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MICROSCOPIC ASPECTS OF PHASE TRANSFORMATIONS IN ALLOYS
Philip C. Clapp

Lecture Outline

Lecture I

1. The General'Problem of Phase Transformations
a) How is a phase characterized, both theoretically
and experimentally?

b) How are phase transformations detected?

c) How can phase transformations be predicted and controlled?

2. Specitfic Examples of Phase Transformations
a) Gas-Liquid
b) Liquid-Solid
c) Ferromagnetic
d) Displacive (Martensitic)
e) Alloy Order-Disorder
f) Rush Hour Traffic
g) Life-Death

h) Marriage

3. Alloy Order-Disorder Transformations: Description and
Characterization
0]

Lecture TII

4. Atomic Pair Correlations as a Statistical Description of
an Ordering or Clustering System
a) The Warren-Cowley Short Range Order Parameters:

Meaning and Use.



5. Measurement of Pair Correlations
a) X-ray Diffraction
b) Neutron Diffraction
c) Electron Diffraction
d) Field Ion Microscope
6. Theory of Pair Correlations
a) The Ising Model
bf Bragg-Williams Approximation
c) Cowley's Equations
d) Clapp-Moss Approximation

e) Cook-deFontaine model and the relationship between

Spinodal Decomposition and Ordering Transformations.

)
Lecture IIX
7. Atomic Configurations of Disordered Phases
a) Computer Modelling from Experimental Data - (Cohen,
Gehlen, Graggqg)
b) Microdomain Models - (Moss, Thomas, Okamoto, Warlimont)

c) Cluster Frequency Distributions from Experimental Data -
(Clapp)
8. Metallrnrgical Effects
a) k-state Alloys
b) Resistance Anomalies
c) Hardening Behaviour
d) "Tweed" structure

e) Frozen microdomains
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9. Possible Alloy Ordered Phases
a) Clapp-Moss Diagrams
b) Richards-Cahn Diagrams
10. Possible Mechanisms of Qrdering or clustering
a) Nucleation and Growth
b) Spinodal Decomposition (Cahn, Cook - deFontaine)

c) Continuous Ordeing (Cook - de Fontaine, Richards - Cahn)

Lecture V
. Compiex Ordering Transformations
a) Long Period Super Lattices: (Sato-Toth, Moss)
12. Theories of Complex Ordering
a) Long range interactions
b) Pseudopotential Calculations
c) Fermi Surface Effects
d) Charge Transfer
13. Critique of Pairwise Interaction Models
a) Strain Displacement Forces
b) n-body Interactions
c) CuPt
t4. Directions for the Future



11.

12.

13.

15.

17.

REFERENCE LIST

J.W. Christian, "The Theory of Transformations in Metals
and Alloys" (Pergamon, Oxford, 1965)

"Phase Stabiiity in Metals and Alloys", P.S. Rudman,
J. Stringer, R.I. Jaffee editors (McGraw~Hill, N.Y., 1967)

L. Guttman, Solid State Physics 3, 145 (1956)

B.E. Warren, "X-Ray Diffraction" (Addison-Wesley, Reading
Mass, 1969)

J.M. Cowley, Phys. Rev. 77, 669 (1950); 120, 1648 (1960) ;
138, Al384 (1965)

P.C. Clapp and S.C. Moss, Phys. Rev., 142, 418 (1966); 171
754, 764 (1968)

H.E. Cook and D. deFontaine, Acta Met. 17, 915 (1969); 19,
607 (1971)

P.C. Gehlen and J.B. Cohen, Phys. Rev. 139, A844 (1965)
J.E. Gragg and J.B. Cohen, Acta Met. 19, 507 (1971)

S.C. Moss, A.I.M.E. Metallurgical Society Conferences; 36,
95 (1966)

H. Warlimont and G. Thomas, Metal Sci. J. 4, 47 (1970)
P. Okamoto and G. Thomas, Acta Met. 19, 825 (1971)

P.C. Clapp, J. Phys. Chem. Sols. 30, 2589 (1969); Phys.
Rev. B 4, 255 (1971)

J.B. Cohen and M.E. Fine, J. Phys. Radium 23, 749 (1962} ;
Acta Met. 11, 1106 (1963)

M.J. Richards and J.W. Cahn, Acta Met. 19, 1263 (1971)

H. Sato nd R.S. Toth in "Alloying Behaviour and Effects
in Concentrated Solid Solutions" edited by T.B. Massalski
(Gordon and Breach, N.Y., 1965)

$.C. Moss, Phys. Rev. Letts. 22, 1108 (1969)

P.C. Clapo in "Ordered Alloys: Structural Applications and

Physical Metallurgy" edited by B.H. Kear et al. (Claitor's
Baton Rouge, La., 1970)



4. Phys. Chem. Solid: Pergamon’ Press 1966. Vol, 27, pp. 391-393.

Printed in Great Britain.

AN INTERPRETATION OF THE COWLEY AND
CHRISTY-HALL THEORIES FOR BINARY ALLOY
SHORT-RANGE ORDER PARAMETERS

PHILIP C. CLAPP
Ledgemont Laboratory, Kennecott Copper Corporation, Lexington, Massachusetts
(Received 4 August 1965)

Abstract—It is shown that the statistical mechanics cnipioyed by Cowley in deriving his equations
for the Warren short-range order parameters (ay) of a binary alloy implies a different definition for
oy at each stage of the derivation, These definitions arc made explicit here and provide an enswer
to the major criticisms of Cowley’s theory made by Hall and others, It is also shown that Cowley’s
theory does include contributions to us from all sites in the alioy which affect a4y in an approximately
correet way, whereas the theory of Christy~Hall includes only the direct ¢, § interaction. It is con-
cluded that Cowley’s theory is an approximate solution of an N-body problem and the Christy~Hall
theory is the solution of a simple two-body problem which has none of the impor.ant cooperative

effeets of an N-body problem.

SINCE the first appearance of Cowley’s derivation(t)
of a theory for the Warren short-range order par-
ameters of a binary alloy, various doubts have been
raised as to the validity of this derivation. Cowley
himsclf has published two subsequent deriva-
tions(2:3) but neither of these new derivations have
completely answered the main criticism which has
been made by HALL®/5) and others in regard to the
encrgy expression which appears in Cowley's
theory. It will be our purpose here to offer a new
justification for Cowley’s cnergy term and to show
that the alternate form of the energy term proposed
by HawLw ez al.4.5) is considerably less exact, con-
trary to their claim of complete exactness.

For purposes of mathematical simplicity the dis-
cussion is confined to a 50-50 binary alloy although
there is no inherent difficulty in generalizing the
following arguments to the case of an alloy of
arbitrary composition.

The configurationgl energy of a particular state
of an AB binary allgy is given by:

E(o) = 3} > Viouog )

8,j
where the double sum is over the NV sites ¢ of the
crystal and the variable a4 is +1 or —1 according

to whether an A atom or a B atom occurs at site §
for the specific configuration in question,

The Warren short-range order parameter oyy
may be shown to'be equivalent to the grand
canonical average of the binary variable ooy, i.e.

* <= 10y exp(—BE(a))

wy = (o) = Z k=1,N
Ty=i Z exp(-‘-ﬂE("))

op=k

@

where B is the Boltzmann factor (kT)~! and the
sumn is over the two values of oy for k= 1to N
(i.e. over the 2¥ states of the grand canonical
enscmble).

Cowley uses oy in three separate ways with no
symbolic distinction and therein lies the confusion.
We shall_label these separate quantities ag, oy
and o). a}, is the value of (o¢y)in a particular con-
figuration. oy is the average of ag over a certain
subset of states in the grand canonical ensemble,
which will be specified below. Finally, o is the
average of az,l, over the entire grand canonical
enscmble as defined above by equation (2).

Cowiey’s procedure may now be interpreted as
follows: a particular site 0 is chosen as origin and

n
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the encrpy of a configuration (given by equation 1)
may be exactly rewritten as:
F(a) ~ (3)

1 2. Vifloooi)(oo0y) =

12 Vipgay,
t.J .
since ageap = 1 identically. Equation (3) may be
identified with Cowley's energy expression appear-
ing in Ref. 1.

U~ Uo = a 2;2’: Vg/oua, (Cl)

Interpreted as the encrgy of a smglc configuration
the nprusiun is exact. ‘I'he pomt in writing the
cnerpry in this manner is that it is now expressed
centircly in terms of independent variables, In
specifying a particular configuration N numbets
are heeded. These may be the values of the
N rn' or alternatively the values of the N—1
ag's .md 0. Lonscquent]y once the «g,'s are
chosen oe, (rf # O) is a dc cndent variable whose
value is gwm by az(,pa(,, t is apparcnt then that
equation (1) written in terms of the ay's, i.e.

- *?:: Vil (1a)

contains mostly dependent variables and this will
be an important reason for avoiding its use in the
following development, since the variational pro-
cedure used by Cowley and Christy-Hall requires
independent variables.
We now introduce a sct of states by considering
# shell of sites around the origin at some constant
ratdius, 'I'he nth shell contains Cy sites and the
vitlue of a:,,, averaged over this shell for a par-
ticular configuration will be called ap, and is
given by:
Ayy = '_,‘(“(‘m,'*'“(l)n;*' - +°‘|1m¢ ) 4
The allowed values of u(,,,' arc + 1 so that uo,, will
range between 41 and —1. Now imagine all
possible rv\rrnngtmtnts of this configuration
which maintain ag,, for cach shell constant. This
is a subsct of states in the grand canonical en-
semble and is uniquely specified by the «g,
parameters. The grand canonical ensemble will be
cxbausted by ranging ag, over its possible values
for cach shell #. Y'he number of states in such a
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CLAPP

subset is given by
1—1 Ch!
(Cnf2)(1 = 05,)] H(Caf2)(1 +a5,)]

n=-1,M
(5)

where the product is taken over the M shells in
the lattice. Equation (5) corresponds to Cowley’s
calculation®® of the number of possxblc arrange-
ments if his «os is Interpreted as og,. Conse-
quently the entropy S(a?) of a subset may be cal-
culated from

W((t‘) ==

S(t) = —FkIn W(a,) (6)

Cowlcy now used equation (C1) as the ‘average’
encrgy to put with the above entropy term in a
calculation of the free energy. CHrisTY and HALL®)
assume that Cowley means the average energy of
the grand canonical ensemble and point out quite
correctly that this usage would be in eonsiderable
error. However, since Cowley combines this
energy term with the entropy term of a subset he is,
in fact, using it as the average encrgy of a subset.
To calculatc the average energy of a subset, it is
necessary to calculate the subset average of agai,
in equation (3). Since the ag,’s on different shells
are indcpendent variables, the average of theit
product is the product of their averages, i.e.

' <°‘tlu°‘t1u s = <°‘%u 28 <°‘(1u s = aggragy (7a)

For the same subshell as, and aép are not quite in-
dependcnt since they are subject to the constraint
in equation (4), but to a good approximation (es-
pecially for shells with many sites) one may write:

<°‘(xu°‘(lu' PR <¢¢lu dedadyds  (7b)

and hence, the average energy of the subset is
¢losely approximated by

(8)

E(@) =} D Vieleel,
"’
The free energy of a subset is then:
F(a®) = E(a®)~—T-S(«*) 9

This expression is a function of the inde/)endent
variables ag, so that the free energy may Le
minimized with respect o c2ch 2d, separately by
setting OF(af}/3e], egnal to zero forn=1,...,, M.
The values of ug, so determined may be identified
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with the grand canonical average g, by the classi-
cal argument that those subscts of states which
have tie lowest free energy will provide the
dominant contribution to the grand canonical
average.

Up to this point all that has been determined
from minnnizing cquation (9) arc the grand canoni-
cal averages of the correlation ag, between the
origin site and the other V-1 sites of the lattice, and
corrclations such as ayy(s,j#0) are as yet un-
determined. If the values of oy, which minimized
equation (Y) belonged to asingle subset, the relation
oty = g+ ogy would still hold but, in general, the
cquilibrium values of o, are an average over a
group of suhsets and hence oy cannot be calculated
from this relation. It is possible to argue, however,
that the grand canonical average must have the
same translational invariance as the lattice and
therefore 7y == ag, where { and j are separated by
the same vector distance in the lattice as 0 and n.
U'his transiational invariance does not, in general,
hold for a given subset of the grand canonical
cusemble.

I'he primary crror in the attempt of Christy
and Hallth to improve on Cowley’s theory is that
they have misinterpreted Cowley’s energy  ex-
pression i equation(9)as a grand canonical average,
rather than the energy of a subset, which 1t must
be i order for the variational procedure in which
it 1s used to have any sense. ‘[his error in inter-
pretation leads them to a replacement of Cowley’s
energy evpression (equation 8) by the expression

Ir 0) Z VU‘XU (CHI)
t,J

in the free energy cquation {(cquation 9). They
claim this expression to be exact, which it is,
whetlier one takes it to be the energy for a single
configuration, for a subsct average or as the grand
canonteal average with the appropriate inter-
pretation of ayg in cach case. However, to remove
the d pendent variables (the ay’s where neither
¢ or j = 0) from their energy expression they use
the translational invariance oy = ap, appropriate
only to the grand canounical interpretation. Since,

for the variational calculation which is the next
step in their development, E(«) must be inter-
preted as a subset energy, this assumptiott of
translation equivalence is a serious error and is
primarily responsible for the poorness of their
result. This error is tantamount to discarding all
tems in equation (8) which represent interactions
between shell sites, i.e. equation (8) is reduced to

E(@) = } 2, Voug, (10)
i

The cffect of this is that the correlation which they
calculate between sites 0 and 7 depends only upon
the dircct interaction between these two sites and,
in fact, one can derive their equations for ag; by
discarding all the other sites and interactions in the
crystal and retaining only the two sites 0 and 7 and
the direct interaction Fy;. Consequently, their
solution is equivalent to a two body solution and
retains none of the more complex features of an
N body problem.

A prcvtously publlshed letter by the author®
has given an exact expansion of g, of an AB alloy
which makes a direct comparison between the
theories of Cowley and Christy—Hall possible, term
by term. In a forthcoming publication by S. C.
Moss and the author,(? an exact expansion for
ano for the gencral case of an alloy of arbitrary com-
position and range of interaction is derived. This is
used to analyze the theories of Zernike and Cowley
and to suggest a new cxpression for the og,’s.

Acknowledgement—1I1 wish to express my thanks to S. C.
Moss for a number of illuminating discussions.
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NECESSITY OF SECOND-NEIGHBOR INTERACTIONS IN ISING THEORIES OF ORDERED
ANTIFERROMAGNETS AND ALLOYS ON FACE-CENTERED CUBIC LATTICES

Philip C. Clapp

Ledgemont Laboratory, Kennecott Copper Corporation, Lexington, Massachusetts
(Received 8 March 1966)

A number of recent advances have been made
in discussing the ordering of face-centered
cubic lattices within the framework of a near-
est-neighbor Ising model.*™ The purpose of
this Letter is to point out that second-neigh-
bor interactions must be included in the theo-
ry, if the theory is to be used for predicting
the properties of real systems.

Danielian® has shown that assuming a positive
value for the nearest-neighbor interaction and
neglecting higher-neighbor interactions, the
ground state of a face-centered lattice is de-
generate and may be described as having one
of two possible configurations for each 100 plane
normal to, say, the x direction. The two con-
figurations, denoted by [ and II, are shown in
Fig. 1.

This leads to a “ground state” which is 2R-
fold degenerate, where R is the number of 100
planes (=N'/% in a lattice of N sites). This state
is partially ordered in that it possesses per-
fect long-range order in directions within a
plane but is completely disordered in direc-
tions out of a plane.

The question now arises as to whether phys-

ical systems (such as binary alloys) which are
well described by an Ising Hamiltonian might
show a transition at some temperature to this
partially ordered state, and then perhaps show
a second transition to a perfectly ordered state
at a lower temperature due to very weak high-
er-neighbor interactions. Such double transi-
tions are theoretically expected® and do occur
in body-centered A,B alloys (e.g., Fe;Al").
Since higher-neighbor interactions are prob-
ably always present to some degree in real
systems, theoretical predictions based on near-
est-neighbor calculations are tenable only if
inclusion of very weak higher-neighbor inter-

- - + o+
+ + o+ - - -
- - + o+
+  + o+ - - -
I o

FI1G. L. The two possible configurations of a 100
phase in the ground state of an fcc antiferromagnet.

E539 1-2 687
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actions does not alter the results significantly.
We shall now show that consideration of high-
er-neighbor forces radically changes the low-
temperature properties of this lattice. Intro-
ducing a second-neighbor interaction V, (1Vy/
V,1<«< 1), the energies of the 2R degenerate
states are changed by the amount

R
2/3
AE =Ny Z)ls sl+2 2NV2, (1)

where §; = +1 if the ith layer i8s in configuration

I and -1 if in configuration II. This is readily
recognizable as the Hamiltonian of two inter-
penetrating Ising linear chains having nearest-
neighbor forces with an added constant energy
due to interactions within the 100 planes.

This splitting of the 2R states is so strong
(due to the N?/3 factor) that only the lowest en-
ergy state of these 2/ states need be considered
in any thermodynamic average for this lattice.
This may be seen by comparing the free ener-
gy of the lowest energy state (F,) to that of the
rest of the 2R states (F,). One has

F -F = (Ee -E 0)-kT In( g, /go)
= N?/3| V2 | ~kTN31n2. (2)

The inequality has been calculated by letting
all the (2R -1) excited states have the energy
of the first excited state. g, and g are the
number of excited and ground states, respec-
tively. The statistical weight of all the excited
states relative to that of the ground state in

a thermodynamic average is
1 [ A an]
exP{_kT(Fe-F o)}“"p\ N R TN (é)

which becomes arbitrarily small as the limit
of N - » is taken, regardless of temperatures.
1t is seen that |V,| need only be greater than
N~ for this result to be valld, a very weak
interaction indeed.

Two points can be made in conclusion. Dou-
ble transitions of the type we have described
are thermodynamically impossible for face-
centered cubic lattices. Secondly, some meth-
od should be used in calculations of the low-
temperature properties of such lattices to be
sure that the partially ordered states have no
effect on the result. These conclusions are
true for A,B alloys as well by simple extensions
of the above arguments.

It may be remarked that Danielian’s low tem-
perature partition function for this lattice? can
be easily modified to conform to the above
restrictions by eliminating the factor 2R which
appears there.
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Exact Relations between Triplet Probabilities and Pair Correlations
in AB Binary Alloys and Ising Spin-} Systems

Paiip C. Crarp
ledcemont Laboratory, Kennecott Copper Corporation, Lexington, Massachusells
(Received 21 June 1967)

‘T'he probabilitics for triplet occupation in an A B binary alloy (or spin one-half Ising magnet) are found to
be exactly expressible as linecar combinations of the three pair correlations if the configurational energy of
the system possesses a certain symmetry. The required symmetry is that the energy be invariant when all
A atoms are replaced by B atoms and vice versa (or all spins are (lipped). Systems having only pairwise or
even particte interactions satisfly this requirement. Roberts’s vatues for the pair correlations in CuAu at
various temperatures are used to calculate the probabilitics of scveral triplet configurations. The results
are somewhat paradoxical and can probably be attributed to the tack of a size-effect correction in Roberts’s
data. Fquations for the triplet probabilities in alloy compositions other than 50-50 are also given; but these
require a fourth parameter, the triplet correlation, which is not yet availahble experimentally.

S‘IN(‘I", the first detailed measurement by Cowiey!
J of the pair correlations [or Warren short-range-
order (SROY parameters] for CuyAU, it has become
possible to experimentally determine the pair correla-
tions in favorable alloy systems up to distances of the
order of tenth nearest neighbors. 1t has long been known
that a knowledge of the alloy composition and the
Warren SRO parameter aq; was suflicient to determine
the four pair probabilities P44, P A8 P BA P BR
and to thus provide a partial deseription of the atomic
artangement in the alloy. What has niot been generally
realized is that for the special case of a 50-50 composition
adloy, the cight triplet probabilities P44, Pipe? 18,
cle., are also directly determinable from the pair corre-
lations «,, a,r, and az provided that the configurational
energy of the alloy is a sum of only even number particle
interactions. e is normally assumed thal the configura-
tional enerypy is a sum of pairwise interactions, in which
case the equalities to be derived below are valid. Con-
versely, i i1 hecomes possible to measure triplet corre-
ltions (as suggested by Cowley?), an observed violation
of the cquations would indicate the importance of three-
particle (or higher odd number) interactions,

We shall use the occupation numbers ¢, to de-
seribe any state of the alloy or spin system where
o, (11, D)if site 7 is occupied by an (4,B8) atom or
equivalently an (up, down) spin. We will not continue
to discuss the spin problem explicitly but it will he
understood that all the subsequent arguments apply to
the spin problem by replacing ((1,8) atoms by (up,
down) spins.

3@ — ®2

23

16, 1. lustration of a configuration which would contribute to
Pyt Site 1 can he taken as any ol the N sites in the crystal
Tat sites 2 and 3 must always have the same orientation and
distance relative to site 1.

V). ML Cowley, Phys. Rev. 77, 669 (1950).
2] M. Cowley, J. Australian Tnst. Metals 11, 258 (1966).

164

We note the following useful relations:
ait=3(1+o)=(1,0) if an (4,8) atom is at site ¢,
o=} (1—0:)=(0,1) if an (A4,B) atom is at site i.

[t is now possible to write definitions for the pair and
triplet probabilities in a general form

N-1

1
PuYY=3 (v p(V)— X ouFon YY), (1)
k1 N ™0

] N 1
LSTT YZE%.(ﬂP(Y); TZEO oy Y00 .Y0s,.%]y), (2)

where X, 17, Z can cach be assigned A or B. One of the
four possibilities in (1) 1s /121% which then means the
statistically averaged probability that an 4-B pair will
he found separated by the distance 7y2. One of the eight
possibilitics in (2) is ’125"#4 which is the probability
that a triangle of sides 713, 723, and 7y will be occupied
in the manner shown in Fig. 1.

The summation over v refers to a sum over all the
possible individual configurations of the alloy on the
N sites of the crystal, there heing N!/(V/2)2 such
possibilities for an .18 alloy. p(y) is the usual thermo-
dynamic weight factor ¢ 87,3, ¢=#H. The sum over 7
is used 1o average over all pair sites separated by a fixed
distance ryp or, in the case of Eq. (2), over all triplet
sites which form a triangle of fixed dimensions rys, 7o,
and r31. The notation (y! - - - |v) merely implies that the
value of the quantity inside the brackets is to be
calculated for the configuration v.

As an example, consider the probability J%jg,184
given by Eq. (2) as follows:

No1
Pras*BA4=3 "y | p(YIN7 X a1y 4001 Pasi 1] y).
Y

=0

The product o14:%02, %03, .4 will have the value 1
only if the threc sites are simultaneously occupied in
the fashion indicated, otherwise the product vanishes.
‘Thus, swnming this operator product over r connts

1018
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precisely the number of triplets for the y configuration
(out of a possible total of N) that are occupied in the
required way. ‘T'he summation over y then accomplishes
the thermodynamic averaging of all configurations.

We shall now postulate two separate conditions:
I: IFor every configuration vy in the epsemble there exists
an inverse (7) obtained by replacing every 4 atom by
a B atom and vice versa (i.e., all the o’s change sign).

The thermodynamic weight factor has the sym-
metry properly p(y)=p(¥), i.e.,, H(y)=H (7).

Condition [ is clearly satisfied for the ensemble of
possible configurations of an A B alloy but will not be
satisfied for canonical ensembles of other compositions.

A specilie example of a Hamiltonian that satisfies
condition 11 would be the general #-particle interaction
Hamiltonian

N N
=3 Voot 3 Vipooox
i ik
+ Z Vimoiooet--+, (3)
v ik

if the terms containing odd numbered products of ¢’s
vanish. ‘Fhe usual poirwise interaction model assumes
all but the first term are negligible.

I'rocecding 1o a calculation of the pair and triplet
probabilitics by using the relations for o4 and ¢,f in
terms of oy, and using the notation

Z 0'1|10'2)10"Hrl7>x

(5 105903) = Z(’Y| P('Y)
we hive

P = Y14 (o) + (e2)+ (o102)) -

But (o)) {oy)=0, hecause this is simply the difference
in the fraction of 1 and B atoms in the crystal. Hence,
by omission of such terms one has

PupAt=1(14{o103)), (4a)
Ppt?=1(1—(0w02), (4b)
Pyuft=1(1—(o102)), (40)
Py (- {o102) - (4d)

The pair correlation is simply the Warren short-range-
order parimeter oy and the equations state the familiar
fact (at all four pair probabilities depend on a single
experimentally determined parameter

The triplet probability £e3444 hecomes

s (Ut (o) F (o4 (o) {o102)
+(o203)+ (7301)+ (010203))

and we note that the triplet corrclation  {o10203)
vanishes, because for every contribution to the sum
from  thereis an exactly cancelling contribution from

s P, C. Clapp and S. C. Moss, 'hys. Rev. 142, 418 (1966).
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7, e, p(Y)=p(7) but (y|oiows|v)=—(7lo10203|7).
As a consequence, the eight triplet probabilities can be
written entirely in terms of the pair correlations ayj
as follows:

P44 =Py 88 =§ (14-a10tass+aa) ,

(Sa)

P1agA4B =P84 = (14+ann—an—as), (5b)
PP 4= P88 =t (1 —aptay—as), (5¢)
P12 BA= PP B=§ (1 —ap—antasn). (5d)

For the more general situation where either condition
I or I or both are violated, {s10203) need not be zero
and the triplet probabilities now depend on five
parameters as follows:

Proy44 =3 (14-3ctare +a2d +an'+1123),  (6a)
P1osBBB=F(1— 3¢+ +tons +as’ —71125),  (6b)
ProgA4B =} (14-ctard —a2s —aa’ ~7123) (6¢)
P1asBBA=3 (1 —c+oud —aos’ —as’ +1123) (6d)
P12 =3 (14 c—and' +az’ —as’' — 7123) (6e)
PrasABB=§ (1 —c—ans +ass’ —as'+ 7123) (6)
PiogtPA=§ (14 c—ons —ans’+an’ —1123), (6g)

PB4 =§(1—c—aw'—os'+as’+7128), (6h)

where ¢ is the difference in the fraction of 4 and B
atoms, «;; is the quantity (1—52)¢zz,,-i-c2 and is identical
to (a,o,) and 7125= (010503). It is apparent that various
pairwise combinations of the triplet probablhtles can be
found that are independent of 7123, but this is not as
uscful for describing a state of order.

As an application of Egs. (5a)-(5d), we consider the
alloy CuAu. Roberts* has mecasured the ay's out to
eighth-neighbor separations at several temperatures.
above T,. Unfortunately, the a;;’s were not corrected
for size effects, which are large in this system as shown
explicitly by Borie.® Thus, the a;,’s reported by Roberts
should not be taken too literally, and we shall use them
here primarily for purposes of illustration. They are

Tasir 1. Pair correlations (a;) for CuAu (7°,=408°C).

Ncn;,h-

bor dis- Per-  Quenched Held Held

tance, fect from at at Perfect
i order 500°C 425°C 525°C (lisordcr
1 -1 —0.158 ~0.123 —0.118  0.000
2 +1 +0.210 +0.048 —0.002 0.000
3 —1 —0.048 0.00 0.00 0.000
4 +1 +0.153 +0.07 +0.05 0.000
5 —3 —0.050 —0.03 —0.03 0.000
6 +1 +0.093 +0.03 +0.03 0.000
7 —3 —0.035 —0.02 —0.02 0.000
8 +1 +0.070 +0.02 0.00 0.000

¢ 1. W. Roberts, Acta Mct. 2, 597 (1954).
3. Borie, Acta Cryst. 14, 472 (1961).
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116, 2. Sites used for the calculation of triplet
probabilities in CuAu.

listed in Table I along with the a;,’s for perfectly
ordered and perfectly disordered samples.

('uAu is an interesting example to study because the
symmetry of the crystal changes from cubic to tetrago-
nal upon ordering. The ordered phase may be described
as cven-numbered 100 planes of a face-centered cubic
lattice occupied by one type of atom and odd-numbered
100 planes occupied by the other type. Since three
points are required to define a plane. the triplet proba-
bilities have an advantage over the binary probabilities
in that they can provide an answer to the question of
whether such layering occurs on a small scale in the
disordered state, in anticipation of the ordered structure.

Although we could, in principle, calculate probabili-
ties of any triplet which did not contain a pair separated
by more than eighth-neighbor distances, we shall confine
our attention ta the cluster of sites shown in Fig. 2. All
the sites of the cluster are nearest neighbors of site 2,
and we shall calculate the triplet probabilities for the
case when sites 1 and 2 are occupied by A atoms.

Tanre I. Triplet conditional probabilities [P (;#{1244)] for CuAu.

Cluster Quenched Held Held

site Perfect  from at at Perfect
j order  500°C 425°C 525°C disorder
3 1 0.688 0.640 0.634 0.500
4 0 0.469 0.543= 0.568* 0.500
N 1 0.622 0.570 0.567 0.500
0 0 0.503» 0.530° 0.539+ 0.500

. V:ulm-.:q \Qluich ;u(: |»:l:;(ll»;(‘;;:l| in the scnsc—l;;lhey do not lie betwe«:n

the petlectly ordered and perfectly disordered values.

PHILIP C. CLAPP
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Equations (5a) and (5b) yield

Prj*44=§ (14201t a;),
PryA48=§(1—ayj).
In particular we shall calculate the conditional
probability P(;2]1244) of a Batom at j given an 4 atom

at 1 and 2, i.e,
PlszAB l_alj

P(,B|1%4)= = .
PgjA 44+ PryA48  24-2ay

Since sites 3, 4, 5, and 6 in Fig. 2 are first, second, third,
and fourth neighbors of site 1, we have aiz=a1; auu=as;
ap=a3; ajg=as. The calculated values of P(;B]1214)
appear in Table II. We see from the column of values
for the ordered structure that placing an A atom on
sites 1 and 2 resolves the ambiguity of whether the
layering occurs on the 100, 010, or 001 planes, in that
sites 4 and 6 are forced to contain A atoms, and sites
3 and 5 are forced to have B atoms. If layering also
occurs in the disordered state this should appear as a
value of less than 0.5 in the table for sites 4 and 6 and a
value greater than 0.5 for sites 3 and 5. Only the
quenched saniple seems to come close to satisfying these
conditions. The values in the table marked with a letter
are those that do not satisfy the layering condition and
we note that although 3 and 5 are preferred B sites in
all cases, the paradoxical result emerges that at 425
and 525°C locations 4 and 6 also appear to be preferred
B sites.

However, as we noted before, Roberts’s results do
contain significant errors and he comments that «, in
particular is probably much too small. Increasing a; in
our equations would affect only site 4 and change it in
the direction of being a preferred A4 site.

In conclusion, it may be said that the results for
CuAu are ambiguous and that a better picture of the
disordered state in this system will have to wait for
more accurate values of the a;;’s. When such measure-
ments are available for this and other A B alloys, the
triplet probabilities should provide a critical test for the
importance of higher particle interactions in ordering
processes when the direct measurement of triplet
probabilities becomes feasible.
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An exact expression for the corred vion functions (or Warren short-range order parameters) of an alloy of
arbittary composition and range of interaction is devived in terms of the Flinn operators. An approximate
method of solution i fonnd hy replacing certain operators by their averages, One such choice leads to the
caquations formethy dedaced by Cowley, and constitutes an wliernative derivation of Cowlev’s theory. A
second chioice vielIs Zerike's equations and provides a metiod of comparing the approximations inherent
i these two thearies Linadiv, a third solution is supgested which appears to have the same order of accuracy
as the tormer fwo, lot which has the advantage of being exactly soluble. It also provides an inversion
fornula which, in theary, can be used to infer the form of the two-particle interaction energy as a function
of distance in the crystal The theery is valid only above the ordering temperature of an alloy, but may be
used with eeual facilive: for avariety of alloys with differing compositions and ranges of interaction.

[. INTRODUCTION

T cemral probleny considered in this paper is

that of determining theoretically the correlation
functions of & binary allov. 'The more familiar question
of finding the long- and shart-range order parameters
of an allov is o special case of this general problem. We
contme ourselves to the assumption that the configura -
fional eneren ol the allov is wlequately approximated
by the following pair Thaniltonian
1l | I L I | y Vit l'”lrn(,’n"}u

Lo

, ‘; I',."”‘”:"'U'w ":“”1'1) J' (])

where 7, jarcler tothe sites of aregnlar vighd Lttice and
o, e wie e oncupation numbers for cach site. If) in
acparticular statc of the crvstal, site 7 is oceupied by an
Patom, o' P e - 0amd if by o B8 atom, ¢,'=0),
o0 the energy of interaction between an
tatom on site fand a B atom on site ) and s assumed
snmmetrie with respect to the interchange of site labels,

The correlation limetions we seck are the themo-
dvnamic averaves (o, e M T e, M) ey, and are detined
as follows

D SO A S A Y

the Boltzmam
aes of the svstem

and

teraperatine e

where g Vol wd - are

constant and
Sy1ocorrespond o al
A atoms andd ¥V
total numbcr
with Vi Ny .

The theory of Tinary allovs hased on the Hamibtonian

possible configurations of 4
Boatems arrneed on Y osites, The
Terent states s therefore V9OV LV 0

cven above isomathematio, Oy equivalent in most re-
pects ta the Tsing theory of manenic svstems so that
many ol the results abtained Tor the spin-spin correla-
Syetome

tion functions in maeneti can be translated

Supportad b o st bome the

VMot b oerpy Con,
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into predictions for the alloy correlation functions. Since
an exact solution for the Ising linear chain with mag-
netic lickd has been obtained for the case of nearest-
neighbor interactions ouly, this constitutes an exact
solution for a one-dimensional binary alloy of wnv
composition with the same restriction on range of
interaction. Similarly, Onsager’s exact solution' of the
two-dimensional Ising lattice with nearest-neighbor
interactions in zero magnetic field is equivalent to a
complete deseription of a two-dimensionad binary alloy
of 30-30 composition.

There are no complete solutions for three-dimensional
Jattices and so one must resort to either so-called duster
approvimations which give a solution in closed form at
all temperatures or else some form of high- or tow-
temperature expansion® which is valid only in a limited
temperature range. Although these expansions have the
salisfving feature of exactness (apart from truncation
errors! they are very tedious to carry out for interactions
which have a range greater than nearest-neighbor dis-
tances. Furthermore, @ new expansion must be com-
puted for each correlation function, for each lattice type,
and for each composition. The only high-temperature
expansions for more than first neighbor correlation
functions that we are aware of are contained in the
work of Ognchi ? Oguehi gives expansions for the correla-
tion functions in the 100 direction of an A B alloy with a
simple cubic lattice. 1t i< dlear that a single expression
for the correlition functions would be extremely useful
for experimental analvsis if it were reasonahly accurate.
For this reason our development will he mare akin to
the uster approach.

Work in this direction on the correlation functions
has previousl heen done by Zernike! and Cowlev. The
PLLoOnsager, Physs Revo o817 1o,

?See for example Co Dot Adsan Phies, 90139 (1960,

I Phee Soc Japan 60 31 105

Sl Zeraibe, Phivsica 7030~ (1010

SN Condev Phaess Rev 77, o CTOA0 - 120, 1648 oot
13S0 NN (1905,
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recent work of Christy and Hall® is closely related to
Cowley’s theory, and the theory of Elliott and Marshall”
as it applies o allov systems is directly related to
Zernike’s work. Although Zernike and Cowley appear
to have approached the problem from quite different
directions, it will he part of our purpose to show that
their approximations are quite closely related.

The above fact will emerge in the» mathematical
development presented in Sec. IIT of a general expres-
sion for the correlation functions of a binary alloy with
arbitrary composition and range of interaction. This
expression is exact and may be solved approximately by
replacing certain operators by their averages, the choice
being guided to some extent by physical arguments, Tt
will be shown that one choice leads to Cowley’s theory
and a second more complex choice to Zernike’s theory.
Also, it will be possible to judge qualitatively the con-
ditions under which each of these two theories con-
stitutes a reasonable approximation.

In Sec. IV a third approximation to the exact correla-
tion function equation is proposed which leads to a new
theory of correlations in alloy syvstems, and which
appears to have the same order of accuracy as the
approaches of Cowley and Zernike. Furthermore, this
theory gives a lincar set of equations which may be
solved in closed form, unlike the equations of the two
preceding theories. It has, however, the disadvantage
that the theory is valid only above the ordering
temperature.

Section 11 introduces the operators, the statistics, and
the transformations necessary for Secs. TIT and IV.

In a succeeding paper® (Part T1) it is intended to
apply the theory outlined in Sec. IV of this paper to
current experimental results for CusAu and, possibly,
CuZn.

II. MATHEMATICAL DEVELOPMENT
A. The Grand Canonical Ensemble

The Hamiltonian given in Eq. (1) can be rewritten
in a more compact and useful form by introducing
operators (4,) which are called spin-deviation operators
in magnetism and Flinn operators®® in alloy theory.
They are defined here as

=2 ~mp)=2mp—0%), 3)

where ma=N4/N and mp=Nyu/N. These operators
have the property that 3,=2mp if there is an 4 atom
at { and = —2m4 if a B atomis at site 7.'° Introduction
of these operators in Eq. (1) vields

N
H=41 T [Vi*+Vy'@te)+Vies,] (4
L)
5. 0. Christy and . L. Hall, Phys. Rev. 132, 1959 (1963).
7 R. J. Elliott and W. Marshall, Rev. Mod. Phys. 30, 75 (1958).
#S. C. Moss and P. C. Clapp, Phys. Rev. (to be published).
‘T A I"linnl Phys. Rev. 104, 350 (1956).
® Flinn’s detinition is @,=+mp, —ma.
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with

ViP=3 (VoA V, BB 2V a8) Ly s (1, 44— V28)

and
Vﬁ: % ( V"jA A + V.‘}BB"‘ 2V.,““’) .

N
Since 3.1 &, has the san.e value for all states of the
system (in this case equal to zero), the terms in (4)
containing V,;' can be dropped. The V,,® term may be
eliminated for the same reason and the resulting Hamil-
tonian (5) will give all the essentials of the problem.

N
H=+3}3 V6, (5)
(%)

If V,; is positive the system prefers unlike atoms on
sites 7 and 4, and like atoms if V; is negative.

Before we attempt to evaluate thermodynamic aver-
ages such as (2), the task will be made simpler by
changing from a canonical ensemble to a grand canonical
ensemble. This will mean changing the set of allowable
states from all configurations of N, A atoms and N
B atoms op VN sites to the larger set of all configurations
in which each site has either an 4 atom or a B atom
with probability m, and g, respectively. An average
in the grand canonical ensemble of some arbitrary
function, F(d,), of the &,’s, is defined as

(F(3))= 3 F(3:) w(@)w(ds) - -wl(@n)ePH/

T k=t

Y w@)-w(@n)e?®, (6)

Thom 4

wheret:‘,,‘_i implies summing each of the &,’s over the
two possible values +2mp and —2m 4, and the weight-
ing factors w(d,) account for the fact that the + and
— values should occur with the relative frequency
m4 and mp, respectively. Hence, w(di=+2mp)=m4
and w(f;=—2m4)=mp. We may write w(d;) as
(ma)*s*(mp)°s® and

N
H w(@:) = (ma)=*(mp)2e® (7a)
or
N ma 1/2=Za
I1 w(&s)=(mA)"”(nm‘)MN[(») ] . (7b)
fe=] mp

Equation (7b) follows from Eg. (3). Henceff)rth )
without summation indices will imply a summation over
the N sites of the crystal. Finally, we may wnte
Eq. (6) as

(F(3))= 3 F(a.)e’%e #H/ 3 erF¥ie PH, (8)

» Tk} Th=+

where e*= (m4/mp)''? and the factor Mo is analogpus
to the term e~#N which often appears in grand canonical
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averages and is responsible for making the grand canoni-
cal and canonical averages equivalent in the limit of
large V.

B. Correlations»

We shall now be concerned with tinding the correla-
tion hetween the occupation of some site 7 and a second
site O, which can be thought of as the origin of the
lattice without loss of generality, This will be expressed
in terms of statistical probabilities such as: the proba-
bility that site () is occupied by a B atom, given that
site j is occupied by an .t atom. This conditional
probability is written Pg,”* and the second subscript
and superseript will always refer to the given condition,
In generad, 120, is not equal to P48, Py, %4 may be
written exactly as

Pott= % a,lla,'e BT S g dp BUATE ()

T~ | Akt

o, 15, in effect, a projection operator that allows only
those states for which j is occupied by an 4 atom to
count in the summation. Similarly, o,% selects those
states having a 8 atom on (.

We may wiite expressions analogous 1o Fq. (9) for
cach of the other three bhinary probabilities Pg;*4,
Do, and Po,"P. It is apparent that these four proba-
hilities are not independent since the following relations
must hold:

PoiBA+PoiA4= (10a)
PojAB+ P, PR = (10b)
mlipo,'AB=ﬂl,4Po,'n“. (IOC)

Fqguation (100) follows from the fact that mgPg,48 is
the probability of the simultancous occurrence of an .1
on () and a / on 7, and n 4Pg;B4 is the probability of
/i on O and .1 on j. Thus these weighted probabilities
ditffer only in an interchange of indices which, because
of the assumed symmetry of the crystal, cannot affect
their value,

The three relations among four unknowns allow us
to write all four probabilities in terms of one arbitrary
parameter, which is customarily taken to be the Warren
short range order parameter, agp;.

The four probabilities in terms of ao; are given by
Cowley® as

Lo =ma+mpao;, (11a)
P();'BA =ms— Mpaoj, (Ilb)
Pol‘m= MA—Mao;, (IIC)
Po;"f=mp+m 40, (11d)
and by a simple computation, it may be discovered that
(506;Y=4mampag;. (12)

Since only aq; is experimentally mcasurable it will be
important to have our final results in terms of ag; alone,
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although it will turn out to be simpler to calculate each
of the binary probabilities separately.

Fquation (9) may be recast in a form which will allow
us to obtain solutions in varying degrees of approxi-
mation. This is done by replacing o0® by its conditional
average (i.c., the average of o,” when all other sites in
the system are fixed and & alone is allowed to vary).
This may be seen to be

B .
(008 )oona= 2, 0oP CXP[(—E > l'r)/ﬁf)én]e“‘)
G S

=t

— - (13)
B . -
Z exp <—- Z Vosér)oo Mo
T 2 s
and performing the sum gives
e tma(BEgi Ny
(008 Yo = ——— - —- —= fullio), (14)

¢~ ImalBlg FX)+8+2mn(ﬂEo+M

where fip=—~13, Vo, and may be thought of as
the field which the atom at the origin sees as a result of
some particular configuration of atoms around ()
(specified by the 6,'s).

We shall also need (g,*).0na and it is calculated to be

erAmB(BEQHN)

= fu(Fo). (13)

4
<0'()' )nnnd= i
e—?m,{(ﬁﬁo+x)+e+2mli(ﬂlzo+x)

Using a theorem of statistics (which will be proven in
the Appendix for our particular case), ¢o? may be re-
placed in Eq. (9) by (00%)ena without altering the
exactness of the relation. Therefore, we have

PoBt= 3 fullin)e,'p 2. a,%,

T b

(1o

i &

where p=¢=8H¢*Z%i the grand canonical density operator.

Tt is important to realize what has been accomplished
by this transformation. The correlation between site j
and the origin has been written in terms of the correla-
tion between 7 and the shells of sites around () which
have a direct interaction (1" o,) with O, and the operator
&0 no longer appears in the expression. In essence, the
effect of an | atom at site j on the occupancy of the
origin is now represented in terms of the effect it has
on the shells of sites around O, which, in turn, pass this
information on to O via their direct interactions with

F16. 1. The basic cluster for caleubliting the correlation between
site 7 and the origin in torme of the correlations hetween site
and the neighbors of the origin,
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the origrin site. This is represented diagrammatically in
IFir. 1 where the correlation hetween j and the origin
{shown by a dashed Tine) has been replaced by the
correlations between j and sites f, ) ete. (shown by
wivy lines) and the direct interactions 1o, (indicated
by solid lines) which these sites have with the origin site.

IIT. APPROXIMATE EQUATIONS FOR THE
CORRELATION FUNCTIONS

In this section two methods will be developed for
obtaining approximate solutions to the exact binary
probability cquation | . (16) ] which was given in
Sec 1L

The hest methad involves the use of a frequency dis-
tribution function for /7, and by making a simple
assnmiption about the bhehavior of this distribution
function it is shown that the general equations pre-
vioushy derived by Cowley® result. Furthermore, if a
somewhat more compley approximation is used for the
distribution function, the theory of Zerniket is re-
covered. 1t then becomes possible to compare directly
the hasic approximations of these two theories and to
determine under what conditions each should be a good
approximation,

The second method for solving Eq. (16) approxi-
mately uses an exact expansion of the distribution
functionin terms of its moments. The theories of Zernike
and Cowley are shown to be equivalent to certain
approximations for the successive moments of this ex-
pansion. In addition, this expansion suggests a third
approxiniation which would appear to have the same
order of accuracy as the two other theories at tempera-
tures above the ordering temperature, but has the ad-
vantage of yiclding a set of linear equations for the
correlation functions which are amenable to exact
solution. This theory for correlation functions in alloy
svstems s discussed in detail in See. TV,

A. The Distribution Function

Returning to Eq. (16) we may write the right-hand
side in the form of a sum over the set of discrete values
{/<0} which I, is able to assume:

Pott= 5 gima(lio) fu(Eo),

{Fo)

(17)

where
‘L'j..A(/‘:n) = }_:&.— £ 6(”:0"‘}‘5 Z! Vofa'/)o'zAP//Zik-:i: UI'AP

and 6(/'.‘4)}-% X/ Vofﬁl):l if I',‘o‘:—% Z/ Vo/(?/, and
=20 otherwise.

gy—4(F0) 1s simply the frequency distribution of the
random variable /7o under the condition that site jis
occupicd by an 4 atom, and satisfies the normalization
requirement of 3~ (g, g,=4(F0)=1. Complete knowledge
of this frequency distribution would be tantamount to
an cxact solution for the correlation functions. This, in
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three dimensions, is one of the unsolved problems of
lattice statistics and so we content ourselves with
different possible approximations to g,-a(Lo).

One fact that can be immediately determined about
giwa(lio) is the mean of FEo((Eon)j-a) with respect
to gjma(Fo):

(F0)jma= 2 FEogimalEo)=—%2 Vor(6s)i=a
7

{Eol

=—3 X Vo4 2mpP A4~ 2m 4 PrP4)
s

=—my 2 Vosay;j, (18)
7

where the last equality follows from Eq. (11). Similarly
the mean with the complementary distribution function
g,'_n(l':n) is found to be (Eo),’_n= +m4 Z/ Vof(!,,‘. Our
treatment to this point has been exact and we now
introduce an approximation which will yield a closed
form solution to the problem and will be mathematically
equivalent to Cowley’s theory.
The approximation is

<(/fo)">,‘..,gE Z (Eo)"g,'_A(Eo)E«EO)j—A)" (1911)
1 Eop)
and
((Fo)Yjun= 3 (E0) gimn(E0)=2((Eo)imp)". (19b)
{Eo)

Since a knowledge of all the moments of a distribution
function is sufficient to determine the distribution func-
tion it can be shown that the form of g(k£p) which
satisfies Kq. (19) is a delta function, i.e.,

gima(Eo0)=8Lo—(Eo)i=a) (20a)
gi-8(E0)=8(F,— (Eo);-5) - (20b)

Equation (17) is now soluble and we obtain
Poi*t= fa((Fo)j=a), (214)
POiAB=fA(<EO>i-B) ’ (21b)
Poif4= f5((E0)j=1), (21c)
Poi"P= fa({(Eo0)j=8) - (21d)

Remembering the functional forms of f4 and fp from
Egs. (14) and (15) and inserting the values of (Eo){_d
and (E¢);-p from Eq. (18), the results of the calcglauon
can be put in the following convenient combination

Po;A4PoiB8  (ma+muao;)(mu+maao;)

PO)'ABPO)BA

(1=ao;)*mams
=exp(—28 % Vosay), (22)
/
which is the result of Cowley® with the ditference that

the site indices O, j arc interchanged. Cowley arrived
at Iiq. (22) by arguments which, on the surface, appear
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to be quite different from those used here although the
two arrive at the same mathematical endpoint.

We shall now use the present derivation of Cowley’s
expression to determine under what conditions Eq. (22)
should give a good 11t to experimental results. In physical
terms we have approached the problem of calculating
the correlation hetween the origin and 7 by fixing the
occupancy of site j (to be an .1 atom, say) and trying
to ascertain how this alfects the occupancy of the origin
site. In terms of the operator ¢, before the occupancy
of site j was lixed, the average of &9 was zero, but now
this average will be shifted shghtly (by an amount
va0)jn 2npen,). We have shown that we are able to
calculite the shift in (@0 by another route (sce Fig. 1)
stnee oo s divectly alfected only by the sites [ with
which i1 has aninteraction oy so that the effect of j
on O must be passed through these sites f. Consequently,
fixing an | atom at j can be imagined to “polarize”
shghtly the sites around O which then causes a shift in
wro) fronn its random value, This second way of calcu-
Luing (o), 4 was expressed by L. (16). The condition
that the value of (30);..4 be the same in both cases gives
the set of equiadions for the wg;’s. The approximation of
teplcing g0 ) by adelta function means in physical
tenms that we have assumed that the origin “sees” its
neighbors frozen in their arverage polarized configuration
and does not follow their luctuations about this average.
There are two cases in which this makes rood sense.
The first s at temperatures well below an ordering
temperature in which we know that the atoms really
are frozen iuto a few highly ordered states. In the case
of an LR alloy in a simple cubic lattice two states pre-
dowminate, |1 on « sites with /3 on 8 sites or .1 on 8 sites
with B onasiles. Choosing 7 to be an .1 site resolves this
twofold degeneracy and makes the occupancy of the
neivhhors of O determinate. Consequently site O will
see on the average essentially one conliguration of its
neighbors with decreasing fluctuations about that con-
figuration as the temperature decreases.

The second case in which the distribution function
can be well represented by a delta function is at tem-
peratures abové the ordering temperature when a large
number of sites have an interaction with the origin,
This will bhe the situation when Vg is a long-range
interaction and the dimensionality of the lattice is high.
This may be seen by regarding the operators 6, in
Fo=--32., Vo, as random variables capable of
taking each of two values with a certain probability.
At temperatures well above the ordering temperature
these variables will be only weakly correlated and it is
known from the theory of independent random variables
that a distribution function of a sum of such variables
peaks more and more sharply about (/26) as the number
of variables increases and reaches a delta function form
in the limit of an imdeninitely large number of variables.
Consequently, we suggest that Cowley’s expression will
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be worst for lattices of low coordination numbers and
short-range interactions and best for the converse.

In view of the foregoing, one of the chief criticisms
that can be made of Cowley’s approximation is that it
takes no account of the fluctuations in Eo about its
average value, which can be expected to cause appreci-
able effects near the ordering temperature. It is natural,
therefore, to try to incorporate these fluctuations into
the theory and give a finite width to g(Lp). Zernike’s
theory* and the closely related theory of Elliott and
Marshall” do just this by using a different approxima-
tion to g(f.p) which we will now discuss.

Zernike makes the assumption that the operators
occurring in /5o may be regarded as stochastically inde-
pendent of each other so that if the relative probability
of the two values which each operator is able to assume
were known the probability of any conliguration of the
neighbors would be given by a simple product of the
individual probabilities. In this way he is able to obtain
a first approximation for the fluctuations in Ko about its
average value and arrives at a distribution function
with a finite width.

For the case of an A B alloy with nearest-neighbor
interactions (which is the only case given by Zernike),
any operator ¢, can take on the values 4-1 or —1, Let
us further assume we are dealing with a square lattice
(as in Fig. 1) and the neighbors f, f', f”, and f""/ of O
are labeled from 1 to 4. If there were no constraints &,
would assume the values +1 and —1 with equal proba-
bility, but if the constraint that 7 be occupied by an
A atom (i.e., ,=41) is introduced then these proba-
bilitics are no longer equal. From the definitions of
Eq. (11) we have

Ppt4=Pe=+11¢;)=+1)=}(1+as), (23a)
Py PA=P(e;=—1|a;=+1)=3(1—ay), (23b)
which may be condensed to
P(eslej=+1)=3(1+3dsap), (23¢)
and similarly
P(3s|a;=—1)=}(1—ésay,). (23d)

Using Zernike’s assumption that each neighbor f of the
origin is independently correlated with 7, one may write
that the probability of any of the 24 configurations of
the neighbors of O is

1
DP(5,626354]6;=+1)=— [[ (1 td/ay,).

24 r=1.1

(24)

Equation (24) provides the necessary information to
calculate the frequency distribution

gima(Fo=—%1 2, Vos,)

in terms of the ay’s and it is apparent from Eq. (24)
that since products of the ay;’s occur, gi..(f) will be
nonlinear in the ay;’s. We have drawn the distribution
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functions gjua(F0) and gjop(ko) obtained from the
Cowley and Zernike expressions in Fig. 2 for purposes
of comparison. ay; has been taken as 0.1 independent of
f for the sake of illustration although it is unrealistic
that the ay,’s would be equal at unequal distances. The
last step is to use Fq. (17) to obtain Zernike’s equation
relating ao; to the ay’s and Vo, by performing the sum
over /<. The final result is »

1
ap;= -2':(f4+ 2= 2U_s—t_)(arj+ s+ as+ou;)

1
A= 2+ 2 g—1_¢)
24

(25)

where {,=tank(—nBV/2) and V is the common value
of the nearest-neighbor interaction (i.e., V="Vg1="V s,
etc.).

X {arjegjorsj+ay oo+ arasios i+ azjoniaag)

[) BA _.

| Eol

B’ ar '
==fn(O)+ﬂfn'(0)(/‘:()),'-A+afu”(0)(1’302>,'—,4+ 3 '+—lfB(")(0)(Eo");’-A+‘ Ty
n

where fr™(0) is 3" fs(E,)/d*(BEo) evaluated at BEo=0.
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Since j in Eq. (25) may be taken as any of the J sites
of the lattice (except the origin), Eq. (25) is, in fact,
V—1 nonlinear equations in N—1 unknowns which
must be solved by some further approximation. Zernike
treats this problem in detgil for the cubic simple, body-
centered and face-centered lattices in his original paper.*

B. Moment Expansion for the
Correlation Function

We will now give an expansion for the correlation
functions which will put the theories of Cowley and
Zernike in clearer perspective with respect to each other
and will indicate where possible improvements can be
made in the calculations.

Equation (17) can be written exactly in terms of the
successive moments of the distribution function by using
a Maclaurin expansion for fs(Eo) in the variable 8Eo
as follows:

Lo
> gj-A(Fo)[fB(O)+ﬁEofa’(0)+'——f (OF :'

We may write analogous expansions for the other binary probabilities and by grouping terms obtain:

2apj= P44+ P ;88— P48~ PoB4

62
=B f4'(0)~ f5'0) J[(Fo)j=a— (EO)J’-B]"I"'Z—][./A”(O)- T (0)[(E6")jma—(Eo®jup ]+

IFrom kgqs. (14) and (15) we have

eIMB(BEOHN) __ —2mA(BEO+HD)

Ja(Fo)= fu(Fo)= (@O | ¢ tmaBEOTY)
= tank(BEo+\) (28)
and so we may write Eq. (27) as
2ap;= Z T ()‘)RI' ")J—A_U'O )J—B]’ (29)

ne=l pl

where we definc

(26)
s
+“l[fA(")(0)*fB(")(O)][«Eo)")J-A-((Eo)")f—B]'i" . (27)
n
1.0 - p———
Cowley Cowley
9jE! 9%
R A A T e A et
-2v
8t 8
¢} Zernike 6l Zernike q.ltg
g)(-Eﬂo) \fjhs
K3
2t 2 |
oud ] I | A l l ] L
-2v -v O +v ozv -2V -~V 0 Y 42V
Eo

" tank(X+\)
(M) = —
ax»

Xei

This again is an exact expression for the correlation

F1c. 2. Probability distribution of the field at the origin site as
predicted by the Zernike and Cowley theories for the two cases
of an 4 atom or a B atom at site j. The correlation between j
and the-neighbors of the origin has been taken as 0.1.
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functions, the only unknowns being the moments
(F0")jma  andd we can gain some understanding of the
theories of Zernike and Cowley by comparing their
maoment expansion with the exact series. Iirst, it should
be realized that since (F0); 4.1 15 a sum of two particle
corrclations, the higher moments (/o"),.4.5 are, in
general, combinations of » | 1 particle correlations. In
order to obtain a closed form solution to the problem
these higher moments which occur on the right-hand
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side of Fq. (29) must be broken up in some approximate
way into products of two particle correlations. We have
already seen that Cowley accomplished this by the
breakup scheme (F5¢")jma. 8=l 0)"j=a.n. Zernike, on
the other hand, allows the individual operators in Fq.
(29) to fluctuate about their mean value but assumes
they move independently of each other. This leads to
the following type of decomposition which is equivalent
to Zernike’s approximation.

1Lk
(Fomyiaan=(—=3 2 Vorg)"Vjma.n
s

nl(—3)"
= 2, ((Vowg)™ - - (Vorda)™)mn i
Mook pllﬁg' P!
o=
= - ((Vordg)™)jan - - ((Vorda) ™ )jcan, (30)

Pr---Pk /)l!' . p*!

where the sum 3, .. s taken over all combinations
of the p,’s which satisfy the condition

*
2o p—un.

1—1

k is the number of sites which directly interact with O.
Thisis the mathematical statement that the correlations
with 7 of cach of the f sites surrounding () are to be
retained and the correlations between sites f and ' are
to be discarded, which is Zernike's assumption.

It may he seen that both Zernike and Cowley give
the first term in Fe. (29) correctly but use different
approximations for the sccond and higher terms. In
breaking up  a multiparticle correlation  function
(&1 - -&p), it is reasonable to expect that the best ap-
proximation  would be obtained by retaining the
strongest pair correlations. ‘That is, if &, is strongly
coupled to é:, but not (o the rest, and &; is strongly
coupled to @4, but not to the rest, ete., then one could
guess that a sensible decomposition of the multiparticle
correlation would be (§,6:)(6.64)- - - (¢, 15,). Let us
then consider the multiparticle correlation which oceurs
in the second term of oo (29), (G2 r Vg ) iean. A
particular operitor é, will he most strongly correlated
with itsell and nest most strongly with operators ;- of
those sites which are closest to f. Cowley ignores all
these correlations and ctffectively writes ((64)%);  awn
@Dyl a and (G@Fp )Gy a (G )yman
Zernike alo ignores the second type of correlation (i.c.,
(G76,) = (G, ) bul does keep the self -correlation so
that {(a,") is retained intact. Similar comparisons can
be made hetween these two theories for higher moments
as well.

We may now draw some qualitative conclusions about
the usefulness of Zermke's aind Cowley’s approximations

and the possibilities for improved closed form calcula-
tions. At first glance it would appear that since Zernike
retains the self-correlation and so is able to include a
rough cstimate of the fluctuations of the distribution
function g(/<s) about its mean value, it should be
superior to Cowley’s theory in all cases. This conclusion
is true when the number of operators in fo is small, the
most striking case being the linear chain with nearest-
neighbor interactions. For this problem, Zernike’s result
is very close to the exact expression for the correlation
functions and Zernike correctly predicts no cooperative
transition. Cowley’s theory, on the other hand, is
significantly poorer and incorrectly predicts a finite-
ordering temperature. This defect may be traced directly
to the fact that fluctuations have been ignored. How-
ever, as the dimension of the lattice increases, Ashkin
and Lamb!' have pointed out that Zernike’s result
becomes steadily poorer. This can be understood from
the fact that the neighbors of the central site O are
hecoming more and more correlated with each other via
the increased number of coupling paths present in
lattices of higher coordination. Increasing the range of
interaction has the same ctfect, and this undoubtediy
places Zernike's independent neighbor calculation of
¢(Fg) inincreasingly greater error. On the other hand,
the inereased corrclation hetween neighbors and the
inclusion of more neighbors with i longer range of inter-
action tends to narrow p(lg) and so Cowley's estimate
of g(Fo} hecomes more accurate,

In addition, there is the pragmatic feature that
Zernike's calculation bhecomes extremely ditheult to
carry oul as the coordination number increases and o
our knowledge has never heen attempted for more than
nearest-neighbor interactions, This places it in the same

U)o Ashkin and WL Lamb, Physs Roeve 61, 139 (1943,
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arca of problems which 1t is feasible to treat with exact
high- and low temperature expansions. If one could give
a good it at the ordering temperature, it would still
have an advantage over exact expansions, but it is clear
that this is just the region in which the independent
neighbor assumption will be worst since short-range
order builds up quite rapidly in the neighborhood of the
transition point.

Cowley's theory is best, however, for those problems
for which exact expansions become increasingly tedious,
if not impossible to do with any accuracy (i.e., increasing
coordination of the lattice and increasing range of inter-
action). In addition, the mathematical difficulty in
solving Cowley's infinite set of nonlinear equations to
some approximiation does not increase appreciably for
these more complex cases, so that it is likely that such
a theory will continue to remain useful for some time.
Fortunately, it 1s possible to find a sel of simultaneous
linear equations for the correlation functions which have
the same order of accuracy as Cowley’s nonlinear set
abore the ordering temperature and are capable of being
solved exactly for an arbitrary range of interaction and
arbitrary coordination.

IV. LINEAR EQUATIONS FOR THE CORRE-
LATION FUNCTIONS ABOVE THE
ORDERING TEMPERATURE

Both Zernike and Cowley obtain an infinite set of
coupled nonlinear cquations in the ao,’s which must be
solved in some approximate way to obtain values for
the separate an;’s. It will be the purpose of this section
to show that at temperatures above the ordering tem-
perature a much more practical set of linear equations
for the ap,’s may be used which have the same degree
of accuracy as cither of the nonlinear forms of Zernike
and Cowley. Moreover, this linear set of equations may
be solved exactly for cach of the ao;’s and for any range
of interaction. The solution is such that the pairwise
interaction cnergy can be derived as a function of inter-
atomic distance directly from the experimental data.

Returning to the exact expansion for ap; [ Eq. (29)],
we have already scen that Cowley and Zernike have
accounted for the first term on the right-hand side
exictly but their expressions correspond to some ap-
proximation for the higher terms. Cowley’s approxima-
tion for these higher terms is probably quite bad since
the dominant contributions in these higher order cor-
relations can be expected to come from self-correlations
of site f, and correlations of site f with sites near to f.
These terms are ignored by Cowley’s theory and only
the correlation between fand 7 (which is usually distant
from f) is retained. However, Cowley’s theory does give
quite good results for the ags’s when compared with
experiment 13 from which it can probably be concluded

1A Paskin, Phvs. Rev. 134, A246 (1964).
125, C. Moss, J. Appl. Phys. 35, 3547 (1964).
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Fi6. 3. First-ncighbor order parameters as a function of tempera-
ture above the transition point, computed by the linear approx-
nnation and by Zernike’s approximation for an 4B alloy on a
hody centered  cubic lattice (Cu-Zn). Only nearest-neighbor
interactions are assumed to he nonzero.

that the higher order terms in the expansion are negli-
gible at most temperatures above the ordering tempera-
ture. Consequently, the particular approximation used
for these higher terms will likely have little effect on the
final result. It is then reasonable to suggest that the
higher order terms be entirely neglected and Eq. (29)
be approximated as follows

2a0;=BT1(N)[(Eo)jma—{(Eo)j-8]. (31)

Using Eq. (18) and the definition of A=% In(m4/mpg)
gives

| ;
aoj=—2mamsB 3 s Vosay;. Q/’ h:( (32)

A particular case of this general formula has previously
been used by Walker and Keating!¢ and Paskin!? in a
calculation for 8 Cu-Zn, and Clapp'® has indicated the
justification of this linear approximation for A4-B alloys
generally, using arguments similar to those presented
here. Walker and Keating found that a calculation of
the nearest-neighbor correlation in 8 Cu-Zn at 109,
above T'; gave —0.182, —0.180, and ~—0.171 using the
Elliott-Marshall theory, the Zernike theory, and the
linear approximation, respectively.

For a more detailed quantitative comparison of the
linear approximation, Fig. 3 gives the nearest-neighbor
correlation in 8 Cu-Zn above the ordering temperature
as calculated by the Zernike and linear formulas. 1t may
be noted that the two calculations difier at most by
about 8%, at T',/T~0.8. They are in perfect agreement
at T=T, and have the same asymptotic behavior as
T >,

As a test of an 43B alloy we have compared the linear
theory with the Monte Carlo calculations of Fosdick!®
for two choices of the second-neighbor interaction in
Fig. 4. The Monte Carlo calculations were performed on
a lattice containing 5X5X35 unit cells and periodic

4 C.B. Walker and D. T. Keating, Phys. Rev. 130, 1726 (1963).
16 p. C. Clapp, Phys. Letters 13, 305 (1964).
18 1.. D. Fosdick, IPhys. Rev. 116, 565 (1959).
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boundary conditions were assumed. At temperatures
well above the eritical point, Fosdick’s results are
probably quite close to the exact correlations of an
intinite lattice, but at temperatures near the critical
point (say 7. 17>0.9) his values wil be a much cruder
approximation because of the long-range cooperative
cffects which are now becoming important in an infinite
lattice. Since thisis also the region of greatest inaccuracy
for the lincar theory it is a moot point as to which calcu-
lation is closer to the truth here. For I, 77<0.9, the two
calculations do not differ seriously.

We have not made a quantitative comparison be-
tween the Cowley and linear approximations because of
the inherent difliculty in solving Cowley’s nonlinear
equations to sufficient accuracy to make a close numeri-
cal comparison meaningful.

The set of equations (32) can be diagonalized by
introducing the Fourier transforms of ag, and Vo, i.e.,

1
= / ¥ a(k)emimeeri
Tk

1
['”/:——— f‘l"‘/\’ l'(/\')lf i'.’.vk-r/,
Tk

where 1, is the vector from the origin to site j.

The integration is taken over one unit cell of the
reciprocal lattice, the volume of which is i, Inserting
(33) in (32} viclds equations in terms of a(k) and V(&)
which give the following solution for any value of 4:

(33a)

(33h)

¢

alh) = ——— (34a)

1+2m,1mnBV k)’

1 7 1 -1
o I: 4/:/4‘/«— :I ,  {(34h)
s - 2mam Bl (0)

where ¢ has heen chosen to satisfy the condition

1
Ney)=— /dﬂk Cl(k)=
Tk

Finally, onc has as the general solution for ag;:

—t?wk-r,’
wy =“/(/l< e >
14 2m ymyuBV (k)

Fqguations (38 and (35) can be used for experimental
analyses in o number of ways. The most direct way in
prinaiple, since afk) (which is actually the appropriately
reduced x rav intensity) rather than ao; is the quantity
directly measured in the x ray diffuse scattering by the
sample (see Mosst), would be toinsert the experimental
vadues of afd) in L. (31) and thus calculate §(£). The
nature of 1'(#) would then be obtained by Fourier in-
version, This inversion, however,
map of «(4) in & space which, in general, is not possible

(35)
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since strong Bragg reflections completely obscure the
x-ray diffuse scattering in certain regions of k space. To

make matters worse these regions usually occur where
alk) has its minima and hence where the maximum
values of 1'(k) would lie [v.i. Eq. (34)].

One can proceed in another direction by making some
specific guess as to the form of V(r), either assuming
that I’(r) is essentially short range and has a finite value
only for the first few neighbors or assuming a particular
long-range form such as the V(r) proposed by Harrison
and Paskin'? for Cu-Zn. The undetermined constants
and the validity of the assumed form of V(r) are then
determined by fitting Eq. (34) to the data.

Some preliminary restrictions on the form of V{(r) can
be deduced from the observed distribution of a(k) be-
cause of the relation between the symmetry of V(%) and
a(k) implied by Eq. (34). This restriction gives a mini-
mum range which V(r) must have to account for the
shape and symmetry of a(k) and it is possible to con-
clude for instance that current data on CuzAu'® imply
an interaction at least as far out as third nearest neigh-
bors, so that the agreement which Moss obtained with
the Cowley theory using ¥y and V, alone represented
something more of a forced fit than had originally been
thought. This is not a reflection on the accuracy or
inaccuracy of the Cowley theory but means that V is
not negligible in CuzAu and should be included in any
theoretical fit to the CuzAu data.

A second restriction on ¥(r) may be obtained from a
knowledge of the ordered state of the alloy since the
maxima of a(k) fall at those points in & space which
correspond to the wave vector of the ordered state even
at temperatures above the critical temperature. This
implies [via Eq. (34)] that V(k) must have absolute
minima at these points. For example, Cowley?® fitted his
data on CuzAu with values for the first three nearest-
neighbor interactions of 1;=358k, V,=—34k, and
I"3=~—19%. These values yield minima for V(%) at
positions in %4 space which are incompatible with the
ordered structure of CusAu by the above criterion.

e
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Monte Carlo calculations for the first-neighhor order parameter in
CnzAu. The second-neighbor interaction s was given the two
values —0.25 17y and zero.
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In conclusion it may be said that the linear theory
shouid prove useful in determining the strength and
range of the pairwise interactions in alloys from the
high-temperature data on short-range correlations, since
the mathematics involved in making such a determina-
tion is quite tractable regardless of crystal symmetry,
alloy composition, or range of the pairwise interaction.
The theory should be particularly useful for testing the
validity of long-range interaction medels.

It should be remembered that the linear theory is
valid only above the ordering temperature and that its
accuracy improves as the temperature increases. A
rough guess based on the few comparisons made with
three dimensional alloys (10 be reported upon in Part
IT) is that the linear theory probably is accurate enough
for most purposes to within 109, of the ordering tem-
perature. The range of validity for a particular system
can be crudely estimated by comparing the temperature
variation of the measured values of a(k) with the tem-
perature behavior predicted by Eq. (34) [assuming
V'(k) temperature-independent .
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APPENDIX

The theorem (0 be proven is that the operalor g¢®
occurring in Eq. (9) of the text may be replaced by the
conditional average, i.e., Eq. (A1) below is exact.

2 ooMoidp/ 3 a4

(2 5F " Fpet

= 5 (00B)wnav;?p/ L. o5%p, (A1)

Tpe=i: (L
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where

(‘YOB\)oondE 2. 90%ai*p/ 2 vt
F0e Fomed:
and p=e~ﬂ(itv.'ﬁﬁ,')elziig_

The sum Y ;... implies summing each of the Ad
operators in the lattice °(including &) over its two
allowed values +2mp and — 2m 4. We proceed by first
imagining the sum over & to be performed first in the
numerator on the r h.s. of Eq. (Al), i.e.,

Z: (‘T()B)mndail{p:‘ Z, (U'OB>annd9}‘lpr (AZ)
Tt

o=t
where 3 ;..  implies a summation for all operators
other than &¢. It will be noticed from the definiticn of
(008)eona above or Eq. (14) of the text that it contains
no dependence on the operator &o since 2 summation
over 3o has removed this dependence. Therefore the
order of 3. 7pws 8nd (508)eond in Eq. (A2) can be inter
changed. This gives (putting in the definition of
(00® Joona):
Z (UOB>WndC’.‘i’AP
Thmt

= L/ ( X oofoit/ 3. o) 2. o' (A3)

Tamt TO=+ 0=t Go=t
and now the factors J_3,.4 v;4p can be cancelled

z: (.U.()B)t;uudgi‘p: L’( 2: UOBUJAP)
Gh=f Tret TOoL

" A
= Z. 0’05%' [
Tpok

(A4)

which is ihe required equality. ‘ ]
The proof depends upon the use of a grard canonical
ensemble aud the property that the & operators commute.
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It has heen previously established on the basis of an Ising model of alloy ordering (part I of this series)
that the observed maxima of short-range-order diffuse scattering in disordered alloys mark the positions
of the minima of 17 (k), the Fourier transform of the pairwise interatomic potential ¥ (r). It was suggested
in [ that the superlattice spots of the ordered state should occur at these same positions, This would estahlish
a consistency requirement connecting the ordered and disordered configurations. We prove here that this
is a sufficient but not a necessary condition, and we derive the full set of necessary conditions. We also
show that for most of the diffuse maxima locations observed in bee and fec alloys, it is possible to establish
the ordered configuration required by the disordered phase, or conversely to use a knowledge of the ordered
configuration to restrict the possible choices of V(r) in fitting the disordered-phase scattering data. The
linear approximation for correlation functions in binary alloys presented by the authors in I is compared
quantitatively with the more exact but less general formula of Fisher and Burford. Except at temperatures
very close to T, it is found that the theoretical shape of the short-range order diffuse scattering
is in agreement but the temperature dependencies differ. We note also that all the currently
known approximate calculations of a(k) for arbitrary V(r) can be represented in the same functional
form, a (k) =G(T)/[1+G.(T)V (k)], where the temperature-dependent factors G; end G, vary according
to the method of calculation used, but that V (k), the Fourier transform of V (r), is the same for all. This
leads to the conclusion that the ratios V (ra.1)/V (rs) determined by fitting the thecretical form to experi-
mental data arc insensitive to the particular choice of G, and Gz, but that the mazmitudes of the V (r,) 8o
determined vary according to this choice. As a consequence, the values obtained for ¥ (ras1)/V (rs) are to

be regarded as more accurate than those for V(r,).

1. INTRODUCTION

N a previous paper! (hereafter referred to as I), the

authors derived an expression for the diffuse x-ray
or neutron scattering intensity produced by the short-
range order present in an alloy above its ordering tem-
perature 7% The equation [Eq. (34) of 1] relates the
scattering intensity a(k) to the Fourier transform of the
pairwise interatomic potential ¥V (k), the fraction of 4
and /3 atoms in the alloy m4, my and the Boltzmann
temperature factor 8 (or 1/kT). 1t is written as

where € is a normalization constant whose value is
determined by the condition that the integral of a(k)
over a unit cell of the reciprocal lattice be unity. An
explicit expression for € is given by Eq. (34b) of 1.

This part has been written to supplement the theoret-
ical exposition of T in two principal areas. Section 2 is
devoted 1o & more quantitative analysis of the approxi-
mations inherent in Eq. (1.1). Scction 3 offers a partial
analysis of the problem of predicting the ordered con-
figuration of an alloy from a knowledge of the pairwise
interatomic potential, and defines the region of values
of the inferatomic potential in which a given ordered
configuration is the ground state of the system.

Since writing I, we have become aware of several
derivations by other authors of equations closely
related to our Eq. (1.1). deGennes and Friedel? and

'PC Clapp and S. C. Moss, Phys. Rev. 142, 418 (1966).

1’ (. DeGennes and J. Iriedel, J. Phys. Chem. Solids 4, 71
(1958),

171

Brout? derive equations for magnetic spin-spin correla-
tions (which are analogous to atomic pair correlations
in A B alloys) that differ from our equation in the choice
of C and the restriction that m 4 =rp=}. Brout’s deriva-
tion is particularly informative, since it shows that the
expression can be derived by either a random-phase
approximation (RPA) or an extension of the molecular-
ficld concept to correlations. Krivoglaz’st derivation is
for alloy systems and is not restricted to the case
ma=mpg. He obtains a different value for C, however,
which is the infinite-temperature limit, namely, 1.0.

Equation (1.1) has several advantages as a tool for
analyzing diffuse scattering data. It can be used to
fit the corrected data directly, rather than fitting to
Fourier coefficients of the scattering intensity (as is
necessary with Cowley’s? equations) so that no experi-
mental information is wasted. Furthermore, fits can be
made to data that do not cover all three directions in
reciprocal space, although it is necessary to have
nieasurements in the regions of reciprocal space that
are most sensitive to variations of V(k) in order to
establish ¥ (k) within reasonably narrow limits.

One of the most useful aspects of Eq. (1.1) is that it
is easy to ohtain a graphic picture of the effect that
inclusion of secona, third, or even higher-neighbor
interactions have on the shape of the diffuse intensity.

* R. Brout, Phase T'ransitions (W. A. Benjamin, Inc., New York,
1965), p. 15

«M. A. Krivoglas and A. A Smirnov, The Theory of Order-
Disorder in Alloys (MacDonald & Co., L.td., London, 1964), p. 345.

8 J. M. Cowley, Phys. Rev. 77, 669 (1950).
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For instance, the disklike intensities observed in Cuz;Au
by Cowley® and Moss,® the almost-spherical peak
shapes observed by Roberts? in CuAu, and the egglike
contours seen by Batterman® for CuAu; can all be
obtained by suitably adjusting the strengths of V; and
Vj relative to V,, so that it is possible to get a rough
idca of the importance of higher-neighbor interactions
by looking at contour plots of the diffuse intensity.
These points will be covered in detail in the following
paper (paper I11).

Another quite useful aspect of Eq. (1.1) is that it
is possible to put sharp limits on the range of values
for Vo/ V), Va/V,, etc,, that will produce maxima of
the diffuse intensity at the correct locations in reciprocal
space. This may be seen from the fact that the maxima
of a(k) occur at the minima of V (k), and so the values
of the V,'s must be chosen to locate correctly the
minima of V (k). This statement will be expanded upon
in Sec. 3.

2. THEORY AND NATURE OF THE
APPROXIMATIONS

In this section, two essentially different aspects of
the theoretical background of Eq. (1.1) are discussed.
The first concerns the validity of the Ising model itself
in describing the configuration energy of a real alloy
system. The second deals with the mathematical
accuracy of the approximations used to derive Eq. (1.1)
from an Ising model formulation.

In I it was assumed that the configurational energy
of an alloy could be written as a standard Ising model
Hamiltonian modified for unequal atom fractions:

N
H=}% Zi V.65, (2.1)
where &,= (2mp, —2m,) if.an (4,B) atom is at site 4
and (my,mp) are the fractions of (4,B) atoms in the
alloy. V; is the familiar combination 4(V 444V 28
—2V;48), which is assumed to depend only on the
neighbor distance between £ and j and not on direction
or location in the crystal. The V’s may be assumed to
be nonzero for an arbitrary range of neighbor distances,
and they are the adjustable parameters of the theory.
Very little success has been achieved in attempting to
calculate the Vs from first principles, and a basic
motivation of this work is to establish their values for
a number of real-alloy systems from available experi-
mental data.

The pairwise interactions are thought to arise from
the overlap of neighboring atomic-core orbitals (which
would not be expected to have much effect beyond
nearest neighbors) and in some cases from the inter-
action of incompletely screened ion cores (leading to a
long-range oscillatory potential decaying as 1/r%).

*S. C. Moss, J. Rp] Phys. 35, 3547 (1964).

7B, W. Rol)ertq cta Met. 2, 597 (1954).
' B. W. Batterman, J. Appl. Phys. 28, 556 (1957).
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Historically, two other major ideas have competed
with the paxrwnse interaction model to describe ordering.
The first is the well-known Brillouin-zone-Fermi-
surface interaction model originally proposed by Jones
to explain the Hume-Rothery phases and most recently
applied by Sato and Toth® to long-period superlattices.
This model provides a mechanism for lowering the
energy of a particular ordered state, relative to the
ensemble of disordered states, but it does not cause
different disordered states to have different energies.
Consequently, it cannot be used to explain changes in
the short-range order of the disordered phase, nor
the configuration of the short-range order, which is
the principal concern here.

If it is correct to say that the short-range forces
postulated for the Ising model are responsible for the
local order in the disordered phase, these forces will
produce an ordered phase at some lower temperature.
It is possible that this process will be interrupted by
the appearance of a different ordered phase caused by
the Jones mechanism, and Sato and Toth suggest that
this explains the interruption in the ordering of the
CuAu I phase by the onset of the CuAu II long-period
ordered phase. The disappearance of the CuAu II
phase at a lower temperature remains paradoxical.

The second concept of ordering, which has more
relevance to the disordered phase, is that of strain
ordering. Ordering in this model is caused by a reduc-
tion in the strain energy of an alloy composed of atoms
of different size. A recent calculation based on this
model is that of Rudman.® Apart from providing a
basis for rough estimates of the nearest-neighbor
ordering forces, the strain-ordering theories suggest
that the energy per atom is not simply a sum of pair-
wise interactions, but is an n-body interaction, where
n is the nearest-neighbor coordination number. Rudman
could rewrite his elastic strain energy in terms of a
pairwise nearest-neighbor interaction that was de-
pendent on the nearest-neighbor short-range-order
parameter . Rudman states that this dependence on a
was very weak, causing the interaction to change by
less than 5% as a varied from 0 to —0.2 (roughly the
range of a for the disordered phase). These approxima-
tions, however, appear to be less valid as the size dis-
parity between atoms increases, and for cases where
large shifts of atoms off the regular lattice sites occur,
Rudman’s theory predicts irreducible n-body forces.

Given then that we expect the Ising Hamiltonian to
describe properly the configurational energy of an alloy
(with the possible exception of the long-period super-
lattices and large size-effect alloys noted above),
Eq. (1.1) is still limited by the fact that it is not an
exact solution of the Ising model. The details of its
derivation and a comparison with the approximations

*H. Sato and R. S. Toth, in Alloving Behavior and Effects in
Concentrated Solid Solutions, edited by T. B. Massalski (Gordon
and Breach Science Publishers, Inc., New York, 1965), p. 295.

18 P, S. Rudman, Acta Met. 13, 387 (1965).
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Fia. 1. Comparison of the maximum value of a(k) as predicted
by Visher and Burford (Ref. 11) and by our linear approximation
for a fcc 4 B alloy with a negative nearest-neighbor interaction.

of Cowley and Zernike are the substance of I, and will
not be repeated here. A rough estimate was made in I
that Eq. (1.1) would be reasonably close to the exact
Ising solution at temperatures greater than 1097 above
T.,{w tecand fec alloys. This estimate is in accordance
with a: estimate of Brout’s® that the expression is
accurate at temperatures above (14+1/2)T,, where 2
1s the ncarest-neighbor coordination number of the
lattice,

Fisher and Burford" have recently obtained a more
accurate expression for a(k) in the case of nearest-
neighbor interactions and an equiatomic alloy by
applying the method of Padé approximants to exact
high-tempd.ature expansions. 1t is thus possible to com-
pare Eq. (1.1) with a morc accurate approximation for
this special case.

With the exception of teriperatures very close to
7. (/T.<1.03) our cquation for a(k) and that of
I'B can be put in the same functional form!2:

L ak)=A(0)/[14+K*(k)/K2(0)], (2.2)

WAL FL Fisher and R0 J. foford, Phys. Rev. 156, 583 (1967),
referred to as P
7 The complete FB expression for three dimensions is

A) [1 ! ¢2K:(k\]|/ae
ath)=—-~ —— ——— . .
14y R2(k)/K2() K2

Here  and o are essentially temperature-independent factors, ¢
difiers from unityv by a negligible amount (less than three parts in
10 000). For vadues of k inside the half-width, N2(k)/A 2 () <{,
the factor containing ¢? is negligible at all temperatures, because
it differs from unity by two parts in 10 000 at most, This factor
is also insignificant for 7°,'7.> 1.03 for all positions in % space
(it differs from unity by less than 297). However, in the tempera-

ture regton T/T,.<1.03, and for values of k outside the half-

width, this term does beconie appreciable and, as FB point out,
this causes (k) to fall off as &2 V% (rather than £72) at tem-
peratures close to_the critical point,

AND S. C.
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where t=T/T, and the pearest-neighbor lattice scpara-
tion is taken as unity. The temperature-dependent
functions 4 (¢) and A 1(¢) in our case differ from that of
the FB approximation but the 2 dependence of a(k)
[contained in K (k)] is identical in the two cases, and
has the form

K2(k)=2d[1—-V (k)/V (ka)],

where d is the dimension of the lattice and ky is the
position of minimum V (k). For small departures of k
from kar, K2(k)=2(k—kx)?, so that Eq. (2.2) represents
a Lorentzian of amplitude 4 () and half-width K,(¢)
in the neighborhood of the diffuse peak.

In Fig. 1, A(t) is plotted for the two approximations
for an fcc lattice with negative nearest-neighbor inter-
actions (i.e., a clustering alloy). In our theory, A(¢)
is given by C(f)/(1—¢1), where C(¢) is the normaliza-
tion constant previously defined. We have approxi-
mated the A(¢) of FB by 1/[rn{()K . (f)J~!/"%, where
r1(1) is a parameter plotted by FB in Ref. 11. Notc that
at a temperature 109, above T. the peak height A(f)
given by our approximation is roughly % that predicted
by FB. Figure 2 has been taken directly from Fig. 5 of
Ref. 11, and indicates that at 109, above T, the K,
of FB is roughly 4 smaller than our K, (the mean-field
value).

Although this comparison indicates that Eq. (1.1) is
not as accurate as might have been hoped, it does show
that the k dependence of Eq. (1.1) for T/T.>1.03 is
essentially correct, and that it is the temperature-
dependent parts of Eq. (1.1) that are in error. In fact,
our expression for a (k) can very nearly be brought into

10 (K 12
IO—r—r—rﬁ'ﬂ—r—ﬁﬁ']—rrﬂ—v—vﬁ"v rrrer T
MEAN FIELD
BETHE
ql2
oBr
q:8 4
F q:6
o6 ISING -
~ ]z fcc 4
i’-'—i'—u /
-3 ‘
o4
02~

0 J
0 v N N TS N S [ SO gy W S IS G g S B S Y
Lo 105 110 115 12 125

/T,

F16. 2. Variation of the correlation-range parameter Ky(1)
for two- and three-dimensional /1B alloys as given by the Bethe
approximation (the curves labeled with coordination numbers q)
the Fisher-Burford calculation (curves labeled by lattice type),
and our approximation, which gives the same results for A, (0
as the mean-field approximation. Fither positive or negative
necarest-neighbor interactions may be assumed, except for the
fee lattice, where the positive case is special and must be con-
sidered separately. This figure is taken directly from Ref. 11,
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coincidence with I'B Hy choosing a different value for
7T, (e, for T 7.+ 1.10, we find that an effective
vilue of 1.03 is necessary in our expression to achieve
apreement ). This points up a general, characteristic of
all the approximate theoretical expressions for a(k)
for arbitrary 17(r) known to us. These include the equa-
tions of deGennes ind Iricdel 2 of Krivoglas,® the RPA
our lincar approsimiation, the spherical-model approxi-
miion?® the linked-cluster-expansion calculations of
Brout® and of Horwitz and Callen,”™ and the Green’s
function calculation of Bell.' The results of all of these
trestments can bhe written in the form given by Eq. (2.2)
or, equivalently,

(Y(k)":(l‘g(/) [1 ‘{ (l‘] ({)l(k)],

where the functions of temperature G and Gy depend
upon the particular approximation employed. If this
expression is normalized to satisfy the sum rule
JallddMe =1, then a(k) can be written in terms of
G and 1K) alone, ie.,

1 1
atk) - ///—~——~#mb
1HGNVRY 4GV (k)

In fitting this theoretical formula to experiment, the
adjustable parameters are seen to be GiVy, GV, G1V3,
ete,, and as i consequence the absolute values of the
1s will depend upon which theoretical method is used
to provide the value of G((7). However, the ratios of
the V.'s will he model-independent and once they are
determined for o particular system, the estimate of the
absolute values of the V.’s can be improved as more
accurate theoretical calculations of Gi(f) become avail-
abile. This, of course, assumes that higher-order calcula-
tions of «(k} will have the same functional dependence
on (k). We have used our estimate of G,(f), namely,
2mamy 3, to evaluate the Vs for various alloys in 111,
beciuse our principal interest here is to determine the
vange and relative importance of higher-neighbor inter-
actions in real-alloy systems, and because most of the
other estimates of (7; arc difficult to evaluate for
i y# g, To summarize then, we believe that the ratios
of the Vs determined in 11 can be accorded a reason-
able degree of reliability, but that the values given for
the magnitude of the 17,'s should be taken with a grain
of <alt,

3. ORDERED STRUCTURES

We discuss here the theoretical problem of inferring
the pround state configuration of an alloy from 1V (r),
and the converse problem of oblaining restrictions on
the possible forme of 17(r) from a knowledge of the
ordered alloy configuration. The diffraction pattern of
adisordered atloy is characterized by one or more diffuse
praks. Upon ordering, sharp peaks (or superlattice

W, Horwitz and H B Callen, Phys, Rev, 124, 1757 (1961).
WRL T Bell, Phvs, Rev 113, 215 (1906).
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spots) appear which may or may not be located at the
position of the former diffuSe peaks. We have shown in
I that Eq. (1.1) predicts that the location of the diffusc
peaks should coincide with the minima of V (k). We
now consider the question of the relationship betwecen
V (k) and the superlattice-diffraction spots, assuming
that 1 (r) does not change appreciably on passing
through T, and that no radical distortions of the lattice
occur. We assume also that the ordered phase appearing
at T, remains the stable phase down to zero tempera-
ture.'® Under these circumstances, the ordered structure
will be the atomic arrangement that minimizes the con-
figuration energy.

The configurational encrgy of the lattice can be
written directly in terms of the scattering intensity and
V' (k), by Fourier transforming Eq. (2.1):

H=D/mkrmmgx (3.1)

where D= Nm4mp/(27)? and the integration is over the
first Brillouin zone of the disordered lattice. As we show

in the Appendix, a(k) for a perfectly ordered structure
is a linear combination of & functions, i.e.,

ak)= 3 43k—K,),

1Kq}

(3.2)

where the K; are the positions of the superlattice spots.
For convenience, we shall include the origin (000) as a
superlattice point, although the weight factor 4, will
always turn out to be zero. There are n K,’s per unit
cell of the disordered reciprocal lattice of volume z, and
n is the ratio of the number of atoms per unit cell in
the ordered aind disordered phases. The weight factors
A, are proportional to the square of the structure factor
for that reflection of the ordered lattice. They are never
negative but may be zero, and they must satisfy the sum
rule 3. A;=1, in order that the condition «(r=0)
= (1/9)f @& a(k)=1 be satisfied. Inserting Eq. (3.2)
in Eq. (3.1) yields

H=DY 4;¥(K;),

[ X1

(3.3)

and it is clear that Eq. (3.3) is minimized by that
ordered structure for which the K; are located only at
minima of ¥ (k). If there were no other conditions on the
Aj’s, the prediction could be made that the superlattice
spots of the ordered phase should occur precisely at the
maxima of the diffuse peaks of the disordered phase
(although not necessarily at all such positions),

16 For the idealized case of 1'(r) independent of temperature,
Tahir Kheli, Callen, and Jarrett (Ref. 20) have shown for the
closcly related problem of a Heisenberg antiferromagnet with
sccond-ncighbor interactions, that at all points in the phase
diagram for the three cubic lattices the ardered phase that mini-
mizes the configurational free cnergy at 7 does so at all lower
temperatures, and thus minimizes the configurational energy at
0°K. They computed the configurational free encrgy at hinite
temperatures by the method of two-time Green's functions.
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Tihas, then, is the proper theoreticad basis for our
sugeestion in 1 that the superlattice spots of the ordered
phase should oceur at 17(k) minima, and it is clear that
this conclusion is based entirely on the fundamental
Ising Hamiltonian, and is independent of statistical
approximations. Tt is, however, only a sufficient con-
dition, and not & necessary one, because it is not always
possible to find an ordered structure of the correct com-
position that satisfies this simple condition. This is so
hecause there are additional restrictions on the 4 /s that
stem frony the fact that cach site of the ordered lattice
must he oceupied by cither an 4 or a B atom, with
fractional occupation prohibited. These necessary con-
ditions are derived in the Appendix and are contained
in Fas. (A10) and (A12).

Luttinger™ was apparently the first to consider this
probiem of finding the ground state configuration of an
antiferromagnetic Ising system for arbitrary V(r). He
could find no general solution, but suggested a pro-
cedure Hat 1s equivalent to mitially relaxing the subsid-
iary conditions on the 's, This has come 1o he known
an Lattinger’s “weak condition,” and the procedure is
then to check whether any of the solutions gencrated
with the weak condition also satisfy the necessary con-
is Tucky, at Jeast one solution will, and
the search is over.

This development his heen continued by a number of
other workers)'T ™ so that we now know the ground-
state confiurations for an A8 alloy with first- and
sceond neighbor interactions in the three cubic lattices.

ditions. If one

YN Luttinger, Phys, Rev, 8101018 (1951).

Vobososaint, Phys Rev, KO, Q08 (1932),

W ter Haar and ML ED Lines, Phill Prims, Roy. Soc. London
A2SH, 521 (1002),

W Lvonand V0 A Kaphan, Phas, Rev, 120, 1580 (1900),

HRCA Tahie Khehi, TE B0 Callen, and B farrett) Jo Phys.
Chen, Saolid 27, 28 (19000,

AND s, C.
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I'16. 4. C3(Jia0) for the fec lattice.

Our approach here is different from that just cited,
in that we treat compositions other than /4 and use
conditions hased on the Fourier transform of the Ising
Hamiltonian [i.e., Eq. (3.3)], which enables us to
consider 1'(r) of arbitrary ringe as long as the positions
of V' (k) minima or, equivalently, the positions of diffuse
maxima of a(k) are known. '

Philhours and Hall** have recently published several
investigations based upon our suggestion in I that the
wave vectors {or superlattice spots) of the ordered
phase should lic at the positions of I'(k) minima. They
found independently that this is a sufficient but not a
necessary condition for the ground state, and that it is
dependent only upon the fundamental Ising Hamil-
tonian and not upon any statistical approximation,

The sufficient condition is satisfied for many of the
famihar ordering systems, such as CuAu, CuyAuy,
CuPt, CuZn, etc., but there are also exceptions, such
as AuzMn 2 which are explicable only by including the
subsidiary conditions on the .1,'s. Before proceeding 1o
i discussion of the full set of conditions, we shadl
examine the possible locations of the minima in (k)
as determined by the strengths of near-ncighbor
interactions.

We first take the case of i fec nuttice. The vector from
an atom to its (Imn) neighbor is expressed by

r(lmn)y=jlact Jmasi luag,

where a), a., a3 arc the three cubic axes; 4, m, 0w oare
mtegers, and Moo is evend The continuous vector
k in reciprocal space is represented by the continuous
variables /iy, My, Ay and the three vectors hy, by by

2§, Phithours and G, 1 Hall Phvs, ey 163 400 19607
=L Fanner, Ledgemont aboratory Iaternal Repore No,
TN 33,1907 (unpublisied),
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F16. 5, Ca(Inhy0) for the fcc lattice.

reciprocal to the a,’s,
k=/l)b|+h2b2+h3ba.

In this notation, the Bragg reflections occur at (hi/ak;)
all odd or all even integers, ie., (111), (200), etc.
Writing out V (k) explicitly for up to third-neighbor
interactions, we have

1'(k)= Y Vima coswlhy cosembhy cosmnhy,

imn

= Z Z,['.C.'(hlhihﬂ) )

=12V [ 4 (coswh, cosmhy+ coswh, cosmhs
+ cosmhy cosmha) J+ 6V [} (cos2nhy+cos2rh,
~+cos2mhy) ]+ 24V 5[ § (cos2xhy cosmhs cosmh
~+coswhy cos2mhs coswhs

+-coswhy coswhy cos2rhs)], (3.4)

where Z; is the coordination number of the 7 shell,
V. is the ith-neighbor interaction, and C:(kikshs) is the
appropriate sum of cosine terms, normalized such that
C.(000)=1. C,, Cs, and C; have been plotted in the
h3=0 plane in Figs. 3-5. C; can never be greater than
+ 1, nor less than —1, so that (000) is always a maximal
point, but it may not be the only such point. The
minimum value of C, is —#4 and this occurs at all points
of the line between (100) and (1 4 0) and all equivalent
points (i.e., all points obtainable from these by applying
the symmetry operations of the body-centered space
group). Henccforth, the mention of a point (hikohs) will
imply its equivalents as well.

The maxima of C; occur at (100) as well as (000) and
the minima occur at (} 4 §) having a value of —1. The
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Fic. 6. Locations of the minima of V (k) as a function of the
ratio Va/ V) for the fcc lattice.

point (4 4 0) in Fig. 2 where Cis —} is only a minimax.
The maxima of C; occur only at (000) and C; takes on
its lowest value —4 at (3 00). (100) is a minimax.

Varying the strength of V, and Vj; relative to V,
will obviously affect the location of the minima of
V (k). Figure 6 shows the position of the minima for the
case when only V, and V; are nonzero. Figures 7 and 8
are similar plots for the case when V;, is also nonzero.
Where ordered structures are known that have super-
lattice spots at the given minima, their Strukturberichl
symbols have been designated and a few examples
indicated. Figure 9 illustrates the structures for AB
and 4B stoichiometric compositions. It is interesting
that the 4B analog of the DOy, stiucture has not yet
been found in any system, and the only alloy known to
be a possible candidate for the 438 analog of the L1,
structure is CuPts.

V, POSITIVE
4~
> | %00
2.—
100
{ 1 1 1 1
Fic. 7. Locations of the minima of V(k) for 1"y, 'y, and 17 with

1"y positive in an fcc lattice.
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Fic. 8 Location of the minima of 17(k) for 1"y, 17y, and V4 with
I negative in an fec lattice.

For a hee lattice, a similar analysis is easily carried
out. The atoms are again separated by the vector

r(bmn)=a+ ima,+ Ina;,

where now I o, noare all even or all odd, and the k
vector has the same meaning as above, but with
Ind-Ire4 by oeven for the Bragg reflections, namely,
(110), (20, ete. A plot of the positions of V (k) minima
is given in Figo 10 as a function of ¥V, and Vi, V(k)
is now

(k) 8V cosaliy cosmhs cosmhy]- 6V of § (cos2nhy
4 cos2alytocos2alyy) [H 12V [ 3 (cos2rhy cos2rh,
(3.5)

A cos2mhy cos2rhy cos2rly cos2ulg)].

The two ordered structures of .1 B composition that have
superlattice spots at the 17(k) minima are shown in
Iig. 11 In hoth cases the diffuse short-range-order
peaks of the disordered phase would be centered about
the superfattice positions of the ordered phase.

We now return to the problem of predicting the con-

B ] B A > :] —
e 3] . 7Y 8 s A 8
i : 8 . I : : A/ :7 ;-——B/
' n } ;A i 8 [ o118
A, A LI B, A A - --1-B
A ! i A B | A
P | L /B—»',———-—/A»«—--——/—B A-—l-—|--B
. 3] B A A
p’ B n” X4 B YL 7
(o) (2a) (30)
s ]
100 1,0 ‘I*%
Ly Culu fePt 2 L1,-CuPt
B 8 B -—— A - —/—B B /A
‘ A AT SV A A
B 8 Iog 4 oA . A/' ----8
| A ! l | oA | VoA P oia
Ia Al A B, A [ Ao B
I A e o AL LAl
| 8- T [} i JLEEEE ~;A——,-—-|—}B A—=-—|--B
P A . , A A } A
0 f 87— A7 8 B~ A/
{th) (2b) (3b)
] [
100 130 333
Liy- CeyAu,CuyPt D022 NisVv,PdaVv CuPt3(?)

1G9 Ordered structures on an fec lattice showing location of
superlattice spots and Strakturbericht svinbols. The upper row is
AB composttion and the fower row is A3,
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F16. 10, Location of the minima of V (k) as a function of the ratio
Vg/ V1 for the bec lattice.

figuration of the ordered phase from a knowledge of the
positions of the a(k) diffuse maxima. As a first example,
assume that the disordered lattice is fcc, that the com-
position is A3B, and that the diffuse maxima are at
(100) and (110) positions. Solving the necessary con-
ditions for the ordered structure [ Eqs. (A10)] requires
two steps: (a) specifying the location of the super-
lattice spots (i.e., the set {K;}), and (b) solving Eqgs.
(A10) for the structure factors F(K;), and hence the
As via Eqgs. (A12). The set {K;} can only be the four
points 000, 100, 110, and 010 if the superlattice spots
are to appear only at minima of V (k). Equation (A10)
then gives us four equations in the four unknown struc-
ture factors IF(000), F(100), F(110), and F(010), which
will be denoted as Fo, Fy, Fo, and F, in that order. The
four equations are

Fe+F2+F2+Fl=1,
2F\Fo+-2F,F =0,
WP Fyt 26F =0,
2F\F A+ 2FF3=0.

(3.6)

The composition 438 immediately fixes IFo to be } and
by a process of climinating variables the only solution
is found to be

Fr=FP=F2=F=}.

Equations (A12) then give 44=0, 4,=A4,=A,;=1}. This
obviously corresponds to the L1z-ordered structure, and
this proves it to be the unique solution for the
ordered ground state.

FFor the composition A8 and the diffuse maxima as
above, one again obtains Eqs. (3.6), except that now
Fo=0. This leads to a degeneracy of three sofutions
(Ao=0, Ay=1, A3=0, A3=0), (Ao=0, 4,=0, A,=1,
A3=0), 0or (Ag=0, 4,=0, 4,=0, A4;=1), which corre-



761
A - - A B A 8
! [ ! | [
A A/ A/ : B/ Do A/
i [ ar I
", B Ty Ay B
. 1 . t ' » 1
A-—j——l--a A-—i= —|=~Bw~lm—l-=A
‘// ' / // i // 1
Al———a 8 A
{1a) (20)
L
100, 111 5373
L2o-CuZn, AgCd B32-NaTl ,LiZn
Fie. 11, Ordered structures on a hec lattice for A B composition,

sponds to the well-known L1e structure with three
possible directions for the tetragonal axis.

Finally we consider an example where all of the super-
lattice pcaks cannot be located at the V (k) minima,
namely, when the diffuse peaks are at (1 4 0) positions,
as in NigV and AusMn. We begin with the A B case.
The simplest starting assumption is that {K;} consists
of the two points (000) and (1 % 0}, implying an ordered
structure with two atoms per unit cell. However, the
sct {K;} must have the property that any integral
multiple of a member also be a member of the set, since
they form a lattice, and that any two points separated
by a lattice spacing of the disordered reciprocal lattice
are cquivalent. These requirements make it necessary
to include the point (1 20), which is located at a
minimum of V(k), and the point (010), which is not.
Figure 12 shows the proposed location of superlattice
spots.

The second step of determining the 4;’s may be done
cither by generating all possible values of the F(K;)’s
from Eq. (A4b) by trying the various arrangements of
atoms in a four-atom unit cell, or by finding the possible
solutions to Egs. (A10) by successively eiminating
variables. By either method one finds a unique solution
for both the AB and A43B compositions as follows:

AB: A(000)=0,
A130)=3%, 4(130)=4%,
A:B: A(000)=0,
A(130)=%, A(1§0)=3, A(010)=%.

The A B solution corresponds to the (2a) structure of
Fig. 9, and the fact that the 4,’s are nonzero only at
minima of V (k) implies that this structure has the
lowest possible configurational energy for this type of
V(r) as in the two cases above. It is perhaps puzzling
that such a structure has never been observed in nature.
The A3B solution is the DQ,, structure illustrated in
Iig. 9, and, since A (010) is now nonzero, we see that if
this is indeed the arrangement of lowest configurational
energy for A3/ composition, the subsidiary conditions
for the A;’s force § of the superlattice intensity in the
ordered phase to appear at locations different from the
diffuse maxima positions of the disordered phase.

A(010)=0,

DISORDERED BINARY ALLOYS. 11
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F1c. 12. (a) Minimum set { K;} 000 200
necessary to locate a superlattice
peak at (140). (b) Superlattice (o)

spots of the DO., structure. Con-
tributions from the three possible
orientations of the tetragonal axis 920 220
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The question naturally arises, whether the diffuse
intensity pattern anticipates this “anomalous’” super-
lattice peak before the ordering temperature is actually
reached, or if this peak emerges abruptly below T, as
our theory would suggest. Tanner? has found from
electron-diffraction measurements on thin films of
AuzMn that, for this system at least, the latter sugges-
tion fits the observations. Tanner’s results will be dis-
cussed further in III.

Summarizing this discussion, we can say that we
have provided a method for predicting the ordered con-
figuration of an alloy by knowing only the location of
the diffuse peaks in the disordered state in a number of
simple cases. We do not claim to have completely
solved the general problem of determining the ordered
structure that is compatible with a given V(k), and
we have shown that, in at least one case (Au;Mn), it
is necessary to know more about V (k) than just the
location of its minima. It is clear that the stability of
the DQj, structure, relative to others that may be
imagined, will depend critically on the magnitude of
V (k) at the nonminimal (010) position.

4. SUMMARY AND CONCLUSION

The primary motivation of our first investigation
(I) in this series was to provide a tractable method for
determining the pairwise interaction strengths in alloys
from an analysis of the short-range order diffuse scat-
tering in the disordered state. In this paper, we have
examined the accuracy of our method in greater detail
to provide a better understanding of its limitations and
its strengths. We have shown, by comparison with the
recently published equation of Fisher and Burford for
the special case of an 4B alloy with nearest-neighbor
interactions, that it has the same £ dependence as ours
but has a different temperature dependence. The two
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predictions: beeome nearly identical if (T—T.)/T, is
reduced by roughly a factor of two in our equation in
the neighborhood of (T—17)/T=0.1. For interactions
beyond hirst neighbors, we have shown that the relative
vitlues of the Vs can be determined with greater
certainty than can their absolute values.

We have also shown that a study of the ordered state
is valuable in determining the pairwise interactions in
alloys, because the relative strengths of the pairwise
interactions compatible with a given ordered structure
are lintited to a certain range. This is useful in narrowing
down the ticld of interaction strengths that may bhe used
to it the diffuse short range order scattering data of a
particular alloy, assnming that the ordered structure is
known and that it remains stable at lower tempera-
tures. Tlowever, the actual values of the V; ratios can
be determined onlv from a detaited fit to the diffuse-
scatering data. It should be realized that these con-
sistency conditions do not depend in any way on the
approximitions used in I to derive our diffuse-scattering
equation, but rely only upon the basic Ising model
formulation of the configurational energy of an alloy.

We now have the theoretical framework necessary
to provide a reasonably complete analysis of available
diffuse  short-range order scattering data in alloy
systems, This is the subject of the following paper

().
ACKNOWLEDGMENTS

One ot us*S. C. M) would like to express his
apprxeiation to the U. S. Atomic Energy Commission
for umtial support of this work, and to the Advanced
Rescarch Projects Agency, under Contract No. SD-90
at the Center for Materials Science and Engineering,
for continued support.

APPENDIX

For the purpnses of describing ordered alloys, we
shall use operators o,, which are given the value
(41, — 1) for an (4,B) atom at site 1. The ¢, operators
arc related to the &, operators of I by the relation

(A1)

Ty = 6."‘1.‘ (nu-—-mn) 5

aned, recalling the relation between ay; and (¢,6;) given
by b (1) of 1, i.c., (6:)=10, the result is as follows:

(A2)

{o,0;)= A g+ {m g —mp)?.

The N atoms of a disordered ailoy are assumed to be
on the points of a regular lattice located at endpoints
of vectors r;, where 7=0, N—1. 15 is taken to be the
null vector; and ry, ry, and ry arc taken as the unit
vectors of the unit cell. An analogous convention is to
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be understoad for the other types of lattices which we
shall consider. For the sake of simplicity we confine the
discussion to disordercd lattices having a single atom
per unit cell (i.e., the Bravais lattices).

Upon ordering, a larger unit cell is formed containing,
say, # atoms. Equivalent positions in the ordered struc-
ture form a supcrlattice whose points are now separated
by vectors R;.

We define a “structure factor” o for the ordered
lattice of N sites, where N will ultimately become
indefinitely large.

N-1

Tk = Zd/(,"'k"/,
/=0

(A3)

which can be immediately factored into a unit-cell
structure factor F (k) and a superlattice structure factor
S(k) in the usual manner:

=S k)X Fk), (Ada)
with
1 a1
FO== T opct (\1h)
n f=0
and
N
Sh)=n T evri= 3 8(k—K), (Ade)
70 [Kj)

where N'=N/n and §(k—K,)= N if X=K;, and is zero
otherwise. The set of points { K;} are the points of the
lattice reciprocal to the superlattice, and there will be
n of them contained within a unit cell of the disordered
reciprocal lattice. In the limit of NV very large, (k—k’)
becomes a Dirac delta function and has the property

}-/[[G(k)b(k-k')d“k=6(k’)
v

if k' is within the unit volume v of reciprocal spacc
intcgrated over, and is zero otherwise. G(k) is an
arbitrary function of k.

The inverse of Eq. (A3) is

(A3)

0/=-1- f//akc""‘"/d“k, (A6)
?
which becomes, on using Eq. (A4)
ar= 2 F(K)e®im, (A7)
(Kj)
Since oy can only be +1 or —1, we have
o= 1= T F(K)F (K, )oKt Ry (\R)

K, R’
Using the variable change

K=K+ %' and H(K)=Y FIK)F(K~K),
K,
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12q. (A8) becomes

o= 1=3 (K%, (A9)
Ky

The left hand side of ¥.q. (A9) is the same regardless
of the choice of f, and in order that the right-hand side
also be independent of f, the following conditions must
hold:

HK) S EFERWEK-K)=0, if K0 (A10a)
Kj

and

HO =Y F(K)F(-K)=1. (A10b)
K

These cquations provide » interrelations among the
n I"’s, so that in general there will only be a small
limited set of I'’s that are allowable. In addition, F(0)
is fixed by the composition and is given by

1 n--1
]"(O)E—- Z Tr=mMa—Mmp.
n /=0

(A11)

We shall now show that the A,’s of Eq. (3.2) are
related to the FF(K,)’s as follows:

viss o= (0)— (ma—mp)?=0, (A12a)
!)"—= I'(K))F(*—K,)/WA‘?"B, ]?50 (A12b)
We have
1 w~
alk)=— Z (Y/,(?"k'('/*"’) ,
N 1.0
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and from (A2) and (A7) we get

1 .
alk)y=——- 3 PIEDD F(KJ)F(K’,')ei(k—Kj)-r/

dmampN r.0 |Kj) (K}

ma—mpg)? N
(__i__ﬂ 3 etk (r=ra)
4m,4m31\7 /.0

xc—i(k+Ki)-r,_

which hecomes

a(k)= 2 F(K)F(-K)sk—K,)
4mamp (K, ( )2 '
m —
_._A___zl_ﬂ_a(k). (.,\13)
4m,4m3

By comparing (A13) with Eq. (3.2), i.e,,

a(k)= = 45(k—K), (3.2)
(ki) . :

it is apparent that Eqs. (A12) are recovered when the

relation given by (A11) is included.

In conclusion, the F(K;)’s are restricted by the n
equations given above and the A,'s in turn are deter-
mined by the F(K,)’s. The » conditions (A10) cannot
be written in terms of the Aj’s directly, with the
exception of (A10b), which converts to

}: A,'=1.

{Kj}

This was mentioned in Sec. 3 as the condition necessary
to ensure that a(r=0)=1.
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The lincarized approximation for the correlation functions of a binary alloy, developed in parts I and II-
by the authors, is here applied to the experimental measurement of the diffuse scattering of x rays, thermal
ncutrons, and clectrons. Information on the magnitude, sign, and range of the pairwise interactions has
ieen extracted from the data on several alloys and alloy systems. The copper-gold system seems to be
characterized hy an oscillatory interaction out to at least third neighbors. The data on CuPt can be ex-
plained in terms of first- and second-neighbor energies, as can the results on AusMn, Ni;Mo, and CuNi, the
latter being a clustering alloy. The results for 8-CuZn are discussed in terms of a possible long-range oscilla-
tory intcraction, and an experiment is suggested for this alloy which would help to determine the presence

of such an interaction.

1. INTRODUCTION

ITH the theoretical framework of parts I and 11

in hand we are now in a position to examine the
existing data on short-range order in alloys and to apply
T, (11, 1.1) to these data. The ultimate object is to
extract information on the magnitude and range of the
pairwise interactions in these alloys. We shall also
indicate how the discussion of ordered structures in 1I
is intimatcly related to our evaluation of the diffuse
scattering of x rays or thermal neutrons and to the
interaction energies that may be calculated from the
diffraction data via Eq. (11, 1.1).

2. fcc ALLOYS
A. Cu-Au System

The Cu-Au system is characterized by complete
solubility of the two fcc metals at high temperatures
with vartous ordered structures that appear at lower
temperatures. The major structures occur at the stoi-
chiometric compositions CuzAu, CuAu, and CuAu; with
critical temperatures 7', respectively, of 390, 410, and
~200°C.  While T. for CusAu and CuAu is a maxi-
mum exactly at stoichiometry, T, for CuAus increases
continuously from the pold-rich side to CuAu. All of
these transitions are first order in character, showing a
discontinuous drop in the Bragg-Williams order param-
clter Sat 7. As mentioned in 11, in the case of CuAu the
fully ordered structure is interrupted by the appearance,
helow 7', of an equilibrium long-period superlattice.
With reference to Fig, 9(11), both CuzAu and CuAus
have the L1, structure while the low-temperature form
of CuAn, consisting of alternating (100) planes of
copper and gold atoms, has the /L1, structure.

* Supported in part by the U, S. Atomic Energy Commission
and by the Advanced Rescarch Projects Agency under Contract
No. §D-90,
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All of these ordered structures exhibit short-range
order above T.,'~¢and it will be our purpose to relate the
measured short-range order parameters to the inter-
action energies in the alloy system via Eq. (I, 1.1).
Both the order parameters and the corresponding diffuse
intensity from which they are obtained show certain
distinct features that we shall try to interpret in terms
of the pair interactions. Two points should be noted at
the outset. In the first place, no correction for atomic
size-effect displacements® has been applied to the theory.
This means that the predicted diffuse intensity will
differ more or less from the measured intensity, de-

‘pending upon the magnitude of the size effect. The size-

effect scattering generally will increase as the atomic
fraction of the larger atom increases,® so that the CuAuy
intensity will be severely affected, the CusAu data less
so. There have been attempts to incorporate the size-
effect contribution into a purely thermodynamic ex-
pression, such as Eq. (II, 1.1) in order to predict the
disorder-diffuse intensity more accurately.® Qur belicf
is that given the approximate nature of both types of
calculations—the thermodynamic one for pair cor-
relations and the elasticity calculation for the size-effect
scaltering—it is better to remove the size-effect scatter-
ing from the data if one is primarily interested in pair
correlations, and to study it scparately if one wishes to
extract information about atomic displacements in
binary alloys. Such a technique for data separation

1], M. Cowley, J. Appl. Phys. 21, 24 (1950).

t S, C. Moss, J. Appl. Phys. 35, 3547 (1964),

8 B. W. Roberts, Acta Met, 2, 597 (1954),

¢ B. W. Batterman, J. Appl. Phys. 28, 556 (1957).

¢ B. E. Warren, B. L. Averbach, and B. W, Roberts, J. Appl.
Phys. 22, 1493 (1951); for the most recent survey of the diffraction
effects arising from local-order and size-effect displacements, sce
C. J. Sparks and B. Borie, in Local Atomic Arrangements Studied
by X-Ray Diffraction, edited by J. B, Cohen and J. Hilliard
(Gordon and Breach Science Publishers, Inc., New York, 1960),
p. 5.

¢S, V. Semenovskaya, Fiz. Tverd. Tela 8, 2841 (1966) [English
transl.: Soviet Phys.—Solid State 8, 2273 (1967)].
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has been developed by Borie? and, more recently, has
been extended by Borie and Sparks.®

The second point which we would stress is that, while
I5q. (I, 1.1) is certainly a high-temperature approxi-
mate expression, valuable information can be extracted
through its application to alloy-diffuse scattering. The
validity of the information obtained depends greatly
not only upon the use to which it is put, but also upon
which features of the theory are being emphasized.

Both the ordered and disordered structures of Cu;Au
and CuAuy have cubic symmetry and the diffuse x-ray
scattering above T, peaks at all of the equivalent super-
lattice reflection points that the ordered structure
exhibits helow T'.. The diffuse intensity will thercfore
have absolute maxima at values of (lhh,) equal to
100, 110, etc. The ordered structure of CuAu is tetra-
gonal but its diffraction pattern invariably shows
pscudocubic symmetry, hecause the ¢ axis can assume
with cqual probability the ay, ay, or ay axes of the dis-
ordered structure. For this reason, the collection of
allowed superlattice positions and the positions of the
diffuse maxima ahove T, are equivalent to those for the
other two alloys. Via Eq. (11, 1.1), absolute minima in
(k) must also occur at the reciprocal lattice points
where a(k) is & maximum in the disordered phase. The
critical point can thus be defined as that temperature
for which the denominator in Eq. (11, 1.1) goes to zero
at the appropriate place in reciprocal space, namely,
100 and cquivalent points. Given the expressions for
(k) in Eq. (11, 3.4) and the definition of T,

1= —ZMAmB(]/ch)V(kM) ’

the critical temperatures can be written as

Te=Q@Vy/2R) (1 —-3Vo/Vi+2Vs/Vi)  (2.)
for CuzAu and CuAug, and as
To=Q2V/EY1—3V,/Vi+2Vs/V)) (2.2)

for CuAu. ¥ (k) is the value of V (k) at the reciprocal
lattice point where it assumes an absolute minimum.
The first of these two expressions is identical to the
critical temperature derived in a different way by
Cowley? for the same structure.

All of our critical temperatures are essentially the
mean-ficld prediction for 7', which, given a fixed value
for 1"y, Vs, Vs, etc., may be as much as 15-209 too high
for facc-centered alloys. This rough estimate is derived
from the fact that the mean field value of T, is 229,
higher than the exact high-temperature Padé-approxi-
mant result for fcc lattices with negative nearest-
neighbor interaction.’” In order that the mathematical
singularity of Eq. (11, 1.1) coincide with the experi-

T B. Boric, Acta Cryst. 14, 472 (1961).

® RB. Boric and (C, J. Sparks, Acta Cryst. (to be published).

 J. M. Cowley, Phys. Rev. 77, 669 (1950).

M. . Fisher and R, J. Burford, Phys. Rev. 156, 583 (1967).
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mentally observed critical temperature, the equation
is rewritten in terms of T./T by inserting 7./ V (ka)
in place of —2m mp. The dependence of a(k) on com-
position and on ¥V, is thereby absorbed into the expres-
sion for T.. The resulting diffuse intensity, in Laue
monotonic units, is

a(k)=C/[1=(T/T)V (K)/V (kxn)].

Since V1 may be factored out of both V (k) and V (k,,),
we are left with an expression in which the variables are
the ratios T./T, Vo/Vy, and V3/Vy, if we arbitrarily
decide that all ¥;(s> 3) are negligible.

Once a(k) is computed, the short-range order param-
eters a; can be obtained through a Fourier inversion,
which is most easily done by computer. The transforms
were taken using a summation over 1000 points of a
symmetry cube of the reciprocal lattice extending on a
side from the origin 000 to the 100 position. Taking
a limited number of points means that a(k) near T
will be in error because of the contribution of har-
monics whose wave vector is smaller than, or compara-
ble to, the interval between points. Since the region very
near T, is generally not of intcrest to us anyway, this is
not a serious difficulty.

The fit of theory to experiment in the Cu-Au system
was was begun with the measured short-range order
parameters of Moss? on CuzAu. These are probably an
improvement over the earlier Cowley values because the
measured intensities were greater and were standarized
independently using polystyrene, and because a nearest-
neighbor size-effect correction was made. Theoretical
values of the first ten a; were calculated for Cus;Au
corresponding to both temperatures of measurement,
405 and 450°C, for which T',/T is, respectively, 0.98 and
0.92. It was decided to allow Vo/V, and V3/V, to vary
over a wide range of the (100) portion of Fig. 7 (IL)
and to use as the criterion of best fit to the data that set
of a/s which gave the minimum square deviation
{A%)min from the measured values. Figures 1 and 2 show
these results with the contours labelled in units of

(2.3)

Fic. 1. Comparison of theory with the experimental short-
range order parameters of Moss (Ref. 2) for CuzAu at 405°C. The
contours are labelled in units of 10% (AZ)pi,.
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16, 2. Comparison of theory with the data of Moss at 450°C.
In hoth Figs. T and 2 the fit rapidly becomes poor as the boundary
line between the 100 and 130 structures is approached.

10°(A%) i, where

10
(A%, =103 [, (theory) —a, (expt) 2.

1-1

In both cases, the region of best agreement centers
around the values Vo/Vi=—0.20, V3/V=0. These
results are in complete disagreement with an carlier
trial-and-crror M2 of the same data to the Cowley
theory,® and it wust be concluded that, however
enticing the suceess of the earlier fit seemed to be
(Ve V4010, 73=0), it was not an cxact solution to
the Cowley equations and was, in fact, wrong. The
result 1y 1= 4-0.10, V3/V1=0 also violates the sta-
bility criterion for the CusAu ordered structure, pro-
ducing a peak at 130 and not at 100. In this connec-
tion, it should be noted that Cowley’s original fit of
his theory to his CuzAu data, although much closer
to our present values of Vo/Vi=—0.20, V4/ V=00,
was in violation of the same stability criterion, in that
he found Vo/V i =—0.10, V3/V;==~0.05. Since the
agreement at 77./7=0.92 is more to be trusted because
of both the nature of the theory and the aforementioned
calculation problems, the comparison at that tempera-
ture (430°C7) was chosen for Table 1.

The agreement can be considered quite good, al-
though the caleulated ay i1s somewhat smaller than the
measured value. All of the main features of the measured
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ay’s are reproduced, including the very small value of
a3 and the signs and magnitudes of the other coeflicients.
Although the best fit seems to center around the ratios
1o/ Vi=—0.20, V3/V1=0.0, we chose Vy/ V1= —0.230,
I73/V 1= ~0.015 for Table I. The values of the a,’s do
not change to the accuracy given in Table I and the
reason for using these slightly different ratios will he
discussed after we have presented the comparisons with
CuAu and CuAus.

The other aspect of the CuzAu data that is most
noteworthy is the pronounced disklike character of the
diffuse intensity,! and it seemed worthwhile to see if
this disk shape would be reproduced by Eq. (2.3) using
the values T./T=0.92, V,/Vi=—0.20, V,/V;=0.0.
This direct comparison can help us decide if our neglect
of higher-neighbor interactions (V;==0, i>2) is very
serious. We shall also be comparing the shapes of the
diffuse scattering for CuAu and CuAus, as well as for
other alloys, and in all cases what we are mainly
interested in is the reproduction, using a limited set of
17;, of the major topological features of the scattering.
In many cases the comparisons will be actually with
data from quenched crystals for which no fit to an
cquilibrium calculation is possible. Even in these
instances, the major features of the diffuse intensity-—
where it peaks, what shape it has—can be given by the
theory, the discrepancy lying mostly in the degree of
sharpness in the experimental data. By making calcu-
lations of the intensity for constant values of the
interaction energy ratios, but varying T./T, we have in
fact satisfied outselves that it is indeed the sharpness,
and not the characteristic shape, that changes with
temperature. This fact has also been experimentally
veyified for rapidly quenched crystals. For example, in
the case of CusAu? the disklike intensity and the cor-
responding correlation functions are very similar in all
particulars in the quenched and equilibrium (T>T,)
states. The intensity seems merely to be enhanced in the
quenched state, due to a small amount of vacancy-
enhanced ordering on quenching. This would indicate
that the ratios V,41/V, are nearly constant over wide
ranges of temperature in these systems.

Figures 3(a) and 3(b) show the dilfuse-scattering

Tanee L Calculated and measured short-range order parameters in the Cu-Au system.

CusAu (T.=390°C)
Theory: Vo/Vi=—0.230

Theory: 172/Vy=—0.500

CuAu, (T.=200"C)
Theory: Vg/Vi=—1.200

CuAu (7'.=410°C)

13/11=-0.015 I's/Vi= 0.200 Va/Vi= 0900
- 180°0: T/T=092 i—525°C": T.,/T=087 a;—250°C: T./T=0.90

B _i o Inin meas, (Moss) Theory mcas. (Roberts) Theory meas. (Batterman) Theory
1 10 —0.19 —0.17 —0.12 —010  —006 —0.06
2 200 0.21 0.20 0.00 0.13 0.20 0.16
3 2 0.00 0.01 0.00 —-0.03 —0.08 —0.07
9 220 0.08 0.07 0.05 0.06 0.14 0.08
S 310 —0.05 - 006 —-0.03 —0.02 0.01 0.00
O 222 0.03 0.01 0.03 0.03 0.03 0.05
7 321 —-0.01 —-0.01 —0.02 —0.01 —-0.04 -0Mm
¥ 100 0.04 0.06 0.00 0.02 0.02 0.04
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maps for CugAu obtained by Cowley! at 405°C [Fig.
3G ] and from theory [Vig. 3(b)] with T.,/T=0.92
(150°CH, Fo/17y = —0.20 and V3/¥V1=0.0. In a sense it
is not surprising that the interaction energies that gave
the best fit to the correlation functions should also fit
the Fourier transform of these data, namely, the diffuse-
intensity distribution. What is pleasing about the
agreement in Figs. 3(a) and 3(h) is the reproduction of
the dish shape with only 1y and Vo That this might be
so conld be gathered from a closer look at the plots in
H (Figs. $ and 1), but that it shoukd in detail actually
be so is gratifvimg. Cowley’s original data were not
corrected Tor size effect because the effect had not yet
heen discovered. He did, however, notice a shifting of
the 300 difuse peak off the position determined by the
2000 and 00 retlections, and, attributing this to instru-
mental ervors, he obtained Fig, 3(a) by averaging the
data across the appropriate symmetry planes in recipro-
cal space.” We now know that such an averaging re-
moves much of the size effect distortion. It was indeed
fortunate that these early data were collected on a
svstem for which the size-effect scattering, while signi-
heant, is f less important a correction than it is for
CuAu or Culg.

Note also that the diffuse intensity in Fig. 3(b) never
achieves a value of zero. A plot along a (100) axis would
make this more apparent hut it is true that at any
lundamental reflection including, of course, 000, the
predicied diffuse scattering is never zero, nor does it
reveal any discontinuities or singularities. Rather it
extrapolates smoothly o some nonzero value between
sero and unity, in Laue monotonic units, and the higher
the temperatnie the closer will this limiting value be to
uniy.

This hehavior seems Lo violate the known fact that
for o svstem of fixed composition a(k) must be zero at
k=0 (or at any other Bragg position) at all tempera-
tures. Any caleulation based on a grand-canonical
ensemble (such as ours) that allows the composition to
vary will not reproduce this feature of a(k), and,
althoush at st sight this appears to be a serious dis-
crepancy hetween canonical and grand-canonical calcu-
Litions, we shall show by a simple example that the
difference is not physically  significant. Consider a
svstem of LV atoms and SV B atoms. In the perfectly
disordered state of the grand canonical ensemble (i.e.,
the iehe temperature linit), e, is exactly zero except for
the sell correlation ag which is 1. Thus,

N

3 aeteri=1

1=

u‘(k)q(' for :l“ k-

However, lor the canonical ensemble, if an 4 atom is at
the origin, the probability of an A atom being at site ¢ is
Y1 1(NV D] and the probability of a B atom is
AN DL Therclore, ay=—1/(N—1) for all i

YELOM Cowdey (private communication).
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Fi6. 3. (a) The Cowley (Ref. 1) diffuse-scattering map for
CujAu at 405°C in the 1710 plane of reciprocal space. The equi-
intensity contours are in arbitrary units, but are corrected for
scattering factor and polarization variation. (t)) Theoretical con-
tour plot for CusAu at 450°C (T./T=0.92) with Vo/V,= -0.20,
Vs/V1=0. The intensities are in absolute units.

except ap=1. Hence,
N-1 —1

a(klo= 1+ X ——er,

i=1 [V —

which is equal to zero if k=0 (or some other Braug
position), and is equal to unity otherwise. This in-
finitely narrow singularity in a(k)c could never he
observed experimentally and it -is clear that a(k.
differs from a(k)qe only at this isolated point. We can
then conjecture that, at lower temperatures, a(k)e and
a(k)ge are also identical except at k=0 because the
singularity in the perfectly disordered statc cannot be
due to any measurable distinction between the cor-
relations given by the grand-canonical and canonical
calculations. The use of a grand-canonical ensembie
eliminates considering this singularity in (k) as part
of the diffuse intensity. It is therefore apparent that it
would be quite wrong o extrapolate low-angle scatter-
ing data to the value of zero at k=0 since this resul:
arises solely from including the singularity.



171 S. C.

Comparisons with CuAu and CuAuy are more diffi-
cult, hoth hecause of the inereasing contribution of the
size effect seattering and because the associated Fourier
inversion will be atfected in a not particularly obvious
way. ‘Therefore, it is not always clear which order
parameters will he most seriously in error when the
size offeet has not been removed from the data. But the
mijor features of the measured diffuse intensity are
still present even in the uncorrected data, and this is
certainly a pluce to start. In the case of CuAu, Borie?
has shown that applying a rigorous size-effect correction
{o Roberts’s original intensity map for a quenched
crystal® changes the shape of the diffuse peaks at 100
and 110 from almost completely spherical to slightly
disk shaped though the disklike character is not at all
as pronounced as in Cowley’s CuzAu plot [Fig. 3(a)].
We thus hegan by tryving to reproduce Roberts’s data
on the quenched erystal as corrected by Borie. In the
process, we hoped to obtain a set of F./Vyand Vy/Vy,
which, when applied to Roberts’s at-lemperature data,
would give pood agreement with the measured equi-
librium short range-order parameters in this alloy.

It was found that the inclusion of a small positive
value of 7y was necessary in order to provide the slight
buleing along the [ 100] axis that is apparent in the
corrected Roberts” data of Figure 4(a). This can be
appreciated by looking at Fig. 5(11), where the effect
of 173 alone is to spread the diffuse scattering out along
cquivadent (100) axes away from the {100} positions.
Figure 3(h) as the caleulated CuAu dilTuse-intensity
map for 7,7 somewhat arbitrarily set at 0.95, Vo/V,
- - 0400 and Vi/ ) = 40.200. Actually, Va/171 could

range from - 0400 to —0.600, with Va/Vy ranging from

0200 to - 0300, without much altering the shapes:

in Fig. 4(b). It is apparent that the real difference in
shape between Figs, 4(h) and 3(b) arises from raising
iy and including an appreciable Vi A very much wider
range of interaction energy ratios around the above
values could fit the short-range order parameters
measured by Roberts at 525°C (7./T=0.87) and for
the purposes of comparison in Table I we chose nearly
the same values as used to compute Fig. 4(b), again for
reasons ta be discussed later. Considering that Roberts
didd not make any size etfect correction, and did not use
an external standardizition to obtain absolute intensity
units, the agreement between theory and experiment
for CuAu at §253°C is reasorable. Roberts’s measured
value of a2 000 3s ' aost ceoUdaiy incorrect (as he
notes in his paper; o prol wbly arvices from the in-
clusion of the leading size effect term in the short-
ratgee ovder seattering, This term has the form
~ Sphysy singdry, where 8y s the usual first-neighbor
size effect coeflicient.® Jts clfect 1s to produce an
extremum at the same place as the ay term in the short-
range-order Fourier cosine series. We do not place too
nuch faith in Roberts’s order parameters, and helieve
that a least-square it would be meaningless. Nonethe-
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Ii6. 4. (a) The cxperimental diffuse-scattering map for a
quenched CuAu crystal. The data were taken by Roberts (Ref. 3)
and corrected for the size-effect by Borie (Ref. 7). The intensity
units are arbitrary, but are corrected for scattering factor and
polarization variation. (b) Theoretical contour plot for CuAu with
T./T=095, Vy/V,=—0.400, and Vg/V;=+0.200. The intensitics
are in absolute units,

less, it scems clear to us that both Vy/Vyand V;/V, in
the ranges quoted above, are necessary to explain the
over-all results.

The difficulty in matching to the CuAu; data should,
offThand, be even more pronounced, since here the size-
effect scattering is the most intense, even though the
actual atomic displacements may be smaller than in
CuzAu. The data of Batterman® on quenched (uAug
are reproduced in Fig. 5(a), and the contribution of the
size effect is very noticeable in the shifting of the
centers of the diffuse maxima from the actual super-
lattice positions 100, 210, 300, 310, ctc. There is also
apparently a large Huang scattering around the 200 and
400 fundamental reflections. Batterman partially
climinated the severe size-cffect distortion by caleulat-
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ing order parameters from intensity data averaged
across the houndary plane containing the points 300,
310, and 311.

The most distinet charactenstic of Fig. 5(a), other
than the atom size-cffect, is the egg-shaped intensity
distribution. Whereas the profile from CusAu is disklike
and that from CuAu is more nearly spherical, CuAus
shows a disorder diffuse scattering that extends along
the (100) axes with a seemingly spherical cross section,
as evidenced by the contours around the 310 position.
Neither Vynor V, will produce such a distribution, and
it is essential in CuAug to use a large positive V; to
reproduce this feature of Fig. 5(a). By adjusting V,/V,
and V3/Vy to achieve this purpose and to give reason-
able agreement with Batteriman’s at-temperature short-
range-order parameters, we obtained the map of Fig.
S(h), with T./T=0.95, Vy/V,=—1.200, and V,/V,
=+0.900. Again, since the comparison is with data
from a quenched crystal, the choice of T,/T=0.95 is
only to enhance the scattering that would be more
diffuse, though similar in shape, at a higher tempera-
ture. In Table I the experimental and theoretical order
parameters are compared, using the same energy ratios
for 7°./T=0.90. The agrecment is fairly good, with
and «, being the worst discrepancies; there was no set
of parameters that would give any better agreement
for different ratios of Vy/Vy and V,/V,. The experi-
mental results were only approximately corrected for
size cffect and are therefore subject to errors, again in
an unknown way.

The trends in the Cu-Au system can now be examined
in light of both the diffuse scattering in Figs. 3-5, and
its l'ourier inversion in Table I. The change in shape
from disklike to egg-shaped, we believe is related to the
increasing importance of V; with a correspondingly
diminished V. This change is reflected in the order
parameters, proceeding from CuzAu to CuAu to CuAus,
through a decreasing ap and an aj that starts out very
small, or slightly positive, and increases to a larger
negative value at CuAuy. The agreement in Table T is
best for CuaAu, which is the most accurate data set and
the only once for which a least-square fit to theory was
possible.

It would scem that all of the grosser trends and
changes with composition can be accounted for by the
variation of the interaction encrgies, and this suggests
the possibility of obtaining a pair-interaction energy
plot versus interatomic distance for the Cu-Au system.
Since the critical temperatures are known at all three
compositions, knowing the ratios Vo/Vy and V3/V;
enables us, through Egs. (2.1) and (2.2), to calculate
Vi, Vg, and V3 as a function of composition. We shall
assume that each V; does not depend upon environ-
ment, hut rather that its major dependence is upon the
average interatomic distance, which is known to in-
crease with increasing gold content. We would like the
results all to lie on one smooth plot that will be con-
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Fe. 5. (a) The experimental diffuse-scattering map for a
quenched CuAus crystal. The data were collected by Batterman
(Ref, 4), and are in arbitrary units corrected for scattering factor
and polarization variation. (b) Theoretical contour plot for
CuAu; with T./T=095, Vi/Vi=—1.200, and Vi/V1=+0.900.
The intensities are in absolute units.

veniently labelled V (r)/k versus 2r/ao(CusAu), where
k is the Boltzmann factor, r is an interatomic distance,
and ao(CusAu) is the lattice parameter for disordered
CusAu. For CusAu, Vy/k will be a point at 1.414, V./k
at 2.000, and Vy/k at 2.450. This plot was first con-
structed with the same values of o/ V1 and Vi/V, used
in Figs. 3-5. The trend was obvious at once, but the
points were a bit scattered off a smooth curve, and a few
different trials were made to bring them onto the curve
in Fig. 6. The final values, as we have said, do not
appreciably affect either the maps of Figs. 3-5 or the
order parameters of Table I. The ratios in Table I are
therefore the same as those used to draw Fig. 6.

The curve in Fig. 6 is interesting in several ways.
The nearest-neighbor portion shows a rapidly increasing
V. as r; decreasce with decrcasing gold content. We
attribute this bchaviur to the increasing importance of
Au-Au ion-core repulsive interactions as the gold ions
come closer to each other. The contribution of Vau—au
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I'1e. 6. Pair-interaction energy V(r)/k as a function of inter-
atomic separation 2r s (CugAu) in the copper-gold system, The
variable 7 is therehy normadized 1o the lattice constant for CuzAu,

ao{CuyAn),

to V'y becomes rapidly dominant as the lattice constant,
and thus the nerest-neighbor separation, decreases.
This is essentinlly the equivadent of a strain-ordering
conceept, sinee the large positive ¥y drives the large gold
atoms apart and helps to stabilize the ordered structure.
As we know, however, 1y alone will not stabilize any
fee ordered structure’ and second (and higher) neigh-
bors must he invoked which have little or nothing to do
with ion core repulsive interactions, Tt would seem that
the vamshing 173 in Cuau is more an accident than
evidence for the unimportance of longer-range inter-
actions. Merely by increasing slightly the interatomic
separation, not only does ¥y quickly decrease, but V3
becomes important. Without it, as we have seen, the
shape of the CuAu; intensity distribution cannot be
explained,

Our plot extends only to Vy and it is difficult to
imigrine that all 1y (1> 3) wre negligible. 1 anything,
speculation based on Fig, 6 would suggest that the
Cu-Au system might be characterized by a long-range
oscillatory interaction potential that dominates the
shape of the curve beyond Va(r.). Sull) the curve was
derived using only 1y, Ve, and 13, and we would have
to conclude that it many higher neighbors were in-
cluded, 1ts shape might change appreciably. In addition,
since the oritical temperaty res of our theory are too
high, the corresponding Vs will also be too high.
However, indine with the reasoning presented in 11, we
would expect the ratios of the intcraction energics to
he much more reliable.

What finallv can he Jdaimed for Fig. 6 1s that 1t is
provocitive. Al of the known major features of the
measured dilfuse intensity can he accounted for by i,
and it does indicate the presence of longer-range inter-
actions. We have certainly convinead ourselves that a
quasichemical interaction that is not a function of

P CLClapp, Phys, Rev, Letters 16, 687 (1960).
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interatomic separation is an essentially useless quantity.
There is, however, one set of experimental results that
suggests that the entire statistical approach, at least one
such as ours, may be an insufficient description of the
disordered state. Cowley' has discussed recently the
various experimental results on split diffuse peaks in the
electron and x-ray diffraction patterns from disordered
Cu-Au alloys. These splittings, above T., strongly
suggest a microdomain model for the disordered state
in the vicinity of T.. The shape and general structure of
the difiuse scattering are still the same as discussed
here, but our thermodynamic calculations cannot
reproduce the diffuse satellites. This need not be
paradoxical ; it is possible that the dominant features of
the scattering are given by the pairwise statistical
theory, but that the more detailed atomic arrangements
depend perhaps on special electronic or strain-relaxation
cffects that are not easily incorporated into the pair-
interaction theory.

B. Cu-Pt System

The Cu-Pt system should be an especially attractive
one to compare with theory. As with Cu-Au alloys,
there cxists a continuous fec solid solution at high
temperatures, and three prominent ordered structures,
CuyPt, CuPt, and CuPty at lower temperatures.* The
CuyPt structure is similar to that of CuzAu but with a
maximum in T, displaced off stoichiometry to 20
at.9% Tt. CuPt has the L1; structure consisting of
alternating (111) planes of Cu and Pt atoms, which is
interesting because each Cu has six nearest Cu neighbors
in the (111) plane and six nearest Pt neighbors in the
parallel adjacent planes, with three above and three
below. CuPt; is thought to be the same as CuPt but
with an ordering of the excess Pt atoms.!> Whereas in
the Cu-Au system all three ordered structures are
characterized by superlattice peaks [or V (ka)] at 100,
110, etc., in the Cu-Pt alloys, as the Pt content in-
creases, the minimum in V (k) shifts from 100 to § } 3.
Actually, CuPt is not a cubic structure, even aside
from the rhombohedral contraction that occurs on
ordering the (111) planes, because all (111) directions
in a unit cell are not equivalent. But, as with CuAu, it
invariably shows pseudocubic symmetry because of the
presence of the four (111) directions along which it can
chose to order with equal probability.

The only existing diffuse scattering data on the Cu-Pt
alloys are the studies of Walker'® on CuPt and Kaplow'?
on a series of other compositions at various tempera-
tures. Both studies were done using powder samples,
and there is thercfore no reciprocal lattice map of the

13 .M. Cowley, J. Australian Inst. Metals 11, 258 (1966).

14 M. Hansen, Constitution of Binary Alloys (McGraw-Hill Book
Co., New York, 1958) 2nd ed.

1Y, C. Tang, Acta Cryst. 4, 377 (1951).

16 B, Walker, J. Appl. Phys, 23, 118 (1952).

7 Roy Kaplow, Ph.D. thesis, Dcpartment of Metallurgy,
Massachusctts Institute of Technology, 1958 (unpublished).
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diffuse intensity distribution. 1f the powder data were
extensive and accurate enough, such a map could be
reconstrucied from the measured a,’s. But powder data,
exeept under extraordinary circumstances, are never
really too accurate, being contaminated by thermal-
difTuse, size effeet, Huang, and Compton scattering, all
of which arc averaged over the powder-pattern sphere.
We shall thus not attempt an elaborate analysis of the
Cu Ptodata. We shall argely restrict our attention to
CubPt and invoke only 12/ ¥V, and the temperature ratio
T, T Thisis not hecause we have any reason to believe
that higher-neighbor interactions are not present, but
because we prefer to extract qualitative conclusions
using the fewest assumptions. When better single-
crystal datacare available we would expect that some of
these simpler conclusions might be modified.

By requiring that #7(ky) be at )} 3, the critical
temperature for the Cul’t structure can be written as

T.=3Vy/k, (2.4)
which includes interactions out to third neighbors.
Neither Vy nor Vg has any effect on 7T'.; rather, they
affect only the question of stability of the CuPt struc-
ture and the shape of a(k). In the fully ordered condi-
tion, the planar structure of CuPt has a set of a; which
oscillate as ¢ proceeds from one in the manner a;=0,
wp=—1.000, a3=0, ay=+1.000, etc. All odd shells have
revo a; awnd the even shells oscillate — 1.000, 4 1.000,
~1.000, ««-_The vanishings, especially of a1, have led
workers to suspect (i) that V, is negligible, (ii) that
thes | is a separate in-plane and out-of-plane interaction.
Ncither of these considerations seemis proper to us
although, with regard to the latter, if there is a [111]
contraction, nearest neighbors in adjacent planes will
be shightly closer than those within the plane. The
preference for unlike first neighbors may thereby be
enhaneed and the energy lowered.

The Cul’t structure has an ordering emperature of
about 815°C ubove which it is statistically fcc with
focal atomic arrangements characteristic of the ordered
structure.' The powder-diffuse measurements of Walker
by neeessity gave only rough estimates of the pair
correlations, and were conducted at a temperature of

Tantr IT. Calculated and measured short-range order parameters
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890°C as well as on a quenched sample. Our comparison
will be with the 890°C data (I./T=20.94). We have
chosen T./T'=0.95, and have run sets for several differ-
ent ratios of V,/V, in the positive quadrant of Iig. 6
(11) from: +C 60 to +20.000. The tendency in Table
11 is quickiv to reach limiting values for the even-skell
parameters, which are in greement with Walker’s set
of measured coefficients. The odd-shell-order param-
eters are appreciable at Vy/V1=40.600 and fall off to
zero as this ratio increases. Walker's conclusion was
that these latter parameters were esseutially zero as
they are in the ordered state, and that above T, the
local order was very similar [(111) layering] to that
below T.. The theoretical calculations indicate that this
becomes truer as ¥V, takes on greater values relative to
V1. We would thus suggest that many of the known
features of the local order in CuPt can be reproduced
using only V1 and V,, and that a fairly large relative
contribution of ¥V, is necessary to yield very small
magnitudes of the even-shell parameters.

The data of Kaplow should be more accurate than
Walker’s although it is restricted to compositions other
than CuPt, because a size-effect estimate was included.
His results were for alloys ranging from 4 to 43 at.%
Pt, and showed anomalies that, if real, cannot easily be
explained solely on the basis of V1 and V.. At 43 at.%
Pt, the first seven a,’s of Kaplow are quite similar to the
Walker results on CuPt, namely, very small odd-shell
parameters with larger even-shell pararieters that oscil-
late in sign. But the dependence with temperature sug-
gests that neither a; nor a changes as the temperature
is raised increasingly above T.. The parameters at 24
at.% Pt cannot really be understood in terms of the
CusAu structure (or the 130 Ni;V structure), since the
negative oy is larger in magnitude than the positive a..
While a; is very small and positive (reminiscent of
CusAu, albeit accidentally) the largest measured a,
is as=+4-0.14 at T,/T=0.95, and this value appears to
increase as T./T decreases to 0.90. It is quite possible
that higher-neighbor interactions are important, and
our understanding should probably wait on more ac-
curate single-crystal analyses. In addition, a very recent
study of copper activities in Cu-Pt alloys indicates that
the ordering reactions around CuP’t are much more

in the alloy Cult.

o ag
meas, from theory, T,/T=0.95
perfect (T./T=094)
i imn order by Walker Vy/V10.60 080 1.00 3.00 6.00 10.00 20.00
1 110 0 ~0 -0.13 -0.09 -0.07 ~0.02 —-0.01 -0.01 0.00
2 200 —1.00 —0.20+0.06 -0.18 —0.21 -0.22 —-0.24 -0.24 -0.24 -0 24
3 VAR 0 ~0 0.07 0.05 0.03 0.01 0.00 0.00 6.00
4 220 4 1.00 +0.12+0.05 0.06 0.09 0.10 0.11 011 0.11 J.11
5 310 0 (] 0.03 0.03 0.02 001 0.51 0.0 0.00
O 222 -—1.00 -0.0610.03 -0.08 -0.07 -0.07 A 0.07 —~0.07 -007
7 321 0 cee —-0.04 —-Nn.03 -0.02 — 01 0.00 0.00 0.00
X 400 4 1.00 0.03 0.05 G.u6 0.07 0.07 0.07 0.07
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complex than had been thought.'® There apparently isa
second hivher-temperature transformation involving an
as vet unknown structure that is tentatively identified
by the authors as a possible periodic antiphase domain
structure.

It is with a sense of somewhat wanton speculation
that we suggest that the Cu-Pt alloy system may be
characterized by a longer-range oscillatory interaction.
At the larger interatomic separation of CuPt, ¥V, may
lie ncar the top of the first positive oscillation (where
5 1s in Fig. 6 for CuAu;) and Vy may be essentially
zero--cither verv small negative or positive. As the
spacing decreases, with decreasing Pt content, it would
then be possible to diminish Vo while V4 rapidly in-
creases, and the CuzAu structure would take over when
V2 becomes negative. This premise demands, if only V
and V4 are included, that the NiyV structure be an
intermediate phase between Cult and CuPt. If higher-
neighbor interactions are important this need not be the
case.

There have heen other studies of the importance of
higher-neighbor interactions (other than V) in the
Cu-1"t system, most notably those of Fournet!® and of
Hirone and Adachi® The former restricted his attention
to the composition Cul’t and, using a method based on
the theory of Yvon,? extracted 1y and 1V, from Walker’s
measurements of long-range order in this alloy. Fournet
obtained a ratio of 1,67 for V3/1"; and, from Table IT,
we can see that at this ratio the odd-shell parameters
are small and the even-shell parameters are close to
their limiting values. Using this ratio, Fournet was also
able to calculate a(k) for a powder sample, and he
obtained fair agreement with Walker’s measured
powder-diffuse scattering. Hirone and Adachi use a
Bragg-Williams method, but incorporate both V; and
1"y and allow for the composition dependence of the
interaction energies. From observations based on the
structures and critical temperatures of the various
ordered phases, these authors solved for the ratio Vo/V,
at Cul’t, estimating a value of about 3.00, again con-
with Tuble 1I. There was no
treatiment of corrclations in the disordered phase, but
there was an - interesting discussion of the possible
origination of & longer range clectronic interaction in
the Cu Ptadioys. This was based on Mott’s polar model
for atloys™ and predates, ina < ualitative way, the more
recent calealations of 1horison and Puskin® to he

sislent the results m

discussed Tater in See. 3.

™ LR, Bidwell, W )0 Schulz, and R, K, Saxer, Acta Met. 15,
1143 (1967).

WG Fournet, Compt. Rend, 235, 1377 (1952).

0, thvone and K. Adachi, Sci. Rep, Res, Inst. Tohoku Univ.,
Serc AL 7,282 (19585).

2] Yvon, Cahiers Phys, 28, 1 (1945).

7 N Mott, Proe. Phys, Soc. (London) 49, 258 (1937).

R J. Harrison and A, Paskin, J. Phys. Radium 23, 613 (1962).
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C. Auy;Mn

The alloy AuzMn has a critical temperature of
approximately 643°C, above which it is statistically
fce. Below T, it has the NizV structure (D) with a
tetragonal unit cell (c'a=2) composed of two cubic
cells of the CuzAu structure shifted with respect to each
other on the (001) boundary plane by an amount
1a,+ }a,, where a; is the ¢ axis. It is often referred to as
a ““long period” superlattice of the CuzAu structure with
a repeat distance 2M equal to two. The notation for this
representation is L1.(M =1). As was discussed in II, the
ordered lattice has sets of superlattice peaks at all the
Cu;Au positions as well as at 130 and equivalent points,
and it shows pscudocubic symmetry because the tetra-
gonality can proceed cqually along the ay, as, or a, axes
of the disordered phase. The diffraction pattern is then
characteristic either of a cubic averaging of the DO,
structure or of the L1, structure with the sharp satel-
lites at 130 arising from the occurrence of M =1 anti-
phasc domains with equal probability along the three
cube directions.

For our purposes we would like to phrase the problem
in somewhat different terms. Above T., with }';(i>2)
=0, V(kp) occurs at 130 for the range 0<1/Vy
<0.500. As T, is approached, the diffuse-scattering
maxima at 130 will become sharper until, finally,
ordering takes place at T.. For an 4B alloy, with an
interaction energy ratio between 0 and 0.500, the
lowest-energy ordered structure proposed to date is
DO,y [or L1,(M=1)], and this structure has super-
lattice peaks at 100, 110, etc., as well as at 130. Put
this way, the discussion of AusMn emphasizes a cen-
tral point of our approach: It is to the disordered alloy
that we look for information about the relative strengths
of the interaction energies, with the restriction that
this information be consistent with the known ordered
structure below T.. In the case of a 130 peak in a(k),
the simplest corresponding ordered structure at A;B3
is D22, but we do not claim uniqueness for this cor-
respondence. Although we know of no actual 4B struc-
ture that orders with a 130 superlattice peak, the corre-
spondence at that composition would be unique, namely;,
both disordered and ordered phases have peaks only
at 130,

There is, of course, much more available data on the
diffraction patterns from ordered alloys than on the
diffuse scattering from the associated disordered phases.
AuzMn, with T, at ~045°C, secemed an ideal choice
since the diffuse scattering above T, can be measurcd
(the difference in scattering amplitude, for x rays and
electrons, of the two metals is large). Tanner has
recently made such a measurement of the electron-
diffraction pattern from thin (001) single-crystal foils
of AusMn.® His study was conducted using the hot
stage of an electron microscope, and the temperature

uq., :l‘arn‘ncr, Tech. Note No. 33, Ledgemont Laboratory,
Kennceott Copper Corp., 1967 (unpublished).
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calibration was very rough, i.c., T. was defined by the
disappearance of the sharp superlattice spots.

We are interested mainly in the shape of the diffuse
scattering in the b)) plane of reciprocal space. The
comparison between theory and experiment will be too
qualitative to warrant the use of more than V; and V,,
and for this case the T, for '(kas) at 130, is given by

To=(3/ 200V (0= 3V e/ Vo), (2.5)

where 1 (ka)=1"(—442Vy/Vy-- ). Equation (2.3)
was solved for a(k) for various values of V4/V, in the
range 07 V./ V<0500, Ficure 7 shows Tanner’s
clectran-ditfraction pattern from AuyMn at T> T, It
has heen over exposed to reveal the diffuse scattering
more eifectively, and it is apparent that this scattering
is centered not on {100} or {110} but on {140} posi-
tions. The intensity shows the usual cubic symmetry
(istorted somewhat by size effect), and is elongated
along lines hetween {100} and {110}, These diffuse
“cigars” at 150 can be reproduced qualitatively using a
small value of Vy/ Vy=0.08, with T,/ T = 0.95, for which
the caleulated diffuse-intensity distribution is shown in
Figr. 8. 1t s difficult to say how good the agreement is;
certainly  both reveal elongated diffuse maxima at
{130}, Reducing Vo/Vy enhances the elongation, while
increasing this ratio produces a more spherical (actually
shicldlike or triangular) shape at (1,3,0). As with the
Cu Aualloys, reducing T,/ T does not change the shape,
but changes just the sharpness of the peak.

AuMn would be an ideal candidate for an accurate
diffuse x-ray scattering study. The details of the in-
tensity distribution would be very sensitive to higher-
neighbor interactions and to the presence of any local
tetragonality in the disordered state. For now, it would
seem that the qualitative agreement between the theory
and Tanner’s results establishes roughly the relative
magnitude of V, (it is probably small compared to V),

02

220

1 7. Electron-dilfraction pattern from AugsMn above T, taken
bw Tanner (Ref. 24). The photograph has been overexposad to
emplasize the clongated diffuse maxima at the {130} pesitions.
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116, 8. Theoretical diffusc-scattering map for AusMn with
To/T=0.95 and V,/V:=+40.080. The intensitics are in ahsolute
units,

carroborates the prediction of the disappearance of the
100 and 110 intensity above T, and is consistent with
the stabilization criterion for the ordered structure.

D. WiMu

We have chosen Ni;Mo to compare with theory he-
cause of the recent x-ray study of short-range order in
a single crystal of this alloy.?® Ni;Mo has a more com-
plicated ordered structure?® than the fcc alloys pre-
viously discussed, but the unlabelled atomic arrange-
ment is very close to cubic close packing. All the nickel
atoms are crystallographically equivalent, as are all
molybdenums. The 12 nearest neighbors of a molyh-
denum atom are all nickel atoins, and this implies a
positive V. Of the six second ncighbors of Mo, four are
unlike and two are like, implying a positive V, as well,
with the complication that the two like-neighbors are
slightly closer than the four unlike ones.

There are many other interesting features of the
NisMo structure. It is body-centered tetragonal (Let)
with two formula units per cell, and it can form in 30
distinct, albeit crystaliographically equivalent, ways
from the disordered fcc phase. Upon ordering, there is
a small contraction along the ¢ axis of the bet cell which
brings the two like Mo second neighbors along the ¢ axis
closer together than the four nickel second neighbors
off this axis.

The reciprocal lattice ot ordered NisMo has super-
structure reflections arranged in groups of four about
the positions 130 of the fcc reciprocai lattice. There
is therefore no set of superlattice points that are equi-
valent in the ordered ard Jsordered phases, and this

% J, L. Spruieli ond E. £. Stansbury, J. Phys. Chem. Soiids 26,

811 (1965).
0 | Harker, J. Chiem, Phys, 12, 315 (1944).
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fact makes it ditacult to gencrate predictions of the
diffuse seattering from considerations of the ordered
structure alone. The discussion here will thus be an
attempt (o rationalize our preliminary conclusions,
hased on the diffuse-scattering experiments, with the
known ordered structure.

Figure 9 is a reproduetion of Fig. 1 from the Spruiell
and  Stansbury paper®  Their Ni;Mo crystal was
rapidly quenched in iced brine from 1000°C, where
7. =865°C, and the resulting diffuse-scattering con-
tours are in units of 100X« (k). Since the ordering
reaction is sluggish, the quench probably retains the
qualitative aspects of the equilibrium atomic arrange-
ments, with only a slight enhancement of local order
taking place. Figure 9 has not been corrected for size-
cifect scattering, as is apparent from the slight asym-
metry in the contours, viz., the intensity is greater at
210 than at 100. The most prominent feature of Fig. 9
is the concentration of intensity in nearly circular con-
tours about the {130} positions. The outer contours
are slightly elongated toward 100, 210, etc., and are a
bit flattened around 110, so that at 110 the shape of the
difTuse seattering is also almost circular,

Figure 9 so obviously indicates a V(ky) at 130
with U<17%/17<0.500, that the corresponding theo-
retical comparison was made with only ¥y and V. As
noted in the previous scction, as Vy/V, increases, the
intensity hecomes more spherical around 130. We cal-
culated Intensities using a few different ratios, with
77T set at 095, until Fig. 9 could be reasonably well
reproduced. The final choice, for 1V./1V1=0.300, is in
Fig. 10. We find the agreement satisfactory, and tend
to attribute the differences largely 10 size effect and to
the necessity of comparing theory with the scattering
from a quenched sample.

It scems that the NiyMo diffuse scattering can be
accounted for using just Vy and 1y, both of the same
sign, Fhis result is consistent with, although not
predictable from, the ordered structure. The quenched
sample apparently has atomic arrangements charac-
teristic of the disordered phase which have been pre-

£
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000 300 400
i, 9. The diffuse-scattering map for a quenched NigMo

ervstal studied by Spruiell and Stansbury (Ref, 25). The contours
are in absolute units multiplied by 100, and the data are not
corrected for the size effect.
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served on quenching because on anncaling the NisMo
crystal within the ordered region, the diffuse-scattering
distribution changes. It begins to tlatten out perpen-
dicular to reciprocal lattice lines of the kind {140}
(Fig. 3 of Ref. 25), and, with increased annealing, diffuse
satellites appear at positions identical to the super-
lattice reflections in the ordered phase, namely, at
110, 6/510, and all equivalent positions given by
the translational symmetry of the disordered reciprocal
lattice. As the ordering proceeds, these satellites sharpen
into the superlattice spots. This clear distinction in the
diffraction patterns from the partially ordered and
disordered alloys leads us to believe, in contrast with the
appreciable literature on the Cu-Au alloys, that in
Ni:Mo the locally ordered state above T is well de-
scribed by the statistical theory, and that a micro-

020

ol0

F16. 10. Theoretical contour map, in absolute intensity units,
for NiyMo with T,/T'=0.95 and V'5/V,=+0.300.

domain theory of short-range order is not a particularly
useful concept here.

E. Clustering in CuNi

All of our theoretical calculations have thus far been
on ordering alloys that show a preference for unlike
nearest neighbors above T.. Exactly the same formalism
can be applied to clustering systems that will have a
maximum in «(k), or minimum in V(k), at 000 that
sharpens as the critical temperature for phase separation
is approached in exact analogy with ferromagnetic
critical scattering. For an A B alloy, the critical tem-
perature can be expressed as

To= (—6Vi/R)(1+3Vo/ Vi 2Vs/ Vit - ).

T.is the temperature below which the solid binary alloy
is unstable with respect to infinitesimal composition
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fluctuations and begins to phase-separate or unmix.
T'his is also the definition of the coherent spinodal 27 and
the two are the sume. The usual treatment of spinodal
decompaosition is in terms of macroscopic thermodyna-
mic guantitics and the kinetics of the process. As in
previous sections, however, we shall be concerned here
mainly with the corrclation functions above T.

The evidenee for clustering in Cu-Ni alloys has been
suwmmarized by Rapp and Maak ®*® who performed the
most recent thermodynamic study on this system. By
extrapolation of the best available data, they calculated
a maximum in the predicted miscibility gap of about
300°C. Below ~300°C (at around 0.7-0.8 at. fract. Ni)
phase separation should occur. At exactly the CuNi
composition, 7', should be somewhat lower. Very
recently, Mozer, Keating, and Moss? have studied the
diffuse seattering of thermal neutrons from a poly-
crystalline sample of CuasNip . The results of the
neutron investigation of this alloy show that clustering
above 7, s indeed observable and that a reliable set of
a(r) can be extracted by a least-squares fit directly to
the corrected intensity data. The experiment was
actually o texthook example of cluster scattering from
a powder simple beeanse a null-matrix alloy was used,
frony which the Bragg intensity and associated thermal-
dilfuse and Huang scattering were negligible. For all
details of the experiment, the reader is referred to the
orizinal paper.

The most striking aspect of the experimental short-
range order parameters in Table 111 is the large value
of - -4 0121 compared to the much smaller values of
the other coeflicients, all of which are about 109, or less
ol 1. ‘The reason for this behavior turns out to be the
competition belween a negative ¥V and a smaller posi-
tive .. Sinee asecond neighbor of an origin atom shares
four first neighbors with that origin, the change in sign
ol the interaction energy can bring the second-neighbor-
g occupancy to nearly the random value, and this
clfect propagates to higher neighbors. By choosing
ratios of 1.7V, from —1.000 to +20.000, Mozer,
Keating, and Moss solved Eq. (2.3) for a range of
clustering svstems in Fig. 6 {(I11) and for various values
of T.°7T, and the calculated «; were compared with
experiment. I Vo/¥V 20, all a; were positive, thus
ruling out that range. The best it was for —0.500
V. 12 —0.650, with T./T between 0.70 and 0.75,
a sample comparison from Ref. 29 at Vy/V,
a.000 is included in Table 1.

The temperature T at which the theory was applied
wis around 550°C and with 7./7=0.725, T, was calcu-
Lited 1o be ~325°C. Since the mean-field critical
teruperatures ave all too high, the authors in Ref. 29
chose to place T, closor to 250°C, in reasonable agree-

and

bW Cabin, Acta Met, 9, 795 (1961),

RN Rapgyand 1 Maak, Aeta Met, 10,63 (1962).

R Maoszan, DT Reating and S, C) Maoss, Phys, Rev. (to he
prarbiic ey,
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TasLe IIf. Calculated and measured short-range order
parameters in the alloy CuNi*

ay

Theory:

Perfect Expt. T./T= 0725

i Imn clustering  at ~550°C Vi/V,;=—-0.000
1 110 1.0¢9 0.121 0.120
2 200 1.000 —0.008 —0.009
3 211 1.000 0.011 0.018
4 220 1.000 0012 0.018
5 310 1.000 —~0.003 -0.003
6 222 1.000 —0.003 0.004
7 321 1.000 0.002 0.003
8 400 1.000 0.00S © —0.001

s Reference 29,

ment with the extrapolation of the thermodynamic
data.

Because the neutron experiment gave such “clean”
results, the derived a.’s should be reliable and the agree-
ment in Table 1II for both sign and magnitude of the
order parameters was considered to be good.

3. bcc ALLOYS

Few detailed studies have been made of the short-
range order in bee alloys other than 8-CuZn. Walker
and Keating® have done extensive neutron-diffraction
measurements on this system at several temperatures
above the ordering temperature, and more recently
Als-Nielsen and Dietrich® have made extremely ac-
curate neutron measurements of the short-range-order
peak shape at temperatures just above the ordering
temperature. This latter work has shown close agree-
ment with the theoretical expression of Fisher and
Burford,"® and would seem to imply that the ordering
processes in 8-brass are well described by an Ising model
employing only nearest-neighbor interactions. However,
Harrison and Paskin (HP)? have provided theoretical
reasons for expecting long-range oscillatory interactions
to be significant in this system based on Mott’s “polar
model” of an alloy. Their work raises the question of
whether such long-range forces can be detected from the
ordering behavior of §8-CuZn.

Paskin® has already considered the problem by calcu-
lating theoretically the first 40 «,’s at 109, above the
ordering temperature for a nearest-neighbor interaction
and for the long-range oscillatory interaction given by

V(r)=Alcos(2k;r+9)]/7,

where k; is the Fermi momentum, and 4 and ¢ are
adjustable parameters. He used a linearized form of
Cowley’s equations, which is identical to our expression,
to perform the calculations, and arrived at the conclu-
sion that there are significant differences in the two sets
of as only for high-order a,'s. Since thesc are very

® C, B. Walker and ). T. Keaung, Phys, Rev. 130. 1726 (1963).
31§ Ale-Niclsen and O. W. Dietrich, Phys. Rev. 183, 706

(1967); O. W. Dietrict and }. Als-Niclsen, sbid. 153, 711 (1967).
32 A, Paskin, Phys, Kev, 134, A246 (1964).
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diflicult to measure with any accuracy, he concluded
that long range oscillitory forces of the tvpe proposed
could not be detected experimentally.

We have performed a similar calculation, but have
calculated (k) rather than the a,’s and find that the
situation is perhaps not so hopeless as Paskin suggests.
Our results for a(k) along a [111] direction are shown
in Iig. 11, Three cases have been considered : 1y alone,
I'yoand 1y adone, and the HP long-range oscillatory
potential,

Twao of the three values of the phase factor ¢ used
here are those that Paskin suggests are the most
appropriate for CuZn (3, 1r—0.28). The value of 4 is
immaterial, because 1t cancels out when Eq. (2.3) 1s
used to caleulate a(k). We have truncated V(r) after
20 neighbors.in performing ti+ calculations, and all the
resulting curves have been scaled to make a(k)=1.0 at
T Asisapparent from the fisure, a distinet secondary-
diffuse peak appears at the § § § position for certain
values of the relevant parameters, and careful in-
tensity measurements in this region of reciprocal space
should provide i reasonably sensitive test for the
presence  of higher-neighbor  interactions.  Although
Wilker and Keating did make measurenients in this
region, the measurements were made too rapidly (to
avoid the loss of excessive amounts of 7Zn) to obtain
acenrate points, so that any details that may have been
present were washed out. Consequently, @ neutron
experiment designed to collect accurate data in the
233 region remains to be done and would appear to
be highly desirable. Tt should be mentioned, however,
that in a recent summary of the application of Yvon’s
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theory to binary alloy data, Fournct suggests a ratio of
Vo/V,=1% for B-brass,® based on the measurement by
Chipman and Warren* of long-range order. Our calcu-
lations indicate that this ratio would not produce a
measurable peak at 41 and that a ratio in excess of
0.40 is required if only V; and ¥V, are included.

We have also made calculations of a(k) in the [100]
and [110] directions away from the 111 peak and find
no appreciable difference between the three cases. As a
consequence we have inferred that «(k) is insensitive to
the presence of longer-range interactions, except in the
neighborhood of the % 3 4 point. This would indicate
why the lower-order a’s do not differ significantly when
the range of interaction is increased, and provides a
clear case where the diffuse intensity, rather than its
Fourier transform, should be studied in order to extract
the maximum amount of information about the pair
interactions in the alloy.

It is significant that the secondary-diffuse peak
occurs at the same position as the superlattice spot for
the B32 or NaTlstructure (see Figs. 10 and 11, part I1).
This implies that the energy of the 1332 structure is
approaching that of the £L2q or 3-Cu”n structure, and,
in fact, if V,/V, had been chosen to be % (corresponding
to the boundary of the two structures in Fig. 10, part 11)
the peak at 11} would also have had a value of 1.0.
This also occurs if ¢ is chosen to be (3r—0.3), which
represents a lower bound for ¢ in order that L2, struc-
ture be the stable low-temperature form.

4. SUMMARY AND CONCLUSIONS

In the present paper, part 111, we have applied the
theory of parts I and II to diffraction data on alloys
above T.. This has enabled us to evaluate the impor-
tance of interactions beyond nearest necighbors, a
feature not readily available to the more exact thermo-
dynamic expressions. The results on the Cu-Au system
indicate the presence of a long-range interaction poten-
tial which must extend at least to third neighbors in
order to explain the x-ray diffuse scattering. This
interaction also appears to be oscillitory in nature:
positive and rapidly varying in the region of the nearest
neighbors, negative at second neighbors, and turning
positive again at the third-neighbor distances.

For the Cu-Pt system, we get good agreement with
the data of Walker at the CuPt composition, which
means a ratio 1y 175 in excess of ~1.00. In the casc of
Au;Mn, predictions hased on the ordered structure
would require diffuse peaks at 130 above T'; with V'o/17
between 0.0 and 0.300. Reasonable agreement is oh-
tained with the electron diffraction result of Tanner by
using Vo/1,=0.08. The disappearance, above T, of

3 (5. Fournet, in Phase Stability in Melals and Alloys, edited by
. S, Rudman, J. Stringer, and R. L. Jaffee (McGraw-Hill Book
Co., New York, 1967).

# 1), Chipman and B. E. Warren, J. Appl. Phys. 21, 696 (1950).
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diffuse intensity at the ordered superlattice points of
100, 110, ete., is also confirmed.

‘I'he diffuse scattering data of Spruiell and Stansbury
on NisMo is well reproduced by the theory by setting
1, 174=-0.300. This ratio, while not predictable from
the ordered structure, is consistent with it. In addition,
for completeness, the recent results of Mozer, Keating,
ad Moss on CuNi are briefly summarized, where it is
shown that the theory applics as well to clustering
systems as it does to ordering ones.

Finally, the case for a long-range oscillatory inter-
action in B brass is reexamined. We show that only at
the 3 1} position in reciprocal space will the effect of

DISORDERED BINARY ALLOYS.

It 171
an interaction beyond~V, be remarkable. It is thus
sugpested that very careful neutron-scattering data be
collected above T, at that position in order to test for
the presence of longer-range interactions.

We hope by these papers to have demonstrated the
usefulness of an approximate theory in generating some
interesting information on the pair interactions in a
variety of binary alloys. As the techniques for incorpo-
rating longer-range interactions into the more exact
theories are developed, these will in turn demand more
cxacling data on binary alloys. It is thus our further
hope that a systematic collection of such data will be
forthcoming.
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Abstract— A new variational method is presented for determining configuration probabitities of three
or more sites in partially ordered binary lattices from pair correlation data. The method is tested for
several cases where the exact solution is known by independent means, and it is shown to yield the
correct result in cach case. 1tis suggested but not proven that the method is exact for all applications
where the configurational energy of the lattice remains constant during the variational procedure.
Comparison is made with the Superposition Approximation of Kirkwood and with Monte Carlo
stichies. I addition, the method 1s shown to bear an inverse relationship to the Cluster Variation
Method. Tt is concluded that this new variational procedure should be quite useful for obtaining i more
complete microscopic description of a partially ordered lattice than is presently availuble with the

pair configurations picture.

1. INTRODUCTION
A BiINARY lattuce is defined here as any regular
lattice whose sites are occupied in one of two
ways (e.g. a binary alloy, a lattice gas, or a
spin } magnctic lattice). A complete descrip-
tion of the lattice configuration i1s possible
only when the lattice is perfectly ordered. At
finite temperatures the Jattice contains some
degree of disorder and since the state of the
NOW an avelage over some enseinble
ot confipurations only a statistical descrip-
tion ol the lattice arrangement is possible.
When only short range order (SRO) is present
the usual description of the lattice 15 based
upon the patt correlations (e the Warien
SRO paramcters i alloys, spin-spin corrcla-
tions in magnetic systems) which are normally
all that can be experimentally measurced.™
This however gives a very incomplete picture
of the state of the Lattice because it focuses on
only 1wo sites of the lattice at a time. 1 s

Lttice i

“Recent work by COWIEEY S0 M (Acta ervstallogr.
A4 357 (LO6RY on lnematical diffiaction from solid
sulutions and ficld jon microscopy studies by GOT D
and MACHEIN FoS on Ae Prand Nic-Padloy < (24l
Viage 180483 (19680 indicate that 1t may be possible to
abtam Laver cluster conclattons expeoimentally in some

[SHRI Y

clear that a knowledge of the probabilities
for larger cluster configurations (triplets,
quadruplets, etc.) would provide a much more
complete description of the lattice structure at
the atomic level.

We shall propose here a gencral theoretical
method for inferring these higher order cluster
probabilities from the pair probability data. To
give it a name we shall call it the Probability
Variation Method (PVM). Our scheme is very
closely allied to the Cluster Variation Method
(CVM) which has been extensively developed
by Kikuchift] and colluborators. It may be
described in some ways as an inverse of the
CVM as we show below.

This inverse operation appears 1o be new,
except tor a calculation made by Kikuchi[2]
for soap-bubble configurations. Although the
CVM as normally used to calculate the con-
figuration entropy of a system is known to be
approximate in most cases{3]. the mverse
application to determine n-site probabilitics
is not similarly limited and in fact may be
exact in all circumstances where one con-
dition is satisfied. This condition is that the
configurational energy of the laitice depend
only upon the pair correlations that arc held

2589
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constant during the calculation. The exposi-
tion of the method is given in Section 2 and it
is shown in Section 3 that in the several cuses
where the exact result for larger cluster prob-
abilittes is known, the PVM produces ihe
correct answer.

Previously the work on obtainiag the con-
figuration probabilitics of lacger clusters has
tukeu two paths. The first is also an analytic
method first proposed by Kitkwood[4] which
yiclds an approxnnate valuc for the triplet
correlations in terms of the pair correlations.
This techuique is knewn as the Superposition
Approximation (SA) and although the SA can
be cxtended to higher order correlations there
is some ambiguity in the procedure. We shall
demonstrate below that at least for the appli-
cations of interest here the SA gives results
for the triplet case which uare not scif-con-
sistent and are often grossly in error in com-
parison to the cxact number. i

T'he second approach is more recent and

has been made possible by the advent of

high speed dicital computers. This s the use
of the Monte Carlo method (MCM) to gener-
ate configurations of a large number of sites
(10?-10% by letting the computer shuflle site
occupations according to either a set of hop-
ping probabilities {3} or until the configura-
tion wrrived e by the comptiter satisfies the
observed pair correlations of a real system{61.
This method has the great advantage of
demunstrating explicitty the configuration of a
furge pumbaer of sites in a partially oidered
lattice. There is the ditticalt question. how-
cver. of estublishing whether the single con-
figuration map presented by the computer is
truely representative of the majority of the
millious ol other configurations that would
also satisfy the constraints. More to the point,
perhaps, is the question of which properties of
this coaliguration are typical and which arc
pecaliar to it alane (or to o minority sct) and
should thus be ignored. We shall return to
this problem later when we compare results
of our calculations o that of the MCM.

o comparison with the MCOM the present

approach is hmiied in regards to the size of
cluster which can be handled. The practical
computational limit is of the order of ten
sites. However, it has the advantage of pro
viding cluster probabilities which are a sta-
tistical average over the entire ensembie of
configurations of the infinite lattice that satis-
fy the pair correlation data, Also, the caleula-
tions are stmpler 0 perform than the Monte
Carlo procedures and it all that 1s needed are
these smaller cluster probabilities then the
present method should be completely satis-
factory.

2. THEORY

(A) The Probability Variation Method (PV M)

We assume that the lattice composition and
the pair correlations (or SRQ) parameters) for
some range of the intersite distance are
known, The problem is to determine the most
probable frequency distribution for clusters of
a given kind that will be cunsistent with the
above data. The theory is most easily de-
scribed by presenting an example and then
generalizing to other order clusters. Con-
sider a triplet cluster as shown in Fig. 1.

(2)

2
}/ s

~ // -

N
(o)
. M —

Fig. 1. A uiplet

We shall use the notation and some results
deveioped in a peevious paper{7] that presen-
1ed exact expressions for triplet probabilities in
the special case of equal composition binary
lattices. If site i of the faltice is occupicd
by an (A4, B) object we assign the occupation
number oy the value (+1,—1). Thus a specift-
cation of the o;'s (for i1, N} completely
describes the contiguration of all N sites of the
lattice. There will be N triplets of the kind
shown in Fig. 1 obtained by letting site |
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successively be each of the N lattice sites
while sites 2 and 3 maintain their same rela-
tive position and orientation to site 1. Periodic
boundary conditions are assumed. There are
eight possible configurations for a triplet.
Each configuration type is identified by an
index k and they are listed in Table | along
with the values of various o products in each
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% [0y ]kPi = (0ro2) (2¢)
Z (203 1k P = (0203) f)
Ekl (0301 ]xPr = (030) 2g)

(2h)

% [0"10'20'3]kpk= (o10203)

Table 1. Coefficients for triplet sum rules

Cluster type & (o] [or2)x {oalk (o02] (02031 [nn (002031
@1/_@b 1 +1 +1 +1 +1 +1 +1 +1
O/®\O 2 41 +1 -1 ¥l —1 —1 -1
b 3+ -1 +1 -1 —1 +1 -1
- + -1 +1 - -
O/®\O 4 1 1 +1 t 1
/% 5 +1 -1 -1 -1 +1 ~1 +1
O—--
IC
’7/2}9 6 -1 +1 -1 -1 -1 £1 +1
®
7 -1 -1 +1 +1 —-1 —1 +1
S
Oé?b 8 -1 -1 -1 +1 +1 +1 -1

cluster. Let the fraction of N triplets of type
k be P,. Then the lattice average of any occu-
pation number productis given by the identity:

|y
{oryrs . . Lar,) = N 2 o SWUT FUSTUN ¢
=0
=§[ULU2 co kP (D)

and for our example we can write the follow-
ing set of sum rules:

X =1 (2a)
% [0 kPe= (o)) =¢ (2b)
DI CANPEREORE (2c)
T [0l = (03) = 2d)

where ¢ = m,—my and (in,, m;) are the
fraction of (4, B} objects in the lattice. The
coeflicients of the P,’'s in equation (2(a-h)) are
all known by inspection of the cluster types
and the values are listed in Table 1. '
Strictly speaking, the averages on the right
hand side (r.h.s) of equatioas (2(b-h)) are for
a single lattice configuration. but we shall
use the experimentally determined values of
these quantities instead, which represent
thermodynamic averages over a large en-
semble of lattice configurations. However,
since it is known from statistical mechanics
that an overwhelming number of the states
of the lattice which contribute to the average
of a macroscopic quantity do not depart
significantly from the ensemble average (ex-
cept in the vicinity of critical points) this
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cnsures that we are studying the configura-
tional properties of a ‘typical’ lattice state.
Hence the r.hs. of equations (2(¢b-d)) are
known from the composition, and the r.h.s.
of cquations (2(e-g)) are assumed known
frow diftruction data. (or)) in alloys may be
calculated  from the Warren short range
order parameter «y; by the relation: {(or0y) =
(1 ok Clearly o knowledge of {ory00,)
would make the set of equations determinate
and the P.’s could then be obtained. Sym-
metry considerations mahe a  theoretical
evaluation of (or,a,0,) possible for the special
casc of ¢=017] but for ¢ # 0 such arguments
are no longer valid.

It is convenient at times to have the comple-
imentary set of identities which give a par
ticular P, in terms of occupation number
lattice averages. For this purpose we use the
projection numbers introduced in {7} and
defined as follows:

o= 3(l+ay) - (1,0)if (4, B)isonsite
3a)

af = Hl—o;) = (0.1)if (4, B)isonsite!.
(3b;

Then the probability that a cluster will be
oceupied in a particular manner is given by the
lattice average of the corresponding pro-
jection numbers, e.g.

R -
Py = N (’x,u”'g»;"f:»; = (o,%," -
= o'" '),>
|
C s ra) (L may) - (1=0)
- (4)

which can then be multiplied out and reduced
to a sum of occupation number averages.
Explicit examples will be given in the next
section.

A priori it might be expected that the
possible range of {(oraory) is -+ 1 to - 1 but the
reality condition that all P.J’s are positive
semi-definite in the lineur equations limits
{(,ra,) to a much smualler range. This s
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also manifested by a narrowing of the allow:
able range of the individual £,'s. An example
of this effect will be seen in Section 3(C)
below. hi essence the linear eguations for the
Py’s confine the possible P, values to a small
volume in P, space (a linear manitold in the
case of trptets). This important fuct has pre-
viously been noted and emphasized by Gehlen
and Cohen[6} in their Monte Carlo study of
focal order in alloys. The volume of the sub-
space depends upon the particular values of ¢
and the {o,0;)"s. It1s largest when the (o07))'s
are that of a completely disordered alloy (i.e.
{o;) = c¢*) and the volume reduces to a
single point when the {(g,0;) values are those
of a fully ordered structure The P,'s then
become completely determined.

Regarding P, as the probability of finding,
by random selection, a cluster of type & in the
lattice, Information Theory[8) can be used to
make a ‘best choice’ for the values of the P,’s.
Since the situation i one of incomplete
knowledge (the P,'s are only known within
the limits imposed by the linear equations),
Information Theory states that the most un-
biased value for the P,'s within this range is
that set which maximizes the ‘ignorance’
function I { P,) given by:

I(P,) = —3 P in Py (5)
K

Information Theory shows that any other
choice would imply that there is more in-
formation about the P,'s than has been given.
More information of a very complicated kind
may, in fact, be present due to overlapping
cluster conditions that we shall now consider.

This choice can also be interpreted in more
familiar terms as a principal of maximum
entropy. [(#,) is proportional to the con-
figurational entropy Wy () obtained by
placing NP, clusters of type 1, NP, clusters of
type 2, etc. on a lattice of N sites in ull
possible ways without worrving about in-
compatible overlaps. This is given by the
combinatonial factor:
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’

N! ]
- 4 = mrmae——e 2 N =\ P, i
Wovat ) lkl[N/’,;)!] /\[ ék f,(lnp,‘}

(6)

and is recognizable s the combinatorial fac-
tor of the Cluster Variation Method (CVM)
using this particular cluster as a basis.

Let us assume for the moment that equation
(6) correctly evaluates the number of lattice
configurations for a given set of P,’s, and also
assume that the configurational energy de-
pends only on the (a0,) s that are being held
constant. Then maximizing W(P,) with re-
spect to the P.’s (and subject to the con-
straints of equations (2(a-g)) will yield the
most probable value for the P.’s. Further-
more, as the size of the lattice increases, the
statistical law[9]} of large numbers states that
the fraction of lattice configurations having
any value of the P,’s other than this optimum
sct becomes vanishingly small.

We now examine the two assumptions that
we have used. It is known from work on the
CVM that equation (6) considerably over-
cstimates the number of lattice configurations
of given P, because it includes many con-
figurations containing incompatible cluster
placements such as the one shown in Fig. 2.
tHere we have chosen an equilateral triangle

tig. 2. Superposition of triplets in alattice.

as the cluster and illustrate only a small re-
zion ol the lattice. Although clusters I and !
arc in agrcement on the occupation of their
common vertex, 1 and 1l are incompatible
and 1V is incompatible with both 11 and [1].
I'hus Wy counts not only all the possible
lattice configurations but a much larger num-
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ber which are impossible on a real lattice. If
W(7.) is just the subset of compatible con-
figurations then (')bviously WP <= WeenlP).

However, it is clear that for our purposes
we do not need to know the magnitude of
W(P,). All that is required is a knowledge of
the P, values which maximize it! Thus we can
reduce our first assumption to a much simpler
one, namely that if P, is changed such that
Wn( Py increases (decreases), the subset
of compatible configurations W(P,) also
increases (decreases). At this point we are
unable to prove the assumption generally
but only argue its plausibility on the grounds
that increasing the total number of configura-
tions should increase the chance of compatible
configurations occurring. The postulate in
simplest form is:

Postulate 1: In any given subregion of Py
space the maximum of W, (Py) and W{(Py)
coincide.

The second assumption required in order
that the variational calculation be exact is
that the configurational energy of the lattice
depends only upon quantities that are being .
held constant, i.e. the composition and pair
correlations spanned by the cluster.

Postulate 11: The configurational energy of
the lattice is constant over the subregion of
P\ space defined by the linear constraints.

We can compare the present procedure
with the Cluster Variation Method as it 1s
normally applied to illustrate the inverse re-
lationship that they bear to each other. In the
CVM the pair correlations are not assumed
known but instead are the quantities to be
predicted, while the P,’s are used as inter-
mediary variables to accomplish the calcula-
tion. A certain size of cluster is chosen, as we
have done, und the same linear relationships
are written between the P.’s and the pair
correlations. The entropy of the system for a
particular set of values of the pair correlations
is then deduced from equation (6) by maxi-
mizing W ., with respect to the P.’s. This
leaves W, « function of just the pair corre-
lations which are to be varied luter when Wy,
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i~ mserted in a free energy cxpression. For
this process to give the correct result it is
necessary that the maximum of W, agree
with the true W(P,) not only in location but in
magnitude as well (apart from a constant scale
factony over the entire P, space. This is neces-
sary 1n order that W (and hence the free en-
ergy) have the correct functional dependence
on the pair correlations. This latter require-
ment is the principal cause of error in the
Cluster Variation Method and is obviated in
the present analysis by taking the pair corre-
lations from measurements, i.e. we stay
strictly within &4 micro-canonica! ensemble and
" proceed in the reverse direction to determine
the P,’s from the pair correlations.

(B) The Superposition Approximation

Kirkwood's Superposition Approximation
{4] and variants of it have been used by many
writers to obtain rough estimates of higher
order correlations in analytic form. The
gencral formula is:

P(0'|0'2"0',,)='C [[

Isi<jsn

Plooy) @

where € is a normalization constant which is
adjusted to muke the sum of n-site probabili-
ties udd up to unity. P (oo, - - ,) is the proba-
bility of occurrence of the configuration o, for
site 1., for site 2, - -, o, for site n. For trip-
fets, which 1s the most frequent application of
the S.\. equation S is:

Plaraary) = CPowo.) Plowo,) Plowos) (8a)
and for a 4site cluster, the SA expression is:

P("ﬂr‘!”';:”'l) .

CP(o0,) Plow,) P(ow,)
X Plaary) Plowr,) Plogr,) (8b)

It is generally recognized that for weukly
corrchited systems the SA is a good approxi-
mation (at least for triplets) but for non-dilute
lattices at temperatures where the pair corre-
lations are finite the SA is rather poor and. in
fact. will give results that show serious in-
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consistencies with the input values of the
pair correlations.

3. EXACT RESULTS
(A) Lincar chain
The simplest system in lattice statistics is
the infinite one-dimensional chain (see Fig. 3)
with nearest neighbor interactions, generally

OO~ O-O-O-0-O-0-0-0-
o N m
Fig. 3. The one-dimensional lattice.

referred to as the Ising linear chain. In 1925
Ising[10} exactly calculated a2 number of
statistical properties of this lattice including
the pair correlation functions. The pair corre-
lation for nth neighbors on the chain is:

("’i‘ﬂ'm) =" (9)
where ¢ = tanh (—8V), 8 = /AT and V is the
niearest neighbor interaction. The triplet

correlation function {0;0,;mCisn) IS Z€ro
for symmetry reasons and thus all triplet
probabilities are completely determined from
the pair correlations[7}. The quadruplet cor-
relation function (00 /@ ismTin) (Or simply
{o0maa)) has some value g which we
shall attempt to determine by our method.
The sixteen quadruplet probabilities can be
written in terms of the pair and quadruplet
correlation functions by use of equation 4 and
inserting the values of the pair correlations
from equation 9 gives:

AAAA = BBBB = (1 + '+ -t 411"

+1m 4+t + g) /16
AABB = BBAA = (1 -+ 11— =i rm

—m— =t 4 q)[16
ABAB = BABRA = (] -—[‘—,"l'l__..’n—m

+mtert—n+q) /16
ABBA = BAAB = (1 — !+ (m=t—qn-m

— =it n+g)/16
AAAB = BBBA = (1 + gt gnmm

+gm— ol — = )16
AABA = BBAB = (l +[I—f""l__ pm

— kg 1= )16
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ABAA = BABB = (1 — ' —p o grom
g =) 16

ABBB = BAAA = (1 —t'+ "4 0"
—m4 In«l.__ " -(})/16

(10)

where AAAA represents P41 etc. Fach of
with respect to g yields:

dq aq

which gives upon calculation:

289s

bilities 1n A8 binary lattices with pairwise
interactions is known (7] Thus we can test the
present method on a more realistic three
dimensional problem. Employing equation (4)
we may write the eight triplet probabilities
of an arbitrary cluster as:

the 16 P,’s is now a linear function of the AAA = (1+ 3¢+ (o,0) (14)
single variable ¢ and maximizing equation 5 + (orary) + (oy0,) +7)/8
BBA = (1 —c+ {o,0,)
= (a0y) = (oryoy) +7)/8
Mg) @ LA ABB = (1 —¢—{u,0.)
S=o=gl- T r@mraa) v  (oraers) — Coryer,) + 78
- BAB = (1 —¢— (or,0)
—(oa0y) + (ayer)) +7)8
(AAAA) (AABB) (ABAB) (ABBA) _ (XYZ+ Q)(XYZ + Q) (XYZ+Q)(XYZ+Q) _, a2)
(AAABY(AABAY(ABAAY (ABBB) — (XYZ - Q) (XYZ—Q)(XYZ—QO)XYZ Q)

where X = L+, X =1 = Y =141 Y=
1 - {mml‘ ’/ o= l 4 -m' Z — ] — rn—m' Q —
g " " Equation (12) has but one real root
whichis O = 0or:

) — [n-mH

q = (oo, T, (13)
{ouror,o,) can also be evaluated exactly by
the complete summation of a diagrammatic
expansion with the same result. For com-
parison, the Superposition Approx. gives via
cquation (8(b)) expressions for the quadrup-
let probabilities which ure correct only to
lowest orderin g, e.g.

BBB = {1 =3¢+ {(or,0y)

+ (o) + {ayr,)) — 78
AAB = (1 + ¢+ (o)

—(oouy) = (g ) —7)/8
BAA= (1 +c—{(o,0v)

+ (0,04) — (oyo,) —7)/8
ABA = (1 +c¢— (a0,)

—(020y) + (oy0,) —7)/8

where BBA represents Pl etc., 7is the value
of the triplet correlation (oyo,04). and we
note that for an equi-composition alloy (o) =
Assuming only pairwise
interactions in the lattice implies that the con-

c=m,—mpg=10.

(AAAA) A = COAB Lm0 (L) (L em)y (L (L) /16

so that the SA docs yield the correct high tem-
perature weak correlation imit but is increas-
ingly in crror with increasing correlation.
Paradoxically the SA also gives the correct
result at the zere temperature perfectly or-
dered imit so that we conclude that the SA is
mostin ervor for states of partial order for this
example.

) Triplets in AR allovs
T he exact formulae for triplet cluster proba-

figurational energy is dependent only on the
pair correlations so that varying 7 subject to
fixed values of (g,0.), ctc. will ensure that
Postwulate 11 is satisfied. Varying equation (5)
with respect to r yields

@!—(—L):i{ ¥ ) In I’,‘.(r)}=— 0 (5

or a7
k=1

which gives:
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(AAA) (BBA) (ABB) (BAB) _
(BBB) (AAB) (BAA) (ABA) —

. (16)

This equation has but one real sofution: 7 = 0,
which s also the prediction of the exact
theory. This result clearly depends on Postu-
late' {1 being satisficd for if the system con-
tained three body interactions as well + would
be expected to have a non-zero value,

(C) Tripletsin Monte Carlo experiments

The Moate Carlo work that has most rele-
vilnce to the present study is that carried out
by Gehlen and Cohen[6]. Using Moss’s ex-
perimental data[1!] for the first, second, and
third neighbor pair correlations in Cu Au at
450°C they used a computer to shuffie atomic
configurations on 4000 sites. They used two
starting configurations: perfectly random, and
perfectly ordered and allowed the computer to
change configurations only if the new con-
figuration was more consistent with the pair
correlation data. The process was stopped
when the computer configuration had values
for the pair correlations sufficiently close to
the cxperimental data. A number of properties
of the final computer configurations were then
measured, in particular the various fractions
of nearest neighbor triplets and quadruplets.
Although these few computer configurations
undoubtedly represent but a very small frac-
tion of the ensemble of 4000 site configurations
that would have the same pair correlations, it
is safe to assume that the values for the triplet
probabilities derived from the computer con-
figus ations are typical of the ensemble for two
reasons. First, since there are 32,000 triplets
of this kind in a single configuration, the sta-
tistical averaging is of a high order. This would
not be true of some larger feature of the con-
figuration such as the shape of an antiphase
boundary involving scveral hundred atoms.
Sccond, the resuits for the triplet numbers
varicd by insignificant amounts among differ-
ent final configurations. As i consequence it is
practically certain that their Monte Carlo
values for the triplet and quadruplet proba-
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bilities are very close to the ¢xack values for
the Cu;Au lattice at this tempﬂMﬁQN‘s
of course, the implicit assumption 1 Hwir
operation that the configurational €eigy de-
pends on no more than the three puir correla
tions that were used us input.

- Our method is easily applied to the calcu:.
tion of the triplet probabilitics by usiag equc
tions (14} and (15) which again yield equation
{16) but the solution is now different fremr=10
because ¢ # 0. We write equation (16) as

(Di+ X) (D + X)(Dy+ X) (Dt X) _

(DI=X) (D= X) (D, —X) (D= X) |

an

with
X=1—c
D, =1+ (u,0;) 4 (003) + {oy0,) + 4cC
D;= 1+ (00,) +{003) +(030,) —4c
D, =1+ (0,0;) —{0:03) — (o301)
D,y = 1—(0,0;) + (0203) — (030,)
D,y = 1—{0,03) — (0203) + (030)

Equation (17) reduces to a cubic, X3+ a.X?
+a,X +ay=0with a,=c(D,+ D;+ D)), a,=
(D, + D) (D,D3+ DD, + D,D ) +2D,D;Dy)/
8, a, = c¢D,D,D,. This has one real root, which
can be proven by assuming there is more than
one and showing that this implies negative
values for some of the P,’s. The single real
root is extracted by the standard cubic solu-
tion method. At this point the solution is
applicable to any kind of triplet on a lattice of
arbitrary composition. The D,’s are evaluated
for Cu,Au nearest neighbor triplets by setting
c=}and (0,02) = (0303) = (040) = (1 — P),
+ ¢? where a, is the measured Warren short
range order parameter for nearest neighbors.
The three pair correlations are equal because
the triplet under consideration has each site
a nearest neighbor of the other two. The
numerical results are listed in Table 2.

The allowed range for the triplet proba-
bilities has been found from equation (14) by
putting in the known values for ¢ and the
(or;)'s and then dectermining the range of =
for which all the probabilities remain positive.
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Table 2. Nearest neighbor triplet probabilities in Cu,Au ai
Runge allowed
by linear Monte Carlo{6] N = 4000 This
I'tiplet equautidns at ———— - — calculation yverg
1ype T =450 Ordered start Random start (PVM) appros
Cu Cu-Cu 0-302-0-328 0-3273 43275 0-3271 W-34747
Cu Cu-An 0-672-0-594 0-5962 05956 0 5964 0 34576*
Cu Au~-Au 0 GOO-0-078 0-0758 0-0761 0-0759 O (o
Au-Au-Au 0-026-0-000 0-0007 0-0007 0-00067 it
*Note thit these values are outside the allowed range.
The result is that . has a lower bound ut  been called the Probability Variatic . Viethud

0-396 and an upper bound at —0-188. The
first values in the table correspond o the
lower bound of 7 and the second values to
the upper, so that by imposing this reality
condition alone, the values of the triplet
probabilitics are alrcady known reasonably
well The PVM solution is 7 = — 0- 1941,

it is apparent from Table 2 that the agree-
ment between the Monte Carlo numbers and
the PVM predictions are very good. N
wupgests that the PV M values are probably the
exact results for the infinite lattice ensemble.

Although the SA would appear to give a
reasonable estimate of the tniplet probabilities,
thice of the values are impossible because
they hic outside the range allowed by equation
(1-H). This means that if the SA probabilitics
were used to determine 7, each one of the
lincar cquations would give a different 7 and
the inconsistency couid not be resolved.

Alternatively, it the SA probabilities ace
fed back into equation (2) the values of ¢ and
«ry so determned are in error by 2 and 23 per
cent respectively. In tact, an arbitrary chowce
of 7 anywhere within the allowed range of =
would be better than using the SA, for this at
least would produce a set of values for the
triplet probabilities consistent with the known
wiloy data,

4 SUMMARY AND CONCLUSIONS

W have introduced a new way to deter-
mine tue statisticad prehabilities of clusters
of more than two sites from pair correlation
data i any binary lattice. This approach has

(PYM) 1o indicate its kinship to an older
method which has been employed in pair
correlation determinations, the Clust:r Varia-
tion Method. The PVM was compsred with
the Superposition Approximation and Monte
Carlo results. 1t was shown to be more accur-
ate than the former and more easily applicd
than the latter. A plausibility argument was
presented that the PVM represents an exact
calculation of the cluster probabilities for
lattices where the configurational energy re-
mains constant as the cluster probabilities are
varied. The PVM was shown to yield the
exact result for all the cases that could be
calculated by alternate means. Thus the PVM
should become a very useful tool for obtaining
a more complete microscopic picture of par-
tially ordered lattices.

In a subsequent paper we shall give results
of the PVM applied to larger clusters consist-
ing of a central site surrounded by all its
nearest neighbor sites in two and three dimen-
sional lattices. We shall also indicate various
calculation short cuts and working techniques
that can be emploved in these more complex
operations.
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A CRITICAL EXAMINATION OF THE VALIDITY OF THE
PATR-WISE INTERACTION MODEL FOR ORDERED ALIOYS

Philip C. Clapp

Ledgemont Laboratory, Kennecott Copper Corporation
Lexington, Massachusetts.

ABSTRACT

The use of central pair-wise interatomic forces
of short range to account for the many various con-
figurations of ordered alloys has had a long and
generally successful history. It is thus important
to determine under what conditions this simple model
might be grossly in error. In particuler, we shall
pose and provide partial answers for the following
questions:

a) Is it essential to postulatethe presence in
some systems of infinite range forces (such as the
Brillouin zone-Ferml surface interaction originally
proposed by Jones to explain the Hume-Rothery phases
and recently used by Sato & Toth to account for
long period superlattices ) or are these effects
reducible to finite range forces?

b) Is there any evidence for the presence of
non-central forces in the ordering behaviour of
metallic systems?

¢) Are the many-atom forces proposed by strain
ordering theories for alloys with large atom size
disparities essentially reducible to pair-wise
interactions or 1is the observed behaviour an
irreducible many-body effect?
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Introduction

Any attempt to explain or predict the pnysical rronerties of alloys from
an atomistic viewpoint, vhether it be phace stabiliity, stacking fault energies,
kinetics of ordering, mechanical behaviour, microstructure or any other topic
that could have been chosen for this conference, ~ust begin with a model of
the atomic interactions present.

One that has been used very often in one ferr or another is the central
pair-wise interaction scheme. This is probably more because of its ease of
application than because of any strong evidernce of its wvalidity, In fact,
it has been knovn for a long time that the violztion of the Cauchy relations
among the elastic constants in most metals implied that non-central or many-
body forces must play some part,

Beginning with the fundamental constituents of & metallic lattice, namely
the atomic nuclei and the electrons, all the interections are simple coulomb
forces and thus are entirely central pair-wise interactions. However, when
we try to describe the effective force that exists between two atoms in a
metallic lattice due to the interaction of one nucleus, its bound electrons
and its cloud of conduction electrons with another such object it is very un-
likely that the force will still be a simple central pair-wise interaction.
All that we can hope is that the dominant pert of the interaction will have
this character., What we shall examine here to some degree is the question
of which alloy properties and which alloy systems are consistent with a pre-
dominantly central pair-wise interaction scheme and, conversely, which cases
clearly violate the model and show that a more complicated treatment is
necessary.

One particularly simple version of this model essumes only a nearest
neighbor interaction of constant strength and hes been widely used in ordering
theories such as the quasi chemical method, reguler solution theory and the
Ising model. Itds2 ow clear that this assurption is an extremely crude one
and many authors‘™3</ have pointed out its drawbacks, For instance, it can-
not explein why most order-disorder transf{crmations are first order transi-
tions, why the critical temperature for ordering is often observed to be a
maximum awvay from the stoichiomeg')lc composition or even why a face centerea
cubic alloy should order at all. These are seriocus failings and it is
apparent that any calculation based on this assumption should be taken with a
large grain of salt.

Thils experience makes it evident that the model must include higher
neighbor interactions and also provide for changes in the interaction strengths
as the lattice parameter or composition varv.

Central Pair-Wise (CPW) Interactions and What They Can Explain

Two important recent developments in the theoretical work on intermetallic
interections have give more distinct picture of the general character of
these forces. F‘riedel?“? and others 5763 vere sble to show that because the
conduction electrons in a metal were limited to wave vectors below the Fermi
wave vector kp, they would not be able to screen out the charge of the '
metallic icns completely. This incomplete screening leads to a long range
oscillatory potential between the metal atorms felling off as r-3 and has a
CIW character.

The second result has come from a new technigue for calculating the inter=-
atomic forces in metallic systems and is referred to as pseudo-potential
theory(7 . Whercas the Friedel incemplete screenirg result gives only the
character of the interaction at large distances, the pseudo-potential cal-
culations provide an approximation over the full range of the interaction.
The principal term ia the calcuiation inveriably yvields a CPW interaction
but higher terms 1n the perturbaticn expansion indicate more complex types
of interactions {(i.ec. many-bouy interactions). A recent pseudo-potertiel
calculaticn of the Li-Mg system by Hayes ct £1ia(8) gives a CA Iinteraction
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with the ncar neighbor intcractions arising primarily from the directsover-
lap of atomic orbitals and a2 lriedel long range oscillatory potential
taking over beyond the fifth neighbor distance.

Unfortunately, the pseudo-potential technique is difficult to apply to the
transition and noble metals, Consequently no calculations of interatomic
interactions in these systems are yet available, hut we can hope that the re-
rults for these groups will not be radically different. The Friedel inter-
action 1s not similarly limited so that for metals generally, vwe can expect
an oscillatory potential falling off as r-3 at large distances.

Let vs assume then that the CPW part of the interatomic interactions in en
elloy have the general features indicated in Fig. 1. Thus the equilibrium
interatomic distance for an A-A, a B-B and an A-B pair are all different
and the average lattice spacing will be some compromise distance when the
alloy is disordered. A second point to note is that the binding energies of
each type of pair are different also. The long range oscillatory feature of
the potentials has been ignored for the present. Ve further assume that the
potentials at neer-neighbor distances are due principally to the overlap of
bound electrons so that this part of the curves will remain relatively con-
stant as the composition or temperature of the alloy changes, unless there
is some change in valence of the ions.

Figure 1:

r Interatomic potentials in
a8 binary allocy chosen to
have different well-depths
(causing & chemical
ordering force) and dif-
ferent minima positions

(causing a strain ordering

ENFRGY

force),

Vhat then are the qualitative predictions of this model? The total con-
{igurational energy of the alloy is:

R =z (P, M) - VP B0 - PR ) ¥R ()
i

CONF IG.

where r, is the disiance between the i-th neighbors in the lattice, NAA(r_)
is th %otal number of A-A pairs in the lattice separated by that distancég,
and (r.) is the strensth of the A-A interaction at that distance, ete.

It the fréction of (A,R) atoms in the lattice is (m ,mB) and the Warren short
e order paramcters ai are used, then:

WZ
NAA(ri) = —Ei (m§+mAmBai) (2a)
NZ

_é:i (’“g“‘Achi) (2b)

t]

NPB(ri)

NAB(ri) = 12, mym(1-a,)
o7



where 7, is the coordinailion number in the i-th shell, and % is the total
number U sites in the c¢rystal. This allows us to maxe a useful Separation
of the encrgy into an order independent part and an order dependent part:

2F
N

=% %V (r )+ 2z, V(r )0. Eo(r) + El(r,o.) (3)
i i

where Vo(ri) = mi \/X‘A(ri) + m% VBB(I‘i + 2m By VAB(T )

and V(ri) = mymy [VAA(!'i) + VEB(I‘i) - QVAB(l'i)]

The functions Vo(r) and V(r) have been plotted in Fig. 2 for the case m, = mo.

- «-\\‘\\hﬁ Figure 2:
or— ﬁ~_—’r i) 'T " Plots of V (r) = n2 VAA(l)
an an Tes [} A

+ m% VBB(r) + 2mym, VAB(r)

ENERGY

end V(r,) = mymy vVA(r,)
Vo(r)>/ + VBB(Ti) - 2VAB(ri)]

for m, = o
v A"

~.

!

fm

It the alloy is completely disordered then a:l the a, are zero and only
¥ (r) contributes to the energy. The lattice spacing i} then determined by
m‘fnim'xzing LO with respect to lettice size., If we ignore all but first
neighbor terms for the sake of illustration, this would place the first
neighbor distance at the minimum of the V (r) curve i.e. at Toe The driving

force for ordering first neighbors is glven by V(r ) und as the temperature
is lowered a, will become increasingly negative. Yss Dienes(9) has pointed
out this wil}L ceuse a change in the lattice spacing beceuse the nearest
neighbor distance /ill always be at the minimum of V (r) + a. V{(r). In the
vioinity of the order-disorder trensformation temperature (T.), changes
guite rapidly and in fact the lattice spacing will ususlly cnange discon-~
timiocusly at T es shown by Geriland and Rerard(lo) This changes the nature
of the transfofraticn rrom cecond order to first order. We also note that
the ordering energy V(r.) has changed slowly as the lattice spacing has
changed. Changing the Composition of the alloy will alsoc have effects on

the lattice spacing and the ordermﬁ energy because V (r) ard V(r) will now
be different mixtures of (r) ana (r) es”zay be seen from Eq. 2.
This can produce asymretries i*x the shape of the order-disorder phase bouncary
and cen cause the peak in T to be shifted off the stoichiometric composition
as is often observed experimentally.

Asymmetric lattice distoriions of the ordercd phase cen also be understood
qualitatively from this model in cases like CuAu which orders in alternating
{100) planes of Cu and Au atoms. Since the interaction between planes is
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principally VAB(r) the interplanar spacing will be determired by this inter-
action, whereas the spacing within a plane will depend on the features of
(r) and VBB(r). Thus we can expect the inter and intra-planar spacing to
be different in the ordered phase as is observed. CuPt which is also a”
layered ordered structure {on {111) planes) may be a simiier example.

Clapp and Moss(ll) have shown that the stability of ali¥* of the simple
ordecred structures of cubic silloys can be explained by including second and
occasionally third neighbor interactions, In fact, the ordered structures
can be correctly predicted by measuring the interaction strengths in the
disordered phase from short range order diffuse scattering data.

Past Criticisms of CPW Interactions

1)} Incorrect prediction of the shape and temperature raxima of the order-
disorder phase boundary. As we have seen in the previous section this is
rcally an objection to the much more naive constant nearest-neighbor inter-~
action model and does not apply to the full CPW model.

?) Most order-disorder transformations are first, not second, order.
This again 1s a falling of the constant interaction model and is not a d&if-
ficulty once the variation of ordering energy with lattice parameter is in-
cluded.

3) AuNi bas often been cited as & cese that was inexyrlicable in terms of
pair—Yése interactions because the short range order (SRC) data of Flinn et
alia( indicated a driving force for ordering whereas the phese diegram
shows @ miscibility gap and hence clustering. This peradox was usually
dealt with by suggesting that because of the large size effect present in
the alloy importan? "gtrain energles" had not been included in the pair-wise
description. Moss{13) has since shown that the originael SRO data were not
correctly separated from the large size-effect diffuse scattering and when
this operation was done more carefully the SRO data also indicated clustering,
in conformity with the phase diagram.

In addition Golding, Moss and Averbach(lh) used a C™ ion core repulsion
between nearest neighbors to calculate the variation with composition of the
shear constants for AulNi concentroted sclutions as well &s the heat of
formation. They got good agreement with experimental date which indicates
that the straip encrgy term in this system 1s well reprecsented by the changes
in the short raenge CPW repulsive interaction between nelgnhboring ions,

4} Electron phases-Brillouin zone effects-long period superlattices, The
concept that the energy of the conduction electrons can be lowered by in-
troducing & new periodicity into the lattice such that the corresponding
Brillouin zone will touch the surface of the Fermi sphere has often been used
to explain the stabilization of various ordered structures, Jones 15 pro=-
posed this mechanism to explain the Hume~Rothery electron pheses, Slater
Buggeate? % similar idea to explain the ordering of CuPt and recently Sato
and Toth(17) nave used this concept extensively to explain the existence of
long period superlattices.

Until recently it has been difficult to understand vhat kind of force is
implied by this mechanism, In particular 1t seemed difficu%t go rela?e st
to any type of interstomic interaction. However, Krivoglaz(18), Moss(19) ana
others have slown that the effect of a new Brillouin zone touching the Fermi
surface (and thereby flattening it to some degree) can be represented by
adding a long range oscillatory potential to the interatomic Eotentials al-
ready present. This additional potential is of the form A r~*cos(2k'r) where
2k' 1s the distance between flats in k space and A is related to the area of
the flat face. This potential can dominate the long range reglon of the

*CuPt 1s an important exception and will be discussed later,
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Interaction since it falls off much more slowly than the r~> decay of the
Friedel interaction. If the energy of formetion of antipuase bourdaries {APB)
is not too large then one might expect them to be introduced at regular inter-
virtls corresponding to the period of this new oscillatory interaction.

Slapp and Moss 1) founa that the energy of {160} APB formation in rormal
ordered Cu,Au(Ll_) and Cutu(Ll ) was quite low based on the calculated
strengths éf firét, second end third neighbor interactions, but in Au_Cu
this cnergy is much higher. This correlates well with the experimentél ob-
servation that long period superlattice phases are found in Cu_Au and Cufu
and are generated from the simple ordered phases by the introddction of
regularly spaced {100) APB's but no such phases have vet been seen in AuBCu.

In summary then, the Fermi surface~Brillouin zone effects on the lattice
encrgy can apparently be well represented by a long range oscillatory C2d
interaction between the metal ions and can thus be incorporated into the
framework of the CPW model.

Present Criticisms

1) Cauchy relations

As mentioned in the introduction the well knowvn violation of the Cauchy
relations among the elastic constants of most metals and ?llgys implies
come interaction in addition to the CPW component. Fuchs 20) pade a
theoretical analysis for pure copper which indicated that most of the in-
cqunlity of the Cauchy relations was due to the bulk compressibility of the
conduction electron gas. This implied that, at least for copper, as long
as the volume remained constant, the energetics of the lattice could be
treated in terms of CPY interactionms.

Although this result is interesting it is a very difficult theoretical
Jjob to make this separation and it is doubtful thet such an analysis is
generally valid. The current prectice in fitting interaction models to
clasticity data and phonon spectra is to include non-central or anguler
forces as well, Although th:se are written as pair forces they are probably
a subtle form of many-body force since the definition of angle requires a
knowledge c¢i’ “he simultaneous position of atoms neighboring the pair in
question. L. any case, it is clear that the inclusion of these more complex
forces is essent‘al to adequately fit the phonon spectra of metals., Machlin
has proposed an order-disorder theory based upon a first neighbor central
and non-central interaction, and uses it: to predict the Cu-Au distance in
the L1 structure, to calculate the relative stability of the L1, and I1
structgres, and to propose a qualitative model for long period s&perlattgces.
However, it appears that these effects may be equelly well explained on the
basis of the simpler CPW model so that it cannot be said that these results
1mply the necessity of including non-CPW interactions.

(e1)

2) tur

Th. ordered form of Cult has long been an enigma from the viewpoint of a
nearc: . r.eighbor interaction model since there is no chsnge in the mumber of
necrcst neighbors of each type relative to the disordered phase., Solutions
of many kinds have been of fered for this problem. One is to include =zecond
neighbor CP4 tosces, anoll 2r is to use anguler forces, and there is the
suggestion of Slater alreacy cited. All of these suggestions appear to re-
colve the problem but the paradox actuelly runs mch deeper, This is be-
cause there is potentially another ordered form of CuPt* (Fig. 3) which has
the remar¥able feature that it has the same fraction of each type of estom as
the normal L1, CuPt form in every neighbor coordinstion shell. This means
that no CW model, regardless of how many neighbor interactions are included,
could predict an energy difference for these two structures. Slater's
Brillouin zone-Fermi surface explanation also seems to fail since the Brillouin
zones of the two structures occur at the same radius in k space.

#First suggested to me by Robin Williems of Oak Ridge.
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Fipurc 3: Two ordered atomic errangements on an fecc lattice that have
identical numbers of like and unlike neighbors in every coordina~
tion shell and thus will have identical configurational energies
in any CHM model,

What appears to be required (since only.the form of CuPt is actually
observed in nature) is a many-body interaction. one begins with the
simplest case of a nearest neighbor three-body interaction, this is still not
sufficient to produce an energy difference in the two structures since they
both have the same mumber of three body configurations (see Table 1). How-
ever, a four~body nearest neighbor interaction will do the trick and this
oppears to be the minimum model required to explain the stability of the
L1, structure,

1
TABLE 1
inttice Fractions of Nearest Neighbor Triangle Configurations
Configuration L, Alterpate
Cu~Cu~Cu 1/8 1/8
Cu-Cu-Pt 3/8 3/8
Cu-Pt-Pt 3/8 3/8
Pt-Pt-Pt 1/8 1/8
lattice Fractions of Nearest Neighbor Tetrahedron Configurations
‘ Conf tion ) Alterpste
Cu-Cu-Cu-Cu 0 1/8
Cu-Cu-Cu-Pt 1/2 0
Cu~Cu-Pt-Pt 0 3/k
. ‘ Cu-Pt-Pt-Pt 1/2 (o]
Pt-Pt~Pt-Pt 0 .1/8

Another suggestion is that the Ll. structure is stabilized by the con-
traction of the spacing between the (],‘u and Pt planes. In the first place,
this is in essence a many-body explanation because it requires the simultaneous
positioning of a large number of Cu and Pt atoms into the correct layered
positions before it can operate, and in the second place, it offers ro ex-
pPlanation as to why the Cu and Pt move to these particular positions from
the disordered phese,
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We may conciude that the L1, structure is clear evidence of the importiance
of many-body interactions in a% least one alloy systenm.

3) Strain Energy-Size Effects

In a binary alloy, as we have seen in Fig. 1, the optimum separation of
A-A, B-B and A-B pairs are all different and the everage separation in the
disordered state will be some compromise distance. This departure from the
optimum spacings can be regarded as a "strain" resulting from the different
"sizes" of the atoms. This strein concept has often been used to explain
either ordering or clustering behaviour. Ordering will reduce the strain
energy because in the ordered state all (or most) of the first neighbor bonds
are A-B and the lattice can relex to the optimim A-B separation. In the
clustered state all of the bonds in one region are A-A and all in another
region are B-B so that each region can relax separately. These ideas easily
fall within the fremework of the full CPW model,

However, Warren, Averbach and Roberts(ze) noted that A-A, B-B and A-B near
neighbor separations are often different from the average spacing and different
from each other. This has been called the "size effect" and it contributes
to the diffuse scattering spectrum. Thus,

AA AA, BB _ BBy, _AB _ 1L AB
ry = ry (e ) vy = ry (e ) T =y (1)
where r, 1s the average separation for ith neighbor pairs and e?A is the de-
viation“of A-A ith neighbor pairs from that average, etc.

It is sometimes assumed that because of this displacement of atoms from
the regular lattice positions any palr-wise ordering theory will ".ﬁAin
trouble, This %jAno necessarily so because the A-A interaction (ri) can
be replaced by ( 1 )> etc. As long as the value of A does not vary
according to environment, the configurational energy wd_'lj: still be a simple
sum of pair-wise interactions. It is actually possible to construct a lattice
having a significant "size effect" but with all the nearest neighbor distances
fixed according to type. A portion of such a lattice is shown in Fig. 4.

The size of the atoms differ by 8% and the occupation of each site has been
decided by the toss of a coin, Thus, although there is undoubtedly a size
effect there is no "strain" at least from the viewpoint of nesrest neighbors.
This construction can also be carried out with & simple cubic lattice, but
not with a becc or close packed lattice.

Figure L: A disordered lattice with an eppreciable size effect but no
nearest neighbor strain energy.
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It is really the veriations in e@A etc. that cause pseudo many-body effects
even when the interactions are purely pair-wise because then each A-A pair
that has o different separation will have a different energy and to determine
thiese separations (and hence energies) in a cluster we would have to know how
cvery site in the cluster is occupied simultaneously. For instance we can
expect that an A atom surrounded by 10 A atoms and 2 B atoms in a nearest
neighbor shell will have a different enerpgy depending on whether the two B
atoms arc on adjacent sites or on diametrically opposite sites of the shell
simply because of variations in the nearest neighbor A-B distances. This is
quite apart trom the additional many-body effects due to real many-body
forces., However as the alloy orders, the number of different atomic en-
vironments rapidly decreases, so that variations in €’** will decrease and
the pseudo many-body effects will diminish as well. 1*

Since thre have been measurements only of egA etc. but not of the varia-
tions in €%, we can only say that we would expéct the pseudo many-body
cffects to increase with increasing size disparity of the atoms, increasing
disorder and increasing close pecking of the lattice. The case of CuPt may
be the result of such pseudo many-body effects. The size disparity in this
case is about 3%.

4) Covalent Bonding-Line Phases

AMloys of transition metals with metalloids such as B, C, N and Si often
have extremely nerrow homogeneity ranges, high melting points and are quite
brittle. All of these aspects indicate that even when the alloy shows
metallic conduction there are strong covalent forces present in the lattice.
These forces are very inadequately represented by a CPW model because of
the strong angular components and because of the fact that a covalent force
is essentiully an interaction among atom groups (i.e. it is a many-body
force). Thus a CPW model cannot really hope to give anything more than the
crudest aspects of the behaviour of these compounds,

5) Triplet Correlations in AB Alloys

It hus been shown(23) that in an alloy of 50-50 composition having only
pair-wise Interactions, three atom correlations (other than those directly
produced by pair correlations) must vanish. It may soon be possible to
meas?re three atom correlations exp?rimentally either by kinematical diffrac-
tion{24) or by field ion microscopy 25). I the triplet correlations were
found to be’ non~zero this would be direct evidence for the presence of three-
body intecractions and the megnitude of the triplet correlations could be used
to estimate the relative strength of the three-body forces.

Sumnary

We have shown that as long as the central pair-wlse interactions are the
dominant forces in an alloy, much of the alloy behaviocur cen be gqualitatively
understood. This includes average atomic configurations in the ordered and
disordered phases, changes in lattice parameter with ordering, shapes of
order-disorder phase boundaries, the existence of electron phases and long
period superlattices, and the first order character of order-disorder phase
transformations.

Areas of Investigation where it was suggested that CP4 interactions are
not dominant or at least need to be supplemented were the vibration spectra
of metal crystals, large size effect alloys, intermetallic compounds with
strong evidence of covalent bonding (line phases), and apperently CuPt.

It will be important in the future to develop methods for dealing with
many-body forces theoretically and to devise experimental techniques for
measuring their relative strength if only to know when we are safe in using
a central pair-wise approximation.
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DISCUSSION

H. J. Leamy (Bell Labs): The author has shown that many historical objections
to the "CPW" interaction model arose as a consequence of the large differences
between experimental repults and theoretical predictions based on simplified
versions of the method. He has also shown that many of these objections are
eliminated by application of AA, AB, and BB interactions whose strength varies
with {nteratomic distance. 1Indeed, this more general formulation has been
enployed with some success by Leamy (Acta Met., 15, 1839 (1967)) in the analysis
of the order dependence of the elastic stiffness of FeAl alloys.

There exists however, strong evidence that 'CPW' interactions are not suit-
able {or application to large core metals. In particular, Daniels and Smith
(Phys.Rev., 111, 713 (1958)) have shown that the non-central component of the
jon core overlap energy in the noble metals increases drastically with core
size. The importance of this observation has since been emphasized by several
authors (e.g., Trans.AIME, 242, 215 (1968)). It remains to be said, however,
that the "CPW" interaction concept is not to be discarded op this basis alone;
since the lack of tractable formulations for many body effects make it imper-
ative that it be applied, if only to determine the occurrence and nature of
such many body effects. Further, the application of experimentally justifiable
"CPW' potentials to the study of the detailed atomic configurations in the
neighborhood of defects in alloy crystals is sure to lead to increased under-
standing of their nature and effects on properties.

P. C. Clapp: I cannot really agree that the work of Daniels and Smith which
you cite proves that large non-central forces are present in the noble metals.
I believe that they used only a nearest neighbor central force model to fit
their pressure data for the elastic constants (after a correction for the
conduction electron volume force and the long-range Coulomb force). They
ascribed the misfit they found to non-central forces but apparently did not
consider the possibility of higher neighbor central forces. I think it would
be interesting to re-analyze their data in terms of the general central force
model just to see if there really is an irreducible non-central component
present in these systems.

I agree with your other comments.

D. S. Lieberman (U of Illinois): Dr. Clapp's analysis seems to explain why
order-disorder transformations should be first order. However, in CuAu,
although the transformation to the twinned orthorhombic CuAu-II at 380-400°C
is indeed first order, the transformation to tetragonal CuAu-I below 380°C is
reported to be second order by Smith and Bowles (Acta Met., 8, 405 (1960)).
Would Dr. Clapp care to comment as to how his theory can explain this case?

P. C. Clapp: I should hasten to point out that this model does not predict
that all o-d transformations must be first order. In Garland and Renard's
treatment (10) they show that AE (the energy discontinuity) at T, depends on
C, (specific heat), B(bulk compressibility) and one or two other thermodynamic
parameters and that the actual values of these parameters may lead to a van-
ishingly small AE as in B-brass. This may also happen In the case you cite.

S. C. Moss (M.1.T.): 1In deciding the stability of various forms of a single
phase such as CuAu-II-# Cuau-I it must always be entropy that we resort to
because, as a function of temperature, only the entropy comtribution can
decide the question. One cannot argue the CuAu-I1 =¥ CuAu-I reaction on the
basis of enthalpy considerations alone.

P, C. Clapp: I agree.



This is reprinted from the book:

"Critical Phenomena in Alloys, Magnets and
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and R. I. Jaffee eds., McGraw-Hill (1971)

MULTISITE CLUSTER PROBABILITIES
IN ISING LATTICES

Philip €. Clapp

Ledgemont Laboratory
Kennecott Copper Corporation
Lexwngton, Massachusells

\BSTRACT

it " - uasswined that the configurational cnergy of the lattice
depends only upon the pair correlations (i.e., the pair-wise inter-
action model) then multisite correlations can be inferred from the
pair correlations by linding that value of the multisite probability
distuibution that maximizes the entropy within the microcanonical
cnsemble defined by the pair correlations.

A variai onal technique for carrying out this procedure will be
descnhed and oy phed to several examples.

L. INTRODUCTION

The first descriptions of order-disorder transformations around the
turn ol the century were in terms of a single long-range order
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parameter, and for temperatures above the critical temperature T,
where this parameter was zero the configurational state of the system
was considered to be essentially random. It soon became apparent
from spccific heat measurements in the vicinity of T, that the
configurational entropy did not recach the value appropriate to a
completely random lattice until the temperature was very far above
T.. This residual order of a “disordered” lattice has been called
short-range order (SRO) and the first attempts to quantify and
describe it were in terms of a parameter that measured the nearest
neighbor pair correlation.

The Ising square lattice results of Onsager! and Onsager and
Kaufmann? were vitally important not only because they finally
resolved the question of whether a system having only short-range
interactions could achieve a cooperative transition to a state of
long-range order, but because it also gave the first exact and detailed
description of the propagation ol spatial ordering in the SRO state in
terms of the range and magnitude of pair correlations.

Characterizing the SRO state of a lattice by means of the pair
correlations is now a widespread practice, partly because these are
the quantitics which can be mcasured by diffuse SRO neutron or
X-ray scattering data, and partly because they are such useful
theorctical Tunctions with which to evaluate other thermodynamic
propertics of the system.

However, there are a number of important questions about the
nature of a partially ordered lattice that cannot be answered by the
pair correlation description. A frequent and surprisingly frustrating
question of this kind is “What does a typical region of the SRO
lattice look like?” If one tries to construct the “average” configura-
tion of a region containing more than two sites by adjusting thc
occupation of sites to satisfy the average ncarest neighbor correlation
it will then be found that the second and higher ncighbor pair
correlations are, in general, not correct.

A sccond question is “What is the distribution in size and
frequency of regions in the SRO phase that have a configuration
identical to that of the perfectly ordered state?”’ This question is
relevant to our understanding of nucleation processes as well as
providing evidence for (or against) microdomain models of the SRO
state.

A third question that can be important for real systems where the
configuration of the ordered state is not known (usually because
atomic mobility has become too sluggish at T_.) is “What is the
ordered state configuration that the system is trying to achieve?”



MULTISITE CLUSTFR PROBABILITIES 301

These are all questions that, in general, require a knowledge of the
many body correlations present in the SRO state and yet all the
information that is normally available is in the form of pair
correlations. As we shall show, this information implies a set of sum
rules? which place definite limits on the range of values that the
many  body correlations can assume. By using a postulate of
Information Theory? we can take the further step of determining the
“most probable” wvalue of the many body corrclations within the
range allowed by the known pair correlations and calculate multisite
probability distributions for various cases of interest.

The caleulation is exact if two conditions are satisfied:

(1) The configurational cnergy of the Jattice is determined by
central pair-wise  interactions whose range does not exceed the
dimensions ol the multisite cluster.

(2) The Information Theory cholce corresponds to the maximal
entropy point in the configurational phase space bounded by the
sum rules.

2. THEORY

Consider a cluster of n sites in some fixed geometrical relationship
(c.g., a tetrahedral ncarest neighbor group, a site and its ncarest
neiehbor sites, ete). If there are N sites in the lattice and sites are
regarded as distinguishable, then there will be N different n site -
clusters, ignoring boundary effects. The occupation of each site is
specificd by o€ t1D. This provides the information of spin
alinment (up or down) in magnetic lattices or of atomic configura-
tion in binary alloy lattices. In any casc, there will be 27 possible
configurat’ ol the cluster, although many may be symmetrical
cquivadents il the gecometry of the cluster possesses a symmetry.

Denote cach configurational type by an index k, and the fracton
ol n site clusters in the lattice of one type by P,. P, can be
mterpreted equally well us the probability that a cluster chosen at
random in the fattice will be of configuration type k. It is obvious
that the P, s mast be positive semidefinite and satisfy the simple sum

rule
Ly - o

{rl

The lattice average -+ o~ ol the occupation numbers o, (i.c., the
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composition or magnctization) provides 7 sum rules ol the form

‘Z‘U;k)pk =<o>( = 1Ln (2)
k

where o®) corresponds to the occupation number of the jth cluster
site when it is in configuration k.

In addition, the contribution that cach configurational type will
make to the lattice averaged pair corrclations can be calculated by
inspection and lcads to other sum rules, n(rn - 1)/2 in number, as
follows

k . .
'Z‘aj(”oj(flzpk = <o0j0;,, > (j = 1,m;p>1) (3)
k

In cssence, these sum rules confine the possible P, values to a
reduced volume in P, space. The range of P.'s within this subspacc
depends upon the composition and pair correlations, being largest
when the pair corrclations are zero and shrinking to a single point (in
most cascs) when the pair corrclations are those of a perfectly
ordered configuration. The Pps then become completely determined.

Again regarding P, as the probability that an arbitrarily chosen n
site cluster will have the configuration k, a theorem of Information
Theory® can be used to find the most probable values of the
P,s which arc consistent with the information (the sum rules) that
we do possess. ‘The theorem states that the least biased choice for the
P,s is that sct which maximizes within the allowed subspace the
“ignorance function” I(P,) given by

P, - - ZPk InP, (4)
k

This theorem is based on a demonstration that any other set of
Pps would imply more information than has been given. More
information of a very complicated kind may, in fact, be present duc
to overlapping cluster conditions that we shall now speak about.

The “ignorance function” can also be interpreted as an entropy
function for a particular microcanonical ensemble. Consider the
configurational entropy W(P,) obtained by placing NPy clusters of
type |, NP, clusters of type 2, ctc, on a lattice of N «ites in all
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possible ways,  disregarding  overlaps. This is  given by  the
combmatorial factor

N
!
wey - o Y Py, (5)
© P! K
k

and s obviously identical to the “ignorance function” above, apart
lrom the factor of N,

W is identical to the combinatorial Tactor used in the Cluster
Variation Mcthod developed by Kikuchi and others® using this
particukar cluster as a basis. The limitations of this expression for
caleulating the entropy ol the fattice are well known since it counts
not only all the possible lattice configurations but many more that
are impossible because of incompatible overlaps. However, it is clear
loradur purposes that 1t 1s only the location of the maximum and not
its magnitude that is of importance.

We shall propose then a postulate which, il true, would make our
determination of the most probable set of P)’s an exact procedure.
The postulate is: I the value of the Pp's are changed such that W(P,)
i inereased (decreased) then the subset ol possible lattice configura-
fions will also inerease (decrease).

We  cannot offer o mathematical proof of this conjecture at
present, but we can say that for all the examples where the exact
answer is known by other means, the postulate 1s apparently correct.
These include Tour site clusters on an, Ising linear chain, triplet
clusters Tor an equi-composition three-dimensional binary lattice and
nearcst-ncighbor ariplet clusters in GusAu. The latter case was
determined by Gehlen and Cohen? using a computer simulation
technique for the SRO state, and our results are compared to theirs
and to the predictions of the Kirkwood superposition approximation
below,

In sumnuuy, o the configurational energy depends only upon the
pair correlations spanned by the n site cluster then the sum rules
define w0 microcanonical ensemble of lattice configurations  that
contam many different sets of Pps. As N is allowed to increasc
delinicely the statistical Taw of large numbers assures us that the
fraction of kittice configurations having any sct of Pp’s other than the
most probable one becomes vanishingly small. Thus, if our postulate
about the correspondence of entropy maxima is correct then we have
derermined exactly the distribution of multisite probabilities charac-
teristic ol the system.
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3. RESULTS

A computer simulation of a typical lattice configuration in a
region of 4000 sites has been carried out by Gehlen and Cohen? for
CuszAu at 450°C (10 percent above T,) based upon Moss’s experi-
mental data® for the first, second, and third neighbor pair corre-
lations. Starting from cither a perfectly random or a perfectly
ordered configuration they used a computer to shuffle atomic
configurations, accepting the new configuration only if it was more
consistent with the experimental data, until a configuration was
rcached that had essentially the same pair correlations as the
mcasurcd valucs. A number of properties of the final computer
configurations were then measured including the various fractions of
ncarest ncighbor triplets. Their results are given in the second and
third columns of Table 1. We have calculated from the sum rules the
rangc for the triplet probabilities allowed by the pair correlations and
this is given in the first column. The most probable set of triplet
probabilities according to our method is shown, as are the predictions
ol the Kirkwood superposition approximation® which is frequently
used to calculate triplet probabilities. The latter method approxi-
mates a triplet probability as a product of the three pair probabilities
as follows:

where C is a normalization constant adjusted to make the sum of the
triplet probabilities unity.

It i1s apparent from the table that the agreement between our
results and the values of Gehlen and Cohen is very good. It suggests
that our answer may well be the exact result for the infinite lattice
cnsemble.

TABLE 1. Nearest Neighbor Triplet Probabilities in Cu, Au at 450°C

Range Computer Simulation
Triplet allowed by This Superposition
Lype sum rules at Ordcred Random calculation approx.
T = 450° start start

Cu-Cu-Cu 0.302--0.328 0.8273 0.3275 0.3271 0.3474*
Cu-Cu-Au 0.672-0.594 0.5962 0.5956 0.5964 0.5676*
Cu-Au-Au 0.000-0.078 0.0758 0.0761 0.0759 0.0840*
Au-Au-Au 0.026-0.000 0.0007 0.0007 0.00067 0.0011

*Note that these values are outside the allowed range.
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TABLE 2. Cu-Centered Cluster Distribution
CuzAu T =450°C(405°C)
—-.195(~.218) ay=+.215(+.286) az=+ 003(—.012) a4=+.077(+122)

66.6 {112.8) 28.8(40.9) 8.0(7.2} 6.8(7.6) 6.4(7.2)

' A
—
T c
2.5%(2.2%) 9.6%10. 7‘/.) 12.0% (13.5%}
4.2(4.3) 3.4(%.4) 3.4(2.6)

t 6%(1.4%) 12.5% (12.9%) 7. 9%(3 1%) 11%(0.75%)

3.4(2 6) 29(2 5) 1.4l 4) 1.4(1.5)

A A
0.54%(0.41%) 2.8%(2.2%)} 2.7%(2.6%) 1.3% (1. 4‘/-) 0.67%(0.70 %)}

TOTAL 71.6%(80.5%)

Although the superposition approximation would appear to give a
rcasonable estimate of the triplet probabilities, the first three values
arc impossible because they lie outside the range allowed by the sum
rules. One may conclude that an arbitrary choice for the triplet
probabilitics within the allowed range would actually be better than
using the superposition approximation, for this at least would
produce a set of values consistent with the known alloy data.

TABLE 3. Au-Centered Cluster Distribution

CuzAu T=450°C{405°C)

a, = -195(-.218) a,=+ 215(+ 286) az=+ 003(- O12) ag=+.077(+.122)

5 I(6 4) 38(45) 2.5(2 0) 1.6(1.0}) 1.6(1.1)
C.Ll_ ' A : A
f e ! !
1) ) Lk
—_—— y SR S
L IS A7

16. 2%[20 3%) 48.3%(56 9%) 10.4%(8.4%) 3.4%(21%) 13.7%4{9.3%)
"~ TOTAL 92%(97%)
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We have also employed the variational method to calculate the
probability distribution {or the configurations of a cluster consisting
of a site and its twelve nearest neighbors in Cus Au. It is impractical
to display the entire distribution since this would involve over 300
distinct configurations. We have instcad shown in Tables 2 and 3
only the most enhanced clusters in order of their cnhancement
factors (EF). KF is the ratio of a cluster’s population in the SRO
state to its population in the complctely random state.

Moss* has mcasured the SRO parameters at two temperatures
above the ordering temperature in this system. Therefore it is
possible to study the cvolution of the cluster distribution as it
approaches the long range ordered (LRO) state. The spectrum for
Cu-centered clusters is shown in Table 2 and that for Au-centcred in
Table 3. The numbers at the lower temperature (3 percent above T,)
arc shown in parentheses and those at thc higher temperature (10
pereent above T.) without. The numbers above the clusters are the
El’s and those below are the actual lattice fraction for each cluster
(including its symmetrical cquivalents). The total lattice fraction
covered by the displayed clusters is given at the bottom of the figures
so that the fraction of the lattice that is distributed over the rest of
the 300 or so clusters is apparent.

Scveral interesting aspects of the distribution are immediately
apparent, There is a surprising degree of ““order” in the ncarest
ncighbor (n. n.) environment even at 10 percent above T, In fact,
34 pereent of the Cu atoms and 64 percent of the Au atoms have onc
mistakc or less in their n. n. shell (by comparison with the n. n.
cnvironment in the perfectly ordered 1.1; structure). These fractions
increasc to 42 and 77 percent respectively at 3 percent above T...

The sccond most enhanced Cu-centered cluster is a particularly
interesting type of mistake because it corresponds to the perfectly
ordered environment of a different LRO arrangement variously
relerred to as the DO,, structure, the Niz V structure or the Cus Au
long period (M -~ 1) supcrlattice. Clapp and Moss! ¢ have previously
demonstrated that the pair interactions in CuszAu are such that the
normal Ll CuszAu structure is only slightly more favored cner-
getically than the DOz, structure and this is undoubtedly the source
of the **confusion’ in the SRO state.

It may be added that as one gocs to the lower temperature,
although the other Cu-centered clusters either remain at the same
lattice fraction or decrcase, both Ll; and DOj2 clusters increase
appreciably, so that this competition apparently persists into the
LLRO state and may be regarded as the source of the very common
(100) antiphase boundaries.
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4. CONCLUSION

We have provided a set of exact sum rules that are applicable to
the probability distribution of any n site cluster. These sum rules
provide upper and  lower bounds for the n site confliguration
probabilities that will ensure compatibility with the known composi-
tion and pair correlation parameters.

In addition, we have described a vartational method for calculating
the most probable a site distribution. This method rests upon two
postulates; one physical, in the sense that it is an assumption about
the nature of the atomic interactions, and the other mathematical, in
that it is an assumption about the density of states in two closcly
related conliguration spaces.

The varational method has been used to Tind the distribution ol
nearest neighbor 3-site clusters and nearest neighbor 13-site clusters
m CuyAu. The threessite distribution could be compared to the same
distribution previously determined by Gehlen and Cohen by their
computer simulation technique and the results were found to be
essentiadly identical. This  provides  significant support for our
mathematical postulate, but not for the physical postulate because il
is implictly assumed i their procedure also.

In fact, il it becomes possible to measure 7 body correlations
dircetly, any departure from the values caleulated within the present
scheme will provide important evidence about the relative strength ol
n hody and pair interactions in real systems.
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DISCUSSION on Paper by P. C. Clapp

B McCOY: While you discussed three-particle correlations in detail
your method also applics o Tour-particle correlation. Then, as a
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P.

1.

nontrivial check on your method, you can use the exact
computation on the four-particle correlation!’ of the two-
dimensional Ising model in zero magnetic field.

C. CLAPP: 1 was not aware of this work and I thank you for
bringing it to my notice.

.~ DOMB: 1 you are not concerned with the immediate ncighbor-

hood of the critical point, you can certainly use series expansions
for any of the multiple correlations. It is only when it is nccessary
to assess critical behavior (say within 1 percent of the critical
point) that difficulties arise in assessing the precise asymptotic
form of the coefficients. Elsewhere the Padé¢ approximant, for
cxample, should give an approximation accurate enough for
testing the hypothests.

.. ONSAGER: In the Ising model that I solved, one could not only

obtain the four-particle correlations but also the three-particle
correlations  below  the  critical temperature (where they  are
nonzero). These could be used to test your own method.
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The cone, babhility distribution of nearest-neighbor configurations has been inferred
for 1 number of + ubic binary alloys from their experimentally determined short-range order
parigneters. Phe probability variation method, derived previously, was used to perform the
caleulations. This procedure, which is used to generate n-site probabilities from experimen-
tally measured puir probabilities, requires the physical assumption that the configurational
cnergy of the system can be adequately represented by pairwise interactions whose range does
ol exceeced the dimeter of the cluster. Results are presented here for f-Cu’n, CugAu, CuAu,
AuyCu, Cug, (AT, CugyNigg, and AugglPdy, and the implications for ordering (or clustering)
behavior are discussed.  Finally, tables of coefficients for the bee and fec lattice are given
to cnable one to curry out this type of anialysis {for any cubic binary system.

1. INTRODUCTION (SRO) parameters {a, } in binary alloys to make a

“best” prediction of the probability distribution of
in o previous paper' (hereafter referred to as 1) n-site atom configurations (where n can be 10 or
asystematic procedure was presented for using the more). These multisite probability distributions

measured values of Warren short-range order are potentially important for understanding nuclea-
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tion processes, unraveling Mossbauer spectra, es-
timating the distribution of strain fields at the atom-
ic level, or simply visualizing the configurational
state of a partially ordered binary system. It also
offers a powerful method for predicting the atomic
configuration of equilibrium low-temperature phases
from high-temperature data, even when such phases
are prevented from forming for kinetic reasons.
This predictive procedure was called the proba-
bility variation method (PVM), and it can be briefly
summarized. If P{™ is the probability that an n-site
cluster chosen randomly in the lattice is of config-
uration type &, then the PVM determines the P,(,") by
varying them to maximize the function
I+ =%, 1 1n p{™ subject to a set of linear con-
straints that ensure that the composition and SRO
parameters of the alloy remain fixed. The method
rests upon the physical assumption that the configu~
rational energy of the lattice depends only upon the
composition and the a;’s, and thus remains constant
during the variation of the P{"’s. This is equivalent
to assuming that there are no important contribu-
tions to the configurational energy from three- or
more-body interactions in the crystal. The PVM
can then be regarded as a technique for finding the
P,ﬁ""s that maximize the entropy of a microcanonical
ensemble of configurational states. It was also
shown in I that this microcanonical ensemble con-
tains many more configurational states than are
possible on a real lattice. A plausibility argument
was given that the maximal entropy point of the real
latlice ensemble always coincided with the maximal
point of the artificial ensemble used in the calcula-
tions. This mathematical assumption could not be
rigorously proven but was shown to be valid for a
number of cases where the exact result was pre-
viously known. At the very least the PVM yields a
set of /’,’s that are consistent with the experimental
data on composition and SRO of the alloy, This is
a significant advantage relative to other analytical
methods of determining the probability distribution
(such as the Kirkwood superposition approximations)
that do not satisfy such self-consistency conditions.
In the present paper we have used the PVM to de-
termine the probability distribution of a cluster con-
sisting of a central site and all its nearest neighbors
for a number of cubic alloys. In particular we have
analyzed 8 - CuZn, CuzAu, Culu, AuyCu,
Cugs,5 Aly ¢ 5, CugyNigg, and AugyPd,, using the avail-
able experimental SRO data for these systems. We
find that the most enhanced cluster configuration
relative to the perfectly random distribution for the
alloys 3-CuZn, CujAu, and CuAu is the configura-
tion of the perfectly ordered state in each case. The
surprising result emerges in Au;Cu {hat at a tem-
perature 11% above the ordering temperature the
most enhanced configuration appears to be the per-
fectly ordered configuration of CuAu. We shall of -
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fer below several possible explanations of this re-
sult.

The Cugg 5Aly, 5 results show a strong enhance-
ment of a tetrahedral cluster of Al atoms about a
central Cu atom reminiscent of the metastable or-
dered bce B phase found at the CuzAl composition.
This supports the picture of the SRO state in this
system proposed by Borie and Sparks. 2 1t also ex-
plains why Gehlen and Cohen® found so few of these
tetrahedra! clusters in a computer mapping of this
system since, although the tetrahedral cluster is
strongly enhanced, the volume fraction of the lattice
occupied in this way is still very small.

The Cu,,Ni,, distribution shows primarily Cu-~ and
Ni-rich clusters but with a marked tendency to
cluster on (111) planes. This agrees with the model
proposed by Cohen* from his computer mapping of
the SRO state. Further evidence in support of the
growth of Ni and Cu platelets on (111) planes is given
below on the basis of the pair interactions in this
alloy previously determined by Moss and Clapp. 5

The distributions derived for the AugPdy, alloy
indicate a definite tendency for this system to order
but it is difficult to decide what the configuration of
the hypothetical perfectly ordered state is. The
equilibrium phase diagram indicates a single solid
solution for all compositions so that the ordering
temperature is apparently too low for the ordering
reaction to ever go to completion. Lia, Spruiell,
and Williams® have recently suggested a particular
configuration for the ordered crystal on the basis of
a computer simulation of the SRO state. Our dis-
tribution partially supports their conclusion but also
suggests that the real answer may be even more
complicated.

1. PROBABILITY VARIATION METHOD

The first step in applying the PVM is to choose
the n-site cluster to be studied. A cluster large
enough to show many details of the ordering process
but small enough for the calculations to be manage-
able consists of a site and all of its nearest neigh-
bors. The next step is to tabulate all of the possible
configurations of this cluster and to evaluate by in-
spection the contribution that each configuration will
make to the lattice composition and pair correla-
tions. This was done in I for the simple example of
a triplet cluster and the results were presented
there in Table I. Similar tabulations for the near-
est-neighbor cluster on bce and fce lattices are
given in the Appendix. The third step is to con-
struct the linear equations for the P,’s where the
jth equation will be of the form

K
EI aiP,=b, (j-1,J0) . (1)
ke

The a%’g are determined from the cluster tables
aua the b,’s are set by the composition and SRO
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Nearcst-neighbor spectrum of Cu atoms in CuZn at T=543 C (T/T, - 1. 10},

CuZn T=543°C

(T/T¢ = 110)

Qu=-.179 @200:=+.103

@220 =+.066

@222 :+.045

2.0

L7

TOTAL

100%

data. These equations are also contained in the
Appendix.

The number of linear equations J is always ex-
ceeded by K, the number of unknowns (the P,’s);
with additional conditions that each P, must not be
less than zero, the possible range of each P, may
be quite small. In fact, if the pair correlations are
assigned the values corresponding to a perfectly
ordered structure, the P,’s will become completely
determined.

So far no approximations have been introduced,
and any set of P°,’s that satis{ies the above conditions

would represent a possible state of the lattice. If
the P,’s are sufficiently limited by these conditions,
it may not be necessary to go further. However,
when the lattice contains a substantial degree of
disorder, it is desirable to determine the most
probable set of P,’s. It was pointed out in I that
this most probable set will represent the state of
the lattice all but a negligible fraction of the time.
It is impossible to proceed further by any method
without making some assumption about the configu-
rational energy of the lattice. The basic hypothesis
of the PVM has been stated in Sec. I and is essen-
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tially that the configurational energy can be ex-
pressed as :
E-23Va,, (2)

t=1

and that »/, the maximum neighbor index in the

summalion, does not exceed the maximum neighbor

separation contained in the cluster. For the cluster

chosen here, i would correspond to fifth neighbors

in a bee laftice and fourth neighbors in a fcce lattice.

The V,’s are pairwise interaction parameters.

The (inal step is to maximize the PVM entropy
measure

K
P -2, W,P,InP,

k=l

3

by variation of the P,’s subject to the linear con-
straints given in Eq. (1). W, is the multiplicity of
the kth configuration and represents the number of
configurations that are equivalent under cubic sym-
metry. Formally, the variation can be accomplished
by the introduction of 2 Lagrange multiplier X, for
each constraint, forming the augmented function
1'(P,) given by

J
I'(P) 1(P) 122 0C,(Py), (42)
=1
where
K
C(PYy 2diP,-b, . (4b)
k=1

The P°,’s can now be regarded as independent
variables and the maximum of /( 2,) is determined
by the equations

81(r,)

J
5P 0 -W,(1+nP)+ 2 r,af (k=1,K).
3 1=1

(5)

Thus,

J
r, oxp<W;1 2 2l - 1) . (6)
sl
The A,’s are now adjusted to satisfy the J linear
constraints. This is accomplished by inserting this
expression for the P,’s into Eq. (1), giving J non-
linear equations in J unknowns (the a,’s). An itera-
tive method for determining the P,’s can then be
used.

. ATOMIC CONFIGURATION DISTRIBUTION

In this section the distributions of nearest-neigh-
bor configurations are displayed for a number of al-
loys as determined by the PVM from available SRO
data. In the case of fcc systems it is impractical
to present the entire distribution since this would
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involve over 300 distinct configurations. We have
instead shown only clusters having enhancement
factors (EF) greater than 1 and have shown only the
first dozen or so. The £F is the ratio of a cluster’s
population in the SRO state to its population in an
ideal random alloy of the same composition. The
clusters are displayed in the order of their EF’s
whose magnitudes are given above each cluster. In
addition, the percent of atoms in the lattice of a
given kind that have that particular nearest-neighbor
configuration (or one of its symmetrical equivalents)
is given in parentheses beneath each cluster. The
total percent of the distribution shown is indicated

at the bottom of the table. A cluster can have a
larger EF but a smaller lattice percentage than
another cluster simply because the percentage of
the latter cluster was higher in the completely ran-
dom state. We have also used the convention of in-
dicating the positions of only one kind of atom on the
nearest-neighbor shell, the unlabeled positions being
occupied by the other atom type.

B-CuZn

The complete nn spectrum of a Cu atom at 543 °C
(10% above the ordering temperature) is shown in
Table I for this bce alloy as determined from the
SRO parameters reported by Walker and Keating. 7
Although the actual alloy contained 53.7-at.% Cu,
the SRO parameters were determined on the basis
of an equiatomic model and we have followed this
assumption of a 50-50 alloy in our analysis. Thus
the distribution for a Zn-center atom is obtained by
interchanging Zn and Cu sites everywhere in Table L.

Qualitatively, the distribution is as one would ex-
pect. The most enhanced cluster is that represent-
ing the nearest-neighbor configuration in the per-
fectly ordered lattice, the next most enhanced is
the “one-mistake” cluster, and the next three are
the three possible “two-mistakes” clusters. A
model of the SRO state based on the idea of perfectly
ordered regions in a disordered matrix does not
secm justified for this system. Since only 3% of
the Cu {or Zn) atoms see a perfectly ordered near-
est -neighbor environment, the volume fraction of
such “microdomains” could be 3% at most.

Cu; Au

Moss® has measured the Warren SRO parameters
at two temperatures above the ordering temperature
in this system., Therefore, it is possible to deter-
mine the cluster distribution at these two temper -
atures and study the evolution of the SRO state as it
approaches the long-range ordered (LRO) state.
The distribution for Cu-centered clusters is given
in Table II and that for Au-centered clusters in Ta-
ble III. The numbers at the higher temperature
(10% above T,) are shown without parentheses and
those for the lower temperature (3% above T,) are
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TABLIF II. Nearest-neighbor spectrum of Cu atoms in CujAu at T =450°C (405°C).

T CuzAu T =450°C(405°C)
a,=~195(-.218) ap= +.215(+.286) az=+.003(-.012) a4=+.077(+422)

66.6 (112.8) 28.8(40.9) 8.0(7.2) 6.8 (7.6) 6.4(7.2)
| ! A
A A A
) € le
A J A .
7.8%(13.2%) 6.8%(9.6%) 2.5%(2.2%) 9.6 % (10.7 %) 12.0%{13.5%})
5.2(4.3)

4.2(4.3) 3.4(%.4) 3.4(2.6)

A_—
1.6%(1.4%) 12.5% (12.9%) 7.9%(8.1%) 11%(0.75%) £.1%(0.81%)
3.4(2.6) 2.9(2.5) 1.4(1.4) 1.4(1.5) 1.4(1.5)
A : A
A
p c
A -
’/
A
0.54 %(0.41%) 2.8%(2.2%) 2.7%(2.6%) 1.3% (1.4%) 0.67%(0.70 %)
TOTAL 71.6%(80.5%)
in parentheses. . as compared to the comparable cluster in the Cu-Zn
Scveral interesting aspects of the distribution are distribution at the same relative temperature. In
immediately apparent. There is a surprising de- fact, 34% of the Cu atoms and 64% of the Au atoms
prec of “order " in the nearest-neighbor environ- have one mistake or less in their nearest-neighbor
ment even at the higher temperature. The Cu-cen- shell at T=1.10T,.. These fractions increase to

tered perfect-order clu<' - is very highly enhanced 42 and 77%, respectively, at T=1.03T,.

TABLE I, Nearest-neighbor spectrum of Au atoms in CujAu at T=450°C (405 "C)

CuzAu T=450°C(405°C)

a, =—A195(-.218) a,=+.215(+.286) a3=+.003(-.012) a4=+.077(+.122)

5.1{6.4) 3.8(4.5) 2.5(2.0) 1.6(1.0) 1.6(1.1)

/-——C
S ' i A i A i A ! A
(; 1 | I [
l I A Vb a I A I A
C l 1 1 \ 1
- [ U LN Jy SN BN Jj SN
,// ,’ A ’.A’ ,/’
w_._c_.t z A
16.2 %(20.3%) 48.3%(56.9%) 10.4% (8.4 %) 3.4%(2.1%) 13.7%(9.3%)

TOTAL 92%(97%)
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TABLE IV. Nearest-neighbor spectrum of Cu atoms in CuAu at T=425°C (I'/T.=1. 025},

CuAu T=425°C (T/Tc¢=1.025) °

@ =-.123 QAz=+.048

az=+.000 a4=+.070

3.7 3.7

1.6%

TOTAL 26.5%

The second most enhanced Cu-centered cluster
is a particularly interesting type of mistake because
it corresponds to the perfectly ordered environment
of a different LRO arrangement variously referred
to as the 1NO,, structure, the NiyV structure, or the
Cu,Au Al 1 long-period superlattice. Moss and
Clapp® have previously demonstrated that the pair
interactions in CuzAu are such that the normal L1,
Cu,Au structure is only slightly more favored en-
ergetically than the DO,, structure and this is un-
doubtedly the source of the “confusion” in the SRO
state. It may be added that as one goes to the lower
temperature although the other Cu-centered clusters
either remain at the same lattice fraction or de-
crease. both the L1, and DOy, clusters increase ap-
preciably so that this competition has a marked
persistance and will appear in the LRO state as
(001)-type antiphase boundaries.

CuAu

The SRO data of Roberts® at T=1.0257, were used
to generale the cluster distribution shown in Table
IV. Al this temperalure the tendency to order into

the L1, structure is apparent but there is still a
considerable degree of disorder present in the near-
est -neighbor environment and the perfect-order
cluster does not show nearly the same degree of
dominance here as compared to the case of CuzAu.

Au,Cu

In Tables V and VI the rather surprising distribu-
tion for AugCu is given as derived from the SRO
measurements of Batterman.!® It is normally
thought that AuyCu orders in the L1, structure; but
the most enhanced Cu-centered clusters are of the
L1, CuAu type, and the fourth most enhanced cluster
is even of the CugAu type. The Au-centered cluster
distribution is less paradoxical but it also shows a
significant number of strongly enhanced clusters of
the L1, CuAu type. If true, this would suggest that
the ordering process in AuyCu is rather complex
and implies that the transformation may actually be
to an ordered L1, CuAu ghase intermixed with a Au-
rich phase rather than to a homogeneous L1, AuyCu
phase. Since the superlattice reflections cannot
distinguish between these two possibilities, the
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fundamental reflections would have to be examined
for appreciable broadening or splitting in the trans-
formed state. The transformatjon is quite sluggish,
however, so that it may require long times before
the splilting of the fundamental spots is observable.

On the other hand, the SRO measurements in
AuyCu arz particularly difficult because of large-
size-cffect scattering and because of the difficulty
in achieving equilibrium. Thus, the measured a’s
may be inaccurate and if the errors were significant
this would considerably distort the derived distri-
butions.

Cu-14.5% Al

The «’s as determined by Houska and Averbach!
from powder samples at - 180 °C were used to cal~-
culate the cluster distribution in Table VII. The
SRO structure of this alloy has been of considerable
intercest ever since the radiation-damage experi-
ments of Wechsler and Kernohan'? showed that the
electrical resistivity first decreases and then in-
creases with increasing exposure time in a reactor.
It was surmised that this anomalous behavior was

connected with the intuced changes in the SRO of
the alloy. Houska and Averbach also determined
the a’s for an irradiated sample and found that all
of the SRO parameters increased in magnitude rela-
tive to the normal sample, indicating a pronounced
increase in the degree of the SRO. However, the
value of a; that they report is 20% greater than the
maximum theoretical limit for an alloy of this com-
position, which makes it impossible to generate the
cluster distribution for the irradiated alloy. This
error indicates that either the actual composition
of the alloy was in excess of 17-at.% Al or the SRO
diffuse scattering was not correctly separated from
the other diffuse scattering contributions.

Borie and Sparks?® afterwards performed a more
detailed diffuse-scattering experiment in two planes
of reciprocal space for single-crystal samples of
Cu-16% Al alloys before and after irradiation. On
the basis of their measurements, they suggested an
interesting model for the SRO structure. They pro-
posed that the Al atoms for the most part were
grouped in tetrahedral clusters (the first cluster
shown in Table VII) and that no Al nearest-neighbor

—_ 'VI‘AHL]‘J V. Nearest-neighbor spectrum of Cu wtoms in AuyCu at T=250°C (T/T,=1.11).
AuzCu T =250°C (T/Tc=L1l)
a =-.06 @p=+.,20 az=-.08 a4=+.14

5.1

4.5 3.3

3.14%

TOTAL 55.6%
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TABLE VI, Nearest-neighbor spectrum of Au atoms in Augl - at T=250 .0 (T/T,=1.11).
AuzCu T=250°C (T/Tc=LI)
a) =-.06 as=+.20 az=—08 ag=+.14
27.9 20.3 10.9 9.3
¢l A : A
| |
A I A
| )
P Jj SN B
/C Cc /A’ A
3.27% 03%

6.81%

3.0

.006 %

TOTAL 23.0%

pairs occurred. T'o further support the., model,
they observed that the g, -CuyAl metas.able phase,
which is an ordered DO, (BiF,) structure and ap-
pears by queuching the bee disordered 3 phase, may
be described us an array of regular Al tetrahedra.
Although the proposed Al groups in the fcc SRO
phase are nol regular tetrahedra (two sides are
second-neighbor distances and four are third-neigh-
bor distances), they are close to being so and the
measured atomic displacements were of the right
sign to improve the congru:nce,

Although their model is provocative, neither of
their conjectures can be proven with certainty by
their data and even within the framework of their
mode! a@ considerable degree of freedom remains
in the picture of the SRO structure arising from the
various ways one can pack the tetrahedral groups.

Gehlen and Cohen® took issue with the tetrahedral
model on the basis of a computer simulation of the
SRO structure that they generated using the SRO
paramecters of Houska and Averbach'! (since the
diffraciion data of Borie and Sparks gives linear
combinations of the a's but not the «’s individually).

By visually scanning their computer-simulated pat-
terus, they concluded that the dominant feature of
the SRO structure consisted of linear chains of Al
atoms in second-neighbor relationships and that
isolited tetrahedral clusters were hardly ever ob-
served.

Our cluster distribution in Table VII supports
bothi models and shows that they are complementary
rather than contradictory views of the SRO struc-
ture. On the one hand, by far the most enhanced
cluster in the distribution is the tetrahedral group
proposed by Borie and Sparks, so that the tendency
of Lthe system is quite clear. On the other hand,
the lattice fraction of such clusters is still very
small, so that they would not be a striking feature
of an SRO configuration map. The tendency for Al
atoms to avoid each other as nearest neighbors is
also apparent since the only Al-centered cluster
that is enhanced relative to the random state con-
tains no Al atoms in its nearest-neighbor shell and
constitutes 72% of the Al sites. This fraction un-
doubtedly approaches 100% in the irradiated sam-
ples.
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Furthermore, the Al chains of Gehlen and Cohen
will form a tetrahedral group at their point of
closest approach if that separation is a second-
neighbor distance and the chains are orthogonal.

If they are parallel, they will form an array of
square groups, which is the secend most enhanced
cluster in our distribution. Given the high density
of chains necessary to account for the Al concen-
tration and realizing that a nearest-neighbor ap-
proach of chains is nearly forbidden leads one to
the conclusion that second-neighbor chain interac-
tions will occur quite frequently in the Gehlen-
Cohen scheme. Finally, one may observe that the
Cu,Al (DO,) structure can be viewed as either a
perfect array of second-neighbor Al chains sepa-
rated by second-neighbor distances or as a perfect
stacking of Al tetrahedra.

Cug, Nigy

Recently Mozer, Keating, and Moss'® have deter-
mined the SRO parameters of this alloy at 550 °C
from a diffuse-neutron-scattering measurement,
The Cu-Ni phase diagram indicates a homogeneous

solid solution across the entire composition range
but it is now generally agreed from thermodynamic
data and SRO studies that Cu-Ni is potentially a
clustering system with the predicted miscibility gap
maximum at about 300 °C and 70-at.% Ni. Our
calculated cluster distributions shown in Tables
VIII and IX give further evidence for this tendency
and provide some interesting information about the
morphology of the pre-precipitation stage (actual
precipitation does not occur presumably because of
the low transformation temperature).

Although practically all of the enhanced clusters
show that the central atom prefers to surround it-
self with its own kind, the other species appear to
segregate on (111) planes. Over half the tabulated
configurations can be classified in this manner if
no more than one mistake is allowed, and this sug-
gests that the clustering occurs as (111) platelets
of each kind. This conjecture is supported by a
prior study of Cohen, * who made a computer simula-
tion of the SRO state of this alloy and noticed these
(111) platelets as a significant feature of his con-
figurations.

TABLE VII. Nearest-neighbor spectrum in Cug; sAly, ;.

Cugs.s Alig s

ay ==137 ay=+.124 az=+.096 a4=-.041

22

7.0

17.4%

0.08%

TOTAL 56.4%




264 PHILIP €. CLAPP _ 2
TABLE VIII. Nearest-neighbor spectrum of Cu atoms in CugyMNig.
C052Ni48 .
ay =+.121  a,=-.008 az=+.011 a,=+.012
12.9 5.9 4.6 4,2
c ! “= ' ] N ;I | 1
- Cl C 1 N H N 1 N/l
[ I c ! ! N ! N
t ] c ] | C
C ! C 1 1 |
,J---C_J U S e
/C c /// ,// /,/
e ke~
0.5% 2.5% 3.3%
2.7 2.6
' N ] N
I N 1 N l
1 |
: C I c N
t
R N gt
,N ’// N
0.5% 3.5%
2.3
T
.Z__N}_T
v e
/L—_-—'
N
N
0.7 % 0.4%
TOTAL 21.6%

In addition, Moss and Clapp® have determined the
strengths of first- and second -neighbor interactions
in this alloy and found that the second-neighbor in-
teractions (V,) were negative (meaning that second
neighbors prefer to be unlike) and from 50 to 65%
as slrong as the positive first-neighbor interaction
(Vy). This places the alloy close to the limit of
slability for phase separation on their lowest-energy
structure diagram (Fig. 6 of Ref. 14) and adjacent
to the cnergy region of stability for the L1, (CuPt-
type) ordered structure. The L1, structure con-
sists of alternate atomic (111) planes of each type
and can be regarded as the atomic limit of the (111)
platelet morphology.

* Assuming that V, ~%V,, one can calculate that
the energy gained by replacing a Cu atom at the edge
of a (111) Ni platelet by a Ni atom from the disor-~
dered matrix would be 2V,, as opposed to only V,
for the binding energy of a site on the top or bottom
surface of the platelet. This calculation assumes
the average environment of an edge site would con-
tiin two Ni atoms of the platelet as nearest neigh-
bors but no platelet atoms as second neighbors,
whereas a surface site would have three Ni nearest

neighbors and three Ni second neighbors if the plate-
let were two or more atom layers thick. Thus one
can expect from the energetics that in the nucleation
phase the platelets would initially expand their di-
ameter more rapidly than they would thicken, giving
large thin regions of each kind of atom lying on

(111) planes. We can then explain the structure of
the SRO state as being simply the precursor of this
predicted mode of growth.

A further prediction can be made that since the
relative binding energies of surface and edge sites
will be a very sensitive function of the ratio of V,
to 'y in this alloy, one can expect large changes in
the precipitate morphology (if precipitation can be
induced) and large changes in the SRO structure as
a ' esult of small variations in V,/V,. Pressure or
alloy additions should be suificient to see these ef-
fects.

At Pdap

‘The Au-Pd binrary lagrom indicates a homoge-
neour solid selution st a1l compositions, However,
the relative heats of formation show a maximum
ne ative value at the 40-at.% Pd composition. The
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largest anomalous changes in electrical resistivity
and Hall constant after cold work and the greatest
resistivity recovery upon annealing also occur at
this composition. These facts suggest that a sig-
niflicant amount of SRO is present in this particular
alloy and led Lin, Spruiell, and Williams® to mea-
sure the SRO parameters by means of x-ray diffuse
scattering. The measurements were made at room
temperature on a single-crystal sample that had
been slowly cooled from 1050 "C.

We have used the first four SRO parameters de-
termined by Lin, Spruiell, and Williams to generate
the Pd-centered cluster distribution shown in Table
X and the Au-centered cluster distribution displayed
in Table XI. The Pd-centered distribution is more
easily analyzed and we shall confine our attention
to it.

The most enhanced cluster is a tetrahedral ar-
rangement of four Pd atoms about the central Pd
atom. This is precisely the nearest-neighbor en-
vironment that an atom would have in the hypotheti-
cal AB analog of the DO,, structure proposed by
Clapp and Moss, '* and shown below in Fig. 1. On
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the basis of their analysis, Lin, Spruiell, and
Williams have in fact suggested that this is the or-
dered structure that the system is tending toward
and if so would be the first known example of this
atomic arrangement in alloys. The ordered struc-
ture may also be described as an M =1 antiphase
derivative of the L1, (CuAu) structure. This is
perhaps significant because the second most en-
hanced cluster is the nearest-neighbor configuration
of the L1, structure itself. All but two of the sub-
sequent nine most enhanced clusters are single-
defect relatives of one or the other of these first
two clusters. Although the M =1 antiphase structure
does not contain any L1,-type clusters, an M = 2
(and all higher M) antiphase structure will have a
mixture of these two cluster types. The M =2
structure is shown in Fig. 2. The proportion of
L1,-type clusters increases as M increases and the
L1, lattice may be regarded as the limit as M ap-
proaches infinity.

Although Lin, Spruiell, and Williams may be
correct in their conjecture that the M =1 structure
is the ultimate ordered state of this system, from

TABLE IX. Nearest-neighbor spectrum of Ni atoms in CugyNig.

CusaNigg
1 =+ 121 02=—'.008 Q3=+.O“ Q4=+.012
19.4 8.4 5.8 5.6 3.6
N-— —C
N : c ! c;l : ¢ ; ¢
] N- | I I ¢ i ¢ '
PN I'N I'n I N
' r | | [
—-[N /,L___.._ ,/L O ,)...---._ ,}_..__-
.——N-— /, /, /’ ” C
0.3% 1.6% 0.9% 2.4% 1.7%
3.6 3.0
i c ! s
1 1
| N LN
. T S
/c’ ,/, c
0.4% 0.6%
2.7
L
! c
''N
! C
)
/// c
0. 3%

TOTAL

7.0 °/_o
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TABLE X. Nearest-neighbor spectrum of Pd atoms in AugyPdye.
Augo Pd4o -
Q0=-.126 Q200=+.061 @3=2+.029 az30=—-.033
' 3.6 3.3 3.3
P

5.54%

[3

2.6

|
|
|
|
]
X
”
rd
e

P

.78 %

/J_—-

1.56 %

2.34%

2.0

TOTAL

43.9%

our cluster distribution it would appear that the
M 2 structure is just as likely a candidate. An
important observation made by the above investi-
ralors was that the diffuse SRO peak was actually
a double peuak lying at 150 and 10 in reciprocal
space. This is not commensurate with the super-
iattice peak positions of any known structure. The
super-lallice positions for the M = 1 structure would
be at 110 and those for the M- 2 at 10 and 1}0.
The mosl likety explanation of this phenomenon
is along the lines proposed by Moss'® and recently
usged by Iashimoto and Ogawa®® to explain the split
diffuse peaks observed above T, in Cu;Au. Moss
points out that, if the conduction-electron Fermi
surface has a large flat region, this will produce a
significant contribution to the interatomic ordering

g p g

A P IV

F YO IR U SO

! ] A P 8t FIG. 1. M. 1 antiphase
A EA : B A derivative of the L1, (CuAu

Bewro-]--- A?_.’.-_ —--8 structure.
7 B8 ,/ A
L i G

energy in the form of a long-range oscillatory po-
tential whose wavelength is related to the diameter
of the Fermi “sphere ” at the position of the flats.
This oscillatory potential will produce composition
fluctuations in the disordered phase of the same
wavelength, which in general will not be compatible
with the integral periods required of an ordered
structure. The lowest-energy ordered structure
will be the one having an oscillation in composition
closest in wavelength to that of the conduction-elec-
tron oscillatory potential.

If this is the phenomenon that we are witnessing
in the Aug,Pd, alloy, it offers some interesting in-
formation about the topology of the Fermi surface

B B-- - A c———
/} 8 / 8 /E- A /':\ A a’//i
— L K ! Y (L B SR
A RS S S R R ™ R R
i Lo : H
At - A A el B - | A
t t . ] 3 '
1 A ! tB ) i
B e v i bRl ety b Sl i Ml
// 8 /’ B ,/ A P A ‘
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K1G. 2, M -2 antiphase derivativo of the L1 structure.



and partially explains the sluggish ordering behav-
Our conclusion is, however, that one still

ior.
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TABLFE XI. Nearest-neighbor spectrum of Au atoms in AugPdy.
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AugoPdao

a)p=-.126 azpp=+.061 ayz;=+.029 a20=-.033

4.2 3.8 3.7

t
!
1
A A
!

l /}-_—-__
rd A_

.54 %

.54 %

TOTAL 23.4%

cannot decide whether the M =1 or the M =2 ordered

structure will be the ultimate ground state.

Index

1)
2(2)
RYR))
10
5(5)
6(6)
70
B(8)

10
11
12
13
U

APPENDIX: PYM TABLES FOR bce AND fcc
NEAREST-NEIGHBOR SHELL CLUSTERS

Following I, the configuration of a cluster is

TABLE X1l, PVM Jarameters for bee nearest-neighbor cluster. See Fig. 3 for site indices.

Sites with Multiplicity Composition Second Third Fifth
neighbor neighbor neighbor

a =1 W, W, (o), W, C? w,C} w,C3

.- 1 +1(-1) +1 +1 +1

I 8 +6(—6) +4 +4 +4
1, 2 12 +6(—6) +4 0 0
1, 6 12 1 6(=6) 0 +4 0
1, 7 4 r2(—2) 0 0 t4
I, 2,5 24 +6(—6) +4 -4 -12
1, 2,8 24 1 6{—6) -4 -4 +12
1, 6, 8 B t2(-2) -4 +4 -4
1, 2,5, 06 6 0 +2 -2 -6
b, 2,5, 8 24 0 0 -8 0
1, 2,6, 7 24 0 -8 0 0
1, 2, 3, 6 8 0 0 0 -8
1, 2,7, 8 6 0 -2 -2 6
1, 3, 6, 8 2 0 -2 12 -2

|
i
|
|
1
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TABLE XIII. (continued).

e o sz o D e o - - oo - T e S i —

b o =1 w, Welo s W, W, C? w,C} w,C,
A3 1,6,7,9,11 48 +8(—8) -3 LU +8 - 32
14(14) 1,6,8,9,11 48 +8(—8) -8 -15 +8 0
45¢15) 1,5,6,7,10 24 +4(—4) 0 +8 -8 0
16(16) 1,3,6,10,11 48 i 8(—8) 0 0 -8 0
A7(17) 1,5,( ,7,11 24 +4(—4) 0 0 -4 0
A8 (18) 5,6,9,11,12 24 +4(—4) 0 0 0 —16
19(19) 1,6,8,10, 11 48 +8(—8) 0 - 18 0 0
50(50) |_ 5,6,11,12 48 ) 8(—8) 0 - 16 0 0
5161 1,6,8,10, 11 24 +4(~4) 0 -16 0 116
52(52) I,4,6,11,12 24 +4(—4) 0 -16 0 +16

l(ﬁ.i) 1,«, 10, 11 12 24 r4(—4) +4 0 -8 0
,1( 1,6,7,10, 11 48 +8(—8) +8 0 -8 -32

35(55 1,4,6,10,11 48 +8(—8) +8 -16 -8 0
‘;()(.—6 1,2,6,10, 11 12 +2(~2) +4 0 -4 -8
57(67) 1,5,6,10,11 24 +4(—4) +8 0 -8 -16
58 1,5,6,7,8,10 12 0 -4 +8 —4 +4
59 2,4,5,0,9,11 12 0 —4 +8 -4 4
GO 4,5,6,7,8,11 12 0 —4 +4 —4 +12
) 1,5,6,7,8,11 24 0 -8 +8 -4 +8
62 2,56,6,8,9,11 24 0 -8 +8 -4 +8
63 1,3,5,6,11,12 48 0 -16 0 8 —16
G 3,5,6,7,9, 1 48 0 -16 0 18 - 16
65 1,5,6,9,11,12 24 0 -8 0 +8 —24
66 1,3,6, 8311 12 0 -4 -4 +4 -4
67 1,5,6,7,10,12 24 0 -4 8 -8 +8
68 1,3,6,10,11,12 24 0 -4 +8 -8 +8
69 1,6,7,8, 10, 11 18 9 -8 0 0 - 16
70 2,6,6,9,11, 48 0 -8 0 0 - 16
71 1,4,6,8,10, 11 18 0 -8 - 16 0 +16
2 1.5,6,8,11,12 48 0 -8 —-16 0 +16
73 1,3,6,7,10,11 48 0 0 0 -8 ~16
71 1,5,6,8,10,11 48 0 0 0 -8 -16
7% 1,6,7,9,10,11 16 0 0 0 0 —-16
76 1,4,6,10,11,12 48 0 0 —-16 -8 +16
77 1,3,4,6,10, 1 48 0 0 -16 -8 +16
78 1,5,6,9,11,12 12 0 0 -4 0 —4
79 1,2,6,8,10,11 12 0 0 -4 0 —4
80 l,rl,6,7’10,11 48 0 0 -16 0 -16
81 ,1,6,8,10,11 48 0 0 —-32 0 +16
8o ,1,6,8,10,11 4 0 0 -4 0 4
84 1,4,6,8,11,12 4 0 0 -4 0 4
84 (Y 6 10,11,12 48 0 +8 0 -16 - 16
85 1,5,6,7,10, 1 48 0 +8 0 ~16 -16
86 |_5,(‘ 9,10, 11 24 0 +8 0 -8 - 24

1,4,5 (,,10,11 12 0 +4 -4 -4 -4

87

L henceforth implies summation over % as well. The plete cluster configurations.

occupiation of the central site is given by oy and so The multiplicity W, is the number of symmetry
the double index (0,4, k) serves to specify the com- partners that the kth shell configuration has. This
12 is determined by counting the number of diffcrent
9/: 1 configurations generated hy applying the 48 sym-
. metry eperatic: - o ¢ cwwic point group to the
{;0 7 I'IG. 4. Site number- cluster. 7The oss symmetric the cluster the more
© 0 ::g”ll;?:l((l ;’l';]fcc clusters partners it will have, up to a maximum of 48. Be-
5 | 6 ’ o cause of the cubic symmetry of the lattice and the
4/)— — - input data, these symmetric partners must all oc-
. 2 cur with equal probability and may thus be grouped
7’
1 together in the calculations. This considerably re-
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TABLE X, PVM parameters for fee nearest-neighbor cluster. See IMig. 4 for site indices.
Index Sites with Multiplicity Composition First Second Third Fourth
neighhor neighbor neighbor ncighbor
k a, =1 W W, (o) w,C} w,c: " w,CE W, C!
1(:1_—) s 1 +1(=1) +1 +1 +1 +1
2(2) 6 12 » +10(=10) +8 +8 +8 +8
RYE)! 6,7 12 +8(—8) +4 +8 +4 +4
4() 5,7 6 t4(—4) +2 +2 +2 +6
5(5) 6,12 24 +16(-16) +8 +8 +12 +8
6(6) 6,11 24 +16(—16) +12 +8 +8 +8
70 5,6,7 12 +6(—6) 0 +8 0 +8
8(8) 5,6,12 24 +12(-12) 0 +8 +8 0
9(0) 1,7,9 8 +4(—4) 0 0 +4 0
10(10) 5,6,11 48 +24(—24) +8 +16 +8 0
nan o610 48 +24(—24) +8 0 +8 +32
12(12) 1,56,11 24 +12(-12) +4 0 +8 0
13413) 2,6,11 24 +12(-12) +8 +8 0 0
14(04) 1,6,11 24 +12(-12) +8 0 +4 0
15(15) 6,10, 11 8 +4(—4) +4 0 o 0
16(16) 5,.6,7,8 3 +1(=1) -1 +3 -1 +3
17(07) 1,6,7,9 6 +2(—2) -2 +2 +2 -2
18(18) 5,6,8,11 48 +16(-16) -8 +16 0 +16
19(09) 3,5,6,11 48 +16(—16) -8 0 +16 ~16
20(20) 1,5,10,12 48 +16(—16) 0 +16 -8 +16
21(21) 1,6,7,10 24 +8(—8) 0 +8 0 -8
22(22) 5,6,9,11 12 +4(~4) 0 +4 0 -4
2323 1,5,7,10 24 18(-8) 0 0 0 +8
21(24) 4,5,6,11 24 +8(—8) 0 0 0 +8
25(25) 1,6,9, 11 48 +16(-16) 0 0 +8 ~16
26(26) 1,5,7,12 12 +4(—4) 0 -4 0 +12
27(27) 1,5,7,11 24 +8(-8) 0 -8 +4 +8
28(2R) 2.5,7,12 24 + 8(—8) 0 -8 +4 +8
29(29) 2,5,9, 10 24 +8(-8) +4 -8 0 +8
30030) 1,6,11,12 24 +8(-8) +4 -8 0 +8
3N 1,6,7, 11 48 +16(—16) +8 0 0 -16
32(32) 2,6,7,11 6 +2(=2) +2 +2 -2 -2
33(33) 1,6,10,11 48 +16(—16) +16 0 -8 -16
34(34) 5,6,7,8,11 24 +4(-4) -8 +16 -8 +16
35(35) 14,6,7,9,11 24 +4(—4) -8 +8 0 0
36016) 1,4,7,9,11 24 +4(—4) -8 0 +4 0
37(37) 1,3,6,9,11 24 +4(—4) -8 0 +8 -16
38(38) 4,5,6,9, 11 12 +2(=2) —4 0 +4 -8
39(39) 2,5,6,9,11 48 +8(—8) -8 +16 -8 0
10(40) 1,6,6,7,11 48 +8(—8) -8 0 -8 +32
1141) 1,6,7,8,11 48 +8(=8) -8 0 0 0
212 1,3,6,11,12 24 1 4(—4) -4 0 0 0

specified by an occupation number o, for each site
which can have the value +1 or - ~1. g, refers to
the central site and o, (for i~ 1, z) refers to the z

1

1 I'TIG. 3. Site number-
0 | ing used for bee cluslers

. in Table XIl.

3

sites in the nearest-neighbor shell around the cen-
tral site. In the listing of cluster types (see Ta-
bles XII and XIII) we have specified only the shell
sites having o, = — 1 (the remainder of the shell sites
are understood to have o,=+1). The various shell
configurations are then labeled by the index 2. It

is not necessary to enumerate those clusters having
negative occupation numbers on more than half of the
shell sites. These configurations will be the com-
plements of the tabulated clusters and can be gen-
erated from them by reversing the sign of o, on all
shell sites. Each cluster k will thus have a com-
plement which we denote by 2. Any summation over
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duces the number of actual configurations to be
dealt with.

(o), is the average “composition” of the shell
sites and is given by ¥{.,0, /2. (o), is the only tab-
ulated quantity that changes for cluster complements
(this being a change in sign) and is indicated by the
entries in parentheses.

C} is the average value in the cluster & of the oc-
cupation-number pair product o,0, (where i, j are
any two shell sites that are nth neighbors of each
other) and may be determined by direct inspection
of the cluster configuration. C} is identical for the
complement cluster. Because the coefficients of
the PVM linear equations are the products W, C},
these are the quantities we have chosen to tabulate.

The lincar constraint equations are as follows:

2021 Wy Plog, k) -1, (A1)
LA k
?) 2; ado Wy 1’("0; ,\') C (Az)
] &

a

4.
5 (), W, Plog, k) =c (A3)
L1} &k

2320 0lo)s Wy Plog, k)= (1 =cBay +c?, (Ad)
110 k
LT Cr W, Plog, k)= (1 —c®a, +c?, (A5)

4 k

0

where c is the difference in atomic fraction of the
two components and the a’s are the Warren SRO
parameters.

If ¢ =0, then Plog, k)=P(d,, k) and Egs. (A2) and
(A3) are redundant.

In Eq. (AS5), n takes on the values (2, 3, and 5)
for the bce cluster and (1, 2, 3, and 4) for the fcc
cluster.

The quantity to be maximized subject to these
constraints is

1= =20, W,Plog, B) InP(ay, k) . (AB)
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