
P H Y S I C A L  R E V I E W  C V O L U M E  3,  N U M B E R  6 J U N E  1971

52

O

n

<

Ü

Effect of  the Multipole Pairing and Particle-Hole Fields in the Particle-Vibration Coupline
o f""^P b . I . *

D. R. Bes and R. A. Brogliat 
Los Alamos Scientific Ldboratory, XJniversity of California, Los Alamos, New México 87544, 

and School of Physics and Astronomy, University of Minnesota, Mirmeapolis, Minnesota 55455

(Received 12 October 1970)

The particle-vlbratlon-coupling formalism for nuclel around closed shells is studied and a 

microscopic description Is gíven. We consider as collectlve modes of excitation of the 

closed-shell-system (JV,) ground State both partlcle-hole excitatlons and excitatlons that 

change the number of partióles by 2 (pairing mode). To describe the pairing modes. multi­

pole pairing residual interactions are used. The odd partióle is allowed to couple to both 

types of vibrations. The coupllng Hamiltonlan is linear In the collectlve phonons and the par­

tida variables. The effective Hamiltonlan is constructed by a perturbative method. Expllcit 

expressions are glven for the spectroscoplc amplitudes and spectroscopic factors associated 

with the (N¡¡ — l){t,p){N^^l) and (Nn + 2)(p,d){N,¡ + l) reactions, respectively. The concept 

of an effective transfer operator is used. Speclal attention is paid to the ^̂ ’pbíí,/)) and ‘̂'’pb- 
(p,d) reactions.

I. INTRODUCTION

The lower-energy states of many-body systems 

may be described in terms of a vacuum state and 

elementary (independent) excitations. In nuclei, 

the BCS ground state and the normal ground state 

constructed with a determinant wave function are 

the most common vacuum states.

It is convenient to characterize the elementary 

excitations' by their quantum numbers [angular 

momentum (x), parity {i¡), isospin ( t ) ,  spin (a), 

and transfer (a) quantum numbers]. There is a 

large amount of literature which is devoted to the 

study of each type of excitation separately.

The next logical step in difficulty is to consider 

states which are made up from two elementary 

excitations. If one of the excitations has a collec- 

tive character (from the point of view of the ex­

treme Shell model) while the second has a single- 

particle nature, it is customary to construct an 

interaction Hamiltonian which is linear in the col- 

lective and particle variables. For instance, in 

deformed nuclei, states of the odd system are 

formed by a quasiparticle excitation ( |a | = 1) and 

a rotational excitation (a = 0). The corresponding 

Coriolis coupling is proportional to the frequeney 

of the rotational motion and to the single-particle 

angular momentum.^

The coupling between the quasiparticles and vi­

brations (both in spherical^ and in deformed nu- 

clei )̂, or the coupling between particles (holes) 

ind vibrations of the normal systems, has not 

nelded a picture as accurate as in'the case of 

rotations. Moreover, until recently the available 

experimental data have been able to check the 

properties of only lower predicted states.

In 1967, rather complete experimental Informa­

tion on the members of the multiplet of states 

built by coupling the low-lying octupole phonon 

(x = 3, a = 0) of °̂®Pb with single-particle proton 

states became available.® Mottelson® suggested 

that a systematic application of perturbation theory 

should be required in order to understand the cou­

pling. Since then, this approach has been applied 

in a number of papers.'^

Similar Information as the one obtained in “ ®Bi 

quoted previously is reported in the following 

paper of this issue.® The underlying theory of the 

theoretical predictions reported there is developed 

in the following sections. The basis of this theoret­

ical approach is found in Reí. 6. To account for 

the experimental data, we have included in our 

description both the a = 2 and a = O elementary 

modes of excitation of “ ®Pb.

II. COLLECTIVE DEGREES OF FREEDOM

In this section, some of the collectlve degrees 

of freedom of the normal system are discussed, 

and the corresponding solutions are presented.

A. Multipole Pairing Fields
The existence of enhanced two-nucleon transi- 

tions with = 2^ 4 ^ . . .  to the ± 2 system, 

starting from the closed-shell (N^ ground state, 

suggests the existence of multipole pairing fields

of multipolarity X = O, 2, 4 ,-- In addition to the

multipolarity X, the field is characterized by the 

isospin T= 1, the spin a = 0, and the transfer quan­

tum number a =±2.*'®

These fields may be produced by a separable 

pairing interaction that scatters pairs of particles 

coupled to X. The corresponding matrix elements 

of the interaction can be defined in complete anal-
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ogy with what is done in the monopole (x = 0) pairing 

case. “  One ensures that the matrix elements oí 

the pairing forcé, in the angular momentum chan- 

nel considered, have the same phase as the matrix 

elements of a 6 forcé (see Appendix I). Particles 

interacting through this forcé have a high degree 

of spatial correlation in the lowest state of each 

spin \ and parity (-1) .̂ These particles spend a 

fraction of their time in a relative s state, while 

the center of mass carries an angular momentum 

X. This fraction, though in principie small, is 

much larger than that spent by uncorrelated parti­

cles. All the contributions to the cross section of 

a two-particle transfer reaction leading to this 

correlated state add up coherently. The pairing 

Ínteraction is written

N(2\) = -G^n(2\ + . (1)

where

(2X + 1)*'"
*1̂ *2

^ (*1*2» 2Xíi) - ̂  j ^ 612)'^  ̂[*11̂ (2] 11 >

0 (k 1̂ 2* 2x /i) = (1 + 6 ^»2̂ ] (1 •

(2a)

(2b)

(2c)

Here 6/  creates a particle in an orbital j. The 

label k denotes states above the Fermi surface 

while i denotes states below the Fermi surface. 

The Índex j is used to denote either states k or i. 

The particle creation operators 6/  transform 

under time reversal as

t&Jt- ' = (-1)>-'"6, _ J .  (2d)

The coefficients are defined as

M{iih; X) = l|/x(r)Y |̂|

= Aí(j2Íi;X)(-l)^>--^^\ (2e)

The detailed radial dependence of f\(r) is irrele- 

vant to a large extent, provided it is peaked 

around the nuclear surface. The reduced matrix 

elements <;J| i^xlb’2) ^^e calculated assuming the 

usual Condon-Shortley convention. The pair addi- 

tion and removal collective phonons are defined as

0„'̂ (2Xm)= E  d„ik,k,;2\)0\k,k^;2\ix)
*1̂ *2

- (-1) »' E  2x)/3(t,»2; 2X - m) ,
il̂ Í2

(3a)

E  d„(t,í,;-2x)0 (̂i,í2;-2xíx)
<1* ‘2

-(-1)’̂ "" E  d„(k,k¿-2x)P{k,k¿-2x- íi).
*i^*a

(3b)

These are the quanta associated with the two col­

lective modes of the Hamiltonian in Eq. (1) for 

normal systems, that is, systems where Gx<Gx 

(Gx being the smallest valué of the multipole pair­

ing coupling constant for which the BCS number 

and gap equations have a solution). The pairing 

modes have transfer number a = ±2 and correspond 

to states of the No± 2 nucleus, where stands for 

a magic number of either protons or neutrons.

Diagonalizing the Hamiltonian /í,p+/f(2x) in the 

linearization approximation [random-phase approxi- 

mation (RPA)] gives

47tG>

Y '  |Af(feifea; X) P Y '  \m (í,í,; x) P 

 ̂ £*,*2 ̂  ^-(*2x) ± W„(±2X) '

. (4)

where/f,p=E is the single-particle

Hamiltonian, E  j .  =  ̂ the energy of a two- 

particle (two-hole) State, and H^Jax) the energy 

of the nth collective mode of excitation, with angu­

lar momentum X, of the system with N„ + a parti­

cles, The corresponding amplitudes defining the 

phonons (3a) and (3b) are

d (k fe • 2x)--__________ x)d„Kk,k ,̂ 2X) ,

A,(2X)j /.• . n. \ M(i,t,;x)

d íi i • Mji^i 2Í X)
rf.(*.»2, -2X) -(YtejlTá e ,^,^-W„(-2x) ’

J /l L . On \ ^n(*"2x) M(kykz',\)
- a)- jYtín F^ F “ *v ;(- a ) ■

(5)

where

A„(±2X) = >^

- 1/2

(6)

The magnitudes given in Eq. (6) are obtained 

from the usual normalization conditions

E k(fe,fe2;±2x)]̂ - E W¿,»2;±2x)]̂ =±i.
*1=̂ *2

(7)

The multipole pairing coupling constants G^ may 

be fixed either by using the energy of the lowest
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J = X, ;r=(-l)^ State of the N„±2 systems in Eq. (4), 

or by fitting the two-particle transfer cross sec- 

tion to the lowest state of each spin and parity.

The spectroscopic amplitudes”  are

equal to

2a.) , 

(8)

B(jJ^:n2J) = < JM|[6

J_l(n-2x);JM\[b,b,y,\0)_ ^  . 

hh

where \v(n ± 2x); JM) (u = 1) is a one-phonon state 

of the N„ + a system generated by the operator 

^/(±2Am) (of course, A=J) acting on the ground 

State (0) (see end of this section and Sec. 4A).

The ( t,p) and {p, t) cross sections are then pro- 

portional to A/(2x) and A„^(-2a), respectively.

The usual distorted-wave calculation of two-body 

transfer processes yields reliable relative cross 

sections but fails to reproduce absolute cross sec­

tions. Therefore, we may write

<̂ exp(̂ o. J, a) =ücr,h(^o, J, a ) , m

where the normalization factor R = a^xp/oth can be 

better determined for the case of ground state 

(i/=0) transition.This is so because the param- 

eter G» [and consequently Ai(2Ó) and Ai(-20)], 

which corresponds to the usual monopole case, 

is rather well known from the systematic data 

available on the odd-even mass difference. Once 

the normali2ation factor is known, the parameters 

A„(2a.) and A„(-2x) for X /0  can be determined, and 

consequently through Eq. (8 '). In the present 

paper the levels "“ FhÍJ") and ®“ Pb(J’̂  with J'' = 0*, 

2*, 4*, and B'̂  are described as pair subtrac- 

tion and addition modes“  of “̂®Pb (g.s.). The cor- 

responding coupling constants, eigenvalues, and 

A factors are displayed in Table I. They are ob- 

tained using Information concerning only the en- 

ergy of the levels, and not cross sections. In Fig. 

1, we illustrate the method of calculation for 

= 0 ^and 2*.

The structure of the pair addition phonon is 

checked by analyzing the “̂ Pb(í,/>) reaction. The 

relative cross sections, normalized with respect 

to the ground-state cross section are displayed in 

Table II together with the experimental numbers. 

Through these magnitudes we test the specific

defining the structure of the pairing and particle-hole coUective modas. The magnitude 

AW,(a;X) [see Eq. (29)] measures the distance between the lowest unperturbed configuration with transfer number a that 

can couple to total angular momentum X and parity (-1)^ and the experimental energy (E. Flynn. G. Igo, P. Barnes 

and K Ellegaard, to be published) of the lowest state with these quantum numbers. The quantíties AW.ÍaX) determine 

completely the corresponding RPA solution through Eqs. (4). (6). (13). and (15). and consequenüy aU the oüier magni­

tudes displayed m  the present table; they were taken directly írom the experimental spectrum of the even nuclei with 
the exception of the 6-̂ and 8+ cases (see text). The coupUng constants

f e

The energies »^,(aA) obvlously agree with the experimental valué because of the cholee made for AH'JaA). The en- 

ergies (aX) are referred to the ground state of the corresponding even nucleus. The dlmenslonless parameter í (a\) 

defmed m Eq. (23) measures the strength of the coupling. For í(o;X)« 1. the perturbatlve treatment of h{a\) breaks 
down.

ui Liit; D ana o cases ^see 

= (MeV)].

0+ 2'̂ 4+ 6+ 8+

210pb ^(2X) [(Mu>/K)^ MeV] 21.38 4.11 0.90 0.21 0.03
AWi(2A) (MeV) 1.24 0.44 0.15 0.13 0.10

MeV) 1.98 0.86X 10~‘ 0.42 X 10-2 0.34X10'3 0.20 X 10-̂
H',(2X) (MeV) 0.00 0.80 1.09 1.11 1.13

206pb
^(-2A.) (MeV) 21.74 4.03 0.87 0.26
AW^,(-2X) (MeV) 0.64 0.41 0.10 0.31 0.31
A,(-2X) MeV] 1.73 0.82x10-1 0.34X10-2 0.35 X 10-3 0.11 X 10-*
iy,(-2A) (MeV) 0.00 0.80 1.68 3.25 3.92

*x 0.37 0.22 0.12 0.13 0.12

2-̂ 3- 5-
208pb

{2X-H)k^lg^w/n)^ MeV] 454.91 113.43 34.3
AíVi(OX) (MeV) 0.98 1.36 0.21
A,(0X)[(Mm; /S )V 2 MeV) 0.15 0.41 X 10 0.10 XIQ-^
W,(OX) (MeV) 4.07 2.62 3.2

Ax 0.28 0.45 0.13



2352 D.  R. B E S  A N D  R.  A.  B R O G L I A

correlation aspects oí the pairing multipole forces. 

The phonon spectrum is built by the operators 

PJ{±2X¡jl) and is labeled by the quantum nnmbers

where i/, stands

for the number of phonons and for the angular 

momentum to which the phonons of type i are 

coupled. For u, = l this quantum number is not 

required. On the other hand, it may be necessary 

to specify intermediate-coupling angular momen­

tum to label the state completely. The new degree 

of freedom added to the pairing field opens a new 

perspective. For example,®- “  it is possible to in- 

terpret the J ’’ = 2* levels excited both in the (t,p) 

and (p, i) reactions leading to the “ ®Pb nucleus as 

states whose main components are

IK12 2), 1(1-20); 2^^P“ Pb(2*),“ «Pb(0^)

and

11(1 20), 1(1 -2 2); 2*)= |*“ Pb(0+), “ *Pb(2n>.

B. Multipole Particle-Hole Fields
In closed-shell nuclei, the low-lying states with 

angular momentum J" = 3~, 5", 2* have been suc- 

cessfully described as particle-hole excitations"

with multipolarity \ = J, parity jt = (-1) isospin 

T = 0, spin ff=0, and transfer quantum number a 

= 0. These states have enhanced B(E\) transition 

probabilities [for example, B(E3; “ ®Pb, g.s.-3")

= 32B,p], The schematic model of such excitations 

use as residual forcé a separable multipole-multi- 

pole interaction. The corresponding Hamiltonian 

reads

(9)

= “ (lÁTipTíS^Í*»; x)[^ (̂fe¿; oxfj.)

+ Ox-m)}, 

(10)
^^(feí;0XM) = [6/¿),] 2^ (kiniim i ¡XfJí)

(lia) 

Oxm ) =(-l)‘-*-'‘[6/6«].% . (ilb)

The creation operator of a collective particle-hole

1650

1645

1640

B(MeV)

0+ .

A W |(20 )= I,237  MeV 

Vp.795=W , (2 2 )
lao-

0 .4 4 2  = A W ,(2 2 Í

(0)

2»,’Pb

1625 ■

E(M eV)

0 + ,l+ ,2 + ,3 + ,4 +

2 + { :  
5.0-1- 0 + -

A .
( I ( l -2 0 ) . l ( l  2 0 »  \4 ,9 7  MeV

6 .5 5  M e V ( l( l - 2 2 ) , l ( l2 2 »  
5 ^ 7  MeV (1(1-20). Hl 2 2 ))  

-5 .7 7  M e V (l( l-2 2 ).l( l2 0 ))

6 ,8 8  MeV-

0 .6 4 0  M eV =A W (-20) 
3P,

1.237 MeV=AW(20) 

29o*9 /2
” 1/2

-aoo
A W ,(-2 0 )= 0 .6 4 0  MeV 208

O
(d)

Pb (c)
=.W ,(-22)=0.803 MeV

I620+(p¡̂ 3. f„2>2^ ^A W (-2 2 )= a 4 0 7  MeV
W Í- 2 2 )

A W (-22 )= 0 .4 0 7  M«V

4
MeV

W ,(22 )
6 .5 5  MeV
0 .4 4 2  M eV»AW (22)

(b) 206,Pb

(P,

FIG. 1. In (d) and (e) is dlsplayed’the left-hand side of the dispersión relations (4) for the case of and = 0̂  ̂(2'̂ ) 

in the región between the puré two-partlal configurations (Pi/s’ )̂ and (eBf2‘)í(Pi/2~\/s/2~h and(í^a/2̂ )l- For a fixed valué of 

G we can distinguish three sections; (i) The section of the curve at the left gives the gain in energy due to the multipole 

pairing residual interaction in the nucleus with 206 partióles in the 0+ (2+) State, (li) The middle section gives the ener­

gy of the two-phonon state in the nucleus. The segment to the right gives the gain in binding energy due to the re­

sidual multipole pairing forcé in the nucleus with 210 particles in the lowest 0"̂  (2+) state. In (a) and (b) the above men- 

tioned gain in energy of the “̂®Pb and ‘̂“Pb systems is dlsjdayed in terms of the experimental data [J. H. E. Mattanr-h.

W . Thiele, and A. H. Wapstra, Nucí. Phys. 67, 1 a965)], namely absoluto binding energies. In (c), the two-phonon 

pairing excitations in °̂®Pb are displayed.
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excitation is defined as

/3,̂ (0Xm) =Z) d„{kv, Ox)^Hki; OXn)

- (-1) " S  d„{ik; 0\)Kki; Ox - m) . 
k, i 

(12)

The RPA diagonalization oí H  +H{0, \) gives

^  f I '  E,t-W„(0\) *E ,, + W„{Ox)

(13)

With £'jj = €j- €,, the forward- and back-ward-going 

amplitudes are given by

djiik; Q\) = A„{Ox)
M(ki; X) 

E,i*W„(Ox)

(14a)

(14b)

-I -1/2

(15)

TABLE II. Ratio of the theoretical and experimental 

cross sections (P. Barnes, G. Igo, E. Flynn, and 

K. EUegaard, to be published) associated wlth the low- 

lylng posltlve-parlty states of excited In the “̂“Pb- 

(í ,p) reaction. The normalization factor 310 has been 

used (Ref. 8). The cross sections defined as2^e¿o-(fl)/rfn 

where 10°« 70° in steps of 7.5°, were calculated in 

the dlstorted-wave Born approximation using as spec- 

troscopic amplitudes the magnitudes defined in Eq. (8). 

The coefficients d„{j0 2 \± 2\) were computed for the val­

úes of WiCax) and Aj(2A) Usted in Table I. Two sets of 

optical parameters [E. R. Flynn, A. G. Blair, and D. D. 

Armstrong, Phys. Rev. 170, 1142 (1968)1 were used for 

the tritón channel. namely:

(I) K = 148.7 MeV, r=1.24fm ,

W= 16.77 MeV, r'= 1.339 fm,

(II) V = 167.0 MeV, r= 1.16 fm,

W =  10.3 MeV, r'= 1.498 fm.

a = 0.697 fm, 

fl'= 0.917 fm; 

a = 0.752 fm, 

a'=0.817 fm.

In both cases, W  stands for the volume absorptive po- 

tential depth. Perey’s parameters [F. Perey, Phys. Rev. 

131, 745 (1965)] were used in the proton channel.

J "
aĈ '’»Pb(í,ií)^l"Pb(J’'))2p 
I II

0* 1.0 1.6
2 * 1.3 1.7
4* 1.4 1.6
6* 1.2 1.5
8* 0.8 1.0

In the same way as in Sec. 2 A, it can be shown 

that the two-body transfer cross section to the one- 

phonon states generated by the one-phonon opera- 

tors defined in Eq. (12) is proportional to [A„(0, x)]  ̂

In particular, this relation for the lowest State of 

each spin and parity would determine TV,(0\) 

through Eq. (15) and consequently Xx through Eq. 

(13).

On the other hand two-nucleon transfer reactions 

are not specific to excite the surface particle-hole 

vibrations, but Coulomb excitation or inelastic 

scattering reactions. The nuclear matrix ele- 

ments associated with these processes*® are

(l(nOx); JM\[b,h,]'\0)=dJiki; Ox),

(l(nOx); JM|(-l)-'-'[6/6,]¿^|0) = d,(¿fe; Ox).

(16)

In principie then, states with large valúes of 

A„(Ox) would display both large U,p) cross section 

and reduced transition probabilities B{EX) (and in­

elastic scattering cross sections). There is ex­

perimental evidence supporting this prediction 

which has been discussed elsewhere.”

The above mentioned correlation is, however, 

affected by the ground-state correlations. The 

backward-going amplitudes contribute coherently 

to the inelastic scattering processes, while they 

give a destructive coherence for the (t,p) process. 

In the limit IV„(0, x) - O, B(EX;No{0~x)) while 

a{No±2 {g.s.)^No(J” = x''))~0. Physically, this 

result is quite reasonable because two-body trans­

fer cross sections probé particle-particle type of 

correlations while inelastic scattering processes 

probé particle-hole type of correlations. As 

pointed out in Ref. 18, the ground-state correla­

tions induced by the X-multipole particle-hole 

residual interaction and the X-multipole pairing 

residual interaction destructively interfere. The 

understanding of the coexistence of both types of 

correlations is still an open and challenging ques- 

tion. Another problem that needs consideration 

is the possible double counting of the interactions, 

since overlaps with (see

Sec. 4A).

III. COUPLING OF SINGLE-PARTICLE AND 
COLLECTIVE DEGREES OF FREEDOM

The coupling of a particle to a surface oscilla- 

tion has received considerable attention. The 

usual coupling Hamiltonian depends linearly on 

the collective deformation parameter and the par­

ticle coordinates, and the radial form factor is 

peaked around the nuclear surface. In terms of 

the magnitudes defined in the previous section and 

making explicit use of Eq, (9), one obtains
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^ ( O a ) -------c o l l  c o l l ] >

(17)

where 

>x.
í2x+lV '2(í? X,) con = - - - V  ̂ E A,(0x)[/3„HOx m) 

Xx n

(18)

and

That is, the collective and particle degrees of 

freedom'® are assumed to be independent but for 

the coupling [Eq. (17)]. The basic matrix elements 

are displayed in Fig. 2 and given in Appendix II.

The coupling Hamiltonian in the pairing case 

may also be derived from the basic Hamiltonian 

[Eq. (1)] and reads

*(2a) = -G,2t7(2a + 1)S[(PxmV iiP x, +(PxMUnPx/],

(19)
where

4t7Gx(2A + 1)'^" E[A„(2a)/3/(2a /i)

+ (-1)'-''A„(-2a)/3„(-2a-m)]
(20)

and

[(Px,)«>ii,Px/] = 0 - (21)

The basic matrix elements are displayed in Fig. 

3 and Appendix II.

It is possible to define a dimensionless param- 

eter, namely

W„(aX) ’
(22)

V V
(a) (b ) (c) (d)

FIG. 2. Graphical representation of the four basic 

(first-order) matrix elements of the coupling Hamiltonian 

h (OA). The corresponding formulas a're collected in Ap­

pendix n. The time is supposed to run upwards. A Une 

which runs to positive valúes of time represents a parti­

cle while one running downwards represents a hole. The 

particle-hole collective mode (surface vibration) is rep­

resentad by a wavy line. The interaction between parti­

cle (or hole) and the vibration takes place at the vertex, 

where parity, angular momentum, and number of parti­

óles must be conserved, although not energy.

where is an average matrix element in

the single-particle subspace considered. This 

parameter is equivalent to the parameter í(Oa)

= [(2a + 1)/16?t](^cd/2Cx)‘'W®Wv used in similar 

types of calculations.

The RPA matrix elements [Eqs. (8) and (16)] 

between zero and one-phonon states may be also 

obtained using the coupling Hamiltonians [Eqs. (17) 

and (19)] in first-order perturbation theory. The 

corresponding graphs are given in Fig. 4 together 

with the formal expression (see caption). Graph

(a) represents the creation of two particles in 

the presence of the uncorrelated °̂®Pb core and 

its subsequent coupling to build a pairing phonon, 

while graph (b) represents the annihilation of the 

two holes which are present in the correlated 

ground state. Similarly, graph (c) represents the 

creation of a particle-hole pair (ki). Subsequently 

the particle drops into the hole and sets the “ °Pb 

core in a surface (particle-hole) vibrational type 

of excitation. In graph (d) the independent particle- 

hole excitation and the vibrational phonon are pres­

ent in the correlated ground state. At a later time 

the particle decays into the hole state. The exter- 

nal fields which are applied in each case are a 

a = 2  field [graphs (a) and (b)] generated by a U ,p ) 

reaction and a a = 0 field [graphs (c) and (d)] 

generated by an inelastic proton reaction. There- 

fore, both the RPA treatment of the interaction 

[Eqs. (1) and (9)] and the perturbation treatment 

of Eqs. (17) and (19) are equivalent, i.e., they

A\
(a) ( b ) (e )

(d ) (e ) (f)

FIO. 3. Graphical representation of the basic (first- 

order) matrix elements of the coupling Hamiltonian 

A(±2A). The same convention of particles and holes is 

used here as in Fig. 2 (see corresponding caption). In 

the present case, there are two possible modes of collec- 

tlve excitation for each spin and parity. Namely, the 

palr addition (a = 2) and pair subtraction mode {ce =-2).
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yield the same results concerning the specific 

operators matrix elements.

In the remainder of this paper, we carry out a 

perturbation treatment of the coupling Hamiltonians 

[Eqs. (17) and (19)]. However, we retain Eqs. (6) 

and (15) from the RPA approximation in order to 

determine the strengths A„(ax) from the experi­

mental energies W"„(aX).

IV, SPECTRUM OF

In this section we discuss the different steps 

necessary to calcúlate the two-particle-one-hole 

(2p-lh) spectrum of ‘̂̂ Pb. Also the matrix ele­

ments of the one- and two-body transfer operators 

are derived.

A. Unperturbed Basic Set of States

The seven lowest states of “ '’Pb correspond to 

“single-particle” states \k) dressed by the inter- 

action with the cloud of phonons of the different 

types. The techniques developed in the present 

paper can be used directly to determine these 

physical single-particle states. However, we will 

not discuss them here.

The next states presumably represent 2p-lh 

states. To describe them, we use a subset of 

states consisting of a particle coupled to particle- 

hole phonon or a hole coupled to a pairing phonon

— x{t,p)

-- x{p,p')

—  x ( p d ' )

(c) (d)

FIG. 4. Graphical representation of prst-order [in the 

jarameters A„(aX)] matrix elements of the operators 

and [¿^^6 and their Hermitian conjugates 

between zero and one-phonon states. The valúes of the 

vertex corresponding to graphs (a)-(d) are Usted in 

Appendixn, Eqs. (A2.5), (A2.7), (A2.1), and (A2.2), 

respectlvely. The energy denominators are equal to 

graphs (a) and (c), and to 

+ej2 + W'„(aX)) for graphs (b) and (d). The resulting ex- 

presslons are thus equal to Eqs. (5) and (14).

with a = 2. That is, we construct the states in 

“̂®Pb using elementary independent modes of “ ®Pb 

which are assumed to be phonon excitations (a = 0, 

±2) and particle (hole) excitations (o! = ±l).

Correspondingly, the vacuum state is defined 

through ^„(a\ /i) |0) = 6JO) = |0) = O and denotes the 

“ ^Pb ground state.

The states belonging to our basic set will be 

labeled by (wü!\;7; JM), and, thus,

|n 2X ;¿ ;JM ) = [^ „ ^ (2 A )6 jí |0 ) ,

| n 0 X ;* ;J M )  = [ /3 / ( 0 x )6 / ] ¿ | 0 ) . (23)

B. Effective Interaction

Processes of first order in the interaction cor­

respond, for example, to the stripping reaction on 

the closed-shell system leading to 2p-lh states 

(see Fig. 5). This type of process measures the 

ground-state correlations induced in the closed- 

shell system by the pairing on particle-hole vibra- 

tions and will be discussed elsewhere.^”

In second order in the coupling strengths A, one 

obtains corrections to the single-particle energies 

as well as matrix elements of the Hamiltonian be­

tween our basic states. Because the energy dif- 

ference between some of these states is small, 

we may need to diagonalize exactly the Hamiltonian 

within the basic set. Let us then define an effec­

tive Hamiltonian,

H e f f = E

acting only within our basic set, i.e..

(24)

(25a)

<a|i/effk) = 0, (25b)

and where H(H') can be either h{Ox) or k{2x) de­

fined in Eqs. (17) and (19). We denote by Latin 

letters the state belonging to our basic set, while 

Greek letters correspond to states belonging to 

the complementary space of states. We dis-

—  X ---X

FIG. 5. Matrix elements associated with a one-body 

process of the type '̂’̂ Pbíía) and (b)] 2”9pb(j’'), where 

Pb(J*), is a two-particle-one-hole state in ^"^Pb de- 

scribed by the wave function given in Eq. (23). These 

stripping reactions can proceed only because of the exis- 

tence of ground-state correlations, and the correspond­

ing cross sections are a measure of them.
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cuss now the form oí the energy denominators 

AE(i/, a,b). If we do perturbation theory wlth the 

effective Hamiltonian [Eq. (24)], the lowest and 

next-to-lowest order correction to the energy oí 

the State |a) are

(26)

2-1 (e -€j)A£(i/,a, 6)AE(M,a, 6)
t>. M. I'

(27)

Comparison of with the corresponding second- 

order expression for the original Hamiltonian H 

[Eqs. (17) and (19)] indicates that the denominator 

entering in the diagonal matrix element is 

AE(i/, a, a) = c„- £„. The denominator correspond­

ing to the nondiagonal matrix elementa A£(i/, a, b) 

may be similarly obtained by comparing with 

the corresponding fourth-order expression for H. 

This is given by an expression similar to Eq. (27), 

where AE{v, a, 6) = e„- is independent of the 

State b. Therefore, the construction of the matrix 

element [Eq. (25)] may proceed as follows“‘: We 

assume that in the final wave function there is a 

predominant amplitude corresponding to our basic 

State |a). Then all matrix elements have as de­

nominator

(28)

The diagonalization of this matrix amounts to do 

perturbation to all orders, with some restriction 

over intermedíate sums. That is, the procedure 

outlined above has the advantage that, for each 

term in the series expansión of the energy in 

powers oí we obtain an equivalent term in

the corresponding series expansión of H (aside 

from the fact that summations over some inter­

medíate states are restricted within our basic sub- 

set of states when using However, it has

the disadvantage that each final state is obtained 

by diagonalizing a different matrix [since we 

change valué of denominators in Eq. (25) accord- 

ing to which is the main unperturbed component 

in the final state]. Therefore, final states are 

in general not orthogonal to each other, sum 

rules do not need to be obeyed, etc.

An alternative procedure to calcúlate the denomi­

nators is to assume that our basic set consists of 

States which are much closer to each other than 

to any state It/). This is consistent with perform- 

ing an exact diagonalization within the set ja), To 

the extent that [(£„ - £j)/(£.- £^)]« 1, we can use

either £.- £„ or £„ in Eq. (27) and, therefore, 

it is sensible as well to use the average AE(i/, a, b) 

= This recipe for AE(i/,a,6)

yields a single matrix for all states having the 

same spin and parity, and therefore a set of or­

thogonal wave functions.

In calculating the energy denominators it is con- 

venient to use, instead of lV„(a¡x), the energy dif- 

ferenees AWlaX) which are defined as

AW „̂(0x) = €,^,^-£,^^^-H^.(0x), 

AW„(2x) = 2£,^^^- W„(2X) , 

AH'„(-2x) = 2£,^^^-H'.(-2x).

(29)

Therefore, AH'i(aX) measures the change in the 

energy provided by the residual interaction in the 

corresponding (o¡x) channel considered.

The graphs corresponding to the construction of 

the effective Hamiltonian are displayed in Fig. 6. 

Graphs (e) to (h) have been discussed in recent 

papers. The explicit expression of these matrix 

elements are given in Appendix ni.
Before discussing the transition probabilities 

it is important to mention that the chosen basis 

for describing “ ®Pb is overcomplete. That is, 

there is a finite overlap (a) between states of type 

In2x;t;/Af) and l«Ox;fe;/M) and (b) within states 

¡nOX; fe;/M). However, all states of type |w2x ;í;/M ) 

are orthogonal among themselves.

An example of the nonorthogonality mentioned in 

case (a) is provided by the states |l) = ll20;^,/2; ^m) 

and l2)= |l05;^g^; ^tn). The main component of 

State ll> is (l /V l){[\ ^^ /6 ,^ /,^]% ,J ‘'*10), while

FIG. 6 . Second-order contrlbutions [inA(aX) (a =0,2)] 

to the matrix elements within the basic states describing 

the 2p-lh levels In Isee Eq. (23)]. The explicit ex- 

presslons of the corresponding matrix elements are giv- 

en In Appendix m .
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the main component of state |2) is

The formalism reacts to this situation by present- 

ing graphs (a) and (b) (Fig. 6) between states of 

type |1) and |2) and graphs (f) and (g) between 

states |2), but there is no graph of this class (i.e., 

with 2p-lh as intermedíate state) having states of 

type ll) as initial and final state. Therefore, we 

must consider those graphs to be related to the 

lack of orthogonality of the basic set of states. In 

fact, the corresponding matrix elements include 

those 6-j coefficients necessary to find the overlap 

when the nonorthogonal states are expanded in 

terms of particle creation and annihilation opera- 

tors, as indicated above.

C. Reaction Amplitudes

The perturbation method used in Sec. IV A to 

calcúlate the excitation energy of (2p-lh) states 

is used here to calcúlate the cross section for the 

population of these states in one- and two-particle 

transfer reactions. We analyze primarily the 

“ ’'Pb(í,/)) and ^^°Pb(/),d) reactions which give com- 

plementary Information about the 2p-lh levels of 

“̂ Pb. In what follows we discuss these transitions 

in different orders of perturbation in the coupling 

constants A„(ax).

In zero order, the only states of our basic set 

that can be populated in the single pickup reaction 

starting from /3„'̂ (20)l0) (ground state of ‘̂°Pb) are 

the states |l20;¿;tw) [see Fig. 7(a)]. In the two- 

body stripping, we should only popúlate those 

states |w2x;/)i/2; íw) where /3„'̂ (2A.m) 10) are those 

states of '̂“Pb that are strongly excited in the 

“ ®Pb(í,/>) reaction. The experimental data pro- 

vide a good verification of the lowest-order de- 

scription, as it appears from the analysis done 

by Flynn et al.^^

In second order in the coupling constants, we 

have corrections to Fig. 7(a) because the holes 

that move in “̂''Pb are renormalized by its coupling 

to the collective phonons. That is, the states |¿) 

spend part of the time in a state of 3p-2h [Figs.

7(b) and 7(e)] or 4p-3h [Figs. 7(c), 7(d), 7(f), and 

7(g)], which effectively decreases the pickup cross 

section. Also in second order in A„(aA,), the mix- 

ing of our basic states through the corresponding 

coupling Hamiltonians distributes the pickup 

strength over other states, whose main component 

is not excited in zero order. The wave functions 

of these states can be approximated by

\̂ , í»2)dressed= í»«)bare + «l 120; i; im) , (30)

where \u, im) is a nonpickup state of angular mo- 

mentum i. The transition rate associated with the 

bare pickup operator leading to states of “°®Pb, 

having the same spin and parity as the single-hole 

states in ^°''Pb, are proportional to \a |̂ . These 

processes are graphically illustrated in the first 

and second column of Fig. 8. The initial state is 

^„^(200)|0). The state |l20;i;twi) is created at 

some time and at a later time this state 

is perturbed by the effective interaction and goes 

into the final state.

To the same (second) order in the interaction 

constants A„(aA) there is another contribution to 

the pickup process. The corresponding graphs 

are displayed in the third column of Fig. 8. The 

single-hole state is created after the initial state 

is perturbed. In this way we see that the pickup 

operator has now a nonvanishing matrix element 

with all the final states (both |w2x; im) and 

|w0x; k ;̂ im) states) having the appropriate spin 

and parity. To include these last transitions in 

our formalism we must replace by an effective 

operator where has matrix elements

given^  ̂in Appendix IV.

In the pickup process from “‘°Pb to 2p-lh states 

having the same spin and parity as the single-

---X

P b íg .s .)

l o ) (bl (c) ( d ) (e )

'2

*2 ¡2 *2

X
!)■

X i *
/ M 1 \\ '2 /

*2
--------- X -- X ----------X -- X

^ '°P b(g .$ .) ^ ” P b (g .s .) =^ '°Pb(g.s .)

(I) ( í )

FIG. 7. Graph (a) displays the zeroth-order contribution in the coupling strength A„(aA) to the reaction.

In the rest of the figure, there are some of the second-order corrections to this cross section. These corrections take 

into account the fact that the hole states in are renormalized by the coupling to the collective phonons of “̂ Pb 
(see text and Appendix IV).
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particle states 6»^l0), there is no State within our 

basic set that can be populated in zero order. 

Therefore, the matrix elements of the correspond- 

ing bare pickup operator b„ are equal to zero, and 

all transitions take place through the component 

of the effective operator (b̂  + B,,), which has matrix 

elements that are graphically displayed in Fig. 9 

and given explicitly in Appendix IV.

In order to be consistent with the order in the 

strength A,(ü!X) up to which the pickup calculations 

to states 6j^|0) is performed, one should ignore 

all components in the wave function but the main 

State. Transitions through smaller admixtures 

are proportional both to matrix elements of 

and to the matrix elements of Heff, and are, there­

fore, of fourth order in the interaction h(a\) de- 

fined in Eqs. (17) and (19). Moreover, the main 

component has to be taken with amplitude 1, since 

any reduction from this valué corresponds to nor- 

malization effects that are of sixth order in the 

coupling strengths.

The usual sum rules for transfer processes are 

modified by the perturbation treatment of the 

coupling between the odd neutrón and the collec- 

tive states of the core. For instance, using the 

equality

as in the work of Thouless, '̂* we find that because 

ground-state correlations allow us to introduce 

a particle in a state below the Fermi surface, the 

sum rule for the one-body pickup process {j = i) 

is now

S(t)=(2i + l)El<^|6A^(200)|0)P

= (2i + l)[l-EK<í>l6,^0i^(2OO)|O)n, (32) 
0

where the states l<í)> belong to “̂ Pb while |̂ ) be- 

longs to “«Pb.

In first order of perturbation theory, only the 

states

^ J ( 2 0 0 ) | n 2 X ;

and

(31)

l02> = /3/(2OO)l«OA;*;tm)

can be reached [see graphs (a) and (b) in Fig. 10], 

through an effective operator B¡^ having matrix 

elements

Pb(g.t.)

(a) (e )

X ---------

(e )

FIG. 8. Lowest-order graphs [in A(aX)l descrlblng the pickup process where J'" are 2p-lh un-

perturbed states of [see Eq. (23)J. In Fig. 8, the captured particle moves in the occupied states of the closed-shell 

system “ ®Pb (i.e., in states denotad by i according to the convention adopted in Sec. II A).
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(<^,|i3iV(200)|0)

~ {2i + 1) •̂ n(2A.)(2x + + 6,̂ o6„j)

^ \)

(33)

(</^3|b ; / 3 , ^ ( 2 0 0 ) | 0 )

= (2¿^l)i/2An(0^)(2^ + l)‘^̂

^ ___________ M(ik- X)_____________

e^ +  €  - £ ¡ - 6 .  -  A V V 'J O x ) ■“ íg /2  '  í i / 2

(34)

If we put j = fe in Eq. (31), the sum rule correspond- 

ing to Eq. (32) is

s(fe) = EK0|í>.W(2oo)|o)|^
0

= 1 - S K '^ IM i^(200)|0)|^
0

(35)

and refers to the one-body stripping reaction from 

to states <p in ^''Pb. The states \¡p} entering 

in Eq. (35) belong to “̂®Pb. Then, the SR for the 

case of the ^'°Pb( p, d) reaction under study would 

be the correction given by the second term in Eq. 

(35). However, in lowest order, the states con- 

tain two phonons [see graphs (c) and (d)] and do 

not belong to our basic set. We have to go up to 

the fourth-order correction to the SR given by Eq.

(35) (second term) to get any number related to 

the pickup process leading to our basic states. We 

then see that in this case the second-order SR 

limit [Eq. (35)] is not directly relevant to our cal- 

cuiation.

A similar discussion applies to the two-body 

transfer operator. In zeroth order, the operator 

gives zero spectroscopic 

amplitudes for the transitions between the ground 

State of “ ■'Pb(6̂ ĵ |̂0» and states belonging to our 

basic set. The lowest nonvanishing contribution

is obtained in first-order perturbation theory. 

These processes are represented graphically in 

Fig. 11 and the corresponding spectroscopic ampli­

tudes are given in Appendix V; We notice that in 

Figs. ll(a) and ll(b), the hole state is inactive 

during the entire process. These two figures (in 

the absence of the hole line) represent the transi­

tions from “̂ Pb to “̂ Pb, and therefore may cor- 

respond to very enhanced processes. In fact, the 

corresponding matrix elements (A5.1) and (A5.2) 

[divided by (1 + are identical to those given
in Eq. (8).

There are two tjrpes of third-order transitions, 

one that proceeds through the first-order effective 

transfer operator and excites the small

(second-order) components of the state in question, 

and another that is proportional to the matrix ele- 

ment of the third-order effective operator Ty\j,j') 

and excites directly the main component. In Fig.

12 we illustrate one of these processes. As can 

be seen, the cross sections associated with transi­

tions of type (a) are going to be systematically 

larger than those corresponding to graph (b) as 

the energy denominators entering in (a) are 

smaller than those of (b).

As no higher order than the first was explicitly 

considered in evaluating the two-body stripping 

spectroscopic amplitude, all third- and higher- 

order effects that are included through the di- 

agonalization procedure are of the type (a), which 

is consistent with our previous discussion.

V. DETERMINATION OF THE PARAMETERS 

ENTERING IN THE CALCULATION

In order to proceed with the calculation we must 

decide upon the shape of the radial function /x(r) 

entering in the matrix elements \) defined

in Eq. (2e). Because we are treating a surface 

phenomena, we expect /^(r) to be peaked around 

the nuclear surface. This is conveniently achieved 

if we use a radial form factor f^{r) proportional 

to the derivative of the Woods-Saxon poteritial with 

respect to r. An alternative method is to use f^(r)

= which does not yield significant deviations

Pb(g.t.)

(d)

FIG. 9. Lowest-order graphs [in A(a!X)l describing the pickup process where j'" are 2p-lh un-

perturbed states of [ see Eq. (23)]. The captured partida moves in the empty states of the closed-shell system 

208pb (i.e., states denotad byk in tha text; sea Sec. II A). The axplicit axpression of the matrix elements is given in 
Appandix IV.



2360 D.  R. BES  A N D  R.  A.  B R O G L I A

'2

210

------ X

P b (g .s . )

( o )

v i '

( b )

—  X —  X

2 '° P b (g .s . )

( d )

FIG. 10. Graphlcal representation of the matrix ele- 

ments assoclated with perturbative correctlons (in 

A„(aA,)) to the sum rule for one-body stripplng and pick- 

up processes starting from '̂*’Pb(g.s.).

from the former radial dependence, as long as we 

consider single-particle states having similar 

mean square radius. This situation is obtained by 

considering only seven single-neutrón and six sin- 

gle-proton states above the Fermi surface, and 

the same number below.

In principie we do not need to have the same ra­

dial dependence for both the of = 0 and the a = ±2 

matrix elements, but we have chosen them to be

equal throughout this paper.

To determine the boson parameters [the ener- 

gies W'„(o'X) and the coupling strength A„(aX)] we 

use the first of the methods outlined in Sec. II A, 

i.e., we input into the RPA Eqs. (6) and (15) the 

experimental energy corresponding to the lowest 

State carrying angular X and parity 7t = (-1)^. Thus 

we obtain valúes for and Xx> which are dis- 

played in Table I.

It is interesting to point out that the resulting 

wave functions, when used to calcúlate the re- 

duced transition probabilities in “ ®Pb

or the spectroscopic amplitudes associated with 

the *®*Pb(/,/))*“ Pb reaction, give results that are 

in good agreement with experiment (see Tables II 

and in). In the case of phonons with transfer quan­

tum number a = ±2, we obtain two valúes for each 

corresponding to whether we use the lowest 

State of angular momentum X in *‘®Pb or in ^®Pb.

It turns out that, systematically, the strength re­

sulting from the a = +2 boson is smaller than the 

one arising from the a = -2 boson. This may be 

partially due to the fact that the harmonic-oscilla- 

tor central potential overestimates the radial dif- 

ference between states moving above and below 

the Fermi surface. We have thus attenuated the 

radial dependence of the matrix element between 

states 1, 2 by multiplying <l|r'|2> by a coefficient 

of the form

2(5¿|r=‘|5¿) 13

(36)

1/2

x j

■ A . .

( a )

----------X

1/2

(e)

(b)

— X

------- X

^^2

\ / r
n /2

1/2

(C)
(d )

(fl)
(h )

FIG. 11. Lowest-order graphs in [A„(aX)l descrlblng the different contributions to the ”̂ Pb(t,/))^‘”Pb (j’') reaction 

exciting the baslc 2p-lh states Isee Eq. (23)) of °̂®Pb. Graphs (a) and (b) (apart from the Inert/>i/2 hole State) describe 

the “̂®Pb(í,/>)^*'’Pb reaction. The corresponding expressions are Usted In Appendix V.
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where N  is the principal osclllator quantum num- 

ber. We notice empirically that uSing a similar 

factor for all X, the two valúes oí become very 

cióse (see Table I). The average G^(i4 - 2) and 

G^(i4 + 2) is used finally in order to determine 

A„(aA) and corresponding to the higher

roots of the RPA equations.

The parameters thus obtained depend critically 

on the distances between the lowest unperturbed 

peles and the experimental energies (see Table I 

and Fig. 1). This number is very small for the 

6* and 8* states in “̂ Pb and, moreover, is ob­

tained as a difference between much larger num- 

bers. Therefore, we have taken W¡ and from 

theoretical calculation of Redlich.^® In the case 

of the 8  ̂ phonon, the valué of Gg is determined 

only from the a = +2 phonon, as no data on 8* 

states are available in the case of “̂ Pb.

A completely similar calculation is done for the 

case of the of = O particle-hole phonons. Although 

now only one valué of X\ appears for each A, we 

have kept the correction given by Eq. (36) in the 

radial matrix elements. The parameters for the 

lowest roots are also given in Table I. It is inter- 

esting to point out that there is no free parameter 

in this description of the coupling of a particle to 

a vibration, and that the mixing between the basic 

states is determined by the experimental energies 

of the a = O and ±2 phonons.

The next step is to decide which bosons are to 

be included in the calculation. As mentioned in 

Sec. VI B, the perturbation method takes care of 

the overcompleteness of the basic set of states (to 

the order of the applied perturbation). However, 

from the point of view of perturbation theory, the 

diagonalization procedure implies that we are tak- 

ing some effects up to higher order than others 

and, therefore, the corrections arising from over­

completeness may not be done properly. Especial- 

ly large matrix elements arise from graphs (a),

(b), (f), and (g) of Fig. 6 when, for instance, the

particle-hole phonon is cióse to a puré pafticle- 

hole configuration [such as the lowest 5“ particle- 

hole phonon at 3.2 MeV whose main component is 

the (?9/2,/>i/2“ ‘) configuration with unperturbed en- 

ergy 3.41 MeV], In principie, for these cases, we 

should carry to a higher order the calculation of 

the effective Hamiltonian. However, this program 

is difficult to work out. We have preferred not to 

include in the calculation those particle-hole pho­

nons which have a dominant single particle-hole 

component. Therefore, we have kept the lowest 

3" State at 2.6 MeV as the only (a = 0) phonon. As 

a = ~2 and +2 phonons, we have included the low­

est phonon states of “ ®Pb and *‘®Pb with X = 0*, 2*, 

4^, 6^, and 8*. In some occasions, namely to 

study levels at about 4 MeV of excitation energy 

in °̂®Pb, we have also included higher-energy par­

ticle-particle and hole-hole phonons. The param­

eters characterizing the extra phonons are given 

in Table IV.

The single-particle energies were taken from 

the experimental single-particle and single-hole 

levels in ’"‘»Pb, “̂ Bi, "°''Pb, and “̂■'t I.̂ ®

VI. DISCUSSION OF THE RESULTS

In order to discuss the agreement between pre- 

dicted and experimental numbers we should sort 

out the cases that may be meaningfully used for 

comparison. For instance, in the case of the /”

= 5~ states, neither experiments ñor theory indi- 

cate that levels other than the one having as main 

component the |l20;/>,/2; 1/2M) states are populat- 

ed in both the two-body stripping and the one-body 

pickup reactions [see Table V(a) of the following 

paper], Therefore, this agreement between theo­

ry and experiment is not significant evidence in 

favor of our calculation, since the zero-order ap- 

proximation (see Fig. 7) yields the same result. 

The same can be said about states having the same 

spin and parity as the single-particle states in

,(S )

FIG. 12. Example of a third-order contributlon to the two-body transfer process [̂ '” Pb(f,/))^’” Pb], 

exciting a 2p-lh State of the basic set (Eq. (23)].
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TABLE ni. Reduced electromagnetic transition probabilities assoclated with low-lylng one-phonon collective particle- 

hole states of ^®®Pb(|l(CW>)- The wave functions used for describing these phonon states are given in Eq. (14) and the 

valúes of the parameters chosen were those of Table I. The multipole operator Is defiued as

+ >'X(j(®i!.'í>í)[see A. Bohr and B. R. Mottelson, Nuclear Structure (W. A. Benjamín, Inc., New York, 1969),

Vol. 1]. In the second and thlrd columns, the reduced matrix element of the operator r^Yx¡i is given both for the pro- 

ton and the neutrón component of the wave function, respectlvely. In the fourth column, the valué (epo,)^^ is given 

which is used to reproduce the experimental results Usted in the fifth column. In the last column, the experimental 

cross sections are given in terms of single-particle units defined as B(EX; O— \>5p = [(2A + 1)/47t|{[3/(3 +X)]eüJ-}^,

X*'

<o||r^yxl|iaox)>(^^^) 

Protons Neutrón <epol>£x ñCEX; 0-  X) [e2 (lo-2< cm2)^I

B(£X; 0— X)

2+ 1.93 3.54 0.40 0.30“ 8.0
3 ' 13.6 28.2 0.13 0.53 '’ 31.5
5- 25.4 127.4 1.30 0.04'^ 10.7

*F. G. Ziegler and G. A. Peterson, Phys. Rev. 165, 1337 (1968). 

'’A. R. Bamett and W. R. Phillips, Phys. Rev. 186, 1205 (1969). 

“̂ A. Scott and M . Fricke, Phys. Letters 20, 1675 (1966).

“ ®Pb (for example, the = etc. states).

The largest {p,d) spectroscopic factor we predict 

for these states (we leave out oí the present dis- 

cussion the states) is 1.2% to the J" = ^* level 

at 4.21 MeV. The zero-order prediction is S = 0 

and, therefore, the theoretical predictions are 

again rather independent of the approxlmation. 

There is no evidence that any of such states are 

excitad in the pickup process.

From the preceding discussion we conclude 

that, in order to discuss the one-particle pickup, 

we should look at the and states.

In all these cases most of the reaction strength is 

concentrated at a definlte energy [see Table V of 

the present paper and also Table V(b), V(c), V(d), 

and V(p) of Ref. 8]. This energy agrees reason- 

ably well with the experimental number, but again 

this is true in the zeroth-order approximation. 

However, the spectroscopic factors for the {p,d) 

reaction agree with the theoretical predictions

only after the diagonalization has been made.

In addition to the main cross sections listed in 

Table V, we predict also an appreciable (p,d) in- 

tensity to the lowest f", f", and f " state [see Ta­

ble V(b)-V(d) of Ref. 8 ] .  The main component of 

these states is \ ¡M) and, therefore, the

one-body pickup strength associated with these 

levels is built from contributions of graphs (e) 

and (h) of Fig. 8. The experimental spectroscop­

ic factors are also rather large, and are well re- 

produced by the theoretical calculations in the f* 

and I" cases. The corresponding state for the 

case has not been clearly identified, although 

there is a state at 2.563 MeV which is populated 

in an / = 3 transition and for which we cannot find 

a partner among the predicted states with I'' = |~.

We saw before that the agreement of the predict­

ed spectroscopic factors for the (p,d) reaction ex- 

citing states whose main component is 1120; t;tm> 

with experiment is good (see Table V). We can

TABLE IV. RPA parameters associated with excited a =±2 phonon states (see caption to Table I).

Oí Oí Oí 2Í 2 Í 2 Í

“̂®Pb A„(2X)[(M«;/»)^/2 MeV] 0.85 0.62 

W^„(2X)(MeV) 2.16 3.61

0.16 0.45X10-’

4.31 1.94

0.79 0.27x10-

0.61 X 10-*

2.11

0.19X10"‘ 0.17X10-'

0 .1 2 X 1 0 '^
2.79

0.29x10-2

1.98

0.28X10-'

0 .5 1 x 1 0 - 2
2.39

0 .2 8 x 1 0 - 2
(-2X) (MeV) 1‘.07 2.21 3.31 1.43 1.72 2.08 1.95 2.85

4? 6? 6Í 6Í 8J 83" 8Í

208pb A„ (2X)1(MmjA )^ /2 Mgv) 0.14X10-’ 0.30x10-3 0.40X10 0.14X10 0.24xl0-< 0.20x 10-̂ 0.31x10
W„ (2X) (MeV) 2.83 1.91 2.48 2.81 1.83 2.70 3.05

206pb A„(-2X)[(Mu)/K)’‘/2 MeV] 0.24x10-2 0.11 X 10'® 0.14x10 0.16X10 0.18x10-^ 0.47x 10-5 0.17X10'
W„ (-2X) (MeV) 3.47 3.82 4.59 4.88 6.37 7.62 10.21
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then rely on the predicted spectroscopic factor for 

states whose main component is |103;^b/2;/M> as 

these states are excited in the pickup reaction 

through the admixtures with the | 1 2 0 ; í ; i w )  states. 

It may be thus possible to lócate many oí the lev- 

els belonging to the septuplet ( | « /-« ^ ) .  It is in- 

teresting to compare (a) our results with the pre- 

dictions of Hammamoto’ who used a similar mod- 

el in which she focuses the attention on the parti- 

cle-hole 3" phonon and only estimates roughly the 

influence of the hole coupled to the ground state of 

and (b) the splitting of the septuplet in “̂®Bi 

and °̂®Pb (Table VI). Both theoretical calculations 

yield similar results for “ ®Pb, and they are also 

in good agreement with the experimental results.

In addition to the transitions populating the pre- 

viously discussed levels, other states are also 

populated in the one-body pickup processes [see 

Tables V(b)-V(d) of the following paper®]. Among 

these states there is, in both the and cases, 

at least one state that is strongly populated also in 

the “ ■'Pb(/,/»)“ ®Pb reaction and, therefore, has to 

be mainly the 1122; IM) state. Both theory 

and experiment agree in a pickup spectroscopic 

factor of 0.20 for the population of the correspond- 

ing f" State. In the |“ case there are two states 

seen in the (t,p) reaction where the model pre- 

dicts only one (the state at 2.98 MeV). The (p,d) 

spectroscopic factor of this state (found experi- 

mentally at 2.873 MeV) is an order of magnitude 

larger than the predicted one [see Table V(c) of 

Ref. 8 ] .  In lowest (second) order, the population 

of these states is made through graphs (c) and (f) 

of Fig. 8. Because matrix elements with the same 

numerator correspond to both figures, the ratio 

of the matrix elements is simply given by the 

ratio of denominators, namely

TABLE  V. In the first two rows we Ust the zero-or- 

der predlctions of the particle-vibration-coupling model 

concerning the energy and one-body pickup spectro­

scopic factor for the same 2p-lh states of “̂ Pb. In the 

fifth and sixth rows are collected the corresponding 

predictions of the model taking into account the coupling. 

The experimental data (Ref. 8) are displayed in rows 3 

and 4. In the last row we glve the sum-rule Umit as 

defined in Eq. (32).

<122;¿,;ím|6j/3/(200)|0),„rt.(c,
(122;»,;¿m|6AT(200)|0>g„^,f,

J " 1-
T

3-
T f i”

13+
2

E«n 2.17 3.07 2.77 4.52 3.81
S«D 2 4 6 8 14

^xp 2.15 3.08 2.74 4.25 3.66
2.15 2.62 4.76 5.34 11.80

E 2.22 3.19 2.79 4.56 3.83
S 1.83 2.60 5.21 5.15 12.59
£ 1.83 3.71 5.62 7.75 13.74

+ W ' . ( 2 2 ) - W ^ , ( 2 0 )

e,. + e,

(37)

where W'j(22)- H^i(20)= 0.795 MeV is the excitation 

energy of the lower 2* state in ^“ Pb (see Table I). 

We see that both matrix elements will be coherent 

in the case of i" = state “ ^̂ 3 2 “

>W), while they will be incohérent Yor =

- £/5̂ 2 = 0.57 MeV<H^). Therefore, it is difficult 

to increase the (p, d) spectroscopic factor of the 

I 2.98-MeV State  and at the s a m e  t i m e  to de- 

crease the spectroscopic factor of the 2.79-MeV 

S tate . This would m e a n  to mix m o r e  strongly the 

unperturbed |l22;/>î 2-, |w ) and states

without affecting the agreement obtained for the f" 

states. The increase of the mixing mentioned 

above would also distribute the (/,/>) strength be- 

tween the two |" states. Several a t t e m p t s  have 

been made to check whether it is possible to im- 

prove this situation:

(1) Increase the strength of the coupling constant. 

If we multiply all coupling constants A by the same 

factor, there is an unacceptable over-all decline 

of the agreement with the energies and the pre- 

viously discussed transition rates, before the

[ 122; |w) and 1120; |/n> unperturbed 

states become mixed to the extent that is needed 

in order to reproduce the experimental numbers. 

As the previous agreement depends largely on the 

coupling strengths Aj(20) and Aj(03), we checked 

the effect of multiplying by 2 all other coupling 

strengths but the previous two. No significant im- 

provement was obtained in this way either.

(2) Change the single-particle energy of the 

State. One needs an increase of about 200 keV in 

the distance between this state and the p /̂  ̂ single- 

particle level to obtain the desired mixing. How- 

ever, calculation of different renormalization ef- 

fects which may lead to this shift of single-parti­

cle energies failed to yield such a displacement.

(3) Finally, our coupling Hamiltonian may be in- 

sufficient to describe adequately the mixing of 

states. We have tested the adequacy of the model 

concerning the mixing of unperturbed | im) 

and 1120; i; im) states. This mixing proceeds 

through graphs (a), (b), (c), and (d) of Fig. 6, 

among which the contribution of the first two is 

much larger than that corresponding to the last 

ones. Now, the mixing of the \\22; p aná

1120; t; im) states proceeds in our model only 

through the relative small contribution (j) of Fig.

6 [which is of the same order of the (c) and (d) of
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TABLE  VI. Theoretical predictions for the energles (measured from the 2.62-MeV octupole vibration of “̂®Pb) and 

spectroscopic factors of the septuplet of levels |l03; jm) in The experimental results are also displayed.

In the first two rows the energles of the septuplet of states |103; in is displayed for comparison, together

with the corresponding experimental data.

3
T

5
y

7
y

9
2 ¥ 2

2 0 8 B 1 E  Theory * 0 -10 9 -125 -43 - 8 8 218

Experiment ’’ -128 -4 -37 -56 -20 -20 122

2 0 9 p b E Theory* -250 -270 44 -160 -2 -132 80
Theory -260 -250 -20 -150 58 -120 850

Experiment -300 -157 -57 -13' 940

S Theory <= 1.21 0.51 0.13 0.00 0.00 0.00 0.09

Experiment ** 0.50 0.60 (0 .02) Weak

“See Ref. 7.

'’B . A. BrogUa, J. LiUey, R. Perazzo, and B. Phillips, 

Phys. Rev. C 1, 1508 (1970).

Present calculation.

the previous case]. The discrepancy íound in the 

1“ case thus is that the contribution (j) alone is not 

sufficient.

We notice that the usual quadrupole particle-hole 

forcé will indeed provide for a coupling between 

these two states.*'' In order to include this effect 

in the Hamiltonian we should add to Eq. (19) terms 

with two boson creation operators such as

(38)

We plan to study in the future the influence of such 

terms, both in the spectrum of odd and even nu- 

clei. We give in Fig. 13 a schematic representa- 

tion of the coupling term [Eq. (38)].

At higher energy there are states with I" = f ,  

and which are again populated in the ip,d) re- 

action with a spectroscopic factor which is typical-

■•See Ref. 8.

®Thls State is not seen in Ref. 8 and was assigned in 

Ref. 7.

ly an order of magnitude larger than the ones pre- 

dicted by the model. It is possible that also in 

this case the coupling [Eq. (38)] may be adequate 

to explain these transitions.

Because the matrix element

( j |A(03)|103;^«;,;

FIG. 13. Graphlcal representatlon of the coupling 

term given In Eq. (39).

li /2

is verylarge, one can excite states inthe *̂°Pb- 

(p,d) reaction through processes represented by 

graphs (c) and (d) of Fig. 9, where fe = ;'i5̂ 2, k̂  = gg,2 , 

and Xj =3 '. We predict that the lowest state at 

3.22 MeV, which is mainly |l03;^g/2;^) [see Ta- 

ble V(g) of the following paper], will have a spec­

troscopic factor of 6%. Experimentally the state 

at 3.561 MeV is a possible candidate for this as- 

signment.

We give in Table V of the next paper the modi- 

fied sum rules for pickup as obtained from Eq.

(32). In all cases [(2¿ + 1) - SR(¿)]/(2¿ + 1) s 0.1 

[see Table V(a)-V(f) and V(n) of Ref. 8].

Finally in Table VII we display a comparison be­

tween the results obtained using the two possible 

sets of energy in the construction of the effective 

coupling Hamiltonian (Sec. IV B). No significant 

differences appear between them. In all the tables 

but Table VII, the second recipe, corresponding 

to an average between the energy of the initial and 

final states, is used.

VII. CONCLUSIONS
The most relevant conclusión of the present 

(and following) paper is that, in closed-shell nu- 

clei plus (minus) one particle, the description of 

states at excitation energies from 2 to 4 MeV in 

terms of the superposition of elementary excita- 

tions appears to be both possible and useful.

These elementary excitations of the same and
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TABLE  vn. Energy, single-particle pickup spectroscopic factor, and more relevant amplitudes a ijiaWji JM ) as- 

sociated wlth the lowest (2p-lh) J " and f “ states of “̂*Pb. The difference between results I and n is that in I 

average energy denominators have been used to construct the effective Hamlltonian, whether in II the prescrlption sug- 

gested by perturbation theory is adopted (see Seo. IV B).

I II

iir_ 1- 
J -T

£(MeV) 2.22 3.57 3.82 2.22 3.54 3.73

S 1.83 0.00 0.00 1.89 0.00 0.00

a(120; pi,ii i) 1.00 0.03 0.01 1.00 0.01 0.01

£(MeV) 2.36 2.98

J - j 

3.19 2.23 2.98 3.15

S 1.21 0.20 2.60 1.63 0.11 3.06

«(122; Pi,2i i) -0.11 0.97 0.20 -0.006 0.98 0.17

a(222í i) -0.03 0.01 0.03 -0.01 0.00 -0.02

a(322; f) -0.05 0.02 0.04 -0.02 -0.01 -0.02

a(103; i) 0.91 0.03 0.29 0.88 0.01 0.20

a(120; Py 2i f) 0.32 0.23 -0.91 0.41 0.18 -0.96

£(MeV) 2.37 2.79 2.98 2.32 2.78 2.98

S 0.51 5.21 0.08 5.40 0.02

a(122; py 2i f) -0.04 -0.14 0.99 -0.03 -0.12 0.98

a(222; Pi/2> f) -0.01 -0.01 -0.01 -0.01 -0.01 0.00

a(322; pyii -0.02 -0.01 -0.01 -0.01 -0.01 -0.01

a(103; gi/ii |) -0.96 -0.19 -0.07 -0.94 -0.14 -0.06

a(120; f) -0.20 -0.96 0.12 -0.26 0.97 0.05

neighboring nuclei are used as building blocks in 

the construction of the excitation spectrum. This 

procedure allows for a large simplification in the 

description of the states. Therefore, it is possi- 

ble to understand this región of excitation (which 

otherwise appears to be too complicated in other 

microscopic representations) in terms of very sim­

ple degrees of freedom.
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APPENDIX I
We define the multipole pairing residual interaction as a separable forcé whose matrix elements have 

the same phase as the matrix elements of a 5 forcé. This is a simple extensión of the method used to de­

fine the usual (monopole) pairing forcé matrix elements (see, for instance, Ref. 10).

The matrix elements of a 6 forcé in the singlet case (S state of relative motion) is equal to

(Al.l)

where

(- (r,)[Y;{d„ ,

N{n,l,j„ Xm) = (- l ) « i - i
nj/2

1/2

\i l, 4ff(2X+l) .

(A1.2)

(A1.3) 

(Al.4)
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The Condon-Shortley phase convention is used for the spherical harmonics and the function u„¡(r) is posi- 

tive for large valúes of r. Then, F(rijl^,nJ.^,njí^,nJ^) is positive for the most usual single-particle poten- 

tials used to calcúlate On the other hand the function is positive for r-0. This is

the usual convention chosen in shell-model-type calculations.

It is known that an operator which does not contain spin coordinates has large matrix elements between 

states that do not change the spin orientation with respect to the orbital angular momentum. In particular, 

for the classical limit {j-°o) the weak component of the matrix element (i.e., those involving spin flip) 

vanish. In the present case, = unless both single-particle states are of the type j = l+l or

j = l - l

The limit of (Al.3) for j, and is equal to

Jl>2—»

""is t  + (A1.5)

The magnitude is a positive C number. Use has been made of the relation

■'2 
( >. « J J

With the aid of Eq. (6.3.4) of Edmunds,^® we obtain

lim (-l)'i*-'2 >̂'+í •(2>, + l)(2;. + l)-ni/2(

L  ̂ J H  h 

both for (;, = /i + |, + and for Oi = Zi- i = We can then write Eq. (Al.5) as

(A1.6)

(A1.7)

■ 1 /o/ + 1 \l/2
v f  v'2a t t ) ^=^.'i-'2 (A1.8)

The matrix element of the multipole pairing field is required to have the same phase as (Al.8). Thus 

the pairing forcé will have matrix elements with the same phase as the ones defined in Eq. (Al.l).

The reduced matrix element of fx(r)Yx^ is equal to

(fP(niliÍ;h)\\fx('>')Yx(6,4>)\W(n2hhj2))

Ti/2

{-ir=-'^'2(_ip,-,,>/2^.^i^0b-.i>/(n,/..n,Z3,X),= {-iyi->‘2*Íl-Í2
4it

where
(A1.9)

(Al. 10)

The sign of I(n^l^,nJ.2 , depends on A, but is independent of and In the classical limit Eq. (Al.9) is 
equal to

lim (<í>(«,/,iVi)l|/x(r)K(e, 0 )||<p («2/25;^)>
i y —

Í2>
7 2 7  + i v /2

~ \ 4n )
(-1)'i[(-1)'i*'2*^+1](-1)<'i*'2*̂ >̂ 2(-1)<''i-‘i>/2(-1)<J»2-'2>'2,

(Al.lí)

where as in Eq. (A1.4) ji = l, ±i (¿=1,2,3,4). By comparing Eqs. (A1.8) and (Al.ll) we see that the pair­

ing field must be defined as

U  + O12;
(Al. 12)

"2'2>2

where creates a particle in an orbital (Ij) and transforms under time reversal as



= (Condon-Shortley phase convention). The magnitude m(X) is a c number that depénds

only on A. We can recast Eq. (Al. 12) in terms oí the 6,^^ operators (for simplicity we have not included 

in the text l as an explicit label of the 6'̂  operators) defined in Eq. (2d) of Sec. III A. The relation between 

the a,j^ and 6,^^ operators is

6 , /  = ¿‘a , / .  (Al. 13)

Making m{\) = -2/V(2A + 1)̂ ''̂  we obtain
t]X

(2aT Í ) ^  (A1.14)

n2¡2Í2

which is given in Eq. (2a). We should point out that, although we have imposed phase requirements only 

on the strong components of the matrix elements of the operator (Al. 14), the weak components of these 

matrix elements (i.e., the components implying spin ñip) have the same phase as the corresponding com­

ponents of the matrix elements of the 6 forcé.

We turn now our attention to the multipole particle-hole operator defined in Eq. (10) of Sec. II. Adopting 

the Condon-Shortley phase convention the w-pole operator is customarily written as

’'z'2h ’"2

" (2XVi)'i/¿ S  (ai. 15)

where the definition (13a) of Sec. II B for the vector coupling square brackets has been used. We can re- 

write Eq. (Al. 15) in terms of the 6,^^ operators. To obtain real matrix elements we should use the opera­

tor ?■ instead of We finally obtain

Q xm" - r2x'+\)i/2 S  <^)lk(«2U;-72))[^i,j/&ijiJÍ (Ai.ie)

"2 ‘2h

which is identical to Eq. (10).

APPENDIX II
We denote by \jm) the single-particle states (if j=k) or the single-hole states (-l)‘"'"6j_„|0) (if

j = i). Similarly, the ket corresponds to the the or the [6j b¡ ]^|0)

states, according to the position of the single-particle levels j¡,j 2 - In addition, \naXii) = ¡3„{a\ii)\0). With 

this notation plus the one given in Eq. (23), the matrix elements corresponding to Figs. 2 and 3 are

(«OAíi|;!(GA)|/fe¿, A) = -A „(0 A )M (fe i;A )

(0|/!(0A)|n0A;;fe!; 00) = - (2 A  + iy'^A„(OX)M(ki; A)

(
2A +

A„(0A)M(¿j¿2,-A)
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(
2A + 1

A„{0 \)M{k,k2;\)

(n2Xn\h{+2\)\k,k; A) = -A„{2\)M'{k,k2, A)

(
?> + 1

A„(2\)M {ik, A)

(0|;z(2A)|«2A; ¿^i^A; 00) = (2A + l)*^^^ J2A)M(/fejfej; A) 

<n-2\n\k{2\)\i,Í2, A )=A„(- 2A )AÍ(i,¿ ,;A )

[Fig. Ka)], (A2.1)

[Fig. l(b)]. (A2.2)

[Fig. Kc)], (A2.3)

[Fig. l(d)]. (A2.4)

[Fig. 2(a)], (A2.5)

[Fig. 2(b)], (A2.6)

[Fig. 2(c)], (A2.7)

[Fig. 2(d)], (A2.8)



(2> + 1
A„(-2X)M(feí;A) [Fig.2(e)], (A2.9)

<0|A(+2X)|«-2X;fe,ifejX;00> = -(2X + l)‘'»A„(-2X)M(jfej*,;X) [Flg. 2(f)]. (A2.10)

APPENDIX III

The matrix elements of the effective Hamiltonian are given here. The energy denominators A £  are to be 
constructed using either one of the prescriptions discussed in Sec. IV B.

^,0X„- k ;̂ /M|íT^ff|«jOXi; IM)

= A„/0X.)A^(0X ) ■ 2/l l [Figs. 6 (e),6(h)], (A3.1)

^,2X,; t,; IM\H,„\n,2X,;k,; IM)

= A,^(2X,)A^(2X3)(2Xj+1)i'*(2X,+ jM{iJ;\^)M{iJ;X,)/AE [Figs. 6(i), 6(j)], (A3.2)

^^OX,; k ;̂ IM\H^ff\n,2X,; î ; IM)

= - A „/2X jA ^(0X ,)i?íilti^í^^M il^^6 ,,s ,M (*,;;X ,)M (¿ ,;;X ,)/A £  [Figs. 6(e),6(d)], (A3.3)

(WjOXj; k^; IM\H^f,\nfiX^; i\; IM)

= -A„^(0X,)A^(0X,)(2X,+ l)>^n2X,+ l)^^^E5,jj J jM (*,j ;X jM (*j;;X ,)/A E  [Figs. 6(e), 6(f)], (A3.4) 

^,0X,; IM\H^„\n^2X; t„- IM)
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= A„J2X,)A^(0X,)(2X,+ l)‘ “̂(2Xi +

where

s,= l (ü j=k)

= -l (iij=i).

J  ^2

/  X,
M(JiJ;X,)Mii^j;X^)/AE [Figs. 6(a),6(b)], (A3.5)

APPENDIX IV

In this appendix we give the matrix elements corresponding to the second-order effective operator Bj 

for the pickup reactions. Equations (A4.1)-(A4.4) correspond to the graphs of Fig. 7 and Eqs. (A4.5)- 

(A4.8) to the graphs of Figs. 8 and 9. The first cases represent the fact that a single-hole in **"Pb may be 

scattered into a two-hole, one-particle state, and therefore the amount of time during which the pickup 

process can take place is effectively shortened.

(120;i , ;t ,m | B ,^ ^ / (200)|0>

t " s . 7 W i ,  (a 4 . i )

X« n ^

(120; i,; i,m\B  ̂ ^/(200)|0)

1 1 ^M(n X) [Figs. 7(c),7(d)], (A4.2)

■ 2 (2«, +  1 ) 2  ^  * -  - A  » ; ( 0 X ) ] *  [ F i g -  7 ( 1 ) ] ,  (A4.3)
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X. n "<-1/2 '<2

2% /2  ■ ^̂ x/2 - ^  ̂ "(2X) 2€,̂ ^̂  - 2e, - A H .̂(20) 

<¡rí0X ;* 3;t> n |B ,^ /(200)|0)

[Figs. 7(f),7(g)], (A4.4)

[Fig. 8(f)], (A4.5)

M(ii; 0)

^ 9/2 *̂2 - ^>1/2 - 2e, - A  »^,(20)

^ M 2; 0)+ y ^ _____ l___ ,______________ ___________________________________ _____________

^  (2*2 + i r *  - e, +AH^,(OX) 2(e*^ - + A W'(20)_

^ 2A;t.¡;fem|B^j^(200)l0)

’ \ 2 k ^ \ )  2(e*-£ ) + A»',(20) .€*-€ +Air.(20)-

[Figs. 8(g),8(h)], (A4.6)

AH'Í2X)

e*-2e, +e¡ +AH^„(2X)
*  * 9 / 2  ' 2

[Figs. 9(a),9(b)], (A4.7)

= -A,(20)A„(0X)
/ 2X + 1Y'=*

V2* + l / 2 (e*-e,^^^)+AW',(20)

L"‘ ̂  "^1/2 - " ‘ 2 ■ "*9/2 ̂  ̂  S  ̂  - S /2 - "^/2  ^ ̂  "'*<20) - A l̂ -„(OX)_

1 _____________ X)___________________________M(kjt,-Q)

- S /2  - "̂ 1/2 - ̂  2e - 2e + A H',(20)
[Figs. 9(c)-9(e)].

(A4.8)

APPENDIX V

Appendix V includes the matrix elements corresponding to the two-body transfer reaction (see Fig. 10). 

'<^2X ,;¿ ,;/M |[rl“ (fe ,fe ')^ J i|0)

[Fig. ll(a)], (A5.1)

[Fig. ll(b)], (A5.2)

(«2X ,;,- /A /|[rl»0 -,/,^,,)6,^ J i | 0>

= _a^,A„(2X3)<-?^-ÍÍ^<2X + l ) -
[Figs. ll(c), ll(d)], (A5.3)
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[Figs. ll(e), ll(f)], (A5.4)

<nOK;k,;IM\{TÍ^{j,p,,^)b^^J,\Q)

= - A „ ( 0 X , ) 6 , , ( - X . ,  (2X;l±1)!^!(2X + 1 )!^ [Figs. 11 (g), 11 (h)]. (A5.5)
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