to the experimental data 1) is now 
well known. In the case of nucleón scattering the known negative energy extrapola- 
tion of the optical potential (the shell model potential) eliminates this ambiguity. For 
deuterons, and in general for composite partióles, such limits have not been definitely 
determined yet. However, it is expected, on the basis of first-order perturbation theory 
for the internal motion of the composite particle, that the potential should have a 
strength whose valué is given by the number of nucleons in the composite particle 
times the nucleón potential strength 2’ 3).

In this paper we have investigated further this conclusión for deuterons. In order 
to carry out the calculations we made use of the adiabatic treatment for the internal 
motion of the deuteron. Though we have no definite guarantee that this approxima­
tion is valid for the treatment of the problem, we believe it to be accurate enough to 
reproduce the essential features of the deuteron optical potential.

2. The Method

The starting point of our considerations is the Schroedinger equation

( -  ■ -(V ?  +  V l ) + 7n( r 1)+ V p(r2) +  !<r1- r 2))  ^ 1 . ^ 2) =  . O -  ( 1)
\ 2 m /

t This work has been partially supported by the A.F.O.S.R. grant number 310/63.
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The function W(ru r2) describes the state of the neutron-proton pair under their 
mutual interaction v(rt — r2) and their interaction with the target nucleus, represented 
by KnO ,) and Vp(r2) the respective neutrón and the proton potentials. A central 
potential was used for v(rí -  r2) which correctly predicts the triplet scattering length 
and effective range. The potentials Vn(r , ) and Vp(r2) were identified with the known 
phenomenological optical potentials respectively for neutrons and protons 4). Eq. (1) 
therefore describes with suitable boundary conditions at infinity, the motion of a 
deuteron scattered by Vp(r2) and Vn(r¡). Two mechanisms are responsible for the 
absorptive interaction of the deuteron with the target nucleus. First, the imaginary 
parts of Vp(r2) and Vn(i \ )  are responsible for the absorption of the deuteron 
due to the individual collisions of the neutrón and proton with the target nucleus. 
Second, V J r , ) and Vp(r2) represent forces that can cause the deuteron break- 
up. Inchoosing VJr^)  and Pp(/-2) one is confronted with two classesof potentials due 
to the fact that both surface and volume absorptive potentials can describe the mecha- 
nism of the interaction of nucleons with the target nucleus. We have chosen surface 
absorptive potentials. The results obtained using volume absorption can easily be 
understood from the results discussed here.

Initially, in order to obtain the deuteron potential from eq. (1) we will make use of 
a perturbation expansión of '/'(/•[, r2). There are two alternative choices of base vec- 
tors for the expansión. One may use the eigenstates of the single-particle Hamil- 
tonians

Un =  -  — V l + V M  
2 m

H p = ~  ~ y ¡  + Vv(r2),
2 m

as the base vectors. Such a procedure turned out to be very cumbersome as the deute­
ron state is not described in a simple manner in terms of the eigenfunctions of H n and 
H p. The other alternative, which is the one adopted in this paper, cliooses the eigen­
functions of the Hamiltonian for the relative motion of the pair as the base vectors 
for the expansión.

Let us introduce the centre-of-mass (R) and relative (r) coordinates:

R = i ( r 1+ r 2), r = r l - r 2.

Eq. (1) then takes the form

( -  ~  -  —  Vr2 +  Vn(R +  ir) + Vp(R -  ir)  +  «(r)) •?(*, r) =  Ef(R ,  r). (2) 
\ 4 m m /

Let us also introduce the base vectors which are eigenfunctions of the follow-
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ing equation:

— Vr2 +  ü(r)) (p¡(r) = e¡cp^r). 
\ m ’ (3)

This equation has only one bound State which is the deuteron State, labelled (p0(r), 
with eigenvalue e0 =  —2.226 MeV. All the other states form the continuum of the 
spectrum. We will use periodic boundary conditions in the volume Q for the states 
cpk(r) of the continuum.

Projecting eq. (2) over each of the base vectors one obtains

As one is interested in the elastic scattering of deuterons, one must take the boun­
dary conditions at infinity for <í>0 f JR) as a plañe wave plus outgoing scattered waves. 
For <Pk(R) the conditions are only outgoing scattered waves at infinity.

The summation over k  in eq. (4) corresponds to the contribution of the break-up 
of the deuteron to its elastic channel. Neglecting this term in eq. (4) one obtains for 
the deuteron optical potential

which is the approximation used by Rook 3).
The term (k\ Vn + Vp\k} in eq. (5) is of the order of 1 /Q and therefore is negligible 

in comparison with the kinetic energy term. Neglecting also the summation over k' 
in eq. (5), one obtains:

^ - y 2H +  <k\Vn+ V p\k} ]  <Pk(R) =  ( E - e k)<Pk( R ) -  £  <*|Kn+ 7 p|fc'><M*)

-< k |V 'n +  Vrp|0>*o(K), (5)
where we have set

<0]Fn+ F p|fc> =  <fc|Fn* +  Fp*|0>*

and similarly for <0|Fn+ K p|0> and <fc|Fn+  Vp\k'}.
We also introduced

(7)

(8)

V(R) =  <0¡Fn+ F p|0> =  V^l \R), (9)
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as an approximation for <Pk(R). Substituting eq. (10) into eq. (4) one obtains as the 
resulting optical potential for the deuteron:

<r \v \R'y =  ( n )

where

( R \ á V ^ \ R ’y =  X < 0 |K n+ F p[fc><R|------------- l- ------------|R')<fc|Fn+ F p|0>. (12)

* E - e k+ — Vl+ iS
4 m

The term (,R\A K(2,|i?'> represents the correction to Rook’s potential calculated in 
second-order perturbation. Here, the perturbative interaction is clearly Vn(r1)+ Vp(r2) 
One of the main purposes of this work is to approximate the resulting non-local 
potential for the deuteron by a local one. Let us suppose there is an equivalent local 
potential for <R|K'|R'>. Then, <P0(R) would satisfy the equation

4>0(R) =  ( £ - 6  0) $ 0(R). (13)h n + V ( R )
4 m

If one assumes that the matrix elements (k \Vn + Vp}0} haveaslow dependence on 
R to justify their commutations with V«, then one is justified in makingthe substitution

—  V(R) + e0- E ,
4in

as given by eq. (13), or better to write

<KI________L _______!«■>* _ S r S _ . (14)

4 m

Eq. (12) then gives

<R\AV(2)\R'} = ztF(2)(R)<5(R-R')> (15)
where

a v í2Hr ) — v  <°l +  ^Pl feX fcl +  ^plO)
T  e0- e k+V(R)

The approximation involved in eq. (14) is best known as the adiabatic approxima­
tion. We shall give now a direct definition of the adiabatic potential K(i?) without 
using perturbation theory. One writes

V(r, R) = <p(r, R)X[R), (17)

where ^{R,  r) is the solution of eq. (2). The function cp(r, R) represents the deformed 
deuteron in the neighbourhood of the target ñeld and, by the adiabatic assumption,
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is made to correspond to the eigenstate of the following equation:

-  —  V? + v(r)+V(R + i r )+ V p( R - ± r )  q>{r,R) = [e0+  V(Rj](p(r, R), (18)
m

which continuously goes into <p0(r) for large valúes of R. The eigenvalue of eq. (18) 
depends on the adiabatic parameter R and V(R), determined by eq. (18), is the deu­
teron optical potential as will be shown.

Substituting eq. (17) into eq. (2) and making use of eq. (18), one obtains

In general eq. (19) has no solution for x(R).  However, it is only required that the 
equation be satisfied for its projection on the deuteron state. Multiplying both sides 
of eq. (19) by <p*(r) ar)d integrating over the relative coordínate, one obtains

and V(R) is the adiabatic optical potential for the deuteron. It is a simple matter to 
verify that V(R),  given by eq. (18), when calculated by a perturbation expansión with 
Vn + Vp as the perturbative interaction, gives the same results as eqs. (9) and (16).

There are two major sources of error in the adiabatic approximation. The first 
comes from the incorrect treatment of the pole in eq. (12) and therefore the real break- 
up of the deuteron is not taken into consideration. In sect. 5 the contribution from 
the break-up is studied. The second comes from the approximation of non-local 
potentials by local ones. In the appendix a discussíon of this kind of error and its 
magnitude is presented.

The rest of this section introduces the specific approximations made in the treat­
ment of eq. (18).

To simplify the procedure, it was assumed that Vn =  Vp and initially all spin 
dependence of Kn(rt ) could be neglected.

Let us write

-  - - V i +7(11)1 <p(r,R)X(R) = (E — e0)q>(r, R)X(R). (19)

-  ~ V 2r +V(R)  1 a0(R)/(R) = ( E - e 0)a0(R)x(R), (20)

where

(21)

/ = o r
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for the decomposition of cp(r, R) in spherical harmonios of the angle 0 between r 
and R.

Substituting the above equations into eq. (18^ and projecting it over each /-S tate , 

one obtains the following equations

h2 d 2 h2l(l + 1)
di- mr

+ v(r)+Vir(r, R ) u¡(r, R )

=  (80 +  V(R))ut(r, R) -  £  VH.(r, R)ur(r, R), (22)
l'*l

where the potentials 

Vw =  2n
r +1

Yr(0)[Vn(R +  i r ) +  Fp( K - i r ) ]  Y ó d i c o s  6) (23)

were introduced.
The function <p(r, R)  which is pertinent to the problem, must be an eigen-s-state 

of eq. (22) i.e., a state predominantly 1 = 0. The first term in eq. (22) contributing to 
a non-spherical deformation of the deuteron is V02(r, R ) which causes a quadrupole 
deformation. In the following such terms will be neglected and only the reduced 
equation

h2 d 2
m dr

+  v(r) +  V00(r, R) u(r, R) = (e0+V(R))u(r, R) (24)

will be considered, which is equivalent to having set

1
<p{r, R) =

\ '4nr2
(r, R).

Introducing the notation
AV(R) = V { R ) - V il)(R), 

AV00( r ,R ) =  F00( r , / ? ) - F (1>(«),

eq. (24) takes the form

h2 d2
~~2 +v(r) + AV00(r, R) 

m dr
u(r, R) =  (s0 + AV(R))u(r, R).

(25)

(26)

(27)

The term A V(R) is the contribution to the deuteron potential which is specifically 
related to its deformation. The potential A V 00(R, r) is the interaction that causes 
this deformation.

3. The First Calculation

First the eigenvalue AV{R)  of eq. (27) was investigated by perturbation theory. 
For V„(r) the potential

Fn(r) = - U f  (r, ron, aon) -  i Wg(r, rwn, a wn) (28)
was employed.



The form factors used were

/(> •>  'o n  , O  =  ^ e ( r - r onA i)/« on ’ ( 2 9 )

9(r, , O  =  e-* (,- '* “A« 2/a2- “. (30)
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Fig. 1. The real and imaginary parts of V n)(R) given by eq. (9) for different valúes of the mass number 
A of the target nucleus as indicated on the figure. The horizontal scale is R  in units of fm. For the 
internal wave function of the deuteron the ground State solution of eq. (3) for the square well potential

of eq. (32J has been used.

Fig. 2. The second-order perturbation corrections (real and imaginary parts) for the same nuclei 
as those of fig. 1. The intermedíate states were solutions of eq. (3) for the square well potential given 

by eq. (32). The horizontal scale is R in units of fm.
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The same geometrical parameters or the equivalent of those used by Perey 4) were 
used:

ron  ̂wn 1-25 fm,

aon =  0.65 fm, awn =  0.47 fm. (31)

The real and imaginary strengths were set equal to U =  45 MeV and W = 11 MeV.
The results of our calculation are shown in figs. 1 and 2. Fig. 1 shows the real and 

imaginary parts of V (1>(R) defined by eq. (9). For <p0(r) we used the ground State 
solution of eq. (3) taking v(r) as the square well potential:

v(r) = —36.7 MeV for r <  2.0 fm,

=  0 for r >  2.0 fm. (32)

If one gives V(,)(R) the same form as eq. (28) one gets

Va>(R) =  -  U J ( R ,  roi , a oá) - i W dg(R> 'Vd, O  

with the geometrical parameters

rod =  'wd =  1-22 fm,

a0¿ = 0.85 fm, awd =  0.75 fm. (33)

First it should be observed that the diffuseness parameters are larger due to the 
large size of the deuteron. Second, due to the curvature of the nuclear surface, one 
obtains a slightly smaller radius parameter.

The strength of the real part is equal to twice the corresponding strength for nu- 
cleons interacting with heavy nuclei (A = 208) and slightly smaller (84 MeV) for 
light nuclei (A =  25). The imaginary part does not show the same behaviour, since 
its strength (13.4 MeV) is almost equal to that for the nucleons (11 MeV).

Fig. 2 shows the results of the second-order perturbation calculation. The solutions 
of eq. (3) for the same square well potential given by eq. (32) were used for the inter­
medíate states.

The striking result of this calculation is the smallness of A V m {R) compared to 
K(1,(/?). The general form of A Vi2)(R) does not change appreciably with mass num- 
ber but it cannot be represented by the standard forms of eqs. (28)-(30).

In the appendix, the contribution from the non-local nature of the real part of the 
deuteron potential has been estimated. One finds that the non-local contribution is 
equivalent to a potential of the order of A V(1)(R) but of opposite sign. Therefore one 
concludes that the second-order effects are, to a great extent, negligible and from the 
discrete families of potentials observed by Perey and Perey J), one should consider 
that family in which the strength of the real part is near the sum of the strengths for 
nucleons.

It is interesting to observe that if one had used volume absorptive potentials for 
Vn(>'i ) and Vp(r2), the conclusions would have been the same concerning the correc-
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tions to K(1)(/?) but the imaginary part of the deuteron potential would have been 
nearly equal to the sum of the imaginary parts of its nucleón potentials.

4. Spin-Orbit Potential

The smallness of the second-order term in the perturbation expansión of the deu­
teron optical potential has an immediate effect on the spin-dependent part of the 
potential. Watanabe 2) has shown that the nucleon-nucleus spin-orbit interaction, in 
first-order perturbation also gives only a spin-orbit term for the deuteron potential. 
Therefore, one is forced to conclude that the higher-order terms which contain a 
tensorial com ponent5) play a small role in deuteron scattering and polarization data. 

Assuming the nucleon-nucleus spin-orbit potential to be of the form 5)

K  i(r) = (— ) K.o.Kr)a '\ m ncl

one obtains for the deuteron spin-orbit potential

Vs . l(R) =  2 ( A Y Vi'0 há(R)S ■ L, (34)
\ m nc/

where S  is the spin operator for the deuteron and L  its orbital angular momentum 
operator.

The form factor lid(R) is given by

hd(R) =  J d 3r |p 0(r)|2*(|*  + i r | )  ( l +  . (35)

The Thomas form factor

Hr) = ron, O  (36)
r  d r

was used with f(r,  ron, aon) given by eq. (29) and ron and a0„ by eq. (31). The form fac­
tor for the deuteron spin-orbit potential hd(R), given by eq. (35), came out to be a 
function with the same form as eq. (36) except for the geometrical parameters which 
turned out to be the same as those given for rod and aod of eq. (33). Therefore, it is 
interesting to observe that the effect of averaging over the deuteron ground State 
yields the same geometrical parameters for both the central and spin-orbit terms, thus 
maintaining the relation used for nucleons (eq. (36)) between these two terms.

5. Second Calculation

Eq. (28) was solved numerically for A = 58 in order to verify the smallness of the 
second-order corrections just reported and, by an appropriate change of boundary
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conditions, to estímate the contribution from the break-up of the deuteron. The 
problem was simplified by considering only the real part of the nucleón optical poten­
tial which was taken to be of the same form as for the first calculation but with a 
strength of 50 MeV. For v(r), the more realistic Yukawa potential

p-r/a
v(r) = ~  V0 —~

r/a

was used with V0 = 42.6 MeV and a =  1.58 fm.

Fig. 3. The deformation potential A K00O, R)  defined by eq. (26) for different valúes of R  as indicated.
The horizontal scale is r in units of fm.

Fig. 3 shows A V 00 as a function of r for different valúes of R. For R  >  5.5 fm 
the attractive part of A V 00 moves away from r =  0 as R  increases, and the nuclear 
interaction with the deuteron practically vanishes for the nucleus under consideration 
at R  =  10 fm. For R  <  5.5 fm, AV00 looks very much like the curve obtained for 
R  = 5.5 fm shown in fig. 3 but with the position of the barrier moved from the origin 
and its height increasing more rapidly as R  decreases. This barrier is the surface of the 
nucleus seen from inside. I t should be mentioned that at R = 5.5 fm, the deuteron 
feels the weakest disruptive forcé. This is the reason for the minima in A V (2\ R )  
shown in fig. 2 for A =  58. The potential A V00(r, R)  acts differently on the deuteron 
accordingly as R < 5.5 fm (the inside región) or as R > 5.5 fm (the región outside 
the nucleus). For the inside región the surface of the nucleus compresses the deuteron 
decreasing its size. For the outside región the effectis the opposite; the near-by nucleus
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induces the break-up of the deuteron. In the adiabatic approximation this fact is 
reflected in the large size which the deformed deuteron acquires when it is cióse to the 
outer región of the nucleus. In order to include the possibility of a break-up of the 
deuteron and therefore, to make the adiabatic approximation more realistic, the de-

Fig. 4. The two uppermost curves represent a0(R).  The one given by eq. (21) in second-order pertur- 
bation theory is labelled a0i2,(R) and by direct numerical integration of eq. (27) is labelled a0(R). 
The vertical scale is on the right side of the figure. The other four curves are the real and imaginary 
parts of the correction to V ll)(R). When calculated in second-order perturbation theory they are 
labelled R ezlK <2,(^ ) and Imzl V ,2' (R) and when by direct integration of eq. (27) they are labelled 
Re J  V(R)  and WB{R). The horizontal scale for all curves is R in units of fm. The vertical scale for 

these four curves is on the left side of the figure.

formed deuteron was treated, as a decaying state of the bound pair of nucleons. This 
change is attained by modifying the boundary condition that the solution u(r, R) of 
eq. (27) must satisfy. We have set
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which is the appropriate boundary condition for decaying states. The quantity k (R ) 
defined by

h2
—  k 2(R) =  Re A F(R) +  e0 -  Re A V00(r, R), (38)
m

is the wave number for the relative motion of the pair when their distance is larger 
than C. Due to the condition expressed by eq. (37), whenever the valué of k(R)  given 
by eq. (38) is real, the eigenvalue of eq. (18) is complex even though A V00 is real. The 
imaginary part WB{R) of this eigenvalue is responsible for the absorption due to 
deuteron break-up f.

The choice of the valué of C at which the condition given by eq. (37) is imposed, 
is somewhat arbitrary. It should be mentioned that the adiabatic approximation is 
obtained from the boundary condition above by taking the limit for large valúes of C. 
A too small valué for C (smaller than the deuteron mean square radius), is physically 
unjustifiable. It is important also to mention that the general behaviour of WB(R) as 
exhibited in fig. 4 is essentially independent of the valué of C as long as it is kept 
within a reasonable range.

For R < 5.5 fm, independent of the valué taken for C, 1^(7?) =  0 is always ob­
tained, as eq. (38) gives only imaginary valúes for k(R).  The valué of C was set equal 
to 10 fm which made the calculation for R < 5.5 fm the same as the adiabatic approxi­
mation. This already indicates that break-up of deuterons in the inner región of the 
target nucleus is negligible. It might seem paradoxical to find that deuterons are stable 
inside nuclei. However, this fact should not be related to the approximations involved 
in solving eq. (1) but rather to the more fundamental fact that eq. (1) does not include 
the exclusión principie effects which are relevant for the discussion of the deuteron 
stability in nuclear matter.

For valúes of R > 10 fm, as already mentioned, the deuteron is essentially free and 
RezlK(/?) and WB(R) are practically zero.

For 5.5 fm < R <  10 fm, where the break-up of the deuteron contributes to its 
optical potential, C also was set equal to 10 fm. This valué for C was chosen such as to 
emphasize the break-up contribution. It is expected therefore that the magnitude of 

as calculated is somewhat exaggerated.
Fig. 4 shows a summary of our results and permits a comparison of the two cal- 

culations. First one notices that the general behaviour of Re/I K(/?) and R qA V {2)(R) 
is similar but quantitatively Re¿l V{R) is larger than R e d F (2)( ^ ,  especially in the 
región outside the nucleus. Nevertheless, it is still small compared with ReK(1)(/?). 
Comparing the imaginary parts one sees that the larger contribution comes from 
Wb(R) which strictly speaking is a non-adiabatic correction to AV{R'). One observes

* One might wonder why a direct calculation of the break-up contribution to the optical potential 
was not made by calculating the residue in eq. (12). The reason is because the contribution from 
eq. (12) has the form of a non-local potential and it would have been necessary to solve the problem 
of approximating this contribution by a local potential. The procedure described above is the manner 
by which we calcúlate the local potential contribution of deuteron break-up to its optical potential.
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that WB is peaked at 8 fm, which is outside the nucleus. This fact is certainly in agree- 
ment with the stripping mechanism at low energies where the stripping radius is usually 
very large. It is also in agreement with a more recent trend in elastic deuteron scatter­
ing analysis where a larger radius for the imaginary part of the potential seems to be 
necessary f.

0(8) in mb/sr. o-experimental points, — theoretical curve.

Fig. 5. The elastic cross section a{6) of deuterons on S8Ni at 27.5 MeV incident energy. The open 
circles are the experimental points of Testoni, Mayo and Rosenblatt. The solid curve is the theoretical 
prediction given by The vertical scale is <r(0) in units of mb/sr and the horizontal scale the

angle of scattering 0C m_ in the centre of mass of the system.

On the upper part of fig. 4 is shown a0(R) given by eq. (21) for both calculations; 
a0(R) has a very weak dependence on R  except in the región outside the nucleus 
where the instability of the deuteron occurs. In the appendix it is shown that the 
weaker the dependence of a0(R) on R  the better is the justification for the adiabatic

t We wish to thank Dr. P. E. Hodgson for a prívate communication of this result.
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approximation. Therefore one sees that the approximation is quite good in theinner 
región of the nucleus.

6. Conclusions
The over-all conclusión that we can draw from our results is that the corrections 

to K(1)(i?) due to the deformation of the deuteron are small.
Fig. 5 illustrates this fact, where one has plotted the experimental points of Tes- 

toni, Mayo and Rosenblatt 6) for the elastic scattering of deuterons by 58Ni at 27.5 
MeV, together with the theoretical prediction (solid curve) of the cross sections given 
by F (1)(i?). One observes that at this energy F (1)(/?) reproduces most of the features 
of the experimental data as one would expect on the basis of our analysis. This fact 
enables us to draw a few conclusions of practical interest for optical model analysis. 
First, the strength of the deuteron central potential must be almost equal to the sum 
of the strengths of the neutrón and proton central potentials. The uncertainty in this 
statement lies in the fact that these strengths for nucleons, are energy-dependent. It is 
consistent with the adiabatic approximation to say that each nucleón has half of the 
energy of the incident deuteron, therefore giving a criteria for the choice of the energy 
at which to choose the nucleón central potential strength. This result is sufficient to 
select one from the many discrete families of acceptable potentials found by Perey 
and Perey 1). Second, the presence of tensorial terms in the spin-dependent part of 
the potential as suggested by Satchler 5) should be negligible. Moreover, the spin- 
orbit term for the deuteron has the same geometrical parameters as the central term, 
thereby exhibiting the same relation as that used for nucleons. Third, the contribution 
of the break-up of the deuteron is such as to justify a larger radius parameter for the 
imaginary part of its optical potential.

The authors are pleased to acknowledge the assistance of Dr. P. E. Hodgson during 
the development of this work. They would also like to thank the Centro de Computa­
ción Numérica of the Faculdad de Ciencias Exatas y Naturales, Buenos Aires, Argen­
tina and Centro de Cálculo Numérico of the Universidade de Sao Paulo, Brasil, for 
their help in the numerical work. One of us (L.C.G.) would like to thank the CLAF 
(Latin American Center for Physics) for support during his visit to the Comisión 
Nacional de Energia Atómica, Argentina.

Appendix
ERRO R 1NVOLVED IN THE APPROXIMATION OF EQ. (13)

For simplicity Vn and Vp are assumed to be real potentials.
Let us introduce the notation ,

e = £0~ s k+V(R),

e' = E -  ek + ~ V 2R,
4 m

<5 =  e — e'.
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Then
1 1 1 1 s 1 1 . 1 . 1-  = ----- =  - +  -<5- +  - < 5 - d - + . . .
e' e — S e e e e e e

Thus the error made in the approximation under consideration to the first order of 
the quantity <5, is given by

SV =  Z < 0 |F n+ F p¡fc>- ( -  ^ - V 2r + V(R) + s0- e )  -</c|Kn+Kp|0X 
k e \ 4 m 1 e

which can be put in the more compact form

sv = X<0|Fn+Fp|/c>- h 2 

4 m
|Fn+ F p|0> (A.l)

where the square brackets in the above expression signify the commutator of the 
quantities involved.

The quantity a0(R), defined by eq. (12), in second-order perturbation, satisfies the 
equation

«o(R) ( l +  Z  
\ k

1
<0|Fn+ F p|k}  — <k|Fn+  Fp|0> ) =  1. 

e

So, let us define

b0 =
a l

■1 =  I < 0 |F n+ F p|/c > -< k |F n+ F p|0>. 
e

(A.2)

After some algebraic manipulation, one obtains

h 2 

4 m V5,fc0 =  2 ,5 F + X — ~ ~  Vr , -  <0|Fn+  Fp|fc> 
4 m e

, I< k |F n+ F p|0>

Neglecting the commutator in the right-hand side of the above equation, one finally 
arrives at

h2 á2b0 h2 áb0 1 8
SV =

8m dR 2 4 m d R R dR
R. (A.3)

The presence of a derivative operator in eq. (A.3) is the consequence of the non-local 
nature of the original potential. In order to estimate the error committed by neglecting 
SV, one has first to extract from it the contribution that actually produces a modifica- 
tion on the resulting scattering amplitude. The wave function <P0{R) describing the 
deuteron elastic scattering now satisfies the equation

h2 á 2b0 h2 db0 1 8—  V2r + V ( R )~
4m 8m dR 4m dR R 8R

where V(R) is the potential in the adiabatic approximation

- - R )  M R )  = (E-eo)4>0(R),
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Introducing the partial wave decomposition of <P0(R)

m r ) =  i  ^  m
1 = 0 R

one obtains

d2 / ( /+ ! )  4 1  d2b0 áb0 d
\di?2 i?2 h2 2 dR2 ' dR  dR

where

2 4ím .-K =  —- (£  — e0). 
n~

Introducing the transformation

u,(i?) =  a(i?)cü¡(i?) (A. 5)

and choosing a(R) such as to cancel the first-order derivatives in the resulting equa­
tion for o)¡(R), one arrives at

T.,„s , 1 da db0 1 d2a 1 d260\ ~ ^
F(i?)-i— ----------- f - ------- -|---------—) a>,(i?) =  K a>[(R),(A.6)

a dR dR  a di? 2 di?2/  V ’  lK J K ’

/  d 2 _  /( /+ ! )  _  4m 1 da d¿0 ¡ 1 d2a r 1 d260)
Id R 2 R 2 h2

with

(A.7)
a di? 2 di?  ̂ ’

Eq. (A.7) can easily be integrated and one finds

¡x(i?) =  e~ibo(R).

Therefore, both u¡(R) and co¡(R) have the same scattering amplitude. The contribu­
tion of SV  to the deuteron scattering is given therefore only by

w = _ £ ( í ^  +  í £ í  +  i ^ m ,  ( A .8 )

4m \2 di? a di? a di? d R /

which is easily obtained from eq. (A.6). Substituting eq. (A.7) into eq. (A.8) one 
obtains

=  ( 1 d ^
4m \2 di?/

The correction 5 V can be related to a0(R) as it is known that

db0 _  2 da0 
dR ~  al(R)  di? '
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Thus we have

s v  -  í l  Í - L -
4m \al (R) dR I

Clearly, if a0(R) is a constant then the adiabatic approximation is exact and in 
particular 6V  =  0.

On fig. 4 the valué of a0(R) is plotted for A =  58. As dV  is proportional to 
(da0/d7?)2, it has an oscillatory character. A rough estímate of <5K(.K) at its peak 
(R % 8 fm) gives a valué of 5 MeV for <5F(i?). As SV  has the opposite sign from 
A V (2>(R),  its contribution has an over-all effect of cancelling the contribution of 
A V m {R).
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