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MICROSCOPIO ASPECTS OF PHASE TRANSFORMATIONS IN ALLOYS
Philip C. Clapp 
Lecture Outline

Lecture I
>

1. The General Problem of Phase Transformations
a) How is a phase characterized, both theoretically 
and experimentally?
b) How are phase transformations detected?
c) How can phase transformations be predicted and controlled?

2. Specific Examples of Phase Transformations
a) Gas-Liquid
b) Liquid-Solid
c) Ferromagnetic
d) Displacive (Martensitic)
e) Alloy Order-Disorder
f) Rush Hour Traffic
g) Life-Death
h) Marriage

3. Alloy Order-Disorder Transformations: Description and
Characterization 

-------------------------------- 0  ------------------------------------------------------

Lecture II
4. Atomic Pair Correlations as a Statistical Description of 

an Ordering or Clustering System
a) The Warren-Cowley Short Range Order Parameters: 

Meaning and Use.



5. Measurement of Pair Correlations
a) X-ray Diffraction
b) Neutrón*Diffraction
c) Electron Diffraction
d) Field Ion Microscop.e

6. Theory of Pair Correlations
a) The Ising Model
b) Bragg-Williams Approximation
c) Cowley's Equations
d) Clapp-Moss Approximation
e) Cook-deFontaine model and the relationship between 
Spinodal Decomposition and Ordering Transformations. 
  0  --------------------------------------------------------

Lecture III
7. Atomic Configurations of Disordered Phases

a) Computer Modelling from Experimental Data - (Cohén, 
Gehlen, Gragg)
b) Microdomain Models - (Moss, Thomas, Okamoto, Warlimont)
c) Cluster Frequer.cy Distributions from Experimental Data
(Clapp)

8. Metall’iv"gical Effects
a) k-state Alloys
b) Resistance Anomalies
c) Hardening Behaviour
d) "Tweed" structure
e) Frozen microdomains
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Lecture IV

9> Possible Al Ioy Ordered Phases
a) Clapp-Moss Diagrams
b) Richards-Cahn Diagrams

10. Possible Mechan i sms of Ordering or clustering
a) Nucleation and Growth
b) Spi nodal Oecompos i t i on (Cahn, Cook - deFontaine)
c) Continuous Ordeing (Cook - de Fontaine, Richards - Cahn)

0

Lecture V
11. Complex Ordering Transformations

a) Long Period Super Lattices: (Sato-Toth, Moss)

12. Theories of Complex Ordering
a) Long range interactions
b) Pseudopotenti a I Calculations
c) Fermi Surface Effeets
d) Charge Transfer

13= Critique of Pairwise Interaction ModeIs
a) Strain Displacement Forces
b) n-body Interactions
c) CuPt

14» Directions for the Future
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AN INTERPRETACION OF THE COWLEY AND 
CHRISTY-HALL THEORIES FOR BINARY ALLOY 

SHORT-RANGE ORDER PARAMETERS
PHILIP C. CLAPP

Ledgemont Laboratory, Kennecott Copper Corporation, Lexington, Massachusetts

(.Received 4 August ) 965)

Abstract—It is shown that the statistical mechanics cnipioytd by Cowley in deriving his equation* 
for the Warren short-range order parameters (<*</) of a binary alloy implies a different deñnition for 
a-tf at each stage of the derivation. These definitiona are made explicit here and provide an answer 
to the major criticisms of Cowley’s theory made by Hall and othera. It is also shown that Cowley** 
theory does include contributions to ay from all sites in the alloy which affect <x<; in an appror-imately 
correet way, whereas the theory of Christy-Hall ineludes only the direct i , j  interaetion. It is con- 
cluded that Cowley’s theory is an approximate solution of an W-body problem and the Christy-Hall 
theory is the solution of a simple two-body problem which has none of the impor-.ant cooperativo 
effeets of an N -body problem.

S incb  the first appearance of Cowley’s derivation*1) 
of a theory for the W arren short-range order par­
ameters of a binary alloy, various doubts have been 
raised as to the validity of this derivation. Cowley 
himsclf has published two subsequent deriva- 
tions<2'3> but neither of these new derivations have 
completely answered the main criticicm which has 
been made by H a l l <4>®> and others in regard to the 
energy expression which appears in Cowley’s 
theory. I t  will be our purpose here to offer a new 
justification for Cowley’s energy term  and to show 
that the altérnate form of the energy term  proposed 
by H a ll  et al A4'5) is considerably leas exact, con- 
trary to their claim of complete exaetness.

For purposes of mathematical simplícity the dis- 
cussion is confined to a 50-50 binary alloy although 
there is no inherent difficulty in generalizing the 
foliowing argumenta to the case of an alloy of 
arbitrary composition.

T h e  configurationijl energy of a particular state 
of an AB binary allqy is given b y :

=  0 )  
i , i

where the double sum is over the N  sites i  of the 
crystal and the variable is + 1  or — 1 accoiding
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to whether an A atom or a B atom occurs at site i  
for the specific configuration in question,

T he W arren short-range order parameter «</ 
may be shown to * be equivalent to the grand 
canonical average of the binary variable otoj, i.*.

«w =  <atajy =  2 , - w ------------------  (2)

¿  exp(~££(<r))

where j9 is the Boltzmann factor (kT)~l  and the 
surn is over the two valúes of <r* for k  í  to N  
(i.e. over the 2N stales of the grand canonical 
ensemble).

Cowley uses <x</ in three separate ways with no 
symbolic distinction and therein lies the confusión. 
We shall label these separate quantities ay  
and a *¡. a jj is the valué of in a particular con­
figuration. Kfj is the average of a  y  over a certain 
subset of states in the grand canonical ensemble, 
which will be speciñed below. Finally, ottf is the 
average of «Jy over the entire grand canonical 
ensemble as defir.ed above by equation (2).

Cowley’s proccdure may now be interpreted as 
foliows: a particular site 0 is chosen as origin and
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thc energy of a configuraron (given by equation 1) 
muy l>c cxactly rewritten as:

/iffi) = ) ^  Vv(oo<Jt)(<!o<*)) = 1 2  (3)
t.J t.)

since ao» fio =  1 identically. Equation (3) may be 
idéntiHcd with Cowlcy’s energy expression appear- 
ing i» Ucf. 1.

í / - t /0 =  i 2 2 F w  ( c i )  
i i

Interprete^ ns thc energy of n single configuration 
the expression is exact. T h e  point in writing the 
energy in this m anner is that it is now expressed 
entirely in terms of independent variables. In  
speeifying a particular configuration N  num bers 
a n 1 iteeded. These may be thc valúes of the 
N  itj’s or ¡ilternatively the vahies of thc N —i 

and rro. Conscquently once thc oto^s are 
chosen o 0) is a dependent variable whose 
valué is given by «(l<*«0y. I t  is apparent then that 
equation (I)  written in tprms of thc « y ’s, i.e.

1 1  ^  A  ( la )
t.J

contains mostly dependent variables and this will 
be an im portant reason for avoiding its use in the 
following developmcnt, since thc variational pro- 
ccdure used by Cowley and Christy-H all requires 
independent variables.

W e now introduce a set of states by considering 
ti shell of sites around the origin at somc constant 
radius. T h e  »/th shell contains C„ sites and the 
valué of oc0n averaged over this shell for a par­
ticular configuration will be called and is 
given by:

1 ,
*ti» ~  ■77^0lüni^ aon3̂  "■ ’̂ a °ncii  ̂ ^t n

T he allowed valúes of a0))( are + 1 so that a¿n will 
range between + 1  and —1. Now imagine all 
possible renrrangements of this configuration 
which maintain aj¡rt for each shell constant. T h is 
is ft subset of states in the grand canonical en­
samble and is tiniqucly specified by the txg„ 
parameters. T h e  grand canonical cnsemble will be 
exhausted by ranging ot¿„ over its possible valúes 
fo r each shell w. T h e  num ber of states in such a

subset is given by

w(¡t>) =  r ¡ -------------------------------------------------
nt  K C n i m -  « ó » ) ] ! 1(CW2)(1+ «S„ ) ]1

(5)
where the product is taken over the M  shells in 
the lattice. Equation (S) corresponds to Cowley’3 
caIcu!ation(1) of the num ber of possible arrange- 
ments if his aon *8 interpreted as kJ„. Conse­
quently the entropy S{a*) of a subset may be cal- 
culated from

S (ol>) =  — k  In W{a.,) (6)

Cowley now used equation (C l) as the ‘average’ 
energy to pu t with the above entropy term in a 
calculation of the free energy. C h r isty  and H all<4> 
assume that Cowley mes na the average energy of 
the grand canonical ensemble and point out quite 
correctly that this usage would be in considerable 
error. However, since Cowley combines this 
energy term with the entropy term of a subset he is, 
in fact, using it as the average energy o f  a subset. 
T o  calcúlate the average energy of a subset, ̂ it is 
necessary to calcúlate the subset average of <x0íaw 
in equation (3). Since the aJn’s on different shells 
are independent variables, the average of their 
product is the product of their averages, i.e.

<a oi*o/>* =  <«oi>*<*o/>» =  a o<'a oy (^a)

For thc same subshell aj< and <x¿(. are not quite in- 
dependent since they are subject to the constraint 
in equation (4), bu t to a good approximation (es- 
pecially for shells with many sites) one may write:

<a o<a o<'>* — <a o< >* <®o<'>* (7b) 

and henee, the average energy of the subset is 
tlosely approximated by

£(«*) =  { 2  r t f h * ! ,  (8) 
* ,i

T he free energy of a subset is then:

F(«>) ~  E W - T - S i * ' )  (9)

l ’his expression is a function of the independent 
variables so that the free energy may be 
minirnizcd with respect to r-’-Js separately by 
eetting ^F(ae}!da’Sli eqwal to aero for n =  1 ,. . M. 
T he valúes of «<5„ so determined may be identified
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with tlie grand canonical averagc oto» by the classi- 
cal arguinent that thosc subscts of states which 
havc tiic lowest frcc energy will provide the 
dominant contrilmtion to the grand canonical 
averagc.

l ' p  to tiiis point all that has been determined 
from miniini/.ing cquation (9) are thc grand canoni­
cal averages of the correlation a.Q„ between the 
origin site and the other N - l  sites of the lattice, and 
correlations such as jV O ) are as yet un- 
ilctcrmincd. If  the valúes of <xo,¡ which minimized 
cquation (9) belongcd to a single subset, the relation 

=  *«í*oío; would still hold but, in general, the 
cquilibrium valúes of oton are an average over a 
group of suhsets and henee oí<y cannot be calculated 
from this relation. I t  is possible to argüe, however, 
that the grand canonical average m ust have the 
same translational invariance as thc lattice and 
thcrclorc y¡¡ -- ao,( where i and j  are separated by 
thc same vector distance in the lattice as 0 and n. 
T h is  translational invariance does not , in general, 
hold for a given subset of the grand canonical 
cusemblc .

T h e  primary error in the at tcm pt of C'hristy 
and llalM1* to improve on Cowley’s theory is that 
they have misinterpreted C'owlcy’s energy ex­
pression m equation(9)as a grand canonical average, 
ratlier than the energy of a subset, which it m ust 
be in order for the variational procedure in which 
it is used lo havc any sense. T h is  error in inter- 
prclation leads tliem to a rcplacement of Cowley’s 
energy expression (cquation 8) by thc expression

y í ( « )  =  ¿ £  V i j t x i j  ( C H 1 )
i.¡

in tlie fice energy cquation (cquation 9). T hey  
claini this expression to be exaet, which it is, 
whcthc'r one takes it to be the energy for a single 
configuration, for a subset average or as the grand 
canonical average with the appropriate inter­
pre ta ron  of a/; in cacli case. However, to remove 
(lie d -pendent variables (the a y ’s where neither 
i o r j  ()) from their energy expression they use 
the translational invariance a.i¡ =  aon appropriate 
only to tlie grand canonical ¡nterpretation. Since,

for the variational calculation which is the next 
step in their development, 2?(a) m ust be inter- 
preted as a subset energy, this assumption of 
translation equivalence is a serious error and is 
primarily responsible for the poorness of their 
result. This  error is tantam ount to discarding all 
tems in cquation (8) which represent interactions 
between shell sites, i.e. equation (8) is reduced to

£(«) = i 2 V0‘*0t (10)
i

T h e  effect of this is that the correlation which they 
calculate between sites 0 and i  depends only upon 
the direct interaction between these two sites and, 
in fact, one can derive their equations for aot by 
discarding all the other sites and interactions in the 
crystal and retaining only the two sites 0 and i  and 
the direct interaction Vqj. Consequently, their 
solution is equivalent to a two body solution and 
retains none of the more complex features of an 
N  body problem.

A previously published letter by the author<6> 
has given an exact expansión of <xon of ari AB alloy 
which makes a direct comparison between the 
theories of Cowley and Christy-Hall possible, term 
by term. In  a fortheoming publication by S. C. 
Moss and the a u th o r /7) an exact expansión for 
a no for the general case of an alloy of arbitrary com­
position and range of interaction is derived. This  is 
used to analyze the theories of Zernike and Cowley 
and to suggest a new expression for the aon’s.

Ackimiuledgement— I w is h  to  e x p re s s  m y  th a n k s  to  S . C . 
M oss fo r  a  n u m b e r  o f  i l lu m in a t in g  d is c u s s io n s .
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NECESS1TY OF SECOND-NEIGHBOR INTERACTIONS IN ISING THEORIES OF ORDERED 
ANTIFERROMAGNETS AND ALLOYS ON FACE-CENTERED CUBIC LATTICES

Philip C. Clapp

Ledgemont Laboratory, Kennecott Copper Corporation, Lexington, Massachusetts
(Received 8 March 1966)

A number of reeent advances have been made 
in discussing the ordering of face-centered  
cubic lattices within the framework of a near­
est-neighbor Ising m o d e l . * T h e  purpose of 
this Letter is to point out that second-neigh- 
bor interactions must be included in the theo- 
ry, if the theory is to be used for predicting 
the properties of real system s.

Danielian1 has shown that assuming a posiüve 
valué for the nearest-neighbor interaction and 
neglecting higher-neighbor interactions, the 
ground state of a face-centered lattice is de- 
generate and may be described as having one 
of two possible configurations for each 100 plañe 
normal to, say, the x  direction. The two con- 
figuratlons, denoted by í and n , are shown In 
Fig. 1.

This leads to a "ground State” which is 2^- 
fold degenerate, where R is the number of 100 
planes ( ^ N 1/3 in a lattice of N s ites). This State 
is partially ordered in that it p ó ssesses  per- 
fect long-range order in directions within a 
plañe but is completely disordered in d irec­
tions out of a plañe.

The question now arises as to whether phys-

i c a l  system s (such as binary alloys) which are 
w e ll  described by an Ising Hamiltonian rnight 
show a transition at some temperature to  this 
partially ordered S ta te ,  and then perhaps show 
a second transition to a  perfectly ordered state 
a t  a  lower temperature due to very weak high- 
er-neighbor interactions. Such double transi- 
tions are theoretically expected6 and do occur 
in body-centered A 3B  alloys (e.g., Fe3A l7).

Since higher-neighbor interactions are prob- 
ably always present to some degree in real 
system s, theoretical predictions based on near- 
est-neighbor calculations are tenable only if 
inclusión of very weak higher-neighbor inter-

+ +

+ + 

I n

FIG. i. The two possible configurations of a 100 
phase in the ground state of an fcc antiferromagnet.

E539 1-2 687
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actions does not alter the results significantly. 
We shall now show that consideration of high- 
er-nelghbor forces radlcally changes the low- 
temperature properties of this lattice. Intro- 
ducing a second-neighbor interaction Va (I V J  
K1I «  1), the energies of the 2^ degenerate 
states are changed by the amount

R
a e =n 2» k2 S  s .s . + 2 + 2jvv2, (1)

i = 1

where S¿ = +1 if the ¿th layer is  in configuration 
I and -1  if in configuration II. This is  readily 
recognizable as the Hamiltonian of two inter- 
penetrating Ising linear chains having nearest- 
neighbor forces with an added constant energy 
due to interactions within the 100 planes.

This splitting of the 2^ states is so strong 
(due to the N 2/3 factor) that only the lowest en­
ergy state of these 2^ states need be considered  
in any thermodynamic average for this lattice. 
This may be seen by comparing the free ener­
gy of the lowest energy state (F0) to that of the 
rest of the 2R states <fe ). One has

V ' V =  - V - " 1taV*0>
■ 2- N ™ \ V  l - * T N m ln2.

The inequality has been calculated by letting 
all the (2R-1)  excited states have the energy 
of the first excited state. g e  and gQ are the 
number of excited and ground states, respec- 
tively. The statistical weight of all the excited  
states relative to that of the ground state in

a thermodynamic average is

exp{ ' ^ c,re-jPo)} ̂  0xp{-Ar2/a[Ĵ I-4 ^r]}’ (3)
which becom es arbifrarily sm all as the limit 
of N -  «° is taken, regardless of temperatures.
It is  seen  that IV31 need only be greater than 
N ~ 1'3 for this result to be valld, a very weak 
interaction indeed.

Two points can be made in conclusión. Dou- 
ble transitions of the type we have described  
are thermodynaxnically im possible for face- 
centered cubic lattices. Secondly, som e meth­
od should be used in calculations of the low- 
temperature properties of such lattices to be 
sure that the partially ordered states have no 
effect on the result. These conclusions are 
true for A SB  alloys as w ell by sim ple extensions 
of the above arguments.

It may be remarked that Danielian’s low-tem - 
perature partition function for this lattice2 can 
be easily  modified to conform to the above 
restrictions by eliminating the factor 2^ which 
appears there.

*A. Danlelian, Phys. Rev. Letters 6, 670 (1961).
(2) 2A. Danlelian, Phys. Rev. 133, A1344 (1964).

SA. Danlelian, Physlca 29, 67 (1963).
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(1965).
6S. Matsuda, J. Phys. Soc. Japan 8, 20 (1953).
7R. H. Fowler and E. A. Guggenheim, Statistical 

Thermodynamics (Cambridge University Press, New 
York, 1939), p. 589.

6 8 8 E539 2-2



Kcprmlc»! from  T iif. IMiysicaf, R eview , Vol. 164, No. 3, 1018-1020, 15 Dcccm hcr 1%7
Printcd in U. S. A.

Exact Relations between Triplet Probabilities and Pair Correlations 
in A B Binary Alloys and Ising Spin-§ Systems

I’h i i .i p  C .  C l a p p

l.ed^emonl f.nboratory, KennecoU Copper Corporation, Lexinglon, Massachuseíts 
(Received 21 June 1%7)

The probabilities for trip le t occupation in an A B  binary alloy (or spin one-half Ising m agnet) are found to 
l>r exact ly expressible as linear combinations of the three pair correlations if the configurational energy of 
(lie sysletn possesses a ccrtain sym m etry. The required sym m etry is th a t the energy be invariant when all 
I .ilonis are replaced bv /< atom s and vice versa (or all spins are llipped). Systems having only pairwise or 

cvrn partirle  interactions salisfy this requireinenI. Koberts’s valúes for (he pair correlations in CuAu at 
various le 111 pe ral m es are used to calcúlate the probabilities of several triplet configurations. The results 
are soniewhal paradoxical and can probably he a ttribu led  lo tlie lack of a size-eflect correction in Roberts’s 
ilala. I'.iiuatiiins for the triplet probabilities in alloy compositions other than 50-50 are also g iven ; but these 
iviniire a fourlh param eter, the triplet correlation, which is not yet available experimentally.

SINCK lite lirst detailed m easurcm enl by  Cowlcy1 
of llic pair correlations [or  W arren shorl-range- 

order (S k ( l)  p an im etcrs j  for ('tt.iAU, it has bcconic 
possible lo experimentally determine the pair correla- 
lions in favorable alloy systems up to distances of the 
order of lenlh nearest neighbors. It bas longbeen known 
llial a knowledge of the alloy composition and Ihe 
Warren S k ( )  |)arameter a¿, was snllicicnt to detennine 
lite futir pair  probabilities l \ ¿ AA, P, jBA> PaBH>
and lo 1 litis provide a parlial description of the atomic 
aiT.ingcnient in tile alloy. Whal has no t  been generally 
reali/.ed is t liat for t lie special case of a 50-50 cornposition 
alloy, tlte ciglil Iriplel probabilities P,¡kAAA, P<jiAAI', 
etc., are also dircclly «leterniinable from the pair  corrc- 
lations <f¡,, <va-, and ají, provided lliat llic configurational 
energy of tlte alloy is a sum of only even num ber p a r t id e  
ittlciax lions. It is normally assumcd llial the configura- 
tional energy is a sum of pairwisc interactions, in which 
t ase Ilie equalities to be derived below are valid. Oon- 
verseh1, if il becomes possible to measure tr iplet corre- 
lalions (as suggested bv Cowlcy-), an observed violation 
of lite eiptalions would indicate the im pórtam e of tliree- 
particle (or higher odd number) interactions.

We shall use the occtipation numbers a, lo de­
senlie any s ta te  of tlie alloy or spin system  where 
,i, ( 1 1, - 1) if sile i is occupied by  an (.-1 ,/i) a tom or 
e<pii\alcnll> an (ttp, down) spin. We will not continué
lo disctiss llie spin prublem e.xplicilly bu t  il will be 
tmdcrslood that all llie subse(|tient arguments apply to
I lie spin pmblent by icplacing (A ,¡i) a tom s by (up, 
do w n ) spins.

l ie., 1. IIhislration of a contiguralion which would contribute to 
l ’\n  '• Site t can be laken as any ot the N  sites in the crystal 
bul siles 2 and nuist always have llie same orientation and 
ilistnmv ichitivc lo site I .

1 |. M. Cowlcy, l’liys. Rev. 77, 669 (1950).
2 J .  M. Cowley, J . Australian Inst. M etals 11, 258 (1966).
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We note the following useful relations:

a , ' =   ̂(1 4 <r,)= (1,0) if an ( A J Í )  a tom  is a t  site i , 

2(1 — ctí) =  (0,1) if an (A ,B)  a tom  is a t  site i.

Il is now possible lo write definitions for the pair and 
iriplet probabilities in a general form

P v : ' r =  ' E ( y \ p ( y ) —  X  a-i.f r -?<724r1' | 7 ) ,  ( 1)
y  y V  r - 0

l ’¡;:ixy x  =  H ( y \ p { y ) — YL <r¡> S a n e e s , , x \ y )  , (2)
7 /y' r-0

where A’, 1’, Z  can ea ih  be assigned A or li. One of the 
four possibilities in ( 1) is i ’n AR which then means the 
statistically averaged probability  that an A - f í  pair will 
be found separaled by the distant e r n ■ One of the eight 
possibilities in (2) is J’m ABA which is the probability 
th a t  a triangle of sides r 12, f23, and r-,\\ will be occupied 
in the m anner shown in Fig. 1.

The simunalion over 7 refers to a sum over all the 
possible individual configurations of the alloy on the 
.V siles of Ihe cryslal, there being Ar!/( ,V /2)!2 such 
possibilities for an A B  alloy. p{7 ) is the usual thermo- 
dynamic weighl factor e~ B" ; e~^H. T he  sum over t  
is used to average over all pair sites separated by a (ixed 
dis tan te  r i5 or, in the case of luj. (2), over all Iriplet 
sites which form a triangle of fixed dimensions rn ,  *23, 
and r Si. The notalion (y | ■ • • I7 ) merely implies tha t  the 
valué of the quan l i ty  inside the brackets is to be 
calculated for the configuration 7 .

As an example, consider the probability  J’i2j A riA 
given by Eq. (2) as follows:

¡ \ n ABA =  L ( 7 1 P(y)¡V-> E  cr, , /< r 2+ r - /  17 ) .
7 t “»o

rfh e  product <7i+T'4<r2f /  will have the valué 1 
only if the three sites are simultaneously occupied in 
Ihe fashion indicated, otherwise the product vanishes. 
'rhus,  suinming this operator product over t  rnnnts

1018
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prccisclv llic number of triplets for the y  configuration 
(out of a  possiblc total of N ) th a t  are occupied in the 
requircd way. 'I'lie summation over y  then accomplishes 
the ll icmiodynainic averaging of all configurations.

We sliall now postulate two separate conditions: 
1: l 'or every configuration y  in the etjsemble there exists 
an inverse (7 ) ohtained by  replacing every A  a tom  by  
a H alom and vice versa (i.e., all the <r,’s change sign). 
I I :  ' l’lie ll iermodynaniic weight factor has  the sym- 
niel.ry properly p(>) =  p(y) ,  i.e., I I (7 ) =  / / ( 7 ).

Condilion I is clearlv satisfied for the ensembie of 
possiblc configurations of an A D alloy b u t  will no t  be 
satisfied for canonical ensembles of olher compositions.

A speeific cxample of a  Ham iltonian  th a t  satisfies 
condilion 11 would be the general M-particle interaction 
I lainilloiiian

N N
H Yl  I Y.  V ¡¡1.0 ,0 ,o k

i j  i.j.k

+  X! V¡jki0 i0 ,0 ¡.0 ¡+  • ■ • , (3) 
i.j.k, l

if tlie tenns  eonlaining odd numbered producís of cr’s 
vanisli. The usual pairwise interaction model assumes 
all bul tlie lirsl lerm are negligible.

I’rocciiling lo a calculation of the pair  and triplet 
probabililies by using llie relalions for oíá and <nB in 
lenns of and using the notation

1 n 1
- X X t ' I p M  " Y.  0-l|r0-2|,<r.l|r|7), 

y / y  r - 0

we llave

! 'n A A 4 (1 +  (<’’i ) + ( ^ 2 ) + ( o ’icf2)) •

Huí (<j\) (ir¿)= O ,  because this is siniply the difference 
¡11 llie fraclion oí .1 and ¡i atonis in the cryst al. Henee, 
by omission of sucli terins one has

/ ’i2/ , '1 =  J ( l  +  (0'i<72))> (4a)

l>nA" = \ (  l - M ) ,  (4b)

/»«*'*= J ( l  — <«-i«-.», (4c)

/ ' . / ' " - J O  K < W ) .  (4d)

'The pair correlation is simply llie Warren short-range- 
order pai amelei and llie c<|uations s ta te  the familiar 
fací lliat all four pair probabililies <le|)end on a  single 
cxpcrimeiilallv (letermine<l pa ram ete r .3 

T he  triplel probability ! ’m AAA becomes

/ ’l-.í.-t"'1 ' ' '  «(1 t ( " l ) + (":>)+(<73}+
+  f̂f2CT,i)+ ((73a 1 ) +  (o 1 0203))

and we note IhaL llie tr iplet correlation (010203) 
vanishes. because for every contrilnilion to the sum 
from 7 tliere is an exaclly cancelling contribution from

* I*. ( \  ('Íap|> íiiul S. C. Moss, Phys. Rev. 142, 418 (1966).

7 , i.e., p(y)  = p(y)  b u t  ( y \ o l0 20-i \y)  =  —
As a consequence, the eight triplet probabilities can be 
written enlirely in tenns  of the pair  correlations a y  
as follows:

, , i n AAA =  =  i (i + a i 2+ a 23+ a 31) , (5a)

r ™ AAB = P m ,>BA = I (1 + a i 2 - « 2 3 - a 3 i )  , (5b)
1 >123B A A  =  p u i A B B = l  ( 1  _ a i 2 + „ 23_ a 3 1 )  f ( 5 c )

I* 123Á BA =  P m BAB =  s (1 —«12—«23+0(31) • (5d)

For the more general situation where either condition 
I  or Ll or bo th  are violated, (010203) need not be zero 
and the tr iplet probabilities now depend on five 
param eters as follows:

/ , m '4/M =  i ( l+ 3 c + a ! i 2 ,+a23,+ a 3 i /+ r i2 : i ) , (6a) 

l ‘i23BBB= \ ( l  —3c-\-an -\-at3 -{-etn' — r m )  , (6b) 

/ >ra '4AB==s ( l + c+ “ i2, —a?23, — o t 3 i ~ T123) i (6c)

¡'\23BBA = —a%3'—a n ' -\-T12z ) , (6d)

y, m fljl'4 =  i ( l + c - a i 2 /+a23, - « 3 i ' - T m )  > (6e) 

/ >i23XSfl =  | ( l — c—a.\2 -\-a.2Z — a s Z + T m )  , (6f)

/ >123,4fl'4 =  l ( l  +  C—a v ¡ — a23,+«31/ ~Tl2s) > (6g)

i ’l28B‘48 =  s ( l —c—«12/—«23/+a:81,+  Tl23) , (6h)

where c is the difference in the fraction of A  and B  
atonis, a , /  is the quan t i ty  (1 — c2) a y + c 2 and is identical 
to (cr.CTj), and r i 23=  {0 10^ 3). I t  is apparent th a t  various 
pairwise combinations of the tr iplet probabilities can be 
found th a t  are independent of r m ,  bu t  this is not as 
useful for describing a  s ta te  of order.

As an application of Eqs. (5a)-(5d), we consider the 
alloy CuAu. Roberts4 has measured the a . / s  out to 
eighth-neighbor separations a t  several temperatures. 
above T c. Unfortunately, the  a , / s  were no t corrected 
for size effeets, which are large in this system as shown 
explicitly by  Borie.6 Thus,  the a „ ’s reported by  Roberts  
should not be taken  too literally, and we shall use them 
here primarily for purposes of illustration. T hey  are

T a u i .e  I. P a ir  c o rre la tio n s  (a i) (o r CuAu (7’o =  408°C).

Ncigh-
l>or (lis­ I'er- Quenchcd I Icld llcld
tante, íect íroni a t ut 1‘erfect

i order 500°C 425°C 525 “C disorder

1 - 1 -0 .1 5 8 -0 .1 2 3 -0 .1 1 8 0.000
2 +  1 +0.210 +0.048 -0 .0 0 2 0.000
3 - 1 -0 .0 4 8 0.00 0.00 0.000
4 +  1 +0.153 + 0.07 + 0 .05 0.000
5 - i -0 .0 5 0 -0 .0 3 -0 .0 3 0.000
6 +  1 +0.093 + 0.03 + 0.03 0.000
7 - i -0 .0 3 5 -0 .0 2 -0 .0 2 0.000
8 +  1 +0.070 +  0.02 0.00 0.000

4 B. W. Roberts, Acta M et. 2, 597 (1954).
* li. Borie, Acta Cryst. 14, 472 (1961).
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’lustor Quenched llcld Hcld
silo l’crfcct from at at Perfect

J order 500°C 425°C 525°C disorder

3 1 0.688 0.640 0.634 0.500
4 0 0.469 0.543» 0.568* 0.500
S 1 0.622 0.570 0.567 0.500
(1 0 0.503" 0.530» 0.539* 0.500

Equations (5a) and (5b) yield

P i2íA'1'1^ l ( l  +  2a 1-(-aiy) ,

In  particular  we shall calcúlate the conditional 
probabil ity  P{¡B | n AA) oí  a  B  a tom  a t  j  given an A atom 
a t  1 and 2, i.e.,

P  w AÁB 1-au

l'ii:. 2. Silos used for the  calculation oí triplet 
probabilities in CuAu.

listed ¡n Tulile I  along with the  ot„’s for perfectly 
ordered and perfectly disordered samples.

CuAu is an interesting example to study  because the 
symnietry of the crystal changes from cubic to  tetrago- 
nal upon ordering. T he  ordered phase m ay be described 
as cven-numbered 100 planes of a face-centered cubic 
lattice occupicd by one type of a tom and  odd-numbered 
1(M) planes occupicd !>y the  other type. Since three 
points are required to define a plañe, the tr iplet proba- 
bilities have an advantage over the b inary  probabilities 
in tlial. they can provide an  anrwer to the question of 
whether such layering occurs on a small scale in the 
disordered sta te ,  in anticipation of the ordered structure.

Altliough we could, in principie, calcúlate probabili­
ties of any tr iplet which did not contain a pair  separated 
by more than cighth-neighbor distances, we shall confine 
our a t ten tion  to the  cluster of sites shown in Fig. 2. All 
llie siles of llie cluster are nearest neighbors of site 2 , 
and we shall calcúlate the trip le t probabilities for the 
case wlicn siles 1 and 2 are occupicd by  A atoms.

T a ii i .k  II. Triplot conditional probabilities [ / ’( ,B| i 2/' ' 4)]fo rC u A u .

■ V ü t i i c s  w i m  l i  ¡h c  ( u t r u d o x i c a l  i n  t h e  s e n s e  t h a t  t h e y  d o  n o t  l i e  b e t w e e n  
11it* n n l r i t ‘«l a n d  i H - r f e o t l y  d i s o r d e r e d  v a h í o s .

Px2iAAA+ P i2 iÁÁB 2 + 2 a i

Since sites 3, 4, 5, and 6 in Fig. 2 are first, second, third, 
and fourth neighbors of site 1, we h a v e a i 3= a i ; a u = a 2; 
au=a»- l a je= au .  T he  calculated valúes of P{ jB \ n AA) 
appear  in Table I I .  We see from the column of valúes 
for the ordered s tructure  tha t  placing an A a tom 011 
sites 1 and 2 resolves the am biguity  of whether the 
layering occurs on the 100, 010, or 001 planes, in tha t 
sites 4 and 6 are forced to contain A atoms, and sites
3 and 5 are forced to have B  atoms. If  layering also 
occurs in the disordered s ta te  this should appear as a 
valué of less than 0.5 in the table for sites 4 and 6 and a 
valué greater than  0.5 for sites 3 and 5. Only the 
quenched sample seems to come cióse to satisfying these 
conditions. T he  valúes in the table m arked with a letter 
are those th a t  do no t satisfy the layering condition and 
we note th a t  although 3 and  5 are preferred B  sites in 
all cases, the paradoxical result emerges th a t  a t  425 
and  525°C locations 4 and 6 also appear  to be preferred 
fí sites.

l lowever, as we noted before, Roberls’s results <lo 
contain significan! errors and he comments tha t  <x2 in 
particular is probably much too small. Increasing a-¿ in 
our equations would affect only site 4 and  change it in 
the direction of being a preferred A site.

In conclusión, it m ay  be said th a t  the results for 
CuAu are ambiguous and tha t  a  bet ter  picture of the 
disordered s ta te  in this system will have to wait for 
more accurate valúes of the a , / s .  When such measure- 
m ents  are available for this and other A B  alloys, the 
triplet probabilities should provide a critical test for the 
importance of higher particle interactions in ordering 
processes when the direct measurement of triplet 
probabilities becomes feasible.
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An r \ a c t  rx p i  i ssjoi i  fui- I he  rorrcl  i l i on  turu 1 inns  (mi- Wa r r c n  s hor t - r an ^e  order  p a r a m e t e r s ;  oí an  a l l oy  oí  
arbi t  i ai  y  i o m p o s i l i o u  a n d  ran^n o(  i nt erart  ¡on is de i i  ve d  in t er m s  of  t l i e l ' l inn op e r a  tors .  An  a p p r o x i m a t c  
' i i e l lmd ol s o l m i o n  i-. *" ■ 11 n I 11 v replai  ini; r e r l a i n  o p e r a t o r s  l iy I fieir a  vera  í e s .  O n e  s uc h  c h o i c e  I cads  t o  the  
(’i ji i . i l i on s  íutni i ' i lv (¡' ' ' ' u e d  11\- ( ’o u l r v ,  a n d  cons i  ¡i u t e s  an  a l l e r n a t i v e  d e r i v a t i o n  o f  C o w l o y ’s t h e o r y .  A  
s i r o n d  ( l i oi ce \ ii l 'U / . iTi i iki -’s r q u a t i o n s  a n d  p r o v i d e s  a  mc t h o i l  of  c o m p a r i n ^  t he  a p p r o x i  ma l  i on s  i nhere nt  
in l l i c - c  l w o  Hi e n d e s  I i na l l v ,  a l l i ird s o l u t i o n  is s t i / 'Ecs ied u h i r l i  a p p c a r s  t o  h a v e  t h e  s a m e  order  of  a c c u r a c y  
a s  i lu l o i i n e r  t w o ,  bul  w h i c h  h a s  t h e  a d v a n t a g e  o í  beinj;  e x a c l l y  s o l ub l e .  It a l s o  p r o v i d e s  an  i n v e r s i ón  
f o r mu l a  whi r l t ,  in Ihc ory ,  rai l  be u s e d  t o  inf er  1 he  f orm o í  t he  t w o - pa r t i c l e  i n t e r a c t i o n  e ner Ry  a s  a f u nc t i o n  
o í  d i s t a n t e  in Ihe  rr ys l . i l  T h e  l l i eorv  is  v a l i d  o n l y  a b o v e  i h e  orderinj;  t e m p e r a t u r e  o f  a n  a l l o y .  but  m a v  be  
use d  w ii h erniaI fa< ilil v for a vari et  v of  a l l o y s  wi t h  di fferini :  o o m p o s i l  i on s  a n d  r a n e e s  o f  int eract  ion.

I. IN T R O D U C T IO N

I - ' !  11. i cifi ral prol ilcia i imsidcrcd in this pap e r  is 
-A lliat ol dc i c imin i t u '  I licorcl ii allv I lie i orrelal  ion 

I iiih l ions ol a b i n a n  a l l o \ . T h e  more famil iar  <¡viosiion 
of /‘itkIin<4 tlic Ion"- and shorl  r anee  o rder  pa r a m e le r s  
of an allo\  is a spcc ¡al case oí lliis general  probl em.  We 
i onli nc our  sel yes t o t lie assmnpt  ion l lint I lie configura - 
l ional  i tit r:r\ ol llic alloy is ade<|ua1clv . ipproximated  
1 * \ tlic íollowiim pair  I la tni l lonian

“  I !• 1 1  M , , 1 W  i r . / ' V ' v , "  
i.)

! I ' , ,  ' " t a .  ' a , "  j r r . % 1) | ,  ( I )

where i , / i elcr i o i lie mi e-. oí a regular  rigid lat lii c and 
a , ;nc  ti c 11 r i .pa I n n: miml icrs  lor caí Ii si le. 11, in
a pal  I ii ulai st at i o| l lie i n  si al, sit c ¡ is ik i upied bv an 
I a l om,  ir,' | 1, u,"- II and if li\ a aloni ,  a, ' =  (), 

I 1. 1',, 1/1 i- t-hc eneras of ¡n l cr a i t i on  be tween  an 
I a loni  mi si | r  i and a /i a l o m on si te and  is assumed 

>\ inmei i i< n il h i c s p d  i lo llie mi en l i an t e  of o )o labels.
Tl ic  córrela-! ion fimi l ions we Mvk are llic t hcmio -  

d \  namii  a vei ai'i-s (n , 'a ’n, 'a / ' ) el i ., and are dclined 
as lol low.  •

V  > t>n- V  r,’7 i,. mi ¡ y ) ,  (>)

ul i cre  ¡i 1 i. ! mil and I a re  llic l!olt / .maim 
lo ns l a n l  and leniper.i ll lM l i a  a les  of the svs lcm 
■7! l o r r e spond  ■ .d possihle configura! ions of ,\'.4 
.1 a t o m s  and ,\ I i  .ili in-- ar rai i^cd 011 ,V siles, ' l l ic  
t o l a l m m i l i i i  ■ ' '••rcnl >1 al es is I liereíoi e A' ! ,\’ .1 ! \  /,•!
w i 111 .V .4 -1 .V/,

l l i c  1 l i c o r o l  I >1 n a  r \ ‘ a l l o \  s  h a s e i i  011 l l i c  I l a  m i l i  011 i. 111 

:'.i\ e n  a ’ ><>\ • • i s  m a l  l i e m a t  ii . , ! \  o  | m \  a l e n l  i n  m o s l  rc -  

■ p c i t s  l o  l l i c  I s i i i ”  l l i c o i N  ol  m a i n e l  ic  s \ s l  e t n s  s o  t l i a l  

m a i i v  o f  l l i c  r e s u l t s  o l i t a i n e d  í m  l l u  s p i n - s p i n  e o r r c l a -  

l i o n  f i l m  t i m r .  i n  i i i aL' n e l  ¡1  ̂\  ■. 11 111 ■ c a n  l i e  t r a n s l a l c d

4 S u ) > J m h I m I  í»\ . 1  i ' i  ; i  1 1 1 I m h h  11 i r  l 1 1 h T l í  \ ( i> ; i ,
i n i s s i o n .

112

into predii  t ions for t he  allov corrclat ion funct  ions. Sino:  
an c.\ai 1 solut ion for the Isint; l inear chain wi th mag- 
nelii lield lias been oh l a ined  for ihe  case of nea r e s t - 
nci” lilior ¡ nt era r ! ions  011K', this  1 ons t i l u te s  an exart  
solut ion for a cine-dimensional h inary  alloy of anv  
comjiosi i ion wi th t he  s ame  rcs tr ict ion on r anee  of 
in l era i t i on .  Similar ly,  Onsa pe r ’s cxact solut i on1 of ihe 
I wo-dimensional  Isini; lat í  ice with neares t -nei^l ihor  
interai  l ions  in zero magne t i c  lield is eipi ivalent to a 
comple te  descr ipt ion of a two-dimensional  l i inarv alloy 
of 50- 50 composi t ion.

T he r e  are  no comple t e  solui ions for thr ce-dimensional  
lat l ii es and so one mus í  resort t o citlier so-i alled 1 hisl er 
ap p r o \ im a t i o n s  which >íive a  solut ion in closed form at 
all tchipeiatvircs or else some form of liioh- or low- 
1 empera t t i re  expansión-  wli idt  is valid only in a l imi ied 
t e m p e i a tu r c  ran^e.  Althou}íh these e.xpansions h ave  the 
s a l i s h i m :  fea ture  of e.xactness (apar t  f rom t r u m a t i o n  
errorst  ll icv a re  verv tedious  to car ry oul for interai  l ions 
w hii h have a ran^e  ^ r ea t er  t h an  nearest-neis>hlior <lis- 
Iain es. Fl i r t hermore ,  a ncw expansión mus í  be c u m ­
plí! cd for each 1 orrelat ion f uncí  ion, for eai h lal l i i  e l y pe, 
and for each compos i t ion.  T h e  only h ip h - l empe ra lu r e  
expansions  for more  t han  lirst nci ' jhlior correlat ion 
tilín ! ions tlial we are aware  of are conla ined in the 
u oi k of ( )l;ih h i .'1 ( )̂ rui hi tri\'cs expansions  for i he  1 orrela- 
I ion fu 1111 ions in t he  100 direct ion of an .1 B alloy wi th a 
simple cubic lat!¡ce.  It is i l c a r  iha t  a  single expression 
for t he  1 orrelat ion funci ions  would lie ext reme!)  useful 
lor exper imen ta l  analvs is  if it were reasottalily aci urate.  
I or iliis rcason our  dexe lopmcn t  will lie more  akin tu  
the  i lus ler  app roach.

Work in this  di rect ion 011 tlic 1 orre la t ion l m u t i o n s  
has 111 evious l ’.' Iieen done !>\ / e r n i k c 1 and ( owley. ' ’ I lie

1 I .. I )ns, iui r, P i n  s R e v .  Ii?. 117 ■ 1**111.
Src  for c x a m p l r  ( \  I lon:fi .  Ads'at i  l ’í iys.  '*. 14'* 11 
I I ’h 1 !>oi Japan íi >1 ' !**”'! ■

1 [ / e l  ’ : i I. r .  I ' h ' .  M i  . 1  7 .  l 1 1 * ' 1 1 
| M. ( un!" .  I’livs. K. V 77, <,!:'> ■ t*»5() ■ ; 12(1. IMS .IW t.;

I.;s; A l  V' 1 .
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recen! work oí i 'l ir is iy  and 11 all® i.s dosel v related to 
Cowley’s theory, and the llieory of Klliott and M arshall7 
as it applies lo alloy syslcms is directly related to 
/ .ernike’s work. Although Xernike and Cowley appear 
to have approached the problem from quite  difTerent 
directions, il will lie part of our purpose to show th a t  
their approxmiations are (jiiite closelv related.

The above fai t will emerge in the» m athem atical 
developmenl prcsented in Sec. I I I  of a general expres­
sion for the correlation functions of a binary  alloy with 
arbitra ry  composition and range of interaetion. This 
expression is exact and may be solved approximately by 
replacing certain operators by their averages, the choice 
being guided to some extern by physical arguments. I t  
will be shown that one choice leads to  Cowley’s theory 
and a second more complex choice to Zernike’s theory. 
Also, it will be possible to judge qualitatively the  con­
ditions under which each of these two theories con­
stituí es a reasonable approximation.

In Sec. IV' a tliird approximation to the exact correla­
tion funciion equation is proposed which leads to  a new 
theory of correlations in alloy systems, and which 
appcars to have the sanie order of accuracy as the 
approaches of Cowley and Zernike. Furtherm ore, this 
theory gives a linear set of equations which m ay  be 
solved in dosed form, unlike the equations of the two 
preceding theories. It has, however, the disadvantage 
tha t  the theory is valid only above the ordering 
temperature.

Sect ion 11 int roduces the operators, the statistics, and 
the transforma!ions necessary for Secs. I I I  and IV.

In a  succeeding paper" (Pa rt  II)  it is intended to 
apply (he theory outlined in Sec. IV of this paper to 
n ir rcn l  experimental results for CujAu and, possibly,
( u /n .

II. MATHEMATICAL DEVELOPME^T

A. The Grand Canonical Ensemble

The I lamiltonian given in Eq. (1) can be rewritten 
in a more compact and useful form by  introducing 
operators (á.) which are called spin-deviation operators 
in magnetism and Flinn operators6'9 in alloy theory. 
Thev are defined here as

óx -- 2 (a,A — tna) =  2 (mn — a, l (3)

where n ¡A  =  N a / N  and m j =  Nu/N. These operators 
have ihe property  th a t  í ; = 2mB if there is an A a tom  
at i and <x,= — ImA if a B a lom  is at site ».10 Introduction 
of these operators in Kq. ( 1) yields

" =  +  1 í  [  l 'o ° +  v ij' (9i+ 9 j) +  (4)

" I). O. C'hristy and (i. L. Hall, Phys. Rev. 132, 1959 (1963).
7 R. J. Klliott and VV. Marshall, Rcv. Mod. Phys. 30, 75 (1958).
* S. ( '.  Moss and P. C. Clapp, Phys. Rev. (to he published).
" P. A. Mintij Pliys. Kcv. 104, 350 (1956).
10 Flinn’s debnition is 9, = + m s , — mA-

with

l O V ' H  V t, B b ~\ i V i j AU) , i  --- ( l  V * -  V i , * B )

and

,v
Since ha-s th e san.e valué for all s tates of the
system (in this case equal to  zero), the terms in (4) 
containing F ,,1 can be dropped. T he  F ,,0 term m ay be 
eliminated for the same reason and the resulting Hamil- 
tonian (5) will give all the essentials of the problem.

/ /  =  +  i  ¿  Vadió , . (5)

If Va is positive the  system prefers unlike atoms on 
sites i  and j ,  and like atom s if Va is negative.

Before we a t tem p t  to evalúate therm odynam ic aver­
ages such as (2), the task will be m ade simpler b y  
changing from a canonical ensemble to a grand canonical 
ensemble. This will mean changing the  set of allowable 
s ta tes from all configurations of N  A A a tom s and A' B 
B atom s on N  sites to the  larger set of all configurations 
in which each site has either an A  a tom  or a B  a tom  
with probability  ni a and  « s ,  respectively. An average 
in the grand canonical ensemble of some arb it ra ry  
function, F(ffi), of the ¿r¿’s, is defined as

(F(#i))  = E  F(ái)-03(ái)w(ff2)- • • ü>(tfAr)e~SÍV 
Ó ib™ ¿

E  u>(<7,) • • - ( ¿ ( a , (6 )
s * - ±

where E »*-±  implies summing each of the <r*’s over the 
two possible valúes + 2m B and —2ma, and  the weight- 
ing factors w(cf¿) account for the fact th a t  the +  and
— valúes should occur with the relative frequeney 
mA and mB, respectively. Henee, u>(<r,= +  2mB) — m A 
and u(á i=  — 2mA) = mB■ We m ay write u(ái)  as 
{mAy iÁ{mB)°iB and

IT w(ff¿)= (m A) 5 
i-l

II “(í<) = (mA)mÁN(wr)"'bN
'm A\ 1/J- 

- \ m B '  -

í «í

(7a)

(7b)

E quat ion  (7b) follows from Eq. (3). Henceforth E  
without sum m ation Índices will imply a sum m ation over 
the N sites of the crystal.  Finally, we m ay write 
Eq. (6) as

E F(á,)esz;'e / E  , (g)
5*-J ak~±

where and the factor is analogous
to the term e~l‘N which often appears in grand canonical
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averages and is responsible for making thc grand canoni­
cal and canonical averages c<|uivalent in thc limit of 
large .V.

B. Correlations

We shall now he <oncerned with Imding the corrcla- 
tion l>elwcen thc occupation of some site 7 and a second 
site O, which can he thought of as the origin of the 
lattice withoul loss of generalitv. 'I'his will he expressed 
in terms of statistical probabilities such as: the proba- 
bilily that site O is occupied by a B  atom, given th a t  
site j  is occupied by an .1 atom. This conditional 
probability is written l 'o¡n 1 and the second subscript 
and superscript will always refer to the given condition. 
In general, I ’,,," ' is not equal lo P ¡(,AH. I 'o,nA may be 
written exacllv as

/ V < =  E  " . . " " A  Z  «jac 8"c xl (<»

/> , .AR-L í: f Oj  i - I  ojD, ..fífí — \

mi<PoiÁB= m APojfíA ■

V r  A A =

Po jnA = m B—mnaoi ,  

P oiAB= n t Á — m Áaoi,  

Po,ttn^=mH+mAaoj,

( H b )

(He)

(l id)
and by a simple com putation , it m ay  be discovered tha t

{á(íd,) = AmAmnnoi-  ( 12)

Since only ao, is experimentally measurable it will be 
importan! lo have our final results in terms of ao¡ alone,

although it will turn out to be simpler to calcúlate each 
of thc binary probabilities separately.

Kquation (9) m ay be recast in a form which will allow 
us to obtain solutions in varving degrees of approxi- 
mation. This is done by replacing a,¡H by its conditional 
average (i.c., the average of a , / '  when all other sites in 
Ihe syslcm are fixed and <ro alone is allowed to vary). 
'I'his may be sccn to be

{<roH)onnd= E  aoB exfi
« o -  f

( 1.0

c'"o

and performing the sum gives

' ¿ m . 4 ( | 3 % í  \) 

(<rnB)c ■ = ----------- -----------------

n ,A is, in el'ícci, a projection npcralor th a t  allows only 
those stales for which j  is occupied by  an A a tom to 
couni in Ihe sumniation. Similarlv, vt,n seleets those 
s tales having a li a tom on O.

Wc may wiite ex|>rcssions analogous lo Kq. (9) for 
each of ihe other threc binary probabilities Po¡AA, 

and r , t , Att. It is apparen t  th a t  these four p ro b a­
bilities are not independent since the following relations 
m ust h o ld :

P 0iBA+ P o , AA= \  (10a) 

(10b) 

( 10c)

Kquation (10c ) follows from the fac t th a t  » i b P o j AB  ¡ s  

thc probability of the simultancous occ urrence of an .1 
on O and a /i on j ,  and m AP 0jBA is the probability  of 
/>' on O and .1 on 7. T hus  these weighted probabilities 
ditTer only in an interchange of Índices which, because 
of the assumcd sym m etrv  of the crystal,  cannot affect 
their valué.

The  thrce relations among four unknowns allow us
lo write all four probabilities in terms of one arb it ra ry  
parameter,  which is customarily taken to be the Warren 
short range order parameter,  a 0>.

T he  four probabilities in terms of ctoj are given by 
( 'ow ley1' as

’ojAA = m A-j-»i,iaoj, (l ia)

!-f„(l<o), (14)

where — J E /  an(l m ay )̂e thought of as
thc lield which the atom at the origin sees as a result of 
some particular configuration of atoms around O 
(spccilicd by the <x/s).

We shall also need (oVXo„.i and it is calculated to be

2 m B ( 0 /¿’ X )
W>„„nrf = -------------------------------------- ^ / a ( P - 0 ). (15)

g— 2m a ( )  -f- £+ 2mfl (0 ¿ 0+X)

Using a theórem of statistics (which will be proven in 
the Appendix for our particular case), <r0B may be re- 
placed in Eq. (9) by  (c0B)cuna without altering the 
exaetness of the relation. Therefore, we have

(16)

where p =  e~eHey'z °i, the grand canonical density operator.
I t  is im portan t to realize what has been accomplished 

by this transformation. The  correlation between site j  
and the origin has been written in terms of the correla­
tion between j  and the shells of sites around O which 
have a direct interaction ( Vo¡) with O, and the operator 
ao no longer appears in the expression. In essence, the 
elTect of an I atom a t site j  on the occupancy of the 
origin is now represented in terms of the effect it has 
on the shells of sites around O, which, in turn, pass this 
information on to O via their direct interactions with

1 ■' l (p. 1. T h e  ha^ir c l us t rr  í'»r ralrul . i t  ¡ni: t h r  rorrulul ion 1»rt \wrn  
s i t e  j  and  i h r  ori gin in 1-rm'- i*í l lu < n r n- l a l i nns  Ix- lwrrn Mtr j  
and  t h r  n r i nhbo r s  of  th<* ori gin.
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1 he or¡;'in site. l ilis is represented d iagrammatically  in 
Eig. I where llie ( orrclalion between ; and the origin 
(shown Iiv a dashed linc) has been rcplaced by the 
correlations belween / and siles / ,  etc. (shown by 
wavy lines) and the direct interactions I ' n¡ (indicated 
l>y solid lines) which these sites have with the origin site.

III. APPROXIMATE EQUATIONS FOR THE 
CORRELATION FUNCTIONS

In this sed  ion two melhods will be developed for 
oblam ing approxim ale solulions to the exact binary  
pmbabilit y e(|iiation ¡ Eq. (16)] which was given in 
Scc. II.

The lirsl method involves the use of a frequeney dis- 
Iribution íiim i ion for I-./, and by making a simple 
assnniplion aboiit the behavior of this distribution 
function it is shown that the general equations pre- 
vioush derived by Cowley'’ resnlt. I’urthermore, if a 
somcwhal more complex approximalion is used for the 
distribution function, the theory of Zernike4 is re- 
tovered. It then becomcs possible lo compare directly 
the basic approxim alions of these two llieories and  to 
determine under what conditions eac h should be a  good 
approxima I ion.

T he  second method for solving Eq. (16) approxi- 
mately uses an exact expansión of the distribution 
funct ion in terms of its moments. T he  theoriesof Zernike 
and Cowley are shown to be equivalent to certain 
approxim alions for the successive m om ents  of this ex­
pansión. In addilion, this expansión suggests a third 
approxima!ion which would appear  to have the same 
order of accuracy as the two other theories a t  tempera- 
tures above llie ordering lemperalure , but has the ad- 
vanlage of yielding a set of linear equations for the 
(orrelalion functions which are amenable to exact 
solulion. This theory for correlation functions in alloy 
svslcms is disi ussed in detail in Scc. IV.

A. The Distribution Function

Returning to Eq. (16) we m ay write the r ight-hand 
side in the form of a sum over the set of discrete valúes 
{¡'.o) which /•.,) is able to assume:

/ V M =  L  g , - A( l ’.o ) fn{Eo) ,  (17)
I '■■'ol

where

,o_/i(/■:,)) =  X ! ñ - t  Y . /  vo¡ 0 ¡)a,Ap / Y . ° k - ± ° i Ap

and \ Vo¡S¡)— 1 if A o—— J X ] /  Vofóf ,  and
-- O ol herwi.se.

g,-A (Ao) is simply the frequeney dis tribution of the 
randoni variable I ’.q under  the condition th a t  site j  is 
occupiec 1 by an .1 atom, and satisfies the normalization 
requircment of Ri- a( E o) = 1. Complete knowledge
of this frequeney distribution would be ta n tam o u n t  to 
an exact solulion for the correlation functions. This, in

three dimensions, is one of the unsolved problems of 
lattice statistics and so we content ourselves with 
different possible approximations to g , - A(Eo).

One fact th a t  can be immediately determined about 
Íj-/i(A'o) is the mean of E o( ( E o)í-.a) with respect 
to g,~A{E0)'.

{J ' - o ) j - A =  ÜC A o g j - ^ ( A ' o ) =  —  2 H  V o f { á ¡ ) y - A  
I Eo\ t

=  - í L  K0/(+ 2 w flJP//  4- 2 m /tP /^ ^ )
/

=  - « b L  Î o/ í»/), (18)
/

where the last equality  follows from Eq. (11). Similarly 
ihe mean with the com plem entary  distribution function 
gj-n(l'-o) is found to be ( E 0) j -n = +*nA X /  Our
trea tm en t to this point has been exact and we now 
introduce an approximation which will yield a elosed 
form solution to the problem and will be mathem atically  
equivalent to Cowley’s theory.

T he  approximation is

<(/io)")>-A= L  (E o ) ng , -A{ Eo )={ {E o) i- AY  (19a)
I «ol

and

((A o)"> ;-„=  E  {EoY&j-n(Eo)=2({Eo)j -B) ' . (1% )
l*ol

Since a knowledge of all the m om ents  of a  distribution 
function is sufficient to determine the distribution func­
tion it can be shown th a t  the form of g(Eo)  which 
satisfies Eq. (19) is a delta function, i.e.,

g , - A{Eo) = K E o - { E o ) i-A)  (20a)

gi .B(Eo)  = KF.0- ( E o h - B ) .  (20b)

Equation  (17) is now soluble and we obtain

P o / a = /a ( (E „) j „a ) ,  (21a)

P oíab = J a Í.{Eo)í . b) ,  (21b)

P 0jBA — } B{(Eo) í-a)  , (21c)

PoínB — / b ( (E o)í- b) • (21d)

Remembering the functional forms of Ja  and  / s  from 
Eqs. (14) and (15) and inserting the valúes of (E 0 ) í -a  
and  {Eo)í -b  from Eq. (18), the results of the calculation 
can be p u t  in the  following convenient combination

P o , AAPo iBB (tnA-\-mHaoi)(mn+mA<xoi)

Po¡ADPo,BA ( \ - a o i ) - m A m B

=  ex p (— 2/3 £  Vo/a / j ) , (22) 
r

which is the result of Cowley5 with the ditference tha t 
the site Índices O, j  are interchanged. Cowley arrived 
a t  Eq. (22) by argum ents  which, on the surface, appear
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l o  Ik: <j11i t c  ( l i í í e r en t  f r o m  l l i o sc  u s e d  h e r e  a l t h o u g h  t h e  
I w n  a r r i v e  a t  l l i e  s a m e  m a l h c m a l i c a l  e n d p o i n t .

W c shall now um‘ llie present derivation of Cowley’s 
expression lo determine under what conditions Eq. (22) 
should n iveagond lit lo experimental resulls. Inphysica l  
terms we have approached the problem of calculating 
llie correlation lielween llie origin and j  by  fixing the 
occupancy of silc j  (to be an .1 atom, say) and trying
10 asccrlain liow tliis alleets the oerupaney of the origin 
site. In terms of the operator áo, before the occupancy 
of site / was lixed, the average of áo was zero, b u t  now 
Ihis average will be shifted slightly (by an am nunt 
\'in)i . i lindan,).  We have shown that we are able to
< ateníale llie shill in ( í») by another  route (see Fig. 1) 
s i m e  i ) , ,  i s  d i m l l v  alTected only by tlie sites /  with 
which il has an interaction l o /  so that the elTect of j 
<>n (> musí lie passed throiigh these sites / .  ( onsequenlly,
11 \ i 11 tí an I alom al j  can be imagined to “ polarize” 
sli^h 11 \ llie siles a round O which ihen causes a  shift ¡n

from ¡Is random valué. 'I'his second way of calcu­
la! ¡ng ( i , was expressed by I'Lq. (16). T he  condition 
i hal llie valué of be llie same in both cases gives
llie sel of eqiialions for llieivo/s. The approximation of 
ie|>la< iii)'. r( l  ii) I>x a dclla futid ion means in physical 
li'iius llial u e  have assumed lliat llie origin “ sees” its 
neighbors Irozcn in their average polarized configuration 
uní docs mil follow iheir l luc iua tionsabout thisaverage. 

'Hiere are i wo (ases in whidi this makes good sense. 
The lirst is at temperatures well below an ordering 
lem pcra lm e  in which we know th a t  the atom s really 
are fro/.en ¡uto a few highly ordered states. In the case 
ni an I l< alloy in a simple cubic la ttice two sta tes pre- 
dominale, I on <v sitos with It on f) sites or .1 on /3 sites 
with ¡i on << siles. ( hoosing j  to be an .! site resolves this 
twofold degeneracy and makes the occupancy of the 
neighbors of O determinate. Consequently site O will 
see on the average essenlially one configuration of its 
neighbors with dei reasing iluctuations abou t tha t  con- 
tiguration as llie lem perature  decreases.

The second ( ase in which the distribution function 
(an  be well ropresenlcd by a del la function is a t  te m ­
peratures above llie ordering tem perature  when a large 
num ber of siles have an interaction with the origin. 
I'his will be the situation when Vo/  is a long-range 
interaction and the dimensionality of the lattice is high. 
'I'his may be seen by regarding the operators in 
/■'()=• — |  Y . /  I ojáf  as random variables capable of 
taking e.u h of two valúes with a certain probability. 
Al tem peratures  well above the ordering tem perature 
l líese variables will be only weakly correlated and it is 
known from the theory of independen! random variables 
that a distribution function of a sum of such variables 
peaks more and more sharply about (l'-n) as the num ber 
of variables increases and roaches a delta function form 
in ihe I i i n i t of an indelinitely large number of variables, 
i 'onsequenlly, we suggest tha t  Cowley’s expression will

be worst for la ttices of low coordination numbers and 
short-range interactions and  best for the converse.

In  view of the foregoing^ one of the chief criticisms 
th a t  can be made of Cowley’s approximation is th a t  it 
takes no account of the iluctuations in E o  abou t its 
average valué, which can be expected to cause appreci- 
able effeets near the ordering temperature. I t  is natural, 
therefore, to try  to incorpórate these iluctuations into 
the theory and  give a finite width to g(Eo)-  Zernike’s 
theory4 and the closely related theory of E lliott and 
M arshall7 do ju s t  this by  using a diííerent approxim a­
tion to g{t'.n) which we will now discuss.

Zcrnike makes the assumption tha t  the operators 
occurring in l ' .o  m ay be regarded as stochastically inde- 
pendent of each other so th a t  if the relative probabil ity  
of the two valúes which each operator is able to assume 
were known the probability of any configuration of the 
neighbors would be given by a simple product of the 
individual probabilities.  In  this way he is able to obtain 
a  first approximation for the iluctuations in E o  abou t its 
average valué and arrives a t  a distribution function 
with a finite w’idth.

For the case of an A B  alloy with nearest-neighbor 
interactions (which is the only case given by  Zernike), 
any operator á* can takc on the valúes -(-1 or — 1. Let 
us further  assume we are dealing with a square lattice 
(as in Fig. 1) and the neighbors / ,  / ' ,  / " ,  and  / " '  of O 
are labeled from 1 to 4. If  there were no constra ints  a¡ 
would assume the valúes + 1  and — 1 with equal p roba­
bility, bu t  if the constra in t th a t  j  be occupied by an 
A a tom  (i.e., <r,= +  l )  is introduced then these p roba­
bilities are no longer equal. F rom the definitions of 
Kq. ( 11) we have

P f  a  A =  p { 9 j  =  + !  19} . =  +  J )  =  1 ( i  + a / . ) f ( 2 3 a )

r , * *  =  P{9 , =  - \ \ s ¡ =  + 1) =  | ( 1  ■- a , i ) , (23b) 

which m ay be condensed to

P {á / \á j= -} - \ )  = l { \ + d / a /l) , (23c)

and similarly

P(á¡  | áj =  — 1) =  |  (1 — á/oif ,) . (23d)

Using Zernike’s assumption th a t  each neighbor /  of the 
origin is independently  correlated with j ,  one m ay write 
th a t  the probability  of any  of the 2* configurations of 
the neighbors of O is

1
P(ñi<T?á3Ó41 <Tj =  ±  1) =  — J I  (l±ff/nr/>). (24) 

2i í - \ A

Fiqualion (24) provides the necessary information to 
calcúlate the frequeney distribution

gj=A(P‘0 = — ¡ JL/  1 'Offff)

in terms of the « / / s and it is apparent from FOq. (24) 
tha l since produets of the a¡¡ s occur, {!■'.„) will be 
nonlinear in the a / , ’s. We have drawn the distribution
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functions £,_a(/'.o) and Kí- b(E o) obtained from the 
Cowley and Zernike expressions in Fig. 2 for purposes 
of comparison. nfj  has been taken as 0.1 independent of 
f  for the sake of illustration although it is unrealistic 
that the n / /s  would be equal a t unequal distances. The 
last step is to use Eq. (17) to obtain Zernike’s equation 
relating «„,■ to the a / / s  and Vo/ by performing the sum 
over lio- The final result is

1
ao¡— —(U~\- 2h — 2/_2— /_4)(a ií+a2j+a«+oí4 j)

2 *
1

-f- - - (U— 2/2+ 2/_2— t- i)
2* 

X (reifrti,tt3>+ai)-«2ja4/+aijajJ-or4¿+aíí,-a3J-a4/), (25)

where t„= tan^( — nf)V/2) and V is the common valué 
of the nearest-neighbor interaetion (i.e., V= Voi= Voí,
etc.).

Since j  in Eq. (25) may be taken as any oí the .V sites 
of the lattice (except the origin), Eq. (25) is, in fact, 
.Y—1 nonlinear equations in ¿V— 1 unknowns which 
must be solved by some further approximation. Zernike 
treats this problem in det^il for the cubic simple, body- 
centered and face-centered lattices in his original paper.4

B. M oment Expansión for the 
Correlation Function

We will now give an expansión for the correlation 
functions which will pu t the theories of Cowley and 
Zernike in clearer perspective with respect to each other 
and will indícate where possible improvements can be 
made in the calculations.

Equation (17) can be w ritten exactly in terms of the 
successive moments of the distribution function by using 
a Maclaurin expansión for fs (E o)  in the variable f}E0 
as follows:

r  0 2JE° 2 * i/ V " -  E  gj-A(Eo) / b( 0 )+ /3 £ o M 0 )+ ------- /f l" (0 )+ -  • •I R0\ L 2! J
02 ¡3n

=  M Q )+ P fn '(Q ){E „),-/i+ - f B"(Q)(Eoi )i- A +  ■ • • + - f B < n)(0) ( E onh-A +
21 ni

where / « (n'(0) ¡s dnf B(E0)/d"(PEo) evaluated a t /3£o= 0 .
We may write analogous expansions for the other binary probabilities and by grouping terms obtain:

(26)

2"„í = P „ íaa +  P.<>> -PoiAB- P o iBA

=01 //(ii)-//(0)][(4-r(£«>H]H//'(0)-/»"(0)][(WU-(í4»]+ • • •
21

+ - U * (n) (0) -  / B(n) (0)][<(£o) B)y-x -  <(£o)">y-*]+ • 
ni

(27)

From Fqs. (14) and (15) we have

g2ms(|9iIM-M_g-ím^líScH-X)
J a( E o) ~  fn (Eo)  — -e2mBtfBO+*)^-g-2mA(fiBO+\)

=  tanA(j9/í0+ X )  (28)

and s o  w e  may write Eq. (27) as

¿  n(X)[(/'’on)j-^ — {Eon)i~B~\, (29)
»-i n !

where we define

V .M *
d" tanA(X+X)

d X n

g,(E0)
i *  A

g ^ o)l*A

Cowley Cowley

1.0

.8

-2V - V t  4-V *2V
- .2 V

-2 V  -V  ♦ * V  + 2V 
+ .2V

Zernike 6 Zernike

4

- . .2 I

i I 1 0 . 1 i ¡

g.(E0)V e

1-3

F ig . 2. Probability distribution of the field a t  the origin site as 
*° predicted b y  the Zernike and Cowley theories for the two cases

of an A atom  or a B atom  at site j. The correlation between j  
This again is an exact expression for the correlation and the*neighbors of the origin has been taken as 0.1.
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functions, llic only tmktiowns bcing the moments 
(/•'(/')j-.i./i and (':in f^aiii some understanding of the 
llicories of Zernike and Cowley by comparing their 
momenl expansión with theexael series. I'irst, it should 
lie realizctl lliat since (I'-d), a is a sum oí two particle 
correlations, llie higher momenls ( I ,'.<”)j^aji are, in 
general, ( ombinations of n I l particle correlations. In 
order to obtain a closed form solution to the problem 
these higher momenls whiih occur on llic right-hand

side of Eq. (29) m ust be broken up in some approximate 
way into produets of two particle correlations. We have 
already seen th a t  Cowley accomplished this by the 
b reakup scheme (I"*o’' ) , - A . B ~ ( / ' ' . 0 ) nj ^ A j i -  Zernike, on 
the other hand, allows the individual operators in Eq. 
(29) to fluctuate abou t their mean valué b u t  assumes 
they move independently  of each other. This  leads to 
the following type of decomposition which is equivalen! 
to Zernike’s approximation.

( / '  o ")i-A.  / : — ( ( —  ■' 5 Z  I  
/

_  »«!(-})"
— ü  ((l  n i á i ) (Ko*<t*)p*)/_a,/í

n - r k  p x !/>;!• ■ ■ />*!

_  « ! ( - § ) "
¿L ( ( l ' o i í i ) í’l)j '-^ ./r  • ■ ( ( ! ’okók)vi) i -A. i t ,

7>) • • • Vk p \ \  - * ’ p i  !
(.W)

where tlie sum V is laken over all combinations
of the />,’s wliicli salisfy Ihe condition

k is llie number of sites which dircclly in tcract with O. 
Tliis is llie malhcm atical s la lem ent lliat the correlations 
with / of eacli of llie /  siles surrounding O are to be 
relam ed and llie correlations between siles /  and } '  are
lo be dis< arded, which is Xcrnike’s assumption.

It  may be seen tha t both Zernike and Cowley give 
the iirsl Icrm in Eq. (29) co rred ly  but use dilTerent 
ap|)roximations for Ihe second and higlicr terms. In 
breaking up a mulliparlicle correlation function 
( í i  ■ Up),  it is reasonable to expcct that the best a p ­
proximation would be obtained by retaining the 
strongest pair correlations. T h a t  is, if d\ is strongly 
couplet! to á.\ bul not lo the rest, and á 3 is strongly 
coupletl to ir4, bul not lo llie resl, ele., then one could 
guess that a sensible decomposition of tlie m u lt ipar t ide  
correlation would be (áiói)(d;\ói) ■ ■ ■ (ir,, i<í,,). I.Ct us 
llien consider llic mulliparlicle correlation which occurs 
in llie setontl lerm of Eq. (29), ( ( X /  10/ff/)‘)y-/i,«• A 
particular operaloi df  will be most strongly correlated 
willi i I sel t and ne\t  mosl slronglv witli operators tr/' of 
those siles wliit li are closest to /. Cowley ignores all 
these correlations and clíectively writes ((df)'1), a .h  

^i(#r)f~A.it(ó/),.  aj í  and (#/#/■} (Sf)¡ ,a j í (9í-) i -a  .#• 
Zernike also ignores llie setontl type of correlation (i.e., 
( ó f ó f ' ) -  » (ó/^iirr))  bul tloes keep I lie self -correlation so 
llial {(áf) ') is relamed intact. Similar comparisons can 
be made Ix lwcen ihese two llieories for higher momenls 
as wcll.

We mav imw draw some qualita live conclusions about 
Ihe usefulness of Zernike's antl Cowley’s approximations

and the possibilities for improved closed form calcula- 
tions. At first glance it would appear  that since Zernike 
rctains the self-correlation and so is ablc to inrlude a 
rough cstimate of the tluctuations of the distribution 
function g( f ,f.<>) abou t its mean valué, it should be 
superior to Cowley’s theory in all cases. This conclusión 
is true  when the num ber of operators in K 0 is small, the 
most striking case being the linear chain w’ith  nearest- 
neighbor interactions. For this problem, Zernike’s result 
is very cióse to the exact expression for the correlation 
functions and Zernike correctly prediets no cooperative 
transition. Cowley’s theory, on the o ther  hand, is 
significantly poorer and incorrectly prediets a finite- 
ordering temperature. T h isdefcc t  m ay be traced directly 
to the fact th a t  fluctuations have been ignored. How- 
ever, as the dimensión of the lattice increases, Ashkin 
and L a m b 11 have pointed out tha t  Zernike’s result 
becomes steadily poorer. This can be understood from 
the fact th a t  the neighbors of the central site O are 
becoming more and more correlated with each other via 
the increased num ber of coupling pa ths  present in 
lattices of higher coordination. Increasing the range of 
interaction has the same eífccl, and this undoubtediy 
places Zernike’s independen! neighbor calculation of 
,t;(/'.Vi) in increasingly grealer error. < >n ihe other hand, 
ihe increasetl correlation belween neighbors and the 
inclusión of more neighbors wiili a longer range of inter- 
aclion lends lo narrow i;(l.n) and so ( 'owlev's eslimale 
of k(/'í>) becomes more accurale.

In addition, there is the pragmatic feature tha t  
Zernike’s calculation becomes exlremely flillicult to 
carrv out as llie coordinalion number increases and to 
our knowledge has never been a t lem pled  for more than 
nearest -neighbor interat I ¡ons. This places il in the same

“ J .  A s h k i n  : i t n l  \ V .  i :  I . i m i l i ,  I ’ l i y -  K ,  v .  6 1 .  1 5 ' )  d ' M . C .
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arca of problems w huh  il is feasible to trea t with exact 
high- aml low tem perature  expansions. If one could give 
a good lit at the ordering tem perature , it would still 
have an advantage over exact expansions, but it is clear 
tha t  this is just the región in which the independent 
neighbor assumption will be worst since short-range 
order builds tip <|iiite rapidly in the neighborhood of the 
transilion point.

Cowley’s theory is best, however, for those problems 
for which exact expansions become increasingly tedious, 
if not impossible to do with any  accuracy (i.e., increasing 
coordinal ion of the laltice and increasing range of in te r­
action). In addilion, the niathem atical difficulty in 
solving Cowley’s infinite set of nonlinear equations to 
some approximalion does not mercase appreciably for 
these more complcx cases, so thal it is likely th a t  such 
a theory will conlmue lo remain uscíul for some time. 
Fortunate ly , il is possiblc lo lind a sel of simultaneous 
linear equations [or llie correlation functions which have 
llie same order of accuracy as Cowley’s nonlinear set 
above the ordering lem perature  and are capablc of being 
solved cxactly for an arb it ra ry  rangc of interaction and 
arb il ra ry  coordina!ion.

IV. LINEAR EQUATIONS FOR THE CORRE­
LATION FUNCTIONS ABOVE THE 

ORDERING TEMPERATURE

Moth /e rn ik e  and Cowley obtain an infinite se t of 
coupled nonlinear equations in the a o / s  which m ust  be 
solved in some approxim ate way to obta in values for 
the separate a o /s .  I t  will be the purpose of this section 
to show tliat at tem peratures  above the ordering te m ­
pera ture  a much more practical set of linear equations 
for ihe a o / s  may be used which have the sr.me degree 
of accuracy as cilher of the nonlinear forms of Zernike 
and Cowley. Morcover, this linear set of equations may 
be solved exaclly for each of the a o / s  and for any range 
of interaction. T h e  solution is such th a t  the pairwise 
inleraction energy can be derived as a function of inter- 
alomic distance directly from the experimental data.

Returning to the exact expansión for ao¡ [E q .  (29)], 
wc have already seen th a t  Cowley and Zernike have 
accounted for the first term on the righChand side 
exaclly bul their expressions correspond to some a p ­
proximation for ihe higher terms. Cowley’s approxima- 
lion for ihese higher term s is probably  quite  bad since 
the dominan!, conlributions in these higher order cor­
relations can be expected to come from self-correlations 
of site / ,  and correlations of site /  with sites near to / .  
These term s are ignored by  Cowley’s theory  and  only 
the  correlation between /  and j  (which is usually d is tan t  
from f ) is retained. However, Cowley’s theory  does give 
quite  good results for the a o / s  when compared with 
exper im en t121,1 from which it can probably  be concluded

13 A. I'askin, 1‘i i ys  Rev. 131, A246 (1964).
13 S. C. Moss, J. Appl- P h y s .  35, 3547 (1964).

T c / T

I í g . 3. l irst-ncighhor order param eters as a function of tempera- 
ture above the transition point, computed by the linear approx­
imation and by Zernike’s approximation for an A B  alloy on a 
body ixntcrcd cubic lattice (Cu-Zn). Only nearest-neifíhlmr 
interactions are assumed to be nonzero.

th a t  the higher order terms in the expansión are negli- 
gible at m ost tem peratures  above the ordering tempera- 
ture. C'onsequently, the particular  approximation used 
for these higher terms will likely have little effect on the 
final result. I t  is then reasonable to suggest th a t  the 
higher order terms be entirely neglected and Eq. (29) 
be approxim ated as follows

2 a o j = 0 T i ( A ) [ ( £ o ) j - . 4  -  ( £ o > , - b ]  . ( 3 1 )

Using Eq. (18) and the definition of X =£  l n ( « j / « j )  
gives ,

a o i = — 2 m A m B0 T . f  V o / a / j .  ^ ^ ( ( 3 2 )

A particular  case of this general formula has previously 
been used by  Walker and K ea ting14 and  P ask in 12 in a 
calculation for /3 Cu-Zn, and  C lapp16 has indicated the 
justification of this linear approximation for A - B  alloys 
generally, using argum ents  similar to those presented 
here. Walker and Keating found th a t  a calculation of 
the nearest-neighbor correlation in 0  C u -Z n  a t  10% 
above T c gave —0.182, —0.180, and —0.171 using the 
E lliott-M arshall theory, the Zernike theory, and the 
linear approximation, respectively.

For a more detailed quan t i ta t ive  com parison of the 
linear approximation, Fig. 3 gives the nearest-neighbor 
correlation in 0  C u -Z n  above the ordering tem perature  
as calculated by  the Zernike and linear formulas. I t  m ay 
be noted th a t  the two calculations differ a t  most by 
abou t 8%  a t  T c/ T ^ ¿ 0.8. T h ey  are in perfect agreement 
a t  T = T C and have the same asym pto tic  behavior as 
T  —>00 .

As a  test of an A $B alloy we have com pared the linear 
theory with the  M onte  Cario calculations of Fosdick16 
for two choices of the second-neighbor interaction in 
Fig. 4. T h e  M onte  Cario calculations were performed on 
a la ttice containing 5 X 5 X 5  unit  cells and periodic

'* C. B. W alker and D. T. Keating, Phys. Ucv 130, 1726 (1963).
161’. C. Clapp, l ’hvs. Lctters 13, 305 (1964).
“  L. I). Kosdick, Phys. Rev. 116, 565 (1959).
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boundarv  < midil¡mis ncrr. assumed. At tem peratures 
well above tlu- critical point,  Fosdick’s results are 
probablv quite t lose lo the exact correlations of an 
inlinile lallicc, bul al lempcr.il tires ncur ihe critical 
point (say V'r /'>().*>) his valúes wtfl be a much cruder 
approximation because of the long-range cooperative 
effects which are now becoming im portan t  ¡n an infinite 
lattice. Since lilis is also the región of greatest inaccuracy 
for the linear theory it is a moot point as to which calcu­
la ro n  is closer to the tru th  here. For T r 7’< 0 .9 ,  the two 
calculations do not dilfer seriously.

We have not made a quan t i ta t ive  comparison be- 
tween the Cowley and linear approximations because of 
the inherent dilíiculty in solving Cowley’s nonlinear 
equations to sutlicient accuracy to m ake a cióse numeri- 
cal comparison meaningful.

T he  set of equations (32) can be diagonalized by 
introducing the Fourier transforms of aoj and Vo/,  i.e.,

o í  -

■ y
(Pk « (¿ )c - i-"‘-r'

(Pk  l 'U’)c ’2,k-r' ,

(33a)

(33b)
Vk

where r, is the vector from the origin to site j .
The inlegration is taken over one unit cell of the 

reciprocal lattice, the volume of which is Inserting 
(33) in (32) vichis equations in terms of a(k)  and V(k)  
which give llie following solution for any  valué of k.

CAk)~----------- ------,
\ - \ -2 m Am,f iV(k)

1 f  1
/  (PkJ I \ bu AvinfiV(k)

where ( ' has been chosen to satisfy the condition

(34a)

(34b)

«oh= — f d3k a{k) = 1 . 
Vk J

since strong Bragg reflections completely obscure the 
x-ray difTuse scattering in certain regions of k space. To  
make m atte rs  worse these regions usually occur where 
a(k)  has its minima and henee where the máximum 
valúes of F(£) would lie [v.i. Eq. (34)].

One can proceed in another  direction by  making some 
specific guess as to the form of V(r ), either assuming 
th a t  F(r)  is essentially short range and has a finite valué 
only for the first few neighbors or assuming a particular 
long-range form such as the V(r)  proposed by Harrison 
and I’askin12 for Cu-Zn. T he  undetermined constants 
and the validity  of the assumed form of V{r)  are then 
determined by fitting Eq. (34) to the data.

Some preliminary restrictions on the form of V(r ) can 
be deduced from the  observed distribution of a(k)  be- 
cause of the relation between the sym m etry  of V(k)  and 
a(k)  implied by  Eq. (34). This restriction gives a m ín i­
m um  range which V(r) m ust have to account for the 
shape and sym m etry  of a(k)  and it is possible to  con­
d u d e  for instance th a t  current d a ta  on CusAu13 imply 
an interaction a t  least as far out as third nearest neigh­
bors, so th a t  the  agreement which Moss obta ined with 
the Cowley theory  using Vi  and  Vi  alone represented 
something more of a forced fit than  had  originally been 
thought.  This is not a  reflection on the accuracy or 
inaccuracy of the  Cowley theory  bu t means th a t  V¡ is 
not negligible in CU3AU and should be included in any 
theoretical fit to the C uaAu data.

A second restriction on V(r)  m ay  be obta ined from a 
knowledge of the  ordered s ta te  of the alloy since the 
maxima of a(k)  fall a t  those points in k space which 
correspond to the wave vector of the ordered s ta te  even 
a t  tem peratures above the  critical temperature. This 
implies [v ia  Eq. (34)] th a t  F(&) musí  have absolute 
minima a t  these points. For  example, Cowley5 fitted his 
d a ta  on CujAu with valúes for the first three nearest- 
ncighbor interactions of l ’i =  358¿, r 2= —34¿, and 
r 3=  — 19&. These valúes yield minima for V(k)  a t 
positions in k space which are incompatible with the 
ordered s tructure  of C u 8Au by the above criterion.

Finally, one has as the general solution for a o j -

C f  /  e- i 2rk;¡  v
« , „ ■ = - /  </■*(- ------------------) .  (35)Vk J \1 buAmn0 V(k) /

Equations (31) and (35) can be used for experimental 
analyscs in a number of ways. The  most direct way in 
priiu i |»!t■, sim e tt(k) (which is actually (he appropriately 
reduced x rav intensity) rather than udj is the quan t i ty  
d irc i t lv  measured in the x rav diffuse scattering bv the 
sample (see Moss1-1), would lie to inserí I he experimental 
valúes of a(k)  in Eq. (34) and thus calcúlate F(jfc)- The 
nature  of l '(r )  would then be obtained bv Fourier in ­
versión. 'I'his inversión, however, requires a complete 
maj) oí ¡i(k) in k space which, in general, is not possible

t ic.. 4.  T l i r  l i n e a r  a ] >¡ i r ox i mat i <>11 e o n i p a r e d  w i t h  K o s d i c k ’s 
M o n t e  ( ' a r l o  c a l c u l a t i o n s  for  t l u '  l i r s t -n c i ^ h l i o r  o r d e r  p a r a m o t r r  in 
C i i j A u .  T h o  s c c o n d - n c i Kh l i n r  i n t e r a c t i o n  I ' ;  w a s  y i v e n  t lu- Uvo 
v . d i i e s  — 0 . 2 5  l ’i a n d  zc ro.
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In conclusión it may he saiti th a t  the linear theory 
shouid prove useiul in determining the  s treng th  and 
range of the p.iirwise interactions in alloys from the 
h igh-temperature d a ta  on short-range correlations, since 
the mal hematíes involved in m aking such a  determina- 
tion is qu ite  trac table regardless of crystal sym m etry ,  
alloy composition, or range of the pairwise interaction. 
T h e  theory shouid be particularly  useful for testing the 
validity of long-iange in te iaction  mQdels.

I t  shouid be remembered th a t  the  linear theory  is 
valid only above the otdering tem pera tu re  and  th a t  its 
accuracy improves as the  tem pera tu re  increases. A 
rough guess based on the few comparisons m ade  with 
three dimensional alloys (to be reported upon in P a r t  
I I)  is tha t  the  linear theory probably  is accurate enough 
for most purposes to within 10%  of the ordering tem- 
perature . T h e  range of validity for a par t icu lar  system 
can be crudely es tim ated by  comparing the  tem perature  
varia tion  of the measured valúes of a(k)  with the  te m ­
pera tu re  behavior predicted by Eq. (34) [assum ing 
V(k)  tem perature-independent] .
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APPENDIX

T h e  theorem lo be proven is th a t  the  operator  aoB 
occurring in Eq. (9) of the  tex t m ay be replaced b y  the 
condilional average, i.e., Eq. (A l)  below is exact.

E o0"<riAp/ E  o/p
= E (0uB)vmd0-j*p/ E  °VÁP> (Al)

« A — i. «A"" ¡

where

E  aoB(fiÁP¡ E  o / p

and p = e ' 0(l:í:y‘7|,' <,í ,e>2'r‘.
T he  sum E ñ - ±  implies summing each of the h s  

operators in the  lattice “(including 50) c-ver its two 
allowed valúes +  2« b  and  —2íha■ We proceed by first 
imagining the  sum  over a o to be performed first in the 
num era to r  on the r h.s. of Eq. (A l) ,  i.e.,

E  (<¡'oB)<¡nc.A<ijAP— j y  {ooB)m udo /p , (A2) 
3kms±

where E s ^ i '  implies a sum m ation for all operators 
other than  a o- I t  will be noticed from t.he delinition of 
(croB)oond above or Eq. (14) of the text th a t  it contains 
no dependence on the operator  9o since a summ ation 
over 5 o has removed this dependence. Therefore the 
order of E»o~± ar>d (o'ofl)oond in E q . (A2) can be ir.ter 
changed. This  gives (pu tting  in the defmition of 
(vo^eona) •

E  (ü OB)ovnt¡0 jAP 
>t~±

=  E '  ( E  *<>**/?/ E  *j ap ) L  *, ap (A3)
»4-± »0—± <fO—db »0“ ±

and now the  factors E«o~±  13¡Ap can be cancelltd

E  («<>s )o<m.i07'V'= E '  ( E

— E  GoaVjÁí> (A4)

which is the lequiied  equality.
T he  proof depends upon the  use of a giai d canonical 

ensemble aud the p roper ty  th a t  the  3 operators ¡.oramute.
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It lias been previouslv established on the basis of an Ising model of alloy ordering (part I of this series) 
that thc nlisrrvcd maxima of short-range-order diffuse scattering in disordered alloys mark the positions 
oí thc mínima of l '(k ) , the Fourier transform  of the pairwise interatom ic potential V(r). I t  was suggested 
in I that thc superlattice spots of the ordered sta te  should occur at these same positions. This would estahlish 
a consistency requirement connecting the ordered and disordered configurations. We prove here that this 
is a sufficient liut not a necessary condition, and we derive the full set of necessary conditions. We also 
show that for most oí the diffuse maxima locations observcd in bcc and fcc alloys, it is possible to establish 
thc ordered configuration required by the disordered phase, or conversely to  use a knowledge of the ordered 
configuration to restrict the possible choices of V(r) in litting the disordered-phase scattering data. The 
linear approximation for correlation functions in binary alloys presented by the authors in I  is compared 
quantitativcly  with the more exact but less general formula of Fisher and Burford. Except a t tem peratures 
very cióse to T c, it is found th a t the theoretical shape of the short-range order diffuse scattering 
is in agreement bu t the tem perature dcpendencies differ. We note also th a t all the currently 
known approxim ate calculations of a (k) for a rb itrary  K(r) can be represented in tlie same functional 
form, a (k ) =  Gj ( r ) / [ l + G i (7") K (k)], where the tem perature-dependent factors Gi and Gi vary according 
to the m ethod of calculation used, bu t th a t V (k), the Fourier transform  of V (r), is the same for all. Th¡3 
leads to the conclusión th a t the ratios V(r„+¡)/V (r„) determined by fitting the thecretical form to experi­
mental data  are insensitive to the particular choice oí G, and Gj, but that the ma-^iitudes of the V (rn) so 
determined vary according to this choice. As a consequence, the valúes obtained for V (r„ + i)/V (r*>) are to 
lio regarded as more accurate than  those for V (r„).

1. IN TR O D U C TIO N

IN a previous paper1 (hereafter referred to  as I), the 
au thors  derived an expression for the  diffuse x-ray 

or neutrón scattering intensity  produced by  the short-  
range order present in an alloy above its ordering tem ­
pera! ti re T c. The equation [E q .  (34) of I j  relates the 
scattering in tensity  a(k) to the Fourier transform of the 
pairwise interatomic potentia l F(k), the fraction of A 
and /< a tom s in the alloy m Á, nt/t and  the B oltzm ann 
tem peratura  factor/3 (or \ / k T ) .  I t  is written as

a(k) =  C / [ l  +  2 m ^ „ j3 7 (k ) ] ,  (1.1)

where C is a n o rm al iza ro n  cons tan t  whose valué is 
determined by the condition th a t  the  integral of a(k)  
over a imit cell of thc reciprocal lattice be unity. An 
cxplicit expression for C  is given by  Eq. (34b) of I.

This part has been written to supplement the theore t­
ical exposition of I in two principal areas. Section 2 is 
devoted lo a more quan t i ta t ive  analysis of the approxi- 
mations inherent in Eq. (1.1). Section 3 offers a partia l 
analysis of thc problem of predicting the ordered con­
figura! ion of an  alloy from a knowledge of the  pairwise 
in lcratomic potential,  and defines the región of valúes 
of llie in leralomic potential in which a  given ordered 
configura!ion is the ground sta te  of the system.

Since writing I, we have become aware of several 
deriva! ions by other authors  of equations closely 
related to our Eq. (1.1). deGennes and  Friedel2 and

1 IV ( ’. Clapp and S. C. Moss, Phys. Rev. H2, 418 (1966).
’ I’ Dcíiennes and J. l'riedel, J. Phys. Chem. Solids 4, 71 

(1958).

171

Brout* derive equations for magnetic spin-spin correla­
tions (which are analogous to atomic pair  correlations 
in A B  alloys) th a t  differ from our equation in the choice 
of C a n d  the restriction t h a t m A — B ro u t’sderiva-
tion is particularly  informative, since it  shows tha t  the 
expression can be derived by  either a randorr-phase 
approximation (RPA) or an  extensión of the molecular- 
field concept to correlations. KrivoglazV  derivation is 
for alloy systems and  is not restric ted to the case 
r>tA — m B- H e  obtains a diíTerent valué for C, however, 
which is the infinite-temperature limit, namely, 1.0 .

Equation (1.1) has several advantages as a tool for 
analyzing diffuse scattering data .  I t  can be used to 
fit the  corrected da ta  directly, ra the r  than  fitting to 
Fourier coefficients of the scattering intensity  (as is 
necessary with Cowley’s6 equations) so th a t  no experi­
mental information is wasted. Furtherm ore,  fits can be 
m ade to d a ta  th a t  do not cover all three directions in 
reciprocal space, although it is necessary to have 
measurem ents in the regions of reciprocal space tha t  
are most sensitive to variations of V(k)  in order to 
establish F (k )  within rea.sonably narrow limits.

One of the m ost useful aspeets of Eq. (1.1) is tha t  it 
is easy to obta in  a  graphic pietnre of the effect tha t  
inclusión of secona, third, or even higher-neighbor 
interactions have on the shape of the diffuse intensity.

'  R. Brout, Phase Transitions (W. A. Benjamín, Inc., New York,
1965), p. 15

4 M. A. Krivoglas and A. A Smirnov, The Theory of Order- 
Disorder in AUoys (MacDonald & Co., I.td , London, 1964), p. 345.

8 J. M. Cowley, Phys. Rev. 77, 669 (1950).
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For instance, the disklike intensities observed in CusAu 
by Cowley1’ and Mosa,* the almost-spherical peak 
shapcs observed by Roberts7 in CuAu, and the egglike 
contours seen by B atterm an8 for CuAuj can all be 
obtained by suitably adjusting the strengths of Vt and 

relative to Vi, so tha t it is possible to get a rough 
idea of the importance of higher-neighbor interactions 
by looking a t contour plots of the diffuse intensity. 
These points will be covercd in detail in the following 
paper (paper III).

Another quite useful aspect of Eq. (1.1) is th a t ¡t 
is possible to put sharp limits on the range of valúes 
for V i / V V i / V i ,  etc., th a t will produce maxima of 
the diffuse intensity a t the correct locations in reciprocal 
space. This may be seen from the fact th a t the maxima 
of a(k) occur a t the mínima of V (k), and so the valúes 
of the F „’s m ust be chosen to lócate correctly the 
mínima of V (k). This statem ent will be expanded upon 
in Sec. 3.

2. THEORY AND NATURE OF THE  
APPROXIM ATIONS

In this section, two essentially different aspects of 
the theoretical background of Eq. (1.1) are discussed. 
The first concems the validíty of the Isíng model itself 
in describing the configuration energy of a real alloy 
system. The second deais with the m athem atical 
accuracy of the approximations used to derive Eq. (1.1) 
from an Ising model formulation.

In  I it was assumed th a t the configurational energy 
of an alloy could be w ritten as a standard Ising model 
Ham iltonian modified for unequal atom  fractions:

Í V íM í , ( 2.1)
i.i

where 9,=  (2mfí, —2mÁ) if.an (A ,B ) atom  is a t site i 
and ( w í ,« j )  are the fractions of (A,B)  atoms in the 
alloy. Va  is the familiar combination $ ( V V i , * 3
— 2VijAB), which is assumed to depend only on the 
neighbor distance between i and j  and not on direction 
or location in the crystal. The Vi¡ s may be assumed to 
be nonzero for an arbitrary  range of neighbor distances, 
and they are the adjustable param eters of the theory. 
Very little success has been achieved in attem pting to 
calcúlate the F.y’s from first principies, and a basic 
m otivation of this work is to establish their valúes for 
a number of real-alloy systems from available experi­
mental data.

The pairwise interactions are thought to arise from 
the overlap of neighboring atomic-core orbitals (which 
would not be expected to have much effect beyond 
nearest neighbors) and in some cases from the inter- 
action of incompletely screened ion cores (leading to a 
long-range oscillatory potential decaying as 1 /V3).

# S. C. Moss, J. Appl. Phys. 35, 3547 (1964).
7 B. W. Roberts, Acta M ct. 2, 597 (1954).
• B. W. B atterm an, J . Appl. Phys. 28, 556 (1957).

Historically, two other major ideas have competed 
with the pairwise interaetion model to describe ordering. 
The first is the well-known BrilIouin-zone-Fermi- 
surface interaetion model originally proposed by Jones 
to explain the Hume-Rothery phases and most recently 
applied by Sato and T oth6 to long-period superlattices. 
This model provides a mechanism for lowering the 
energy of a particular ordered state, relative to the 
ensemble of disordered states, bu t it does not cause 
different disordered states to have different energies. 
Consequently, it cannot be used to explain changes in 
the short-range order of the disordered phase, ñor 
the configuration of the short-range order, which is 
the principal concern here.

If it is correct to say th a t the short-range forces 
postulated for the Ising model are responsible for the 
local order in the disordered phase, these forces will 
produce an ordered phase a t some lower temperature. 
I t  is possible th a t this protíess will be interrupted by 
the appearance of a different ordered phase caused by 
the Jones mechanism, and Sato and Toth suggest tha t 
this explains the interruption in the ordering of the 
CuAu I phase by the onset of the CuAu II  long-period 
ordered phase. The disappearance of the CuAu II 
phase a t a lower tem perature remains paradoxical.

The second concept of ordering, which has more 
relevance to the disordered phase, is th a t of strain 
ordering. Ordering in this model is caused by a reduc- 
tion in the strain energy of an alloy composed of atoms 
of different size. A recent calculation based on this 
model is th a t of Rudm an.10 A part from providing a 
basis for rough estimates of the nearest-neighbor 
ordering forces, the strain-ordering theories suggest 
th a t the energy per atom  is not simply a sum of pair­
wise interactions, bu t is an w-body interaetion, where 
« is the nearest-neighbor coordinatíon number. Rudman 
could rewrite his elastic strain energy in terms of a 
pairwise nearest-neighbor interaetion th a t was de- 
pendent on the nearest-neighbor short-range-order 
param eter a. Rudm an states th a t this dependence on a 
was very weak, causing the interaetion to change by 
less than 5%  as a varied from 0 to —0.2 (roughly the 
range of a for the disordered phase). These approxima­
tions, however, appear to be less valid as the size dis- 
parity  between atoms increases, and for cases where 
large shifts of atoms off the regular lattice sites occur, 
Rudm an’s theory predict3 irreducible «-body forces.

Given then th a t we expect the Ising Hamiltonian to 
describe properly the configurational energy of an alloy 
(with the possible exception of the long-period super­
lattices and large size-effect alloys noted above), 
Eq. (1.1) is still limited by the fact tha t it is not an 
exact solution of the Ising model. The details of its 
derivation and a comparison with the approximations

• H. Sato and R. S. Toth, in Alloying Behavior and Efftcls in
Concenlraled Salid Solutions, edited by T. B. Massalski (Gordon
and Breach Science Publishers, Inc., New York, 1965), p. 295.

10 P. S. Rudm an, Acta Met. 13, 387 (1965).
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Fio. 1. Comparison of the máximum valué of o(k) as predicted 
by l'isher and Burford ÍRef. 11) and hy our linear approximation 
for a fcc A R alloy wiUi a negativo nearest-neighbor interaction.

of Cowley and Zernike are the substance of I, and  will 
not be rcpcatcd hcre. A rough estimate was made in I 
thal Kq. (1.1) would be reasonably cióse to the  exact 
Ising solution a t  tem peratures  greater than  10%  above 
T,-,  i: i; ! ce and fcc alloys. This estimate is in accordance 
wiih ;ü es timate of B rou t’s3 th a t  the expression is 
accurate a t  tcniperalures above (l +  l / 2) r c, where z 
is llie nearest neighbor coordinalion num ber of the 
lattice.

Fislier and lii .rford" have reccntly obta ined a more 
aecurale  expression for a (k )  in the case of nearest-  
neighbor interactions and an equiatomic alloy by  
applying ilv method of I’adc approxim ants to exact 
high-tempí .a tu re  expansions. 11 is thus possiblc to com­
pare Kq. (1.1) with a more accurate  approxim ation for 
this special case.

With the exceplion of tei.iperatures very  cióse to 
T t ('!77V<1.(W) our cqiialion for a (k )  and th a t  of 
r'Ii can lie pnt in the same functional form12:

a(k )  =  ,l ( 0 / [ H A - * ( k ) / A V ( 0 ] , (2.2)

" M.  [■;. I ’i shcr  a n d  J.  ('■ t fnrd,  r i i y s .  R e v .  156,  5 8 3  ( 196 7 ) ,
referred t o  a s  l'll.

17 The Pím plele Mi c '.pnssion for threc diinensions is

Á{t) [ 1 t 

11 v ^ ( k ) / A Y ( 0 Í _  Al1 'i .
Mt re 4' and v ;ire essentially temperatwre-indopendent factors. \p 
<linrrs from unii v 1>y a nc^lí^íble amount (less than three parts in
10 000). l or \ :iiucs of k inside th r half-width, A'2(k)/A.i3(0 <  l, 
tb r factor rontainin# is nc^li^íhic a t all temperatures,bccause 
it ditTers from unitv l»y two parts in 10 000 at most. This factor 
is also insi^niticant for í ,  Te> \.Q3 for all positions in k space 
(it diffors from unitv by Icss than 2^',,). However, in the tempera- 
ture región 7 7 7 , <1.03, and for valúes of k outside the half- 
width. this lerm does hecor.te appreoiable and, as KR point out, 
this causes m(k) to fall off as k~ 12 1 ,8) (rather than ¿~2) a t tem- 
peratures cióse to the crilical point.

where l = T / T e and the pearest-neighbor lattice separa- 
tion is taken as unity. T he  temperature-dependent 
functions A (l) and  A'i(/) in our case differ from th a t  of 
the  FB approxim ation bu t the k dependence of a (k )  
[conta ined  in K  (k)]  is identical in the two cases, and 
has the form

A'*(k) =  2 , / [ 1 - K ( k ) / K ( k * ) ] t

where d is the  dimensión of the lattice and  k,w is the 
position of mínimum V (k). For small departures  of k 
from \ím, AfJ( k ) = ( k —W ) 2, so th a t  Eq. (2.2) represents 
a Lorentzian of am plitude A (t) and half-width K\(l)  
in the neighborhood of the diffuse peak.

In Fig. 1, A (l) is plo tted  for the two approximations 
for an  fcc lattice with negative nearest-neighbor in te r­
actions (i.e., a  clustering alloy). In  our theory, A ( t) 
is given by C ( / ) / ( l  —/“ '), where C(t)  is the  normaiiza- 
tion constan t previously defined. We have approxi- 
m ated  the  A{ t)  of FB by where
r\{t) is a param eter  plo tted  by FB in Ref. 11. N ote  th a t  
a t  a tem perature  10% above T c the peak height A (í) 
given by  our approximation is roughly § th a t  predicted 
by FB. Figure 2 has been taken  directly from Fig. 5 of 
Ref. 11, and  indicates th a t  a t  10% above T c, the K  i 
of FB is roughly $ smaller than  our K \  (the mean-field 
valué).

Although this comparison indicates th a t  Eq. (1.1) is 
not as accurate as m ight have been hoped, it does show 
th a t  the  k dependence of Eq. ( 1.1) for T / T e>  1.03 is 
essentially correct,  and  th a t  i t  is the temperature- 
dependent p ar ts  of Eq. (1.1) th a t  are in error. In  fact, 
our expression for a (k )  can very  nearly be brought into

Fie,. 2. Variation of the correlation-range param eter K t<l) 
for two- and threc-dimension;d .1/5 alloys as given hy the Bethe 
approximation (the curves lahrled with coordination num bersq) 
the Fisher-Burford calculation (curves labeled by lattice type), 
and our approximation, which gives the same results for hi(l) 
as the mean-field approximation. F.ither positive or negative 
nearest-neighbor interactions may be assumed, except for the 
fcc lattice, where the positive case is special and must be con- 
sidered separately. This figure is taken directly from Reí. 11.
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coinciden! e wilh I |{ 1 choosing a different valué for 
í ¡ for 7' T r‘- 1.10, we l'ind th ;11 an eílcctive 

valué oí 1.05 ¡s necessary in our exprcssion to achieve 
a g reem en t). This points up a general,charactcristic of 
all ihe appioxim ate iheorelical expressions for a (k )  
for a r b i t r a n  l ’(r) known to lis. These inelude ihe equa- 
lions of de( lelilíes and I Viedel,2 of Krivo^las,4 the R P A ,3 
our linear approximation, the spherical-model approxi- 
m alion,1' (lie linkcd eluster-expansion calculations of 
l irout1' and of I lorwit/, and Callen,13 and the Green’s 
funclion ealculalion of lícll.14 The results of all of thosc 
trea lm cnls  can lie «Tillen in llic form given by Eq. (2.2) 
or, equivalen!lv,

í « ( k ) -=<;,.(/) [1-1 6 ' , M l ' ( k ) ] ,

where Ihe functions of tem perature  (7i and G2 depend 
upon (lie particular approximalion employed. If  this 
exprcssion is normali/.ed lo satisfy the sum rule 
. / « ( k W ,- - - 1, llicn <*(k) can be written in terms of 
<7,(/) and l ’(k) alone, i.e.,

,v(k) 1 /  f ------ 1------ ,Pk.
1+ í ' i ( / ) l  (k ) '  J 1 ~K» i (0  I (k)

ln litiing ihis iheoretical formula to experiment, the 
adjuslablc param eters are seen to be G 1 V 1 , G G \ V 3, 
ele., and as a consequence the absoiute valúes of the 
1' , ’s will depetul upon which theoretical method is used
lo provide llie valué of G¡(t).  However, the ratios of 
ihe 1' , ’s will be model independent and once they  are 
determined for a particular system, the estímate of the 
absoiute valúes of the K.’s can be improved as more 
accurate theoretical calculations of G\(t)  become avail- 
able. 'I’his, of course, assumes th a t  h ig h e ro rd e r  calcula- 
lions of « (k)  will have the same functional dependence 
on l ‘(k). We have used our estímate of Gi(t),  namely, 
h n , \tttn ¡i, to evalúate the l ' . ’s for various alloys in I I I ,  
because our principal interest here is to determine the 
range and relalive importance of higher-neighbor inter- 
ac lions in real alloy systems, and  because m ost of the 
olber estímales of (¡\ are diflícult to evalúate for 
m A iii„. To summari/.e then, we believe th a t  the ratios 
of ihe 1' , ’s delennined in III can be accorded a reason- 
a.blc degrcc of reliabilily, bu t  lliat (he valúes given for 
llie magniiudc of ihe 1 ,’s shoiild be laken with a grain 
of sa lí .

3. ORDERED STRUCTURES

We (Iím uss here Ihe iheorclical problem of inferring 
tile groimd sla le  conliguralion of an alloy from V(r),  
and llie converse problem of oblaining reslriclions on 
llie possible f o n  11 of l ’ (r J from a knowledge of the 
ordered alloy conligural ion. The dilTraclion p a t te rn  of 
a disordered alloy is ( harai lerized by one or more diffuse 
pi aks. I pon ordering, sharp  peaks (or superlattice

II,„uii/ .  .in.l II. Ii. ( -.ilU n. riiv-,  Kc-v. 121, 1757 (1961).
"  K.  1.. Il.-ll, 1 ‘l i>s.  R e v .  I 1.V 215  ( l ‘K>6).

spots) appear  which m ay or rnay not be located a t  the 
position of the former diffuse peaks. We have shown in 
I tha t  Eq. (1.1) predíets th a t  the location of the diíTusc 
peaks should coincide with the mínima of K(k). We 
now consider the question of the relationship between 
F (k )  and the superlattice-diffraction spots, assuming 
th a t  V(r)  does not change appreciably on passing 
through T e, and  th a t  no radical distortions of the lattice 
occur. We assume also th a t  the ordered phase appearing 
a t  T c rcmains the stable phase down to zero tempera- 
tu re .15 Under these circumstances, the ordered structure 
will be the a tomic arrangem ent th a t  minimízes the con- 
figuratíon energy.

The configurational energy of the lattice can be 
written directly in terms of the scattering intensity  and 
F (k ) ,  by Fourier transforming Eq. (2.1):

11 —D j ( P k  r (k )c * (k ) , (3.1)

where D = Ni i iAmn/ (2ir)3 and  the integration is over the 
first Brillouin zone of the disordered lattice. As we show 
in the Appendix, a (k )  for a perfectly ordered structure 
is a linear combination of 8 functions, i.e.,

a ( k ) =  ¿  yl;6(k — K>), (3.2)
|Kí!

where the K, are the  positions of the superlattice spots. 
For  convenience, we shall include the origin (000) as a 
superlattice point, a lthough the w^eight factor A o will 
always tu rn  o u t  to be zero. There are « K /s  per unit 
cell of the disordered reciprocal lattice of volume r, and 
n is the ratio  of the num ber of a tom s per un it  cell in 
the ordered and disordered phases. T h e  weight factors 
A j are proportional to the square of the s tructure factor 
for th a t  reflection of the ordered lattice. T hey  are never 
negative b u t  m ay be zero, and they m ust satisfy the sum 
ru le ]C " 4 /= li  in order th a t  the condition a(r =  0) 
= ( í / v ) í  dlk a{k ) = l  be satisfied. Inserting  Eq. (3.2) 
in Eq. (3.1) yields

H  = D ¿  A¡V(.Ky) , (.U )
|K,|

and it is clcar th a t  Eq. (3.3) is minimized by tha t 
ordered s truc tu re  for which the K, are located only at 
mínima of F (k ) .  If there were no other conditions on the 
A / s ,  the prediction could be made th a t  the superlattice 
spots of the ordered phase should occur precisely a t  the 
maxim a of the diffuse peaks of the disordered phase 
(although not necessariiy at all such positions).

16 l or tlic idealized case of l ’(r) independent of teniprraturo, 
Taliir Klioli, Callen, and Ja rre tt (Roí. 20) have show n for the 
closclv rclated problem of a lliiscubcrg .intiícrrninagin't with 
second-ncighbor inleractions, that at ali poinls in llic pliasi- 
diagram for the three cubic lattices the ordered phase that mini- 
mizes the configurational free energy a t T, does so at all lowcr 
lempi'ralurcs, and thus minimizes the conligurational energy at 
0°K. T hey compnted the configurational fría: energy at linite 
tem peratures by the method of lwo-lime Círccn's functions.
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l i e .  3.  C'i í /íi /íjO) for i l i c  f cc  k i l t i cc .

'l liis, llicii, is Uk1 proper theoretical basis for our 
suggcsl ion in I lli;il 1 lie supcrlatt ice spots of the ordered 
]> h ; i s h o u l d  occur al 1’ (k) niiiiiina, and ¡I. is clear tha t  
lliis conclusión is based entirely on the fundamental 
Ising I lamillonian, and is independent of statistical 
approximations. Il is, however, only a sufFicient con- 
dilion, and nol a necessary one, because it is not always 
possible lo lind an ordered s tructure  of the correct com­
position t lia i satishes lliis simple condition. This is so 
because ihere are addil ional res! rict ions on the A ¡s  th a t  
Mein irom the fact tha t  each site of the ordered lattice 
musí be oceupied by either an A or a B  atom, with 
frael ional oí cupation prohibited. These necessary con- 
dilions are derived in the Appendix and are contained 
in Ki|.s. (A 10) and (A12).

I -ii11 inger"'' was apparcn lly  the íirst to consider this 
problem of linding the ground s ta te  configuration of an 
anl ilerromagnet ic Ising system for a rb it ra ry  V(r).  He 
could luid no general solution, bu t  suggested a pro- 
ccdurr 11 ía t is equivalen! lo i ni I ially relaxing the subsid­
ia r\ i ondil ions on I lie . I / s .  This lias come lo be known 
as l.ul lingcr’s “ wcak condition,” and llie procedure is 
then lo t hei k wlnilier any of the solutions generated 
willi the wc.ik condition also satisfy the necessary con- 
<Iil ions. If one is luckv, at leasl one solution will, and 
Ilie sean li is iiver.

l liis developmeut has been conlimn'd by a  num ber of 
o ther worki is ,17 so that we now know the ground- 
sl.it» co 1111; u i a l ions for an A B  allov with lirst- and 
sci ond neighbor in ic ia d  ions in llie lliree cubic lattices.

M | M I , u 1 1 i P h v s .  Kc v .  S I .  1015 ( 1 ^ 5 1 ) .
' J  S .  S i i i ; m I ,  r h y v  Kc v .  S í » ,  9 í > X  ( J 9 . S 2 ) .
,H I)  1 i i 1 l a a r  an<l M .  I’-.. Li nes ,  l ’liil. T r a n s .  K o v \  S o r .  h o n d ó n  

A 2 S l .  x M  <
'M>.  H Lv<>n . a mt  T .  A.  Ka| »lan,  l ' hvs .  Kr v .  1211, 158 0  f l ()í)0).
-,w K . A. 'I'.iItir Khc li, 1!. IL Callen, and I I . ja r re t l , J. l ’hvs. 

Cliein. Suliih. 27, «M (P>0<D.

Our approach here is different from tha t just d u d ,  
in th a t  we treat compositions other than A H  and use 
conditions based on the Fourier transform of the Isin^ 
Hamiltonian  [i.e., Eq. (3.3)J, which enables us to 
consider V(r)  of a rb itra ry  range as long as ihe positions 
of K(k) minima or, equivalently, the positions of diffuse 
maxima of a (k )  are known.

Philhours and Hall21 have reccnll)- publishcd scveral 
investigations based upon our suggestion in I th a t  the 
wave vectors (or superlattice spots) of the ordered 
phase should lie a t  the positions of l ’(k) minima. They 
found independenlly th a t  this is a suflicient b u t  nol a 
necessary condition for the ground state, and tha t  it is 
dependent only upon the fundam ental Ising H am il­
tonian and  not upon any  statistical approximation.

T he  suflicient condition is satisfied for many of the 
familiar ordering systcms, such as CuAu, C u :)Au, 
C u l ’t, CuZn, etc., bu t  there are also exceplions, sueli 
as AiijMn 22 which are explicable only by induding llie 
subsidiary conditions on the . l / s .  Jkfore proceediim lo 
a discussion of the ful! sel of conditions, we sliall 
examine the possible local ions of the minima in l ’ f k í 
as determined by the s trenglhs of near-mighlior 
interactions.

We first take the case of a fcc lattice. The vector from 
an atom to its (limi) neighbor is expressed by

i  ( I m i i )  =  \ l  a  i l  \ m  a - i

where ai, a.-, a j  are the three cubic a.xes; /, ni, n .i.-c 
integers, and l \  m  | n  is eveti. The contimious vector 
k in reciprocal space is represen!ed by the conlimiotis 
variables /;,, A2, l/.i and the three vectors h¡, h., h;i

”  ¡. r h i l l i o u r s  a n d  C., 1.. IIjII.  H i v s ,  l ' r v  1(>.V -ItiO 1 ’>í>71 
L.  L.  ”1 ani HT,  L r d ^ e n i o l i l  I t •< »i ;i t • >r \ l : i !<in: i l  K r j m i i  \ n .

T N  .Li, 1907 t un j i u l t l i ^ l i e d j .
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I'ig.  5. Ci(h,h¡Q) for the fcc lattice. 

reciprocal to the a¿’s,

k =  /! ib i+ /¡2b 2+/í.'iba.

In  this nota tion, the Bragg reflections occur a t  (hihihi) 
all odd or all even integers, i.e., ( 111), (200), etc. 
Writing out V(k) explicitly for up  to third-neighbor 
interactions, we have

• ' ( k ) =  JL í imn cosirlhi cosirmh2cosTnh¡,
Imn

=  L ^ .l '.C .(A iW 3 ) , 
i

=  12Ki[Í(costt/ii cosir/íj+cosTr^a cos7r/¡3

+  cos7r^i cos7r/f 3) J +  6 V (cos27r^i-f cos2tt/(2

+cos2ir/í3)3+ 2 4 7 a [J (c o s2 ir / í l cos7rA2 COSir/í3

+  cosr/(i cos27t/¡2 cosir^3

+ c o s 7r^j cosir/?2 cos27rAs)], (3.4)

wlicrc Z, is the coordination num ber  of the  i  shell,
V, is the ith-neighbor interaction, and Ci{h\h-¡hi) is the 
appropriate  sum of cosine terms, normalized such th a t
C ,(0 0 0 )= 1 .  C’i, Ci,  and  C¡ have been plo tted  in the 
/;3 =  0 plañe in Figs. 3-5. C 1 can never be greater than  
+  1, ñor less than  — 1, so th a t  (000) is always a  maximal 
point,  b u t  it m ay  not be the only such point. The 
mínimum valué of Ci is — $ and  this occurs a t  all points 
of the line between ( 100) and  (1 £ 0 ) and  all equivalent 
points (i.e., all points obtainable from these by applying 
Ihe sym m etry  operations of the body-centered space 
group). Henceforth, the mention of a point ihihihi)  will 
imply its equivalents as well.

T he  maxima of C’2 occur a t  (100) as well as (000) and 
the minima occur a t  Q £ \ )  having a valué of —1. The
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Fio. 6. Locations of the minima of F (k) as a function of the 
ratio V i/V i  for the fcc lattice.

point (^ £ 0) in Fig. 2 where C 2 is — § is only a minimax. 
T he  maxima of C 3 occur only a t  (000) and C¡ takes on 
its lowest valué — $ a t  ($ 0 0 ). (100) is a  minimax.

Varying the strength  of F 2 and V 3 relative to Vi 
will obviously affect the  location of the minima of 
V (k). Figure 6 shows the position of the minima for the 
case when only V 1 and  V 2 are nonzero. Figures 7 and  8 
are similar plots  for the  case when F j  is also nonzero. 
Where ordered structures are known th a t  have super­
lattice spots a t  the  given minima, their  Strukturbericht  
symbols have been designated and  a  few examples 
indicated. Figure 9 illustrates the  structures for A B  
and  A%B stoichiometric compositions. I t  is interesting 
th a t  the A B  analog of the  DOi2 struc tu re  has  no t  yet 
been found in any  system, and  the  only alloy known to 
be a  possible candida te  for the  A¡B  analog of the Z.I1 
s tructure  is C u P t3.

v, POSITIVE

Fie .  7. I .ocations of the m inima of V'(k) for f i ,  I'j, and l 'j  wi th 
l 'i  positive in an fcc lat tice.
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1‘le». 8. I.oralion nf (he minima of l ' (k) for l'i, l'j, and l'i with 
l’i negativo in an fcc laltice.

For a bcc l;it l ice, ;i similar analysis is easily carried 
out. Tlu- atom s are again separated  by the vector

r  (l»n¡)=  .’ /  n i +  \inu->+ \n  a . i ,

w lure  now /, m, n are all even or all odd, and  the k 
vector lias llie same meaning as above, bu t with 

even for llie Bragg reflections, namely, 
( 110), (200), etc. A plot of the positions of F (k )  minima 
is given iu l'ig. 10 as a function of V» and  V¡. K(k) 
is now

I (k ) N1’ ,| costi/í i rosir//-i cos7r//.i]-| 6 r 2[ j ( c o s 2Tr/;i
-| cos2^//j I cos2jt//:i) ]-|- 121 .'([j (cos27t//i cos2tt^2 
•| ( (is2jt//2 cos2jt//;i j-cos2ir/;i cos27r/¡3)3. (3.5)

'I he t wo ordered struct ures oí A H composition th a t  have 
superlat tice spots at llie l ' ( k ) minima are shown in 
l ig .  11. In both cases the diffuse short-range-order 
peaks of Ihe disordered phase would be centcred about 
the superlatlice positions of the ordered phase.

We now retín n to the problem of predicting the con-
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I ig . 10. Location of the minima of K(k) as a function of the ratio 
V i/V \  for the bcc lattice.

figuration of the ordered phase from a knowledge of the 
positions of t h e a ( k )  difTuse maxima. As a first example, 
assume th a t  the disordered lattice ¡s fcc, th a t  the com­
position is Ai f í ,  and  th a t  the difTuse maxima are a t  
(100) and (110) positions. Solving the necessary con- 
ditions for the ordered s tructure [E qs .  (A10)] requires 
two steps: (a) specifying the location of the super- 
lattice spots (i.e., the  set {K;}), and  (b) solving Eqs. 
(A 10) for the s tructure factors F(K¿),  and  henee the 

via Eqs. (A12). T he  set {K,} can only be the  four 
points 000, 100, 110, and  010 if the superlattice spots 
are to appear  only a t  minima of F (k) .  Equation  (A10) 
then gives us four equations in the four unknown s truc­
ture factors /<’(000), /-'(100), F ( 110), and  7^(010), which 
will be denoted as Fo, F¡, F 2, and  F 3 in th a t  order. The 
four equations are

F f + F f + F J + F ^ l ,  
2FiFi-\- 2FiFt =  0 , 

2F lF ¡+ 2 F 2F i = 0 ,  

2F 1F<+2F2F 3 = Q.

(3/.)

I 'n ..  *>. O rd c rn l  s l r m i m r s  un  an  (re  la l t ic e  sh o w in g  lo ca tio n  of 
M i|icrl.itt ice s |iu K  a n d  Strukturhrrii lil sv tn lio ls . T h e  u p p e r  row  is 
• t li ri>ni|>i)siiion a n d  llie  l u u r r  row  is A g/¡.

T he  composition A 3B immediately fixes F o to be J and 
l>y a process of eliminating variables the only solution 
is found to be

F„2— /<',2— b' 2 — FJ — i  i  o — t i — t i — i 3 — i ■

Equations ( A l2) then give A O =  0, A i =  A 2 =  A 3 =  3. This 
obviously corresponds to the A l2-ordered structure, and 
this proves it to be the unique solution for the 
ordered ground State.

Kor the composition A B  and the diíTuse maxima as 
above, one again obtains Eqs. (3.6), except th a t  now 
F o=0. 'I'his leads to a degeneracv of three solutions
(,10=0, M,= 1, ¿ 2 = 0, yl3 = 0), (,í„=0, A 1 = 0, -12= 1,
^ 3  =  0), or (A o=0 , A i =  0, .1¿=0 , .4 3= 1), whicli corre-
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( l a)  (2o)

100,111 J 2 2
L20 -C u Z n , AgCd B32 - NoT I ,LiZn

Fu;. 11. Ordered structures on a bcc lattice for A B  composition.

sponds to the well-known Lio  s truc tu re  with three 
possible directions for the tetragonal axis.

F’inally wc eonsider an example where all of the super- 
lattice peaks cannot be located a t  the V (k) minima, 
namely, when the difíuse peaks are a t  (1 £ 0 ) positions, 
as in Ni.iV and  A tuM n. We begin with the A B  case. 
T he  simplest s tart ing  assumption is th a t  {K,} consists 
of the two points ((K)0 ) and  (1 } 0 ), implying an  ordered 
s tructure  with two a tom s per un i t  cell. However, the 
set {Ky) inust have the property  th a t  any  integral 
múltiple of a member also be a  member of the  set, since 
they form a lattice, and  th a t  any  two points separated 
by a  la ttice spacing of the disordered reciprocal la ttice 
are cquivalent. These requirements m ake it  necessary 
to include the point ( l f O ) ,  which is located a t  a 
mininium of V (k), and  the point (010), which is not. 
Figure 12 shows the proposed location of superlattice 
spots.

T h e  second step of determining the vl¿’s m ay be done 
either by  generating all possible valúes oí the / ?(K ,) ’s 
from Eq. (A4b) by  trying the various arrangem ents  of 
a tom s in a  four-atom un it  cell, or by  finding the possible 
solutions to Eqs. (A10) by successively eK~iinating 
variables. By either m ethod one finds a unique solution 
for bo th  the A B  and  A%B compositions as follows:

A B :  A  (000) =  0 , 

^ O é O )  =  J ,  ,4 ( 1 * 0 ) = } ,  i4(010) =  0 ,

AsB\ ̂(000) = 0,
,4 (1 * 0 )  =  } , ¿ ( 1 * 0 ) - * ,  ¿ (010) =  }.

T he A B  solution corresponds to the (2a) s truc tu re  of 
Fig. 9, and the fact th a t  the A / s  are nonzero only a t  
minima of V (k) implies th a t  this s tructure  has the 
lowest possible configurational energy for this type of
V (r) as in the two cases above. I t  is perhaps puzzling 
th a t  such a s tructure  has never been observed in nature . 
T h e  A 3B solution is the D 0 22 s truc tu re  illustrated in 
Fig. 9, and, since A (010) is now nonzero, we see th a t  if 
this is indeed the a rrangem ent of lowest configurational 
energy for A 3B composition, the subsidiary conditions 
for the A / s  forcé } of the superlattice intensity  in the 
ordered phase to appear a t  locations different from the 
diffuse maxima positions of the disordered phase.

020 220 • •
c.k2

OKj Kj
OK,

• «O •
000 200

(a)

020 220 • A •
O

O  A □  A  O

O

(b)

T he question natura lly  arises, whether the diffuse 
in tensity  p a t te m  anticípales this “anom alous” super­
lattice peak before the ordering tem perature is actually 
reached, or if this peak emerges abruptly  below T c, as 
our theory would suggest. T anner22 has found from 
electron-diffraction measurem ents on thin films of 
A ujM n tha t,  for this system a t  least, the la t te r  sugges- 
tion fits the observations. T a n n e r ’s results will be dis- 
cussed further  in I I I .

Summarizing this discussion, we can say th a t  we 
have provided a m ethod for predicting the ordered con­
figuration of an  alloy by knowing only the  location of 
the  diffuse peaks in the disordered s ta te  in a num ber of 
simple cases. We do no t claim to have completely 
solved the general problem of determining the ordered 
s tructure  th a t  is compatible with a given E (k), and 
we have shown tha t,  in a t  least one case (AujM n), it 
is necessary to  know more ab o u t  E(k) than  just the 
location of its minima. I t  is clear th a t  the stabili ty  of 
the  DO 22 structure, relative to others th a t  m ay be 
imagined, will depend critically on the magnitude of 
V (k) a t  the nonminimal (010) position.

4. SUM MAR Y AND CONCLUSION

T he  p r im ary  m otivation  of our first investigation
(I) in this series was to provide a  tractable method for 
determining the pairwise interaction s trengths in alloys 
from an analysis of the short-range order diffuse scat- 
tering in the disordered state . In  this paper, we have 
examined the accuracy of our m ethod in greater detail 
to provide a  be t te r  understanding of its limitations and 
its strengths. W e have shown, by comparison with the 
recently published equation of Fisher and Burford for 
the  special case of an  A B  alloy with nearest-neighbor 
interactions, th a t  it has the same k dependence as ours 
bu t has a different tem perature  dependence. The two

Fig. 12. (a) Mínimum set (K ji 
necessary to lócate a superlattice 
peak at (1 i  0). (b) Superlattice 
spots of the n O ii structure. Con- 
tributions from the three possible 
orientations of the tetragonal axis 
are labeled by separate symbols.
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prcdir tions breóme ncarly identieal if ( T — T r) / T c is 
m lticed  by nnighly a factor of two in our cquation  ¡n 
(lie neigliborhood of ( T — T f ) / T c = 0,].  For ¡nteractions 
bcvond lirsl ncighbors, we havc shown th a t  thc rclative 
valúes of thc 1’,’s can be determ ined with greater 
ccrta in lv  Iban can thuir absoluto valúes.

We liave also shown tha t  a s tudy  of thc ordered State 
¡s valuable in determ ining thc pairwise ¡nteractions in 
alloys, beeause thc relativo s treng ths  of thc  pairwisc 
in teractions com patible with a given ordered s truc tu rc  
are limited to a cerlain  range. This isuseful in narrowing 
dow n the tield of in leraction  strengths th a t  m ay be used 
to fit lite diíítisc short rango order scalter ing  d a ta  of a  
pa r t icu la r  allov, assiiming tha t  thc ordered s tructure  is 
known and tha t it rcmains s table a t  lower tempera- 
tures. l low cvcr,  the  actual valúes of the V ( ratios can 
be determ ined  only from a detailed fit to the  diflíuse- 
w.tMcring d a ta .  It should be realizcd th a t  these con- 
sislency eonditions do no t depend in an y  way on thc 
apprm iii ia t  ions used in I to derive our diffuse-scattering 
cquation, b u t  rcly only upon the basic Ising rnodel 
form ulation  of thc configurational cnergy of an  alloy.

Wc now havc thc theorctical framework necessary 
to  p tovide a rcasonably complete analysis of available 
dilfuse short-range order seatter ing  d a ta  ¡n alloy 
s \s tem s .  ’l’his is thc subjcct of thc following paper
(I I I ) .
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APPENDIX

For the purposes of describing ordered alloys, we 
shall use operators <r¡, which are  given the  valué 
(-)-1, — 1) for an { A ,ñ )  a tom  a t  site i. T h e  cr¡ operators 
are rclatcd to thc á, operators of I by  the  rela tion

<r.= íH- (”U — mn) , (Al)

and, rcc.illiug thc relation bctwcen and  (<r,<7y) given 
by Eq. (12) of I, i.c., (&i)= 0, thc result is as follows:

(cr,at)=- 4r»jm,,a„+ (mA~ t n „ y .  (A2)

T h e  A a tom s of a disordered alloy are assumcd to be 
on the pnints of a regular la tticc located a t  endpoints  
of vcctors r„ wherc j —(\  A'—1. To is takcn  to  be the 
nuil vec to r ;  and  r ■, r 2, and r* are taken as thc un it  
vcctors of thc  un it  ccll. An analogous convention is to

be undrrstootf for th.c olhcr types of latticcs whic h wc 
shall considcr. For the sake of siniplicity we confine Ihc 
disctission to disordered latticcs having a single atom 
per unit  ceU (i.e., the  Bravais latticcs).

Upon ordering, a  larger un it  ceil is formed containing, 
say, n atoms. Equiv.Ment positions in the ordered s truc­
ture  form a supcrlatticc whosc points are now separated 
by vcctors R ; .

We define a  ' 's t ruc tu re  factor” ak for the ordered 
lattice of N  sites, where N  will ultim atcly  bccomc 
indefin itdy  large.

^ í > / < ík" .  ÍA.Í)
/ -o

which can be immediately factorcd into a unit-cell 
s truc tu rc  factor F (k )  and a supcrlaltice s tructurc  factor 
S (k )  in the usual m anner:

« T „ = 5 (k )X F (k ) ,  (A4a)

with
1 n—I

F(  k ) = - Z * , c * ' i  (A4b)
n i-o

and
t

5 ( k ) « «  Z  « ( k -  K<) .
|K/|

where N ' = N / n  and  í ( k -  K,) =  N  if V= K „  and is zero 
otherwise. T h e  set of po in ts  {K>) are the points  of the 
la ttice  reciprocal to  the  superlattice, and there will be 
n  of them  contained within a  un i t  cell of the disordered 
reciprocal lattice. In  the limit of N  very  large, 5(k — k') 
becomes a D irac  delta  function and  has  the property

- f j  j  G (k )á (k —k ' ) á ^  =  G (k ')  (A5)

if k '  is w ith in  the  un i t  volume v of reciprocal spacc 
¡ntegrated over, and  is zero otherwise. G(k) is an 
a rb i t ra ry  function of k.

T h e  inverse of Eq. (A3) is

* /  =  - /  J  J a . c - ^ P k  , (A6)

which becomes, on using Eq. (A4)

<r/= L  F (K ;)C- K< r / . (A7)
|K)I

Sincc o¡ can only be + 1  or — 1, wc havc

* /= = ! -  E  £  / ' ( K , ) / - ( K / ) , ( A S )
K , K , '

Using thc variable chango

K , - = K ,+  K /  and / / ( K . )  =  E / ‘‘(K ,) / ; (K 1- K <) ,
K,
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Tú]. (A8) bccomrs and  from (A2) and  (A7) we get

i =  V  f I (K ,) c - 'K' T'  ( \9 )  1 N 
'  t . «(k) = — E L  L  F(K,)F(K/)e<(k- Ki)

AmAm¡)N i.a i Kj] i k»']
T he  left hand side of Kq. (A9) is the same rcgardless n

of the dioico of / ,  and in order th a t  the right-hand side X c_,ík+K,)r»-------------------£  e'k ' (r,~rs),
also be independent of / ,  the following conditions m ust  4 m Am¡iN f.a
hold: which hecomes

/ / ( K,) Y. F ( K , ) F ( K , -  K;) =  0 ,  if K . ^ 0  (AlOa) 1
K, n (k) = ----------  £  F ( K , ) F ( — K ,)S(k— Kj)

and 4 m Am B {K,\
I I (10 F ( K , ) F ( — K j)=  1. (AlOb)

Kj -------------------o(k]- (A 1J ;
\ m AmB

Thcse cquations provide n interrelations among the . . . .
>i F ’s, so tha t in general there will only be a small ®y comparing (A13) with Eq. (3.2), í.e., 
limited set of /'"s th a t  are allowable. In  addition, F ( 0) n
is fixed by the composition and is given by a (k )  =  21 A , 5 ( k — K , ) , (3.2)

(*<> ■

/ , ( 0 ') =  i  c , =  m A— mB- ( A l l )  ^  *s a P P a r e n t  t h a t  Eqs. (A12) are r e c o v e r e d  w h e n  th e
n /-o r e la t io n  g iv e n  by ( A l l )  is  in c lu d e d .

In conclusión, the F ( K / ) ’s are restricted by the n 
We shall now show that the /1 /s  of Eq. (3.2) are equations given above and  the A / s  in tu rn  are deter- 

rcl.ilcd lo ihc /• (K J) ’s as follows:  ̂ mined by  the F ( K , ) ’s. The  n  conditions (A10) cannot
■ . , . , l „ = / . '* ( 0 ) - ( w ^ - » f fl)* =  0 ,  (A12a) be w i t t e n  in terms of the A ¡*  directly, with the

exception of (AlOb), which converts to
A j = F (  K,) F ( — Kj)/4w Am B , j ^ O .  (A12b)

£  1 .
\\V have lK>l

1 .V
v /.tk-(r/-r,) This was mentioned in Sec. 3 as the condition necessary

"*/o f i . /  /w 4
A1 f , 0 to  e n su r e  t h a t  a ( r = u ) =  1.
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'I'hc linearized approximation for the correlation functions of a binary alloy, developed in parts I and II- 
by I lie authors, is here applied to the experimental measurement of the difTuse scattering of x rays, thermal 
nrutrons, and clectrons. Inform ation on the magnitude, sign, and range of the pairwise interactions has 
Ik'cii extracted from the data on several alloys and alloy systems. The copper-gold system seems to be 
chnracterized by an oscillatory interaction out to a t least third neighbors. The data  on C uPt can be ex- 
plaincd in terms of first- and second-neighbor energies, as can the results on AuaMn, N i4Mo, and CuNi, the 
latter being a clustering alloy. The results for fl-CuZn are discussed in terms of a possible long-range oscilla­
tory interaction, and an experiment is suggested for this alloy which would help to determine the prcsence
of such an interaction.

1. INTRODUCTION

W I’I'II llie theoretical framcwork of par ts  I  and I I  
in liand \vc are now in a position to examine the 

oxistin^ d a ta  on short-range order in alloys and to apply 
Eq. (II ,  1.1) to these data .  T h e  u ltím ate  object is to 
cxtract information on the magnitude and  range of the 
pairwise interactions in these alloys. We shall also 
indícate how the discussion of ordered structures in I I  
is intima!cly related to our evaluation of the difTuse 
scattering of x rays or thermal neutrons and to the 
interaction energies th a t  m ay be calculated from the 
diffraction d a la  via Eq. (II ,  1.1).

2. fcc ALLOYS

A. Cu-Au System
T he Cu-Au system is characterized by complete 

solubilil y of the two  fcc metáis a t  high temperatures 
with various ordered s tructures th a t  appear a t  lower 
Icmperatures. T he  m ajor s tructures occur a t  the  stoi- 
chiometric compositions C u 3Au, CuAu, and CuAuj with 
critica! tem peratures T c, respectively, of 300, 410, and 
~ 20 0 °C .  While T e for C u3Au and CuAu is a  m áx i­
mum exactly a t  stoichiometry, T c for CuAua increases 
continuoiisly from the gold-rich side to CuAu. All of 
these transitions are first order in character, showing a 
discontinuous drop in the Bragg-Williams order param- 
etcr.V a t  T,.. As mentioned in II, in the case of CuAu the 
fully ordered s tructure  is in te rrupted  by the appearance, 
below T c, of an equilibrium long-period superlattice. 
Wilh referenee to Fig. 9(11), both  CujAu and CuAuí 
have the /. l .. s tructure while the low-temperature form 
of CuAu, consisting of alternating (100) planes of 
copper and gold atoms, has the Alo structure.

* Supporlcd in part by the U. S. Atoniic Energy Commission 
and bv the Advanced Research I’rojects Agcncy under Contract 
No. Sb-90.
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All of these ordered structures exhibit short-range 
order above 7\.,1-4 and il will be our purpose to relate the 
measured short-range order parameters to the in te r­
action energies in the alloy system via Eq. (II, 1.1). 
Both the order param eters and the corresponding diffuse 
in tensity from which they are obtained show ccrtain 
distinct features th a t  we shall t ry  to in terpret in terms 
of the  pair  interactions. Two points should be noted a t  
the outset. In  the first place, no correction for atoinic 
size-effect displacementss has been applied to the theory. 
This means th a t  the predicted diffuse intensity will 
diíler more or less from the measured intensity, de- 
pending upon the m agnitude of the size effect. T he  size- 
effect scattering generally will increase as the  atoniic 
fraction of the larger a tom increases,6 so th a t  the CuAuj 
in tensity will be severely affected, the CU3A11 d a ta  less 
so. There have been a t tem p ts  to incorpórate the size- 
effect contribution into a purely therm odynamic ex- 
pression, such as Eq. (II, 1.1) in order to predict the 
disorder-diffuse intensity more accurately.6 Our belief 
is th a t  given the approximate natu re  of both  types of 
calculations— the thermodynamic one for pair  cor- 
relations and the elasticity calculation for the size-effect 
scattering—it is better  to remove the size-effect scatter- 
ing from the d a ta  if one is primarily interested in pair 
correlations, and to s tudy  it separately if one wishes to 
extract information about atomic displacements in 
binary  alloys. Such a technique for d a ta  separation

1 J. M. Cowley, J. Appl. Phys. 21, 24 (1950).
2 S. C. Moss, J. Appl. Phys. 35, 3547 (1964),
* B. W. Roberts, Acta M et. 2, 597 (1954).
4 B. W. Batterm an, J. Appl. Phys. 28, 556 (1957).
6 B. E. Warren, B. L. Averbach, and B. W, Roberts, J. Appl. 

Phys. 22, 1493 (1951); for the most recent survey of the diffraction 
effeets arising from íocal-order and size-effect displacements, see
C. J . Sparks and B. Borie, in Local Atomic Arrangemenls Slndied 
by X -R ay Diffraction, edited by J. B. Cohén and J. Hilliard 
(Gordon and Breach Science Publishcrs, Inc., New York, 1966), 
p. 5.

6 S. V. Semenovskaya, Fiz. Tverd. Tela 8, 2841 (1966) [English 
transí.: Soviet Phys.—Solid State 8, 2273 (1967)]].
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luis l)cen dcvcloped by Borie7 and, more recently, has 
bcen extended by Borie and Sparks.8

The sccond point which we would stress is tha t ,  while 
Kq. (II ,  1.1) is ccrtainly a high-temperature approxi- 
m atc  expression, vnluablc informal ion can be extracted 
through ils application to alloy-diííuse scattering. The 
validity of llie information oblained depends greatly 
not only iifioii the use to which it is put,  bu t  also upon 
which features of the theory are being emphasized.

Bolh t he ordered and disordered s tructures  of CU3AU 
and CuAiia have cubic sym m etry  and the diffuse x-ray 
scattering abo ve T  „ peaks a t  all of the equivalent super- 
latlicc rellection points th a t  the ordered s tructure 
exhibits below T r. T he  dilTuse intensity will therefore 
have absoluto maxima a t  valúes of (JtihJtz) equal to 
100, 110, etc. T he  ordered s tructure of CuAu is te tra-  
gonal bul its diíTraction pa t te rn  invariably shows 
pseudocubic symm etry, because tlie c axis can assume 
witli cqual ]>robability tlie ai, a^, or a :i axes of the dis­
ordered structure. Kor this reason, the collection of 
allowcd superlat tice positions and the positions of the 
dilTuse máxima above T r are equivalent to those for the 
iitlier two alloys. Via Eq. (II, 1.1), absoluto minima in 
l ’(k) must also occur a t  the reciprocal la ttice points 
wliere <*(k) is a máximum in the disordered phase. T he  
crilical point can thus be defined as th a t  tem perature 
for which the denom inator in Eq. (II ,  1.1) goes to  zero 
at the appropriate  place in reciprocal space, namely, 
100 and equivalent points. Given the expressions for 
l ' (k )  in Kq. (II ,  3.4) and the definition of T c,

1 =  — 2mAm n { \ / k T c)V{ \ íM) ,

the crilical tem peratures can be written as

T c= ( 3 K i /2 * ) ( l - *  V t / V ^ l V t / V t )  (2.1)

for CuaAu and CuAua, and as

7 >  ( 2 F , A ) ( 1 - § K 2/ 1 / 1+ 2 K 3/ 7 1) (2.2)

for CuAu. I ' ( k M) is the valué of F (k )  a t  the reciprocal 
lattice point where it assumes an absolute mínimum. 
T he  lirst of these two expressions is idéntica! to the 
critica) tem perature derived in a  difieren t way by 
('owloyu for the same structure.

All of our crilical temperatures are essentially the 
mean licld prediction for T c which, given a fixed valué 
for l ’i, 1’2, l ' 3, etc., m ay be as much as 15-20%  too high 
for facc-centcred alloys. This rough estimate is derived 
írom the fact th a t  the mean field valué of T c is 22% 
liighcr llian llio exact high-temperature Padé-approxi- 
manl result for fcc lattices with negative nearest- 
neighbor in lcraction .10 In  order th a t  the mathem atical 
singularity of Eq. (II ,  1.1) coincide with the experi-

7 li. lioric, Acia Cryst. 14, 472 (1961).
" l¡. Horic !in<l C. J. Sparks, Acta Cryst. (to be published).
“ J. M. Cowlcy, l’hys. Rev. 77, 669 (1950).
10 M. K. l'ishcr and R. J. Hurford, Phys. Rev. 156, 583 (1967).

mentally observed critical temperature, the equation 
is rewritten in terms of T e/ T  by  inserting k T c/ V (kw) 
in place of — 2mx»iB. T he  dependence of a (k) on com- 
position and on Vi  is thereby absorbed into the expres­
sion for T c. T h e  result ing diffuse intensity, in Laue 
monotonic units, is

a (k )  =  C / [ l - ( r c/ r ) 7 ( k ) / F ( k M) ] .  (2.3)

Since Vi  m ay  be factored out of both  V (k) and V (k¿/), 
we are Ieft with an expression in which the variables are 
the ratios T c/ T ,  V^ /V i ,  and V%/Vi,  if we arbitrarily  
decide th a t  all V i ( i > 3 )  are negligible.

Once a (k )  is computed, the  short-range order param- 
eters a t- can be obtained through a Fourier inversión, 
which is most easily done by C o m p u ter . T h e  transforms 
were taken  using a summ ation over 1000 points of a 
sym m etry  cube of the  reciprocal lattice extending on a 
side from the origin 000 to  the 100 position. Taking 
a limited num ber of points means th a t  a (k )  near T c 
will be in error because of the contribution of har- 
monics whose wave vector is smaller than, or com para­
ble to, the interval between points. Since the región very 
near T„ is gencrally not of ¡nterest to us anyway, this is 
not a serious difficulty.

T he  fit of theory to experiment in the Cu-Au system 
was was begun with the  measured short-range order 
parameters of Moss2 on C uaAu. These are probably an 
improvement over the earlier Cowley valúes because the 
measured intensities were greater and were standarized 
independently using polystyrene, and because a nearest-  
neighbor size-effect correction was made. Theoretical 
valúes of the first ten a ,  were calculated for CU3AU 
corresponding to both  temperatures of measurement, 
405 and 450°C, for which T  J T  is, respectively, 0.98 and 
0.92. I t  was decided to allow V 2/ V 1 and V i / V i  to vary  
over a wide range of the (100) portion of Fig. 7 (II)  
and to use as the criterion of best fit to the d a ta  th a t  set 
of a . ’s which gave the m ínimum square deviation 
(A2)m¡n from the measured valúes. Figures 1 and 2 show 
these results with the contours labelled in units  of

F ig. 1. Comparison of theory with the experimental short- 
range order param eters of Moss (Ref. 2) for CujAu a t 405°C. The 
contours are labelled in units of 103 (A2)mi„.
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Fie. 2. Comparison of theory with tlic dala of Moss at 450°C. 
Tn tiolli Fi^s. 1 ¡mil 2 (he fit rapidly becomcs poor as thc boundary 
line lictwccn llie 100 and 1 JO structures is approachcd.

lO^íl5),,,;,,, wluTC
10

(A'-'>,M¡ „ =  10 ' 2 2  [<t , ( t l i e o r y )  — a , ( c . x p t ) J .
I - I

In boih casos, tlie región of bcsl agreement ccntcrs 
around thc valúes F 2/ 'F i =  — 0.20, F .v F i^ O .  Thcsc 
rrsults are in complete disagreement with an carlier 
tr ial-and-error fit2 of the same d a ta  to the Cowley 
llieory,” and it imist lie concludcd tliat, howevcr 
i/nticing lhe sucress of the earlier fit seemed to be 
(I V  l Y  +0.10, r;l=0), it was not an cxact solution to 
ilie Cowley equations and was, in fact, wrong. The 
icsull l\. F ,=  -I 0 .10, l V K i  =  0 also viólales the sta- 
bility crilerion for the CiijAu ordered structure, pro- 
ducing a peak at 1¿0 and not a t  100. In this connec- 
tion, il sliould be noted tliat Cowley’s original fit of 
his theory to liis CiijAu data, although much closer
lo our present valúes of V F i  =  — 0.20, V’3/1 í ' i«0 .0 ,  
was in violation of the sanie stabili tv criterion, in tha t  
he found F 2/F ,= S - 0 . 1 0 ,  K3/  ^ , ^ —0.05. Since the 
agreement at 7 V 7 ’=  0.92 is more to be trusted  because 
of bolli thc iiature of thc theory and the aforementioned 
calcula! ion problcms, the comparison at th a t  tempera- 
ture (4,S0°C) was chosen for Table I.

T he  agreement can be considered quite good, al- 
tliough the calculated «i is somewliat smaller than the 
measured valué. All of them ain  fcaturesof them easured

a 's are reproduced, including the very small valué of 
aa and the signs and magnitudes of the other coefíicients. 
Although the best fit seems to center around the ratios 
j y r ^ - 0 . 2 0 ,  F 3/ F ,  =  0.0, we chose F 2/ F i = —0.230, 
V z / V i  = —0.015 for Table I. T he  valúes of the a . ’s do 
not change to the accuracy given in Table I and the 
reason for using these slightly different ratios will be 
discussed after we have presented the comparisons with 
CuAu and CuAuj.

The other aspect of the C u 3Au d a ta  th a t  is most 
noteworthy is the pronounced disklike character of the 
diffuse in tensity,1 and it seemed worthwhile to see if 
this disk shape would be reproduced by Eq. (2.3) using 
the valúes T J T =  0.92, F 2/ F i = - 0 . 2 0 ,  F 3/ F ,  =  0.0. 
This direct comparison can help us decide if our neglect 
of higher-neighbor interactions ( F , = 0 ,  i >  2) is very 
scrious. We shall also be comparing the shapes of the 
diffuse scattering for CuAu and CuAuj, as well as fot 
other alloys, and in all cases w hat we are mainly 
interested in is the reproduction, using a limited set of 
Vi, of the major topological features of the scattering. 
In  many cases the comparisons will be actuallv with 
d a ta  from quenched crystals for which no fit to an 
cquilibrium calculation is possible. Even in these 
instances, the major features of the diffuse intensit)—  
where it peaks, w hat shape it has—can be given by the 
theory, the discrepancv lying mostly in the degree of 
sharpness in the experimental data .  By making calcu- 
lations of the intensity for constant valúes of the 
interaction energy ratios, b u t  varying T J T ,  we have in 
fact satisfied outselves th a t  it is indeed the sharpness, 
and not the characteristic shape, th a t  changes with 
temperature. This fact has also been experimentally 
veriiied for rapidly quenched crystals. For example, in 
the case of C u 3Au2 the disklike intensity and the cor- 
responding correlation functions are very similar in all 
particulars in the  quenched and equilibrium (T > T e) 
states. T he  intensity  seems merely to be enhanced in the 
quenched State, due to a small am ount of vacancy- 
enhanced ordering on quenching. This would indícate 
th a t  the ratios F n+i / F i  are nearly constant over wide 
ranges of tem perature  in these systems.

Figures 3 (a) and 3(b) show thc dilfuse-scattering

T ahi.e  I. ('alculalcd and measured shor t - Tange  order param eters in the Cu-Au systcm.

CuaAu {T, = 390°C) CuAu (T c=  410°C) CuAu> ( Te= 200°C)
Theory: W / V \ = -0 .2 3 0 Theory: Y i / W =  -0 .5 0 0 Theory: K j/F i = -1 .2 0 0

V>/\ \ = -0 .0 1 5 I's/K i = 0.200 V , / V , = 0.900
T r/ T  = 0.92 —525°(': 7 V r  = 0.87 a ,-2 5 0 °C : 7'(/ r  = 0.9

/ hnn nicas. (Moss) Theory meas. (Rolirrts) Theory meas. (Batterman) Theory

1 1 10 -0 .1  y -0 .1 7 -0 .1 2 -0 .1 0 -0 .0 6 -0 .0 6
2 200 0.21 0.20 0.00 0.13 0.20 0.16

1 O 00 0.01 0.00 -0 .0 3 -0 .0 8 -0 .0 7
•t 220 0.08 0.07 0.05 0.06 0.14 0.08
S .110 -0 .0 5 -  0.06 -  0.03 -0 .0 2 0.01 0.00
<> 222 003 0.01 0.03 0.03 0.03 0.05
7 .<21 -0 .0 1 -0 .0 1 -0 .0 2 -0 .0 1 -0 .0 4 -0 .0 1
X ■100 0 04 0.06 0.00 0.02 0.02 0.04
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m;i|>s fui ( 'u ;1Au obtained ity Cowley1 ;it 405°C ^Fig. 
.<(■01 'HkI from llieory D'ig- 3 (h ) ]  with T c/ T =  0.92 
(I50°C), I , . / 1’, = - 0 . 2 0  and K ,, / t’, =  0.0. In a sense it 
is iidI surprising lliat the intcraction energies th a t  gave 
(lie l>(‘sl lit lo tlie c o n d a l  ion functions should also fit 
llu: Konricr Iransform oí t líese data ,  namely, thediffuse- 
intcnsily distribuí ion. Wlial is pleasing abou t the 
agreement in I igs. 3(a)  and 3(b) is llie reproduction of 
(lie disk sliapc with onlv l ' i  and l ■... T lia t  lilis m ight be 
si» conld be malherid fnim a closer look a t  the plots in
II (l'igs. .( and I), lint tliat it should in detail actually  
be so is gratifvmg. ( ’owley’s original d a la  were not 
corred  cd for si/.e elTect because the effect had no t yet  
been discovercd. l i e  did, howevcr, notice a  shifting of 
llu- .<(M) diiTusc |>i ak olí llie posiiion determined by  the 
JlMI and 100 relledions, and, a t t r ibu ling  this to  instru­
mental crmrs, he oblained Kig. 3 (a) by averaging the 
da la  arross the appropria le  sym m elry  planes in recipro- 
cal s|>.i(c." Wo now luiow lliat such an averaging re- 
nvivcs mui h oí the si/e efíecl distorlion. I t  was indeed 
fortuna le that I líese early d a ta  were collected on a 
syslcm for vvhii h the size effect scattering, while signi- 
tii an l ,  is í.ii less imjx>rl;inI a corred  ion Ulan it is for 
( iiAii nr < 'iiAii.i.

N o ir  also that the dilTuse inlensity in Irig. 3(b) never 
achicves a valué of /.ero. A plot along a (100) axis would 
make lilis more apparent bu l it is true th a t  a t  any 
lundamcntal rellectinn including, of course, 000, the 
predi» titl ditTuse scallerm g is never zero, ñor does it 
reveal any discontinuities or singularities. R a the r  it 
r \ tcapó la les  smoothly lo sonie nonzero valué between 
/e ro  aml unity, in Laue mouolonic units, and  the higher 
lhe lem pera tm e  ihe elosec will this limiling valué be to 
unil v.

This beliavior seems lo viólate Ihe known fact th a t  
loe a svslcm of lixed coiuposilion rv(k) inust be zero a t  
k -••(( (or al any other Hragg position) a t  all tempera- 
tures. Any ealeulation based on a  grand-canonical 
ensemble (sm h as ours) lliat allows the composition to 
vary will not reproduce this feature of a (k ) ,  and, 
al ihou"h al lirsl sight lliis appears to be a serious dis- 
i lepam y between canonical and grand-canonical calcu- 
lalions, we shall show by a simple example th a t  the 
dilíei eiii e is not physically signilicanl. Consider a 
svslcm of J.Y I a to m sa n d  .',/V aloms. In theperfec l ly  
disordered s la le  of the grand canonical ensemble (i.e., 
i he lili lí lem peiaturc  lim it), a ,  is exaclly zero except for 
I lie -i II correlalion an wliich is l. Thus,

.v i
n(k).a- YL <M-' k r ,=  1 for all k .

I l o w e w r ,  lor t lio canonical ensemble, if an  A atom  is a t  
i lie origin,  Ihe pnibabilitv  of an A atom being a t  site i  is 
'.| 1 - I (A’ I) | and the probability  of a B  a tom  is

I I l-'Í.V- l ) | .  Tlicrcfore, « . =  -  for all i

"  |. M ( oh ley (|iriv.ilc cominiinicntion).

Fig. 3. (a) T he Cowley (Ref. 1) (lifTuse-scatlcring m;ip for 
Cu*Au at 405°C in the Ihlifi plañe of reciproca! spacc. The e<]ui- 
intensity contours are in arb itrary  units, but are corrected for 
scattering factor and polarization variation. (b) Theoretical con- 
tour plot for Cu»Au a t 450oC (T c/ T  — 0.92) with V i/ V¡ = — 0.20, 
V¡/V¡ = 0. The intensities are in absolute units.

except ao =  1. Henee,

a ( k ) c ^ l + i : ’ ------- cík’r<,
AT— 1

which is equal to zero if k =  0 (or some other Bragg 
position), and  is equal to un ity  ovherwise. This in- 
finitely narrow singularity in a(k)<: could never be 
observed experimentally and it is d e a r  tha t  <*(k.r 
differs from a(k )o o  only a t  this isol.iled point.  VVe can 
then conjecture tha t ,  a t  lower tempcralures, « ( k ) c  and 
a ( k ) c c  are also identical except a t  k =  0 because the 
singularity in the perfectly disordered s ta tc  cannot be 
due to  any measurable distinction belween the cor- 
relations given by the grand-canonical and canonical 
calculations. T h e  use of a grand-canonical ensembie 
eliminates considering this singularity in o (k)  as parí 
of the diffuse intensity. I t  is therefore apparen t th a t  it 
would be quite  wrong lo extrapólate low-angle sca tte r­
ing d a ta  to the valué of zero at k =  0 since this resul: 
arises solely from including Ihe singularity.
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( omparisons willi CuAu and ( 'u A u :i are more diííi- 
cull, i m i l i  because o í  t lie increasing conlribution oí the 
si/.e cífcd scattering and because the associated Fourier 
inversión \vi 11 he aífeeled in a not particularly obvious 
way. Tlicrefore, it is not always olear which order 
parame) ers will be most seriously in error when the 
si/.e eífccl has not been removed from the data.  B ut the 
major features oí the measured diffuse intensity are 
still present even in the uncorrected data,  and this is 
certainlv a place to s ta rt .  In the case oí CuAu, Borie7 
has shown lliat applying a rigorous size elTect correction 
t<i Robcrts’s original inlensily m ap for a quenched 
crvslaí’1 chances (he sliapc oí (lie dilTuse peaks a t  100 
and 110 from almost completely spherical to slightly 
disk sliapcd lliough the disklike c h a ra d e r  is not a t  all 
as pninouni cd as in Cowlev’s Cu.¡Au plot P ' ig .
We tluis began by trving to reproduce Roberts’s d a ta  
on Ihe quenched crvslal as corrected bv Borie. In the 
proccss, we hoped lo olilain a set oí V»/Y \  and F 3 / F 1 ,  
which, wlien applied lo Robeiis’s a t-lem pera ture  data,  
would give good agreement with lhe measured equi- 
libriuni slmrt range-order parameters in this alloy.

Il was íoutid lliat the inclusión oí a. sinall positive 
valué of í ¡t was necessary in order to provide the slight 
Imluiiij-I al<mg the [ 100] axis th a t  is apparen t in the 
correded  k o b e r ls ’ da la  of Figure 4(a). This can be 
appreciaied bv looking al Fig. 5(11), where the effect 
oí 1 :1 alone is lo spread the diffuse scattering out along 
equivalen! I(K); axes aw.iy írom the {100} positions. 
Figure 3(l>) is the calculaled CuAu dilTuse-intensity 
map for V'r 1' somewliat arbilrarily set a t  0.95, V 2/  V 1 

0.100 and F 3/ 1' ,= + 0 .2 0 0 .  Actually, F 2/F iC O u]d  
range from 0.100 to —0.600, with F j / F i  rangingírom
I 0.200 to | 0.300, without much allering the sh a p es • 

in Fig. 'l(b). It is apparen t  th a t  the real difference in 
sliape belw( 1:11 Figs. 4(1>) and 3(b) arises from raising 
I ';  and iin luding an appreciable F 3. A very much wider 
range of inleraction energv ratios around the above 
valúes could lit the sliorl-range order parameters 
measured bv Roberts a t  .52,5°C ( T c/T =0 .S ' ¡ )  and for 
Ihe purposes of comparison in Table I we chose nearly 
the same valúes as used to compute Fig. 4(b),  again for 
reasmis lo be discussed laler. ( 'onsidering th a t  Roberts  
did not make any si/.e elTect correction, and did not use 
an cxlernal slandanli/.alion lo obtain absoiute intensity 
uniis, the agreement bel ween theorv and experiment 
for  CuAu al ,525°C is reasoi.able. Uoberts’s measured 
valué i>l ir-- 0.00 is a 1 .iost cc I -i.iiy iiicorrcct (as he 
lióles in bis paperi .ra l  prol :.bly arises from the in­
clusión oí ilie leading si/.e effect term in the short-  
raii /e  o n l c r  scattering. 'I'his term has the form
— Sjt//i/-Íi siii7r//i, where is liie usual first-neighbor 
si/.e eífccl coeílicicni/ ’ J l s  elTect is to produce an 
e \ l  remum al Ihe same place as Ihe ct¿ term in the short- 
rangeo rde r  í'ourier cosine series. We do not place too 
much failh in Koberls’s order parameters, and believe 
that a leasl sqtiarc iit would be meaninglcss. Nonethe-

(0)
120 220

(b>
I ’io. 4. (a) The experimental diffusc-scattcring map for a 

quenched CuAu crystal. The data were taken by Roberts (Reí. 3) 
and corrected for the size-effect by Borie (Reí. 7). The intensity 
units are arbitrary, but are corrected for scattering factor and 
polarization variation. (b) Theoretical con ton r plot for CuAu with 
X J X  =  0.95, \ \ !  V ¡= — 0.400, and V , /F, =  +0.200. The intensities 
are in absoiute units.

less, it seems clear to us th a t  both  F 2/ F i  and F 3 / F 1 ,  in 
the ranges quoted above, are necessary to explain the 
over-all results.

T he  difFiculty in matching to the CuAuj d a ta  should, 
offhand, be even more pronounced, since here the size- 
effect scattering is the most intense, even though the 
actual atomic displacements m ay be smaller tHan in 
CujAu. T he  d a ta  of B a tte rm an4 on quenched CuAu,a 
are reproduced in Fig. 5 (a), and the contribution of ihe 
size effect is very noticeable in the shifting of the 
centers of the diffuse máxima from the actual super- 
lattice positions 100, 210, 300, 310, etc. 'Hiere is also 
apparently  a large 1 luang scattering around ihe 200 and 
400 fundamental reílections. Batte rm an  partially 
eliminated the severo si/.e effect dislortion by ealetilal-
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ing order p.-iramctcrs from intensity  d a ta  averaged 
¡icross llu- boundary plañe conlaining the points 300, 
310, and 311.

T he  most dislinct characteristic of Fig. 5 (a), other 
(han the iilom size-eíTecl, is the egg-shaped in tensity  
distribuí ion. W hercas the profile from C u 3Au is disklike 
and that from CuAu is more ncarly spherical, CuAuj 
shows a disorder dilTuse seattering th a t  extends along 
tlic ( 100) a.ves with a seemingly spherical cross section, 
as evidcnccd by the contours around the 310 position. 
Neillicr Vt  nor V2 will produce such a distribution, and 
it is essenlial in C 11A113 to use a large positive Va to 
reproduce this feature of Fig. 5(a). B y  adjusting Vt/Vi  
and \ ' -i/V\  to achieve this purpose and  to give reason- 
able agreement with n a t te r m a n ’s a t- tem pera tu re  short-  
ran g e o rd e r  ])ararnctcrs, we obtained the m ap of Fig. 
5(1)), with T J T  — ().‘>5, V J V i =  - 1 .2 0 0 ,  and K j/K j 
=  -)- 0.900. Again, since the comparison is with d a ta  
from a qucnched crystal, the choice of T J T = 0.95 is 
only to enhance the seattering th a t  would be more 
dilTuse, though similar in shape, a t  a higher tempera- 
ture. In Table I the experimental and theoretical order 
param eters  are compared, using the same energy ratios 
for 7’r/ í '= O .9 0 .  T h e  agreement is fairly good, with a% 
and a i  being the  worst discrepancies; there was no set 
oí param eters  th a t  would give any  be t te r  agreement 
for dillerent ratios of V 2/ V i  and V i / V i .  T h e  experi­
mental rcsults were only approximately corrected for 
size cITcct and  are therefore subject to errors, again in 
an  unknown way.

T h e  trends in the Cu-Au system can now be examined 
in light of both  the diíTuse seattering in Figs. 3-5, and 
its l 'ourier inversión in T able  I. T h e  change in shape 
from disklike to egg-shaped, we believe is related to the 
incrcasing importancc of V 3 with a correspondingly 
diminislied V This  change is reflected in the order 
parameters, proceeding from C u aAu to CuAu to C uA u3, 
through a decrcasing a¡ and an th a t  s ta r ts  ou t  very  
small, ur slightly positive, and increases to  a  larger 
negative valué a t  CuAuj. T h e  agreement in T able  I  is 
bes! for C'iijAu, which is the most accurate  d a ta  set and 
the only one for which a least-square fit lo theory  was 
possible.

It would sccm th a t  all of the grosser trends and 
d ianges with composition can be accounted for by  the 
varialion of the interaction energies, and  this suggests 
the possibility of obtaining a pair-interaction energy 
plot versus ¡nteratomic distance for the Cu-Au system. 
Since the critical tem peratures are known a t  all three 
compositions, knowing the ratios V i /V i  and V 3/ V 1 

enables us, through Fqs. (2.1) and (2.2), to calcúlate 
Vi, Vt, and V¡ as a function of composition. W e shall 
assume th a t  each K, does not depend upon environ- 
mcnl, but ra lhe r  that its m ajor  dependence is upon the 
average in leratomic distance, which is known to in- 
crcase willi incrcasing gold content.  We would like the 
rcsults all to lie on one smooth plot th a t  will be con­

tó)
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F ig . S. (a) T he experimental diffuse-scattering map for a 
quenched CuAuj crystal. T he data  were collected by B atterm an 
(Ref. 4), and are in a rb itrary  units corrected for seattering factor 
and polarization variation. (b) Theoretical contour plot for 
CuAu, with r„ /r= 0 .95, V t/V ¡ = —1.200, and V,/Vt=> -f 0.900. 
T he intensities are in absolute units.

veniently labelled V ( r ) / k  versus 2r/ao (C u3Au), where 
k is the Boltzm ann factor, r is an in teratomic distance, 
and  a 0(C u 8Au) is the lattice param eter  for disordered 
CuaAu. For C u 3Au, V ¡Jk will be a  point a t  1.414, V-Jk 
at 2.000, and  V»/k  a t  2.450. This plot was first con- 
s tructed  with the  same valúes of W / V \  and V-t/ V i  used 
in Figs. 3-5. T h e  trend  was obvious a t  once, b u t  the 
points were a bit scattered  off a  smooth curve, and a few 
different tr iáis were m ade to bring them onto the curve 
in Fig. 6 . The final valúes, as we have said, do not 
appreciably affect either the  m aps of Figs. 3-5  or the 
order param eters of Table I. T h e  ratios in Table I are 
therefore the  same as those used to draw Fig. 6 .

The curve in Fig. 6 is interesting in severa! ways. 
T he  nearest-neighbor portion shows a rapidly mcreasing 
Vi  as r\ decreases w¿th decrcasing gold content. We 
at tr ibu te  this behaviur to the  increasing importancc of 
Au-Au ion-core repulsive interactions as the gold ions 
come closer to each other. T h e  contribution of Kau-au
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r2 r3

l i o . .  6.  I*:iir-in 1 cr;u l¡i>n c n i T^v  \ '( r )/ k  a s  a  f un r t i o n  o í  int er-  
n t nm i c  sc*j>:ir:iIion 2r ',i¡i ( ( ' u aAu )  in ( l ie cop p r r - i ’o l d  s y s t e m .  T h e  
v a r i a b l e  r i s  I hcrc l i v  n o n n a l i z c d  i o  1 lie lat t i ce  c o n s t a n t  (or  Ci i j Au ,  
»o ( ( ' i i aAu) .

to Vi booomes íapidly dominant as the lattice constant, 
and thus the ncarcst-ncighbor separation, decreases. 
This is cssonti.i 11 \ tilo equivalen! oí a strain-ordering 
i o n c c p t , since I lio largo posi 1 ive l _ i (lrivos iho large gold 
atoms apart and hclps to stabilize the ordered structure. 
As we know, however, l ’i alone will not stabilize any 
feo ordered s t ruc tu re12 and second (and higher) neigh- 
liors inust lio invoked which have little or nothing to do 
with ion coro repulsivo interactions. It would seem th a t  
the vanishing 1'3 in CujAu is more an accident than 
ovidonco for the unimportance of longer-range inter- 
aotions. Merely by increasing slightly the interatomic 
separation, not only docs Ki quickly decrease, b u t  V¡ 
becomes important.  W ithout it, as we have seen, the 
shape of the CuAiij intensity distribution cannot be 
explained.

Our plot extonds only lo I '3 and it is diíficult to 
imagine that all ( ?> ^ )  are negligible. If anything, 
speculation based on l'ig. 6 would suggest th a t  the 
Cu-Au system might be characterized by a long-range 
oscillatory interaction potontial tha t  dominates the 
shape of tho nírvo beyond l ’;(rj). Slill, the curve was 
derived using onh ' l ’i, 1’;, and l ’.i, and we would have
lo condude that it many higher neighbors were in- 
dudod , its sha]>o might chango appreciably. In addition, 
since the crilical tompeiati ros of our theorv are too 
liigli, th<' onrrospondiiu; 1 ,’s will also be too high. 
Ilowevcr, in lino with tho rcasoning prosenled ¡11 I I ,  we 
would o\pcct tho latios of tho inUr.iction energies to 
lio mucli moro roliablc.

\ \  11 at ímallv can lio da im ed  for 1 ¡g. 6 is that it is 
provocativo. All oí tho known major features of the 
moasurod < I i Huso inteusitv can lio accounled for by it, 
and it doos iiulicato tho preseih o of longer-range inter- 
ad ions .  \ \ o  liavo cortainly (o m  incod ourselves th a t  a 
i|iiasi( hcniical interaction tha t is not a funclion of

I’. Clapp, l’hys. Rcv. I.c tu rs  16, 6X7 (1906).

interatomic separation is an essentially useless quantity .  
There is, however, one set of 'experimental results tha t  
suggests th a t  the entire statistical approach, a t  least one 
such as ours, m ay  be an insufficient description of the 
disordered state . Cowley13 has discussed recently the 
various experimental results on split diffuse peaks in the 
electrón and x-ray diffraction pat terns  from disordered 
Cu-Au alloys. These splittings, above T c, strongly 
suggest a microdomain model for the disordered s ta te  
in the vicinity of T c. T he  shape and general structure of 
the diffuse scattering are still the same as discussed 
here, b u t  our thermodynamic calculatións cannot 
reproduce the difTuse satellites. This need no t be 
paradoxical; it is possible th a t  the dom inant features of 
the scattering are given by the pairwise statistical 
theory, bu t  tha t  the more detailed atomic arrangements 
depend perhaps on special electronic or strain-relaxation 
eífeets th a t  are not easily incorporated into the pair- 
interaclion theory.

B. Cu-Pt System

T he C u-P t system should be an especially at tractive  
one to compare with theory. As with Cu-Au alloys, 
there oxists a continuous fcc solid solulion a t  high 
temperatures, and three prominent ordered structures, 
C u jP t,  C uPt,  and C u P t3 a t  lower tem peratures.14 The 
C u3P t  structure is similar to th a t  of C u 3Au b u t  with a 
máximum in T c displaced off stoichiometry to 20 
a t .%  P t.  C u P t  has the L l i  structure consisting of 
alternating (111) planes of Cu and P t  atoms, which is 
ínteres!ing because each Cu has six nearest Cu neighbors 
in the (111) plañe and six nearest P t  neighbors in the 
parallel adjacent planes, with three above and three 
below\ C u P t3 is thought to be the same as C u P t  b u t  
with an ordering of the excess P t  a tom s.16 Whereas in 
the Cu-Au system all three ordered s tructures are 
characterized by superlattice peaks £or ^ ( k w ) ]  a t  100,
110, etc., in the C u-P t  alloys, as the P t  content ul­
ereases, the mínimum in V (k) shifts from 100 to 5 |  
Actually, C u P t  is not a cubic structure, even aside 
from the rhombohedral contraction th a t  occurs on 
ordering the (111) planes, because all (111) directíons 
in a unit  cell are not equivalent. But, as with CuAu, it 
invariably shows pseudocubic symm etry  because of the 
presente of the four (111) directíons along w'hich it can 
chosc lo order with equal probability.

The only existing difTuse scattering d a ta  on the C u-P t 
alloys are the studies of W alker16 on C u P t  and Kaplow17 
on a series of other compositions a t  various tempera- 
tures. Both studies wrere done using powder samples, 
and there is therefore no reciprocal lattice m ap of the

13 J. M. Cowley, J. Australian Inst. Metals 11, 258 (1966).
11 M. Ilanscn, Consliiution of Binary Alloys (McGraw-Hill liook 

Co., New York, 1958) 2nd ed.
11 Y. C. Tang, Acta Cryst. 4, 377 (1951).
10 C. II. Walker, J. Appl. Phys. 23, 118 (1952).
17 Roy Kaplow, l ’h.O. thesis, Departm ent oí Metallnr^y, 

M assachusetts Instilu te of Technology, 1958 (unpulilisheil).
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iliííwsi' m irnsitv  distrilnilion. If the powdcr d a ta  were 
cxtcnsivc and acru ra lc  enough, such a m ap  could be 
reconsl rucled from the measured a , ’s. Bul powder data ,  
r \cc |)i  under exlraordinary circumstances, are never 
really loo a a u r a t e ,  being contam inated  by thermal- 
dilTuse, si/.e elTcct, H uang , and C om pton scattering, all 
of which are averaged over the pow der-pa tte rn  sphere. 
We shall thus not a l lem p t  an elal>orate analysis of the 
Cu i ’i dala .  We shall largely reslrict our a t ten t ion  to 
( uPl and invoke onlv Y-J V\  and the tem pera tu re  ratio 
’l ’r T. This is not because we have any reason to believe
1 ha I liiglier -ncighbor interactions are n o t  present, b u t  
because we prefer to exlract qualita live  conclusions 
using the fewest assumptions. W hen be t te r  single- 
( rvstal d a la  are available we would expect th a t  some of 
Ilíese simpler conclusions m ighl be modified.

Itv r i <|uii intí that r ( k í / )  be a t  i  J i ,  the  critical 
lempeiiiture for the C n l ’t s tructure  can be w ritten as

7 ',=  3 l-’t / k ,  (2.4)

which indudes interactions ou t  to third neighbors. 
Neilher l 'i ñor has any effect on T c\ ra ther,  they 
alTecl only the queslion of s tabili ty  of the C u P t  struc- 
I m e  and the sliapc of a ( k ) .  In the fully ordered condi- 
tion, the p lanar s tructure of C u P t  has a set of a,- which 
oscillate as i  proceeds from one in the m anner a i = 0 , 
<rs=  — 1 .(KM), «3 =  0, au =  +  1.000, etc. All odd shells have 
/.ero «, and the even shells oscillate —1.000, + 1.000, 
- 1.000, • • •. T h e  vanishings, especially of a i ,  have led 

vorkers  to suspect (i) th a t  Vi  is negligible, (ii) th a t  
t Iii" is a  sepa rule in-plane and out-of-plane interaction. 
Nciiher of these considerations seems proper to us 
allhouidi,  with regard to the  latter,  if there is a  [ 111]  
i ontraelion, nearest neighbors in ad jacen t planes will 
be slightly dose r  than those within the plañe. T he  
preference for unlike íirst neighbors m ay thereby be 
m haiiced and the encrgy lowered.

The  C u l ’t s tructure  has an ordermg tem perature of 
about 815°C above which it is statistically fcc with 
local alomic arrangem ents  characteristic of the ordered 
s truc tu re .11' T he  powder-diffusemeasurementsof Walker 
by necessity )>ave only rough estimates of the pair  
i un  cial ions, and were conducted a t  a tem perature  of

890°C as well as on a  quenched sample. Our comparison 
will be with the  890°C d a ta  ( T c/ T = 0.94). We have 
c'nosen T V 2’=  0.95, and  have run sets for several dilTer- 
ent ratios of V%/V\  in the  positive quad ran t  of Fig. ft
(II)  froni + 0  fí¡A) to +  20.0U0. T h e  tendeney in Table
I I  is quickiv to reach limiting valúes íor tiie even-shell 
parameters, which are in .¿reement with W alker’s set 
of measured coefficients. T he  odd-shell-order param  
eters are appreciable a t  V i / V i  =  + 0 .6 0 0  and fall off to 
zero as this ratio increases. W alker’s conclusión was 
th a t  these la t te r  param eters were essentially zero as 
they are in the ordered State, and th a t  above T c the 
local order was very  similar [ ( 111) layering] to ihal 
below T c. T h e  theoretical calculations indícate th a t  this 
becomes truer as V% takes on greater valúes relative to 
Vi.  We would thus suggest th a t  n iany of the known 
features of the local order in C u P t  can be reproduced 
using onlv Vi  and V2, and th a t  a fairly large relalive 
contribution of V¡ is necessary to yield very small 
magnitudes of the even-shell parameters.

T h e  d a ta  of Kaplow  should be more accurate than 
W alker’s although it is restricted to compositions other 
than C uP t,  because a size-effect es tímate was included. 
His results were for alloys ranging from 4 to 43 a t .%  
P t ,  and showed anomalies tha t ,  if real, cannot easily be 
explained solely on the basis of Vi  and V 2■ A t 43 a t .%  
P t ,  the first seven q ¿’s  of Kaplow are quite similar to the 
Walker results on C uP t,  namely, very  small odd-shell 
param eters  with larger even-shell param eters  th a t  oscil­
late in sígn. B u t  the  dependence with tem perature  sug- 
gests th a t  neither a 2 ñor at  changes as the tem perature  
is raised increasingly above T c. T h e  param eters a t  24 
a t .%  P t  cannot really be understood in term s of the 
C 113AU structure  (or the 1$0 N i3V structure),  since the 
negative a i  is larger in m agnitude than  the positive 
While as is very  small and  positive (reminiscent of 
C u 3Au, albeit accidentally) the  largest measured a, 
is a ¿ = ± 0 . 1 4  a t  T e/ T =  0.95, and  this valué appears to 
increase as T e/ T  decreases to  0.90. I t  is quite possible 
th a t  higher-neighbor interactions are im portan t,  and 
our understanding should p robably  wait. on more ac­
curate  single-crystal analyses. In  addition, a very recen t 
s tudy  of copper actívities in C u-P t  alloys indicates that 
the ordering reactions around C u j l ’l  are much more

T a ih .e  II. Culculatcd and measured short-range order param eters ¡n the alloy CuPt.

i Imn

a i
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( r e/7 ' =  0.94) 
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1.00 3.00

=  0.95 
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5 .110 0 - 0 0.03 0.03 0.02 0 01 0.0! 0.00 0.00
(> n i -1 .0 0 -0 .06± 0 .0 ,5 -0 .0 8 -0 .0 7 -0 .0 7 10 ; 0.07 - 0  07 - 0  07
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complcx tli.in liad been t hougl i t . 18 T hc r c  ap p a re n t l y  is a  
sccond hiu 11(-r - t cmpcra tu rc  I r an s fonna l i on  involving an 
as ycl unknown  s l ruc tur c  tha t  is t cn t a t i ve ly  idenlif icd 
by tln* authi i r s  as  a  possible periodic an t i phase  doniain 
si n i r t  urc1.

II is with a scnse of somewhat wanton spcculation 
llial wc suggcsl lliat thc C u-P t alloy systcm m av be 
i haraclcri/.cd bv a longcr-range oscillatory interaction. 
At thc largor inlcratoniic scparation of C uP t ,  F 2 may 
lie ncar thc top of thc íirst positive oscillation (where 
1 a is in Fig. 6 for CuAih) and V\  m ay  be essentially 
zero--c ilher  verv small negative or positive. As the 
spacing decrcascs, with decreasing P t  content, it would 
tlicn be possiblc to diminish V’j while Vi rapidly in- 
crcases, and thc ( 'u :lAu structurc would take over when
V¿ becomes negative. This premise demands, if only Vi 
and 1'2 are inchidcd, that the Ni.iV s tructure be an 
intermedíale phasc bctwccn Ctil’t and C u 3Pl. If higher- 
ncighboi intcrat tions are im poiiant this need not be the 
case.

Thcrc havc bcen olhcr studies of the importance of 
higher-neighbor ¡nteractions (other than  Vi) in the 
C'u-Pl, systcm, mosl notably those of F ourne t19 and of 
I lirone and Adachi.20 The former restricted his a t tention  
lo the composition C u l ’t and, using a method based on 
the theorv of Yvon,21 extracted I ’i and from W alker’s 
nicasuremcnls f)f long-range order in this alloy. Fournet 
obtained a ralio of 1.67 for V2/ V 1 and, from Table II, 
wc can see tha t  at Ihis ratio the odd-shell parameters 
are small and the even-shell parameters are cióse to 
tlieir limiting valúes. Using this ratio, Fournet was also 
ablc lo calcúlate a (k )  for a powder sample, and he 
obtained fair agreement with W alker’s measured 
powder-dilTusc seattering. Hirone and Adachi use a 
Bragg-Williams method, b u t  incorpórate both V 1 and 
I\. and allow for the composition dependence of the 
interaction cncrgies. From observations based on the 
structurcs and critical temperatures of the various 
ordered pilases, these authors solved for the ratio V ^ /V \ 
al C u l ’t, eslimaling a valué of about 3.00, again con- 
sislent wiih l.lie resulls in Table II. There was no 
irealinenl of córrela!ions ¡11 the disordered phase, b u t  
thcrc was an interesling discussion of the possible 
originalion of a longcr range elcctronic interaction in 
Ihe ( 'ti I’l alloys. 'I'his was based on M o t t ’s polar model 
fm alloys’" and prcdalcs, in a <,iialilative way, thc more 
receñí calcula! ions of Il.in isoii and l’askin,2,1 to be 
dis( ussed lalcr 111 Sec. 3.

I,. I\. líiflwi'll, \V. J. Schulz, and R. K. Sa.vor A rla Met 15
11-1 i ( 1<)(,7).

' “ ( i .  1 -<>111i i c i , C 1111 i p l . KcihI .  235 ,  I . i 77 ( 19 52 ) .  
w  I . l l irt i iH- a n d  K.  A d a c l i i ,  Sc¡ .  Rc|>.  R e s .  I n s t .  T o h o k u  U n i v .  

Ser. A, 7. 2X2 ( 1 
21 | .  Y v o n ,  ( ’a l i i c r s  I ’l ivs.  2S,  1 (19-15).
”  N.  I \  M o l t ,  l ’i.»r.  1' Í iys.  S o r .  ( I . o n d o n )  19, 2 5 8  ( 1937) .
™ R. J. 1 larrison and A. l ’askin, J. I'hys. Radium 23, 613 (1962).

C. Au3M n

The alloy AujM n has a critical tcmperalure of 
approximatcly M5°C,  above which it is statistically 
fcc. Below T e it has the N i3V s tructurc (DO22) with a 
tetragonal un it  cell (c/a =  2) composed of two cubic 
cells of the CU3AU structure shifted with respect to each 
other on the (001) boundary  plañe by an am ount 
5a i + 2a 2i where is the c axis. I t  is often referred to as 
a “ long period” superlattice of the CuíAu structure with 
a repeat distance 2M  equal to two. The notation for this 
representation is L \« { M  =  1). As was discusscd in II ,  thc 
ordered lattice has sets of superlattice peaks a t  all the 
C u 3Au positions as well as a t  1^0 and equivalent points, 
and it shows pscudocubic sym m etry  because the te tra- 
gonalitv can proceed equally along the ai, aj, or a :) axes 
of the disordered phase. The diffraction pa t te rn  is then 
characteristic either of a cubic averaging of the DO22 
structure or of the I A 2 structure with thc sharp satel- 
lites at 1J0 arising from the occurrcncc of M =  1 anti- 
phase domains with equal probability along the thrcc 
cube directions.

For our purposes we would like to phrase the problem 
in soniewhat difíerent terms. Above T n with F , ( /> 2 )  
=  0 , F(kjv/) occurs a t  1J0 for the range ( ) < \ \ / V i  
<0 .500. As T t is approached, the diffuse-scattering 
maxima a t  1$0 will become sharper until, finally, 
ordering takes place a t  T c. For an A ¡B  alloy, with an 
interaction energy ratio between 0 and 0.500, thc 
lowest-energy ordered s tructure proposed to date  is 
D O n  [o r  L l 2( M = l ) 3 , and  this structure has super­
lattice peaks a t  100, 110, etc., as well as a t  1-jO. P u t  
this way, the discussion of A u3M n  emphasizes a  cen­
tral point of our ap p ro a ch : I t  is to the disordered alloy 
th a t  we look for information about the relative strengths 
of the interaction energies, with the restriction tha t  
this information be consistent with the known ordered 
s tructure below T c. In  the case of a I 5O peak in a(k), 
the simplest corresponding ordered structure a t  A%ñ 
is D( )y>, b u t  we do not claim uniqueness for this cor- 
respondence. Although we know of no actual A B  s truc­
ture th a t  orders with a  ljO  superlattice peak, the corrc- 
spondence a t  th a t  composition would be unique, namely, 
both disordered and ordered phases have peaks onlv 
at 1 ¿0 .

There is, of course, much more availablc da ta  on thc 
diffraction pa t te rns  from ordered alloys than on thc 
diffuse seattering from the associated disordered phases. 
AujM n, with T c a t  ~ 6 4 5 °C ,  seemed an ideal choice 
sincc the diffuse seattering above T e can be measured 
(thc difíerence in seattering amplitudc, for x rays and 
electrons, of the two metáis is large). T anner  has 
recen ily made such a measurement of the elcctron- 
dilTraction jia ttcrn from tliin (001) single-crystal foils 
of Au;lM n .24 His study  was conducled using the hot 
stage of an electrón microscope, and the temperature

2i 1.. Tanner, Tech. Note No. 33, L c d Kc mo n t  La l i ora t o ry ,  
Kcnnccott Coppcr Corp., 1967 (unpublishcd).
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calibra! ion was very rotigh, i.e., T c was defined by Ihft
< 1 is;i|>|)«-;iranee of thc sharp  superiattice s|>ols.

YVo are ¡ntcrcstcd mainly in thc shape of thc diíTuse 
scall tri i ig  in the l/il/¿0 plane of reciprocal spacc. The 
comparison belween theory and experimcnl will be too 
qualila tive to w arran t  the use of more th a n  V\  and  V 2, 
and for this case the T r, for l ' ( k ) a t  1J0 , is given by

7'0= ( 3 / ¿ / ' ) r , ( l - i l  V l ' r  • • ) ,  (2.5)

whcre | ’( k j / ) =  I ’i( — l - f I V ' i / W - -■). E qual ion  (2.3) 
was solved for <»(k) for various valúes of V i f V  \ in the 
rango ()>. l y F i  <0.500. Figure 7 shows T an n e r ’s 
olo< IrondilIVaclion pal tern  from AiiaMn a t  T > T C. I t  
has boen over exposed to revoal the diffuse scattering 
more rlTc( tivol v, and it is apparen t  th a t  this scattering 
is crntorcd not on {100} or {110} bu l on {ljO} posi- 
lions. I hc intensity shows the usual cubic synimetry 
(dislortcd somewhal l»y si/.e effcct), and  is elongated 
along linos belween {100} and {110}. These diíTuse 
“ ( igais” al 1¿() can be reproduced qualitatively using a 
small valuó of k’i =  0.08, with T r/ T =  0.95, for which 
(lie caleulalwl diíTuse intensity d is tribution is shown in 
Fig. H. 11 is difíicult lo say how good the agreement is; 
eoiiainly l>oth roveal elongated diffuse m axim a a t  
{I.JO}. Ueducing V%/V\ enhances the elongation, while 
íik rcasing this ratio  produces a more spherical (actually 
shicldlike or triangular) shape a t  (1,^,0). As with the 
Cu Au alloys, reducing T J T  does not change the shape, 
bul changos jusl the sharpness of the peak.

Au.iMn would be an ideal candidato for an  accurate 
diíTuse x rav scattering study. rI'he details of the  in- 
lonsily d is tribution would be very sensitive to higher- 
noighbor interactions and to the presence of any  local 
le lragnnalily in llie disordered s tate .  For now, it would 
sconi lliat the qual i la t ive  agreement between the theory 
and T a n n e r ’s rcsults eslablishes roughly the  relative 
magnitude oí V 2 (it is probably sinall com pared to F i),

020 220 i i
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l'n; 7 Klirlron-dilTraclimi pattern  from AiiiMn above r« tak cn  
liy Tanm-r (Krf. 21). The pliolouraph lias t>ccn overcxjjns d *o 
cmpliasi/u- tlu1 clon^alnl diíTuse maxima a l lh<- (1$0) positions.

1'iG. 8. Theorclical difTiisc-scattcring map for AiiiMn with 
T J T  =  0.95 and V i/V \ — +0.080. The intensitics are in absoluto 
units.

corroborates the prediction of the disappearancc of llie 
100 and 110 in tensity  above T c, and is consistenl with 
the  stabilization criterion for the  ordered structure.

D NijMo!

W e have chosen N Í4M 0 to compare with theory be- 
cause of the recent x-ray s tudy  of short-range order in 
a single crystal of this alloy.25 N i4Mo has a more com- 
plicated ordered s tructure20 than  Lhe fcc alloys pre- 
viously discussed, b u t  the unlabelled atomic arrange- 
m ent is very  cióse to cubic cióse packing. All the nickel 
atom s are crystallographirally equivalent, as are all 
molybdenums. T he  12 nearest neighbors of a  molyb- 
denum  atom  are all nickel atoins, and this implies a 
positíve V\.  Of the six second neighbors of Mo, four are 
unlike and two are like, implying a positive F 2 as well, 
with the complication th a t  the  two like-neighbors are 
slightly closer than  the four unlike ones.

There are m any  other interesting features of the 
N í4Mo structure. I t  is budy-centered tetragonal (bet) 
with two formula units  per cell, and it  can form in 30 
distinct, albeit crystallographically equivalcnt. ways 
from the disordered fcc phase. IJpon ordering, there is 
a small contraction along the c axis of the bet cell which 
brings the two like M o second neighbors along the c axis 
closer together than  the four nickel second neighbors 
ofl this axis.

T he  reciprocal lattice of 01 dered N i4M o has super- 
s tructure  reflections arrunged in groups of four about 
the positions l£0  of the fcc reciprocai lattice, There 
is therefore no set of superiattice points  th a t  are equi­
valent in the  ordered ar.d. Ooordered phases, and this

!5 J . h. SpruieU and E. £. Siansburv, J. I'liys. Chcm. Soüds 26, 
811 (1965).

D. Harker, J  Clicm. I’hys. 12, 315 (1944).
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fací make- il dil.icult to genérate predictions of the 
diffuse scaltering from considerations of the ordered 
struclure alone. The discussion here will thus be an 
allem])l lo rationali/.e our preliminary conclnsions, 
based 011 the diffuse-scattering experiments, with the 
known ordered structure.

Figure 9 is a reproduct ¡011 of Fig. 1 from the Spruiell 
and Slansburv paper.2r’ Their  N iiM o crystal was 
rapidly quenched in iced brinc from 1000°C, w'here 
7',.~8(>50( \  and the resulting dilTuse-scattering con- 
lours are in units of 100Xn:(k). Since the ordering 
reaclion is sluggish, the quench ])robably retains the 
<|ualilative as¡)ects of the equilibrium atoinic arrange- 
ments, with onlv a slight enhancement of local order 
laking place. Figure 9 has not been corrected for size- 
clTect scaltering, as is apparent from the slight asym- 
metry in the contours, viz., the intensity is greater at  
210 than a t  100. Tlu- most prominent feature of Fig. 9 
is the conccntration of intensity in nearly circular con­
tours about the {IjO} positions. The outer contours 
are slightly elongated toward 100, 210, etc., and are a 
bit llattcned around 110, so tha t a t  110 the shape of the 
dilTuso scattering is also almos!, circular.

Figure 9 so obviously indícales a F'(k,ií) a t  1^0 
with 0 '.. l ;/ ' | ' i < ( ) . 5(1(1, tha t  the corresponding theo- 
retical comparison was niade with only Vi and V 2. As 
noted in the previous section, as \ \ / V \  inereases, the 
intensity becomes more spherical around 1¿0. We cal- 
(ii lated intensilies u sn g  a few ditTerent ratios, W 'ith  

l 'r T  set at 0.95, until Fig. 9 could be reasonably well 
reproducid. The final choice, for V-JV\  = 0.300, is in 
l''ig. 10. We fmd the agreement satisfactory, and tend 
t<> a t tr ibu te  the dilferenccs largely to size elTect and t o  

the necessiiv of comparing theorv with the scattering 
from a quenched sample.

It seeins '.lia! ihe NÍ4M 0 diiluse scattering can be 
accounted for tising just V 2 and Fi, both of the same 
sign. This result is consistent with, although not 
pred it iab le  from, tht; ordered structure. The quenched 
sample apparent ly has atomic arrangements charac- 
terisiic of ihe disordered phase which have been pre-

served on quenching because on annealing the N iiM o 
crystal within the ordered región, the difTuse-scattering 
distribution changes. I t  begins to íla tten out perpen­
dicular to reciprocal lattice lines of the kind {1A/)} 
(Fig. 3 of Ref. 25), and, with increased annealing, diffuse 
satellites appear a t  positions identical to the super- 
lattice reflections in the  ordered phase, namely, at  
s 6 /5  £0 , and all equivalent positions given by 
the translational sym m etry  of the disordered reciprocal 
lattice. As the ordering proceeds, these satellites sharpen 
into the superlattice spots. This clear distinction in the 
diffraction pat terns  from the partially  ordered and 
disordered alloys leads us to believe, in contrast with the 
appreciable literature on the Cu-Au alloys, th a t  in 
N Í4M 0 the locally ordered State above T c is well de- 
scribed by the statistical theory, and tha t  a micro-
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I n;, 9. The (lilTiise-sc;ilU‘ring m:ip for a quenched N14M0 
rvstul slihiíeií I>y Spruioli ami Slansiniry (Kef. 25). The contours 
re in absoiute units multiplicó I>y 100, and the data are not 
orrccted for the size elTect.

Fig. 10. 7'heoretical contour niap, in absoiute intensity units, 
for NUMo with T C/ T  = 0.9S and \ \ / V x = +0.300.

domain theory of short-range order is not a particularly 
useful concept here.

E. Clustering in CuNi

All of our theoretical calculations have thus far been 
on ordering alloys th a t  show a preference for unlike 
nearest neighbors above T c. Exactly the same formalism 
can be applied to clustering systems th a t  will have a 
máximum in a(K), or minimum in F (k ) ,  a t  000 th a t  
sharpens as the critical temperature for phase separalion 
is approached in exact analogy with ferromagnetic 
critical scattering. For an A B  alloy, the critical tem ­
perature can be expressed as

T e= ( - 6 i y ¿ ) ( i - H i y  F i + 2 i y  F i+  • • •).

T c is the tem perature below which the solid binary alloy 
is unstable with respect to infinitesimal composition
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lliu liialions ;ind bcgins lo phase-separate or unmix. 
TI lis ¡s also lliu dcíinilion of the coherent spinodal,27 and 
the Iwo ate l lie same. T he  usual trea tm en t  of spinodal 
deeomposition is in terms of niacroscopic therm odyna- 
mie i|iianlil¡es and tlie kinclics o f  the process. As in 
prcv'icxis sei lions, Imwever, wc shall he concerned here 
maiiily willi Ihe rorrolation functions above T c.

Tin- ovideiu c fo r  d iis term g in Cii-Ni alloys has been 
su inm .in / rd  by K app and M aak ,2* who perfornicd the 
mosl rcienl thomiodynamio sltidy on this system. By 
extrapola! ion of llu* best available data ,  they calculated 
a máximum in the predicted miscibility gap of about. 
30()°(\ Uelow ~30()°C (at around 0 .7 -0 .8 at. fract. Ni) 
pliase soparat ion should occur. A t exactly the  CuNi 
composiiion, 7', should be somcwhat lower. Very 
rocenily, Mo/.er, Keating, and MossM have s tudied  the 
dilíuso sealtering of thermal neutrons from a poly- 
crysialliiio sample of ('un.MNin.^. T he  resulls of the 
neutrón invest igalion of this alloy show th a t  clustering 
above 7‘, is indeod observable and th a t  a  reliable set of 
a ( r )  can be oxtractod by a least-squares fit directly to 
(lie o o m v le d  intensity data .  T he  experiment was 
acluallv a lexlbook evample of d u s te r  scattering from 
a |>undrr sample because a nuil m a l  ri.x alloy was used, 
fro m  whirh the IJragg iulensity  and associated thermal- 
dilíuse and l luang  scallcring were negligible. For  all 
details of the experiment, the reader is referred to  the  
original ]>a)>er.

T h e  most sti iking aspeet of the experimental short-  
range (irder param oters in 'I'able 111 is the  large valué 
oí <vr 0.121 compared lo the much smaller valúes of 
1 he other coellicienls, all of which are abou t 10%  or less 
oí ,n. T he  roason for this behavior turns ou t  to be the 
eompetition belween a negativo V\  and a  smaller posi- 
t ive I ■. Since a second neighbor of an origin a tom  shares 
foui lirsl neighbors with th a t  origin, the change in sign 
of the iciieiai (ion cncrgy can bring the second-neighbor- 
ing oK iip a iu y  to nearly the random valué, and this 
elíei l propágalos lo liigher neighbors. B y  choosing 
ral ios of I ,. I',  from —1.000 to +20 .000 ,  Mozer, 
kea t ing ,  and Moss solved Eq. (2.3) for a range of 
duste i  ing systems in l'ig. 6 (11) and for various valúes 
oí T / l ' ,  and the calculated «; were compared with 
experiment. If V’j / 1’i>(), all a ,  were positive, thus 
ruling mil lliat rango. T h e  best fit was for —0.500 

' I ■ I i]> — 0.()50, with T r/ T  belween 0.70 and 0.75, 
and a sample comparison from Kef. 29 a t  V i¡ V \  

(l.fitlO is indudod in Table 111.
The  lemperaturo T  a t  which the theory was applied 

was around 55(t°(’ and with 7'r/7 '= 0 .7 2 5 ,  T c was calcu- 
lated lo be ~  32 5 ° ( \  Since 1 lie mcan-field critical 
temporaliires are all loo high, Ihe au thors  in Ref. 29 
dioso lo p iare dosor lo 25()°(', in reasonable agree-

■ | \ \  ( . l l iu,  A r l a  Mi ' l .  9,  7<J5 (1*101).
K A K >| . | . ;m, l  I . M;i; ik,  A r l a  M c l .  10, 63  ( t ‘Jf>2).
II. M n / i i ,  I). 'I'. K r a t i n n  ;liiit S. ( Mus s ,  I ’liys.  Ki v. ( t o  lie

j II11.11 ,lir.|).

T a b l e  I l f .  Calculated and measured short-range order 
param eters in the alloy CuNi*

i Ifíift
Perfect

clustering

«i

Expt. 
a t ~550°C

T hcory : 
T c/ T ^  0.725 

V i/V , = -0 .6 0 0

1 110 1.000 0.121 0.120
2 200 1.000 -0 .0 0 8 -0 .0 0 9
3 211 1.000 0.011 0.018
4 220 1.000 0.012 0.018
5 310 1.000 -0 .0 0 3 -  0.003
6 222 1.000 -0 .0 0 3 0.004
7 321 1.000 0.002 0.003
8 400 1.000 0.005 -0 .0 0 1

» Reference 29.

m ent with the extrapolation of the thermodynamic 
data.

Because the neutrón experiment gave such “clean” 
results, the derived a,-’s should be reliable and the agree- 
ment in Table I I I  for both sign and magnitude of the 
order param eters was considered to be good.

3. bcc ALLOYS

Few detailed studies have been made of the short- 
range order in bcc alloys other than 0-CuZn. Walker 
and Keating®0 have done extensive neutron-diffraction 
measurements on this system a t several temperatures 
above the ordering temperatura, and more recently 
Als-Nielsen and Dietrich31 have made extremely ac- 
curate neutrón measurements of the short-range-order 
peak shape a t tem peratures just above the ordering 
tem perature. This la tte r work has shown cióse agree- 
m ent with the theoretical expression of Fisher and 
Burford,10 and would seem to imply th a t the ordering 
processes in /3-brass are well described by an Ising model 
employing only nearest-neighbor interactions. However, 
Harrison and Paskin (H P)28 have provided theoretical 
reasons for expecting long-range oscillatory interactions 
to be significant in this system based on M o tt’s “polar 
model” of an alloy. Their work raises the question of 
whether such long-range forces can be detected from the 
ordering behavior of /S-CuZn.

Paskin32 has already considered the problem by calcu- 
lating theoretically the first 40 «¿’s a t 10% above the 
ordering tem perature for a nearest-neighbor interaction 
and for the long-range oscillatory interaction given by

V(r)  = A [cos(2¿ /r+<*>)]A3.

where k¡ is the Fermi momentum, and A and 4> are 
adjustable parameters. He used a linearized form of 
Cowley’s equations, which is idéntica! to our expression, 
to perfonn the calculations, and arrived a t the conclu­
sión tha t there are significant diflerences in the two sets 
of a¿’s only for high-order a . ’s. Since thesc aie very

*° C.  B. W alker and IJ .T . Koating, l ’hys. Kev. 130. 1726 (1963).
31J. Alr-Niclscn aml O. \V. Dietrich, I'hys. Kcv. 153, 706 

(1967); O. W. Dietrich and J. Als-Nielsen, ibíd. IBS, 711 (1067).
32 A. Paskin, l’hys. K c v .  13 !, A246 (1964).
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I'k;. II. Theoretical difTnse seattering profiles for 0-brass along 
a ( I t l )  d im tio n  All cases have been normalizod to «(111) — 1.0. 
(a) I i and l j alonx for several valúes of the ratio K j/I’i. (I>) A 
liinn raime oscillatory interaetion potential with the indicated 
dioicos for the pilase factor i¡> coniparcd with a curve for l ’i alone.

«lilli. ult to mensure willi any accuracy, he concluded 
lliat long rango oscillatory forces of the tvpe proposed 
rould not he dctected experimentally.

We have performed a similar calculalion, hu t have 
calculated ir(k) ra ther  tlian the a . ’s and iind tha t  the 
situalion is perhaps not so hopeless as Paskin suggests. 
Onr rcsults for « (k)  along a [111]  direction are shown 
in l iií. 11- Thrce cases have lieen considered: Ti alone, 
l 'i and l ’2 alone, and lite I IP  long-range oscillatory 
potent ial.

Twn of the threo valúes of the phase factor </> used 
here are tlióse th a t  Paskin suggests are the most 
appropriate for Cu/.n ( J t ,  I tt — 0.28). The valué of A is 
¡inmaterial, beeause il cancels out when Eq. (2.3) is 
used to calcúlate a (k ) .  We have trunca ted  V(r)  after 
.’() neighbors in performing ti e calculations, and all the 
rcsultmg curves have been scaled to inake a ( k ) = 1.0 a t
111. As is apparent from the figure, a distinct secondary- 
dilTusc peak appcars a t  the J J J position for certain 
vahics of the relevant parameters, and careful in- 
ti-nsitv mcasiircments in this región of reciprocal space 
should provide a reasonably sensitive test for the 
presente of higlier nriglibor interactions. Although 
U alke r  and Koating did make me.isurements in this 
región, the nieasurcm rnts were niade too rapidly (to 
avoid Ihe loss of cxcessive am ounls of Zn) to obtain 
a iv ina te  points, so that any details tha t may have been 
prcscni were washed out. Consequently, a neutrón 
cxpinm ent designed to collect accurate d a ta  in the 
J J J región remains to be done and would appear to 
lie highlv desirable. It sliould be mentioned, however, 
thal in a recent summ arv of the application of Yvon’s

theory to binary  alloy darta, Fournct suggests a ratio of 
V í / V l = ^  for /3-brass,33 based on the measurem ent by 
Chipman and W arren34 of long-range order. Our calcu­
lations indícate th a t  this ratio would not produce a 
measurable peak a t  ¿ £ 5 and th a t  a ratio in excess of
0.40 is required if only Vi and V¡ are included.

We have also made calculations of a(k )  in the [100] 
and [ 110]  direclions away from the 111 peak and find 
no appreciable diíTerence between the threc cases. As a 
consequence we have inferred th a t  a (k )  is insensitivo to 
the presencc of longer-range interactions, except in the 
neighborhood of the £ § 5 point. This wonld indícate 
why the lower-order a , ’s do not differ significantly when 
the range of interaetion is increased, and provides a 
clear case where the diffuse intensity, ra ther  than its 
Fourier transform, should be studied in order to extract 
the máximum am ount of information about the pair 
interactions in the alloy.

Jt  is s igniíkani th a t  the sccondary-diffuse peak 
occurs a t  the same position as the superlattice spot for 
the B32 or N aT l s tructure (see Figs. 10 and 11, p a r t  II). 
This implies th a t  the energy of the B32 structure is 
approaching th a t  of the L 20 or /3-CuZn  s tructure, and, 
in fact, if \ \ / V  1 had been chosen to be 3 (corresponding 
to the boundary of the two structures in Fig. 10, p a r t  I I)  
the peak a t  £ 5 § would also have had a valué of 1.0 . 
This also occurs if 0  is chosen to be (J7r — 0.3), which 
represents a lower bound for <j> in order th a t  L 20 slruc- 
ture  be the stable low-temperature form.

4. SUMMARY AND CONCLUSIONS

In the present paper, p a r t  I I I ,  we have applied the 
theory of par ts  I  and II  to diffraction d a ta  on alloys 
above T c. This has enabled us to evalúate the impor- 
tance of interactions beyond nearest neighbors, a 
feature not readily available to the more exact thermo- 
dynamic expressions. T he  results on the Cu-Au system 
indicate the presence of a long-range interaetion po ten­
tial which must exlend a t  least to third neighbors in 
order to ex[)lain the x-ray diffuse seattering. This 
interaetion also appcars to be oscillatory in nature: 
positive and rapidly varying in the región of the nearest 
neighbors, negativo a t  second neighbors, and turning 
positive again a t  the third-neighbor dislances.

For the Cu-I’l system, we get good agreement with 
the d a ta  of Walker a t  the C u P t  composition, which 
means a ratio \ \ /  l ’i in excess of ~ 1.00 . In the case of 
AujM n, predictions based on the ordered structure 
would require diffuse ¡icaks a t  1 JO above T c with l ’̂ / l  1 
between 0.0 and 0.500. Kcasonablc agreement is ob- 
tained with the electrón dilTraction result of T anner  by 
using V 'i / l ’i^O.OS. The disappearance, above T c, of

33 G. Kournct, in Pitase Siabilily in Jifelols and Alloys, editod I»v 
I*. S. Kiuiman, J. StrinRur, and K. I. JaíTce (McGraw-i lili liook 
Co., New York, 1% 7).

34 I). Chipman and li. E. Warrcn, J. Appl. I ’hys. 21, 696 (1950).



777 D I S O R D E R E D  B I N A R Y  A L L O Y S .  I I I 171

diffuse intensity ;vt the ordered superlat t ice points  oí
100, 110, «■(<-., is also conlirmed.

The  (liífuse scatter ing d a t a  of Spruiell and  Stansbury 
on Ni iMo is well reproduced by {he theory by  sett ing 
l ’s / I V 0 . 3 0 0 .  This  ratio,  while not  predictable from 
the ordered slnictnre,  is consistent  with it. In addit ion,  
for i-ompleteness, 1 lie recent results of Mozer,  Keating,  
and Moss 011 CuNi are brieíly sumniarized,  where it is 
shown that I he theory applics <as well to clustering 
systcms as it does to ordering ones.

I'inally, tlic case for a long-range oscillatory in te r ­
action in /-f brass is reexamined. We show tha t  only a t  
the \ ' J position in reciprocal space will the eflect of

an interact ion b e y o n d ' F i  be remarkable.  I t  is thus 
suggested th a t  very careful neutron-scat ter ing da ta  be 
collected above T c a t  t h a t  posit ion in order to test for 
the presence of longer-range interactions.

We hope by  these papnrs to have demonstrated the 
usefulness of an approximate theory in generating some 
interesting information on the pair  interact ions in a 
var iety of binary alloys. As the techniques for incorpo- 
rat ing longer-range interact ions into the more exact 
theories are developed, these will in turn demand  more 
cxacting d a t a  on binary alloys. I t  is thus our further  
hope th a t  a systematic collection of such da ta  will be 
fortheoming.
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Alistruct — A novv v a r i . i t ion a l  m e t h o d  is p r e s c n l e d  fo r  d e t e r m i n i n g  c o n f i g u i a t i o n  prt>h;ihiiit¡es  o f  t h r e e  
o r  in o r e  s i t e s  in p ar l ia l ly  o r d e r e d  h in a r y  l a p i c e s  f r o m  pair  c o r r e la t i o n  d a ta .  T h e  m e t h o d  is t e s t e d  fo r  
s e v e r a l  c a s e s  where the  e x a d  s o l u t i o n  is k r io w n  h y  i n d e p e n d e n l  m e a n s .  a n d  it is sh o u n  t o  y i e l d  th e  
c o r r e d  r e s i i l i  in e a e h  c a s e .  It is s u g g e s t e d  b ut  n o t  p r o v e n  that  t h e  m e t h o d  is e x a c t  f o r  all a p p l i c a t i o n s  
w h e r e  th e  c o n f ig u r a l io n a l  e n e r g y  o f  (h e  l a l t i c e  r e m a i n s  c o n s t a n !  d u r in g  t h e  v a r i a t io n a l  p r o c e d u r e .
< 'o m p n r ¡ s o n  is i n a d e  w ith  th e  S u p e r p o s i t i o n  A p p r o x i m a t i o n  o f  K i r k w o o d  a n d  w i t h  M o n t e  C a r io  
s i m l i e s .  In a d d i t io n .  lh e  m e t h o d  is s h o w n  to  b e a r  a n  i n v e r s e  r e la t io n s h i p  to  t h e  C l u s t e r  V a r ia t io i i  
M e t h o d .  11 is e o n c l u d e d  that th is  n e u  v a r ia t io n a l  p r o c e d u r e  s h o u l d  be  q u í t e  i i s e lu l  f o r  o b t a i n i n g  a  m o r e  
c o m p l e t e  m i c r o s c o p i o  d e s c r i p t i o n  o f  a p a r t ia l ly  o r d e r e d  la t l i c c  th a n  is  p r e s e n t l y  a v a i l a b l e  w i t h  th e  
p air  c o n f i g u r a t i o n s  p ic lu r e .

I. INTKOm CTlON 
A b i nara  lal t ice is deí ined he re  as a n y  regular  
lal t ice w lióse si les a re  occupie t l  in o ne  o f  two 
w ay s  (e.g. a h ina ry  al loy,  a  lalt ice gas ,  o r  a 
spin í magnct i c  lattice).  A co m p le t e  descr ip-  
t ion o f  the hittico configurat ion  is poss iblc 
on ly  w hen  the lat t ice is per fec t ly  o rdered .  At 
linile l e m p e r a t u re s  the lat t ice co n t a in s  sum e  
deg ivc  of  d i so r d e r  and s ince the s l a te  o f  the 
iat l ice is novv an av e ia g e  o v e r  so m c  ense inh le  
ot conl i imral ions  i>nly a s tat is t ical  d e s c r ip ­
tion o f  the lai l ice a r r an g e m en t  is possiblc.  
Wl ien  on ly  sho i l  i ange  o rd e r  ( S R O )  is prc -enl 
Ihe usual  desc r ip t ion  ('I the latt ice is basetl  
upon  the paii co r re l a t ions  (i.e. the W a i i c n  
S R O  p ar a m et e r s  in al loys,  sp in - s p in  c o n c i a  
l ions in magnct i c  sys t ems)  wh ich  a re  normal ly  
all llial can he exper i inenta l ly  meas ur ed . *  
f ilis howev e i  gives a ve ry  incomple to  pic ture 

o f  the s l a t e  o f  1 he lat t ice b ec aus e  it focuses  on 
on l)  two si les o f  Ihe latt ice at a t ime,  ll is

* l ’ c c c i i l  vvoik  In  ( O W I  I V J. M . l A ( l d  
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c lea r  that  a  k n ow le dg e  o f  the  p robab il i t ie s  
for  larger  c l u s t e r  conf igurat ions  ( t r iplct s,  
q ua dr up l e t s ,  etc. )  wou ld  p r ov ide  a muc h  mor e  
co m pl e t e  des c r ip t ion  o f  the  lat t ice s t r u c t u re  at 
the a to mic  level.

W e  shall p r o p o sc  h e r e  a gen era l  theore t ica l  
m e t ho d  for  inferr ing these h igher  o r d e r  c lu s t e r  
p robabi l i t ies  f rom the  pai r  p robabi l i ty  data .  T o  
give it a  ña m e  we shall  cali it the P robab i l i ty  
Var ia t ion  M e th o d  ( P V M ) .  O u r s c h e m e  is ve ry  
c losely al lied to the C l u s t e r  Va r i a t io n  M e t h o d  
( C V M )  which has  bee n  e x t ens iv e ly  d e ve lo p e d  
Hy Kiknch i  [ 1 j and  col l abora to r s .  It m a y  be 
desc r ibed  in s o m c  w a y s  as an inve rse  o f  the 
( ' V M  as  we  s h o w  below.

1 his inver se  ope r a t ion  a p p e a r s  to be new,  
e x c e p t  for a ca lcu la t ion  ma de  by K ik uc h i [2 j  
for  soap-bu bb le  conf igura t ions .  A l t h o u g h  the 
C V M  as normal ly  used to ca lcú la te  the  con-  
í igurat ion en t ro p y  o f  a s ys te m  is k n o w n  to be 
ap p r o x im at e  in mos t  ca se s [ 3 | .  the  inve r se  
appl i ca t ion  to d e t e r m in e  //-site p robabi l i t ie s  
is not similarly l imited and  in fací m a y  be 
exact  in all c i r c u m s t a n c e s  w h e r e  one  con-  
di t ion is salisfied.  This cond i t ion  is that  the 
conf igurat ional  en e r gy  o f  the  lal t ice d e p e n d  
only upon  the pair  co r re l a t ions  that  a re  held
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co n s t a n t  dur ing  íhe  ca lcu la t ion .  T h e  expos i -  
t ion o f  the m e th o d  is g iven  in S ec t ion  2 and  it 
is s h o w n  in Sec t i on  3 fhat  in the  se ve r a l  ca se s  
w h e r e  the ex a c t  r esui t  fot'  la rge r  c l u s t e r  prob-  
abi l i t i es  is k n o w n ,  the. P V M  p r o d u c e s  ¡he. 
coi  r ee l  an s w c r .

I’r ev i ou s l y  Ihe w o rk  on  ob t a i n in g  the c o n ­
f i g u r a r o n  p rohab i l i l i e s  of  larger c l us t e r s  has  
t ak cu  tw o  pailis.  T h e  first is a l so an ana ly t i c  
m e t h o d  first prop«>sed by Ki rkvvood[4 |  which  
yie lds  an a p p r o x i m a t e  valúe  for  the  t r iplel  
e o r re l a t io ns  in t e n n s  o f  the pai r  co r re l a t ions .  
This t e c h n iq u e  is k n o w n  as  the  Su pe rp o s i l io n  
A p p r o x i m a t i o n  ( S A )  a n d  u l thoug h  the  S A  can  
be e x t e n d e d  to h ighe r  o r d e r  co r r e l a t io ns  the re  
is son ie  amb igu i tv  in the  p r o ce dur e .  W e  shall  
d e m ó n s t r a t e  b e l o w  tha t  at least  for  the appl i-  
c a l io n s  o f  interés!  he re  the S A  gives  r esu l t s
loi the  tr iplet  c a s e  which  a re  not  sclf-con- 
s is t en t  a n d  a re  o f t en  g r oss ly  in e r r o r  in corn 
p a r i son  to the  ex ac t  nurnber .

T h e  se c o n d  a p p r o a c h  is mo re  r ecen t  and  
has  b e e n  n iade poss ible  by  the ad ve n t  o f  
high sp e ed  digital  c o m p u t é i s .  T h i s  is the use  
o f  the  M o n t e  C a r i o  m e t h o d  ( M C M )  to gener -  
a t e  con f i gura t ions  o f  a large n u m b e r  o f  si tes 
(I ( ) ' --!0 ‘) by  le t t ing the  Co m p u te r  shuffle site 
o c c u p a t i o n s  ac c o r d in g  to  e i the r  a  set  o f  hop-  
piny probabil¡ties[. 'S | o r  until  t he  conf igura-  
t ion a r r i ved  ai by  the  C o m p u t e r  satisf ies ¡he 
o h s e r v e d  pai r  co r r e l a t io ns  o f  a real s y s t e m  |6L 
Ib i s  m e th o d  has  the great  a d v a n ta g e  o f  

d e i n u n s t r a t i n g  cxpl ic i t ly  the c o n f i g u r a r o n  o f  a  
laige n u m b e r  o f  s i t es  in a par t i al ly o id e r e d  
lattice.  T h e r e  is t h e  dii í icult  qu es t io n .  how- 
eve r .  of  c s t ab l i sh ing  w h e t h e r  the single c o n ­
figura! ion m a p  p r e s e n le d  by the Com pute r  is 
t rue ly r e p r e se n ta t iv o  o f  the ma jo r i ly  o f  the  
mi l l ions ol o t h e r  conf igura t ions  that  wou ld  
a l so sa l i sfy ihe cons t ra in t s .  M o r e  to  the  poinl ,  
p e r ha p s ,  is the ques t ioi i  o f  which  p ro p er t i e s  o f  
lilis con l i gura t ion  a re  typical  a n d  w h ich  are 
pec u l i a r  to it a l o ne  (or  to a minor i t y  set)  a n d  
shou ld  i luis be ignored.  We  shall  r e turn  to 
this p r ob l em  la t er  w h e n  we  c o m p a r e  r esul t s  
o f  o u r  ca lc u la l ions  to  that  o f i h e  M C M .

In c o m p a r i s o n  wi th  the  M C M  the p resen t

a p p r o a c h  is l imi ted in r e ga rd s  to  the s ize o f  
c l us t e r  whic h  c a n  be  han d led .  T h e  prac t i ca l  
co n t pu ta t i o n a l  l imit is o f  the  o r d e r  o f  ten 
s i tes .  H o w e v e r ,  it has  the  a d v a n ta g e  o f  p ro  
viding c l u s t e r  p r o bab iü t i e s  whic h  a re  a sta- 
t is tical av e r a g e  o v e r  the  ent i re  e n s e m b i e  o f  
conf igura t ions  o f  th e  infinite la t t ice that  satis-  
fv the  pai r  co r r e l a t io n  da ta .  Al so ,  the  ca lcula-  
t ions  a re  s i m p le r  to p e r f o rm  than  the  M o n t e  
Ca r i o  p r o c e d u r e s  and  if all t hat  is n e e d e d  are 
ih es e  smal l e r  c l u s t e r  p r ob ab iü t i e s  the n  the 
p r es e n t  m e th o d  shou ld  be  c o m pl e t e l y  sa t is  
fac to ry .

2. THEORY

( A)  T h e  Probab iUty  Variat ion  M e t h o d  ( P V M )  
W e  a s s u m e  tha t  the  lat t ice co m p o s i t i o n  and  

the pai r  co r r e l a t io ns  (or  S R O  p a r a m e te r s )  for 
s o m e  range  o f  the  ¡nter si t e d i s t a nc e  are 
kn own.  T he p r o b le m  is to  d e t e r m in e  the  mos t  
p ro bab le  f r e q u e n e y  d is t r ibu t ion  for  c lu s t e r s  of  
a g iven kind tha t  will be co n s i s t e n t  wi th  the 
a b o v e  da ta .  T h e  t h e o ry  is m o s t  easi ly de 
sc r ibed  by p r es e n t in g  an e x a m p l e  a n d  then 
gcnera l i z ing  to  o t h e r  o r d e r  c lus t er s .  C o n ­
s i d e r a  t r ip le t  c l us t e r  as  s h o w n  in Fig.  1.

I . A  ¡ n p l e f

We shall  u se  ihe no ta t ion  a nd  s o m e  resu l t s  
d e v e io p e d  in a p r ev io u s  p a p e r [ 7 j  that  p r es e n -  
ied ex ac t  e x p r e ss io n s  for  t r iplet  p r ob ab iü t i e s  in 
the  special  case  o f  equa l  co m p o s i t i o n  b ina ry  
lat t ices.  I f  s i te i o f  the  lat t ice is o c c u p ic d  
by an ( A , B ) ob je c t  we  ass ign  the  o c c u p a t io n  
n u m b e r  <r¡ t he  va lué ( f - 1 , - 1 ) .  T h u s  a speci / i  
ca t ión  o f  the  s (for / - i , /V) co m p le t c l y  
d es c r ib es  the  c o n f i g u r a r o n  o f  all N  s i tes ot the 
lat t ice.  T h e r e  will be /V tr iple ts  ol the kind 
s h o w n  in I ig. I o b ta in ed  by let t ing s i t e 1
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suc cc ss i v e ly  be each  o f  the  N  lat t ice si tes 
whi le  si tes 2 and  3 ma in ta in  the ir  sa m e  rela- 
t ive posi t ion and  o r i en ta t ion  to  si te 1. Per iod ic  
b o u n d a r y  con d i t io n s  a re  a s su m ed .  T h e r e  are 
eight  poss ible  conf igura t ions fo r  a  triplet.  
E a c h  conf igura t ion  type  is ident if ied by  an  
inde x  k  and  tfiey a re  l is ted in T a b l e  1 a long  
wi th  the  valúes  o f  va r i ous  a  p r o d u c í s  in ea ch

E  W,fTn)  (2e)
k

2  k - P k -  (<*■•<* 3) (2f)

2  [ a ' sO' i l íA-  =  (o-scr,) (2g)

T a b le  1. Cocf f i c i ent s  f o r  triplet  s u m  ru les

C luster type k [cn]*r W i\k [ f a l t [o"i (r2]fc [o jO-j ]* [<r,tt-,o

1 + 1 + 1 + 1 +  i + 1 +  I +  1

® 4 ? >
2 + 1 + 1 - 1 + 1 - 1 -  1 -  1

3 + 1 - 1 +  1 - 1 - 1 + I -  1

4 - 1 + 1 + 1 - 1 + 1 - t -  1

5 +  1 - 1 - 1 - 1 + 1 -  1 +  1

í A 6 - 1 + 1 - 1 - 1 - 1 f  1 +  1

7 - 1 - 1 +  1 + 1 - 1 -  1 +  1

8 - 1 - 1 - 1 + 1 f  1 +  1 -  1

clus ter .  Let  the  f ract ion o f  N  t r ipleta o f  type 
k  be Pk . T h e n  the lat t ice av e ra ge  o f  a n y  oc cu-  
pat ion  n u m b e r  p r o d u c t  is g iven by  the ident i ty:

1
{<T,IT. ,  . . . (T „ )  - -  ^  CT¡ i j U' j  f j  . . . <T „ y}

J”0

=  E  W\<r¿ ■ ■ . (T„]kPk ( 1)

and  for  o ur  e x a m p l e  we can  wri te  the  fol low- 
ing set o f  su m  rules:

X P k  =
k

i (2a)

2
k

[ " ■ i  \ k P k  = (o-,) =  (• (2b)

2
k

| k f \  = <cr2) =  c (2c)

2 W - A k P k  - (<*:<) =  C (2d)

w h er e  c  =  m A — m fí a n d  ( / n , , / n , t ) a r e  the  
f ract ion o f  i A , B )  ob je e t s  in the  lat t ice.  T h e  
coeff icients  o f  the  P k's  in eq ua t io n  (2 (a -h ) )  a re  
all k n o w n  b y  ins pec t ion  o f  the  c lus te r  ty p e s  
a nd  the  va lúes  a re  l is ted in T a b l e  1.

S tr i ct ly speaking ,  the  a v e r ag es  on  the  r ight  
hand  s ide (r .h.s)  o f  e q u a t i o n s  ( 2 ( b - h ) )  a r e  for  
a  single lat t ice conf igurat ion .  bu t  we  shall  
u se  the exp er im en t a l l y  d e t e r m in e d  va lú es  o f  
th es e  quant i t i e s  ins t ead ,  w h ich  r e p r e se n t  
t h e r m o d y n a m i c  a v e r ag es  o v e r  a large en-  
se mb le  o f  lat t ice conf igura t ions.  H o w e v e r ,  
s ince  it is k n o w n  f rom  sta t is t ical  m e c h a n ic s  
that  an o v er w h e l m in g  n u m b e r  o f  the  s t a t e s  
o f  the  lat t ice which  c o n t r i b u tc  to  the  av e r ag e  
o f  a  m a cr os co p i c  qu an t i ty  d o  no t  d epa r t  
significant ly f rom  the  e n s e m b l e  av e r ag e  (ex- 
cep t  in the  vicini ty o f  cr i t ical  po in ts )  this
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cn s u r c s  tha t  we  a re  s tu d y m g  the  configura-  
t ional  p r ope r t i e s  o f  a  ‘ty p i e a l ’ lat t ice State. 
Men ee  the  r.h.s.  o f  eq u a t i o n s  (2 (b -d ) )  are 
k n o w n  f rom  the  co m p o s i t i o n ,  a nd  the  r.h.s.  
o f  eq u a t i o n s  (2 (e -g ) )  a re  a s s u m e d  k n o w n  
f rom diff r act ion data .  (or,<rj) in a l loys  m a y  be 
ca lc u la t ed  f rom the  W a r r e n  sh or t  r ange 
o r d e r  p a r a m e t e r  a ti by the  rela t ion:  {(TíCT}) -  
( I » ■ - ) « * Cl ca r l y  a k n o w l e d g e o f  (cr,crocr:.) 
wo u ld  m a k e  the  set  o f  e q u a t i o n s  d e t e r m ín a te  
a nd  the  P k\  co u l d  the n  be ob ta ine d .  Sym-  
m e t r y  co n s id e r a t io n s  m a k e  a  theore t ica l  
e v a lu a t io n  o f  poss ib le  for  the specia l
c a s e  o f  c = 0 l 7 ]  but  for  c  -/ 0 su c h  a rg um e nt s  
a re  no  longer  valid.

It is c o n v e n ie n t  at  t imes  to  h a v e  the  com ple -  
m e n ta r y  set  o f  ident i t i es  whic h  give a par  
t i cula r  P k in t e rm s  o f  o c c u p a t io n  n u m b e r  
la t t ice ave rag es .  F o r  this  p u r p o s e  we  use  the 
p m j e c t i o n  n u m b e r s  ¡n t ro du ce d  in [7] and  
def ined as  fol lows:

<r,* =  í(  I +( t ¡) : ' ( I, 0)  if ( A  B)  is on  si te i
(3 a)

(Ti" ■-= ¿( I —  ( t ¡ )  -  (0. 1) if (A ,  B)  is o n  si te i.
(3 b/

T h e n  the  p robabi l i ty  that  a  c l u s t e r  will be 
occ t tp ied  in a  par t i cu la r  m a n n e r  is g iven by  thc 
l at t i ce  av e r ag e  o f  the  co r r e s p o n d i n g  pro- 
j c c t i o n  n u m b e rs ,  e.g.

- f , ;<(  I ^ i ) (  I --cr.¿) • ■ (I ~í r„) >
(4)

wh ich  can then  be  mult ip lied out  a n d  rc du c ed  
to a su m  o f  o c c u p a t io n  n u m b e r  ave rages .  
hxp l i c i t  e x a m p l e s  will be g iven in the  next  
scct ion.

,1 priori  it might  be  e x p e c t e d  tha t  the  
poss ible  r ange  o f  ((r^r-.ir is +  I to -  I but  thc  
r eal i iy cond i t ion  tha t  al! F k’s a re  p o s i t i \ e  
scmi-def 'mite in the  l inear  e q ua t io ns  limita 
(ír,(r.,cr:;) to a m u c h  sma l l e r  r ange .  T h i s  is

a l so  m an i f es t ed  by  a n a r r o w m g  of  the al low 
ab le  r ange  o f  the  ind iv idua l  f \ ' s. A n  ex a m p le  
o f  this efTect will be  se en  in Sección 3 (C)  
below.  h¡ e s s e n c e  the  l inear  e qu a t i on s  for  the 
Pk's conf ine  the  poss ib le  P k va l úes  to  a small  
v o lu m e  in P,  s p a c e  (a l inear  mani fold  in the 
c a s e  o f  t r ipfets) .  T h i s  im po r ta n t  fact has  pre- 
v' iously b e e n  n o t e d  a n d  e m p h a s i ? e d  by G e h l e n  
a n d  C o h é n [6} in the i r  M o n t e  C a r i o  s t u d y  of  
local  o r d e r  in al loys.  I he v o lu m e  o f  the  sub- 
s p a ce  d e p e n d s  u p o n  the par t i cu la r  valúes  o f  c 
a n d  the  (<7(o-j)'s. It is larges t  w h e n  the (tr¡rrj )’s 
a re  that  o f  a  c o m p le t e ly  d i s o r d e r e d  al loy (i.e. 
<o-(o-j) =  c 2) a n d  the  v o lu m e  r e d u c e s  to a 
single poin t  w h e n  the  (a¡crj) v a l ú es  a r e  those  
o f  a fully o r d e r e d  s t r uc t u r e  T h e  Pk s then  
b e c o m e  c o m p le t e ly  d e t e rm ine d .

Re g ard in g  P k a s  the  probab i l i ty  o f  finding,  
by r a n d o m  se lec t ion ,  a c lu s t e r  o f  type  k  in the  
lat t ice,  I n f o r m a t i o n  T h e o r y [ 8 ]  can  be  used  to 
m a k e  a ‘bes t  c h o i c e ’ for  the  va lú es  o f  the  P k s. 
S ince  the  s i t ua t ion  ¡S o n e  o f  inc om ple te  
k no w le d g e  ( the P k s a re  on ly  k n o w n  wi thin 
the  limits i m p o s e d  by the  l inea r  equa t ions ) ,  
I n fo r m a t i o n  T h e o r y  s t a t e s  tha t  the  m os t  un-  
b i a s ed  va lu é  fo r  the  P k s w i th in  this r ange is 
tha t  se t  w h i ch  m a x im iz e s  the  ‘ig n o r a n c e ’ 
f unc t ion  l ( P k) g iven by:

K P k )--- - 2 P k \ n P k. (5)
k

I n fo rm a t io n  T h e o r y  s h o w s  tha t  a ny  o t h e r  
c ho ic e  wou ld  imply tha t  th e re  is m o r e  in­
f o rm a t io n  ab ou t  the  P k s t h a n  has  b e e n  given.  
M o r e  in fo rm at i on  o f  a  ve ry  co inp l i c a te d  kind 
ma y ,  in fact ,  be p r esen t  d u e  to ove r l ap p in g  
c lu s t e r  co n d i t i o n s  tha t  we  shal l  no w  cons ider .

T h i s  c ho i ce  c a n  a l so  be in te rp re t ed  in more  
f ami l iar  t e rm s  as a pr incipal  o f  m á x im u m  
en t r op y .  l ( P k ) is proporc ional  to the  co/i- 
í iguiat ional  e n t r o p y  WVvm( P k) ob ta ine d  by 
p lacing  N P ,  ch i s t é i  s o f  t y p e  1, NP-< c luMers of  
type  2, etc.  o n  a lat t ice o f  N  s i t es  in -ill 
poss ib le  w a y s  w i t lu m t  worryin^.; a h o tu  in ­
c o m p a t i b le  otcrlcips.  T h i s  is g iven by the 
com bina to r i a !  factor.:
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a nd  is r ec og n izab le  'as the  com bina to r i a l  f ac ­
tor  o f  the C l u s te r  V ar ia t ion  M e t h o d  ( C V M )  
us ing  this par t i cu la r  c lus t e r  as a  basis.

L.et us a s s u m e  for  the m o m e n t  t ha t  eq ua t io n  
(6) co r r ec t ly  ev a lu a te s  the  n u m b e r  o f  lat t ice 
conf igurat ions  for  a g iven set  o f  / \ ' s ,  and  al so 
a s s u m e  tha t  the coní igura t iona l  ene rg y  de- 
pe nd s  only o n  the  {ir¡a, ) ' s  t hat  a re  being  held 
co ns tan t .  T h e n  max imiz ing  W ( P k)  wi th re- 
spect  to the  / V s (anc* sub jec t  to  the  con- 
s t r a in ts  o f  e q ua t io ns  (2(a-g))  will yield the 
mos t  p r o b ab le  va lué for  the P k s. F ur th e r -  
m ore ,  as the  s ize o f  the lat t ice inc reases ,  the 
stat is t ical  l aw[9)  o f  large n i tmbers  s t a te s  that  
the f ract ion  o f  lat t ice conf igura t ions having 
any  valué o f  the  P k s o th e r  than this op t i m u m  
set  b e c o m e s  van ishing ly  small.

W e  now  e x a m in e  the tw o  a s su m pt io ns  that  
we ha ve  used.  It is k n o w n  f rom w or k  on the 
C V M  that  equ a t ion  (6) cons i de r ab l y  over -  
e s t im a t es  thc  n u m b e r  o f  lat t ice conf igura t ions  
o f  g iven P k b e c a u s e  it i nc ludes  m a n y  con-  
f igurat ions con ta in ing  incomp a t ib le  c lus te r  
p la ce m en t s  such  as the o ne  s h o w n  in Fig. 2. 
Mere we ha v e  c h o s e n  an equi l at eral  t r iangle

as thc c l us te r  and ¡Ilústrate only a small  r e ­
gión o f  thc  lattice.  A l thou gh  c l us te r s  I and II 
a re  in ag r e e m e n t  on the o c c u p a t io n  o f  thcir  
c o m m o n  vér t ex ,  I and  111 a re  incompa t ib le  
and  IV is incompa t ib le  wi th bo th  II and III.  
I hus  \V , \ c o u n t s  not  on ly  all t he  possiMe 

lat t ice conf igura t ions  but a m u c h  larger  num-

ber  which  a re  imposs ib le  on a  real lattice.  If 
W ( /'/,•) is ju s t  the su b se t  o f  co m pa t i b le  c o n ­
f igurat ions then óbv i ous ly  W ( P k) =£ H'Yv.M(Pk)-

H o w e v e r ,  it is c l ea r  that  for  o u r  p u r p o s e s  
we  do  not  need  to k n o w  the magn i tude  o f  
W ( P k). All t ha t  is r equ i r ed  is a kn ow le d g e  o f  
the  P k valúes  which  ma x i m iz e  it! T h u s  w e  can 
r ed uc e  ou r  first a s s u m p t i o n  to a  mu ch  s im ple r  
one ,  n am el y  tha t  if  P k is ch a n g e d  su c h  that  
WVvm( Pk) i nc reases  (d ec reases ) ,  t he  subse t  
o f  com pa t ib le  conf igura t ions  W( P k) al so 
inc reases  (dec reases) .  A t  this point  w e  a re  
unab le  to  p r ov e  th e  a s su m p t i o n  genera i ly  
bu t  only a rgüe  its plausibi l i ty on  the  g ro un ds  
tha t  inc reas ing  the  tota l  n u m b e r  o f  conf igura ­
t ions shou ld  inc rease  the  c h a n c e  o f  com pa t ib le  
conf igurat ions  occur r ing .  T h e  po s tú la t e  in 
s imples t  form is:

Po s tú la te  I :  In  a n y  g iven  subr eg ion  o f  P k 
sp a c e  the  m á x i m u m  o / W (T„ ( P k) a n d  W ( P k) 
coincide .

T h e  se c o n d  as s u m p t i o n  requ i r ed  in o r d e r  
that  the  var i a t iona l  ca lcula t ion  be ex a c t  is 
tha t  the  conf igurat ional  ene rgy  o f  the  lat t ice 
d e p e n d s  on ly  up o n  quan t i t i e s  tha t  a re  being  
held  c o n s ta n t ,  i.e. t h e  co m p os i t i o n  a nd  pai r  
co r r e l a t ions  s p a n n ed  by  the cluster .

Po s tú la te  I I :  T h e  con f igur a t i ona l  e n e r g y  o f  
the  lat t ice is c o n s ta n t  ov e r  the  sub re g i on  o f  
Pj, sp a c e  de f i n ed  by the  l inear cons traint s .

W e  ca n  c o m p a r e  the  p r esen t  p r oc e d u re  
wi th the  C l u s te r  Var ia t io n  M e t h o d  as  it is 
no rmal ly  app l i ed  to  ¡Ilústrate the  inve r se  re- 
l a t ionship  tha t  they  b e a r  to ea ch  o the r .  In the 
C V M  the pai r  co r re l a t ions  a re  no t  a s s u m e d  
k n o w n  bu t  inst ead a r e  the  quan t i t i e s  to be 
p red ic ted ,  while the  P k s are us e d  as  inter-  
me d ia ry  var i ab les  to  ac co m p l i s h  the  ca lc u la ­
tion.  A cer t a in  size o f  c lus t e r  is ch o s en ,  as  we 
have  do n e ,  and  the s a m e  l inear  r el a t ionsh ips  
are w.ritten be t w e e n  the  Pk s a n d  the  pair  
co rre l a t ions .  T h e  en t r o p y  o f  the s ys te m  for  a 
par t icula r  set  o f  valúes  o f  the  pai r  co r re l a t ion s  
is then d e d u c e d  f ro m  eq ua t io n  (6) by  m a x i ­
mizing H'Yvm with r e sp e c t  to the Pk s. Th i s  
leaves H'Yvm a funct ion  o f  jus t  the pai r  c o r r e ­
lat ions which  are to be  var ied l a t er  w h en  H'Yv.v
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is in se r t ed  in a  freo en e r gy  ex p re ss io n .  F o r  
this  p r oc e ss  to  give th e  c o r r e c t  r esu l t  it is 
n e c e s s a r y  th a t  the  m á x i m u m  o f  W'cvm agre e  
wi th  Ihe t rue  W( Pk) not  on ly  in loca t ion  bu t  in 
ma p n i tu d e  as  well  (apart  f ro m  a  c o n s t a n t  scale 
faetoi   ̂ o v e r  the  en t i r e  P k spa ce .  T h i s  is n e c e s ­
sa ry  in o r d e r  that  W  ( and h en e e  the  f ree en- 
e rpy)  h a v e  the  co r r e c t  fu nc t iona l  d e p e n d e n c e  
on  the  paii  co i re l a t ion s .  T h i s  la t ter  r equ i re  
ineni  is the  pr incipal  c a u s e  o f  e r r o r  in the  
C l t i s t e r  Var ia t io n  M e t h o d  a n d  is o b v ia te d  in 
the preseri t  ana lys i s  by  t a k ing  the  pai r  cor re -  
l a t ions  f rom  m e a s u r e m e n t s ,  i.e. w e  s t ay  
s tr ic t ly  wi th in  a m ic ro -ca non ic a l  e n s e m b l e  a nd  
p r o c e e d  in the  r e v e r s e  d i r ec t io n  to  d e t e r m in e  
the / y s  f rom the  p a i r c o r r e l a t i o n s .

(B)  T h e  S u p e r p o s i ú o n  A p p r u x i m a t i o n
K i r k w o o d ’s S u p e r p o s i t io n  A p p r o x i m a t i o n  

|4]  a n d  va r i an t s  o f  it ha v e  b e e n  u s e d  by  ma n y  
wr i t e r s  to  o b ta in  ro u g h  e s t im a te s  o f  h igher  
o r d e r  co r r e l a t io ns  in an a ly t i c  form.  T h e  
ge nera l  f o r m ul a  is:

P ( a tcr? ■ • cr„) =  C  II P{cr¡iT¡) (7)
1 % »<>'». n

w h e r e  C  is a n o r m a l i z a r o n  c o n s t a n t  w hi ch  is 
adj i is t ed  to m a k e  the s u m  o f  «- si te  probabi l i -  
t ics add  up to  uni ty .  P(n-,tT2 • ' o-,,) is the  p r oba-  
bilily o f o c c u r r e n c e  o f  the con f i gura t ion  cr, for  
si te !. ir., for  si te 2.  • ■. a„  for  si te n.  F o r  trip- 
lets,  wh ich  is the  mos t  f r e q u u i t  app l i ca t ion  o f  
the  S A .  eq ua t io n  5 is:

Pi i r t ' r  ~ ( 'P(<r, tr .) P (a , c r :í) Pia-jO-j) (8a)

and  lor  a l site c lus t e r ,  t he  S A  e x p r e s s io n  is:

P ( n  ¿r-sr-jr x) CP((r,cr. , )  P(<r¡<r:l) / , (o-,(r.,)

X P((T-,ir-i ) P ( i r  ¿ r ,) P ( c r / T  ¡) (8b)

It is g enera l ly  r ec o gn iz e d  that  for  w eak ly  
co r r e l a t e d  sys t e in s  the  S A  is a go o d  approx i -  
ma i ion  (at least  for  t r iple ts )  bu t  for  non-d i lu te  
lat t ices  at  t e m p e r a t u r e s  w h e r e  the  pa i r  c o r r e ­
l at ions  a re  lini te the  S A  is r a th e r  p o o r  and .  in 
f act .  will give r esu l l s  that  s h o w  se r io us  in-

consis tencies  with the input valúes of  the 
pair correlations.

3. F.XACT RESULTS

(A )  U n e a r  chain
T h e  sim plest system  in lattice statistics is 

the infinite one-dim ensional chain (see Fig. 3) 
with n ea res t  ne ighbor in terac tions, generally

......- 0 - 0 0 - 0 - 0 0 - 0 - 0 - 0 - 0 — •
o j  m  n

Fig. 3. T he one-dim ensional lattice.

re ferred  to  as the  Ising linear chain. In 1925 
Isirig[10 | exactly  ca lculated  a num ber of 
s tatistical p roperties  o f  this lattice including 
the pair  correla tion  functions. T h e  pair  corre- 
lation for n th  ne ighbors on the chain is:

(«•iO-,*.,,) — t n (9)

where t =  tanh (— f } V ) ,  (i =  M k T  and  V  is the 
nearest  ne ighbor in teraction . T h e  tripleí  
correlation  function  (tT¡crn.morj+n) ¡s zero 
for sym m etry  reasons  and thus all triplet 
probabilities are  com pletely  de te rm ined  from 
the pair  corre la tions  [7 |. T h e  quadrup le t  c o r ­
relation function (cr(cr;+/cr¡+mcrif.„) (or simply 
{a¿u¡cr„{rn))  has som e valué q  which we 
shall a f tem pt to de term ine  by ou r  method. 
Ih e  sixteen quadruple t probabilities can be 
wiitten in term s o f  the pair and  quadruple t 
correla tion  functions by use o f  equation  4  and 
inserting the valúes o f  the pair correla tions 
from equation  9 gives:

A A A A  B B B B  =  (1 + 11 + 1'"-‘ + tn~m
+  tm +  tn~t + tn + q)l\(>

A A B B  =  B B A A  =  ( 1 +  - 1”'-'  +  tn~m
- / m 16 

A B A B  =  B A B A  =  (1 ta~m
+  +  í +  c/)/16 

A B B A  =  B A A B  =  (1
- t " ‘ - l n- ' + t n + q ) l  16 

A A A B  =  B B B A  =  (1 +  /' +  tn~m
+  16 

A A B A  =  B B A B  =  ( I +
- t " '  + t"- '  + tn - q ) l  16
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A B A A  -  B A B B  =  (\  — t ' — t'" 1-r i " b i l i t i c s  in A l !  b ina ry  lal t ices with pai rwise
1 t ’" — 1" 1 +  I" — q ) l  16 in terac t ions is kn ow n ( 7 1. T h n s  we can test the

A B B B  ~  R A A A  =  ( 1 — t1 + 1"‘~ '+  t"~m p r esen t  m e t ho d  on  a mor e  realist ic three
— tm + tn~> — tn — q) l  16 d imens iona l  prob lem.  Emp lo y i ng  equa t ion  (4)

we m a y  wri te  the eight triple! probabi l i t ies 
o f  an a rb i t ra ry  c lus ter  as:(10)

w h ero  A A A A  r e p r es e n t s  etc.  F a c h  o f
the 1 6 / Y s  is n o w  a l inear  func t ion o f  ihe A A A  =  (1 +  3c 4- (ir,ir.,) (14)
single va r i able  q  a nd  max imiz ing  equa t ion  5 +  (o'rio'i) +  ~)/8
w'ilh r espec t  to q  yields:  B B A  — (1 — c• -f (a¡cr,}

—  ( i r . , ( r :¡) — (<T:,<r,) +  r  ) / 8

¡)l{a)  ¡i í ] A B B  ~  (1 — c  — ((r,(r.,)
' - ' - l i l i  =  f» =  - Í L j _  V  P . ( „ \ h ,  P  ( „ \ \  M I »  .

dq
f l f  “  ] A B B - c -

- 0 - S 5 I - 2 <' i > + < < w , ) - . ( , ; :„r , > + r „  8
* ' B A B  =  ( l - c - < r r , c r , >

whic h  g ives  u p o n  calculat ion :  , +  ( o v r , )  +  «)/8

( A A A A )  ( A A B B ) (A_BAB) (A B B  A )  =  ( X Y Z  4 Q )  ( X Y Z  f  Q )  ( X Y Z  4- Q ) (X Y Z  +  Q)  
( A A A B ) {  A A B A ) ( / ( R A A  ) (A B B B ) ( X  Y Z -  Q ) ( X Y Z  — Q ) ( X  Y Z - Q ) ( X Y Z  - Q )

w h er e  .V =  I f  X  =  I -  Y  =  1 +  Y  =  B B B  =  ( I -  3c f  (cr.rr.,)
I ■ /. 14 Z  =  1 (7 =  +  ((r.j(T;i) +. <(r;i(ri) _ t ) /8
t¡ l" "lH. Hquat ion  (12) has  but o n e  real root  A A B  ~  (1 4 - c 4  ( o y r . )
which  is Q ■ 0 or:  _  -  ( , r' | fri) - x)/8

B A A  =  (1 4- c  — ((7,cr.)
q -  <rr„rr/(r,„(r„) =  + ' (13) +  _  7 )/8

/I ÍM =  ( 1 4- C — (ct,<t.,)
«.tr,,) c a n  a l so be eva lu a ted  exac t ly  by _  ( o w . , )  4- ( a 3o-,) - r ) / 8  

the  c o m p le t e  su m m at i o n  o f  a d iag ramm at ic
e x p a ns ió n  wi!h the sa m e  result .  F o r  com -  w he re  B B A  r-epresents P['M/ etc. ,  r  is the  valué
par i son,  lite S up erp os i t io n  A pp ro x .  gives via o f  the  tr iplet  cor re l a t ion  and  we
equ a t ion  (K(b)) e x p r e ss io ns  for  the  qu ad ru p-  note that  for  an equ i -com pos i t ion  al loy (a¡)  ^
¡et probabi l i t ies  whic h  a re  co r rec t  only to  c =  /uA — ni„ =  0. A ss u m i n g  only pa i rwis t
lowesi o r d e r  in t, e.g. i n te rac t ions  in the  lat t ice impl ies  that  the con-

( A A A A ) S .V =  C (  1 4- ¡‘) ( 1 +  í " ‘ - ' )  (1 + t " - ’n) (1 +  í"‘) (1 +  t"~')  (1 +  r )/16

so  that  the  S A  doc ; yield the co r rec t  high tem-  f igurational  en e r gy  is d e p e n d e n t  only on the
p e i a tu r e  w eak  cor re la t ion  limit but  is inc reas-  pai r  co r re l a t ions  so that  va ry ing  r  sub jec t  to
ingly in e r r o r  with inc rcasing co rrela t ion .  f ixed valúes  o f  (o^cr. ) ,  etc.  will e ns u re  that
l’a radox ica l ly  the  S A  al so gives  the  cor rec t  P osu i l a t e  11 is sat isfied.  V ary ing  equ a t ion  (5)
rcstilr at tiie z c r . t e m p e r a t u re  per fec t ly  or- with r e s pe c t  to r  yields 
ik-twl limil so that  we r o n c l u d e  that  the SA is
mo' . t  in e r ro r  lor  s t a t e s  o f  part ial  o r d e r  for this  I s )
examplc .  =  A  V  /',.( r ) In />,.( r ) i -  0 (15)

dr (Ir \ ^

( B ) '/ npl t ' lx  in A M tillovx
I he exac t  lor tmi lae  for  tr iplet c lu s t e r  proba-  which gives:
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(A A A ) ( B B A ) ( A B B ) ( B A B )  
( B B B ) ( A A B ) ( B A A ) ( A B A )  ' o;

This equation  has but one real solution: r  =  0, 
which is also the  prediction o f  the exact 
theory. T h is  result clearly depends on Postú­
late II being satisficd for if the  system  con- 
ta ined three body  in teractions as well r  would 
be cxpec ted  to have a non-7ero valué.

(C) Triplets in M o n te  Cario experiments  
T h e  M onte  Cario  work that has most rele- 

vancc to the present s tudy is that carried out 
hy G eh len  and C ohén  [6]. Using M o ss ’s ex ­
perimental d a ta [ l  1) for the first, second, and 
third neighbor pair corrcla tions in Cu-,Au at 
450°C they used a C o m p u t e r  to  shuffie atomic 
configurations on 4000 sites. T h ey  used two 
starting configurations: perfectly random , and 
perfectiy  ordered  and allowed the C o m p u t e r  to 
change configurations only if the  new con- 
figuration was m ore consistent with the pair 
corre la tion  data. T h e  process was stopped 
w hen  the  Computer configuration had valúes 
for the pair correla tions sufficiently cióse to 
the experim ental data. A num ber o f  properties 
o f  the final Computer configurations were then 
m easured , in particular the various fractions 
o f  nearest neighbor triplets and quadruplets. 
Although t h e s e  few Computer configurations 
undoubtedly  represen t but a very small frac­
tion o f  the ensem ble of  4000 site configurations 
that would have the sam e pair correlations, it 
is safe to  a s s u m e  that the valúes for the triplet 
probabilities derived from the Computer con ­
fitan ations a r e  typical o f  the ensem ble for two 
reasons. First, since there  are 32,000 triplets 
o f  this kind in a single configuration, the sta- 
tistical averaging is o f  a high order. T h is  would 
not be true o f  som e larger feature  o f  the con- 
fií’uration s u c h  as the shape o f  an antiphase 
boundary  involving scveral hundred  atoms. 
Second, the results for the triplet num bers 
varied by insignificant am ounts  am ong dififer- 
ent final c o n f ig u r a t io n s .  As a c o n se q u e n c e  it is 
p r a c t i c a l ly  ccrtain t h a t  their M onte Cario 
valúes f o r  the triplet and quadruple t proba-

bilities are very cióse to  the for
the C u 3A u lattice at this temp£Mfe*BwTh€r&lS- 
of  course , the implicit assurnpnon iffitt)g¡r 
opera tion  that the configuratior.al 9 y  t e ­
pe nds o n  no  m ore  than  the th rec  p.iir corft&k 
tions-that w ere used as input.

O u r  m ethod  ís easily applied to the calcu¡. 
tion o f  the  triplet probabilities by u.si.ig equa  
tions (14) and  (15) which again yield equation  
(16) but the  solution is now difterent f r o m r =  0 
because  c  ^  0. W e write equation  (16) as

( O , +  * ) ( / > , +  X ) { P 3 + X ) ( P 4 + X )  =
( D [ - X ) ( D , - X ) ( D , - X ) { D 4~ X )

(17)
with

X  =  t - c
Di  =  1 +  (fr ta 2) 4- (cr2(r3) +  (cr3c7,) +  4c 
D¡ =  1 +  <cr,o-2> +  <cr2cra> +  (ascr,) —4c 
D¿ 1 +  (cr,o-2> — (<r2o-3) — <ar3cr,)
D 3 =  ) — ( a , a 2) +  (o-2o-3) — (a^or,)
D 4 =  1 — (cr,(r2) — (cr2a 3) +  (cr3o-,)

Equation  (17) reduces  to a  cubic, Â ’ +  n-.A’2 
+  a ,X  + a0 — 0 with a2 — c(D 2+  D 3 +  D4), a ,  =  
((£>, +  D[) (Ü 2D 3 +  D ,D ,  +  D 2D 4) + 2 D 2D 3D 4)¡ 
8, a„ =  c D 2D 3D 4. T h is  has one real root, which 
can  be proven by assum ing there is more than 
one and showing tha t this implies negative 
valúes for som e o f  the  Pk’s. T h e  single real 
roo t is ex trac ted  by the s tandard  cubic solu­
tion method. A t this point the solution is 
applicable to  any kind o f  triplet on a lattice o f  
arbitrary composition. T h e  D ,'s are evaluated  
for Cu.,Au nearest  neighbor triplets by  setting 
c = i a n d  <tTicr<¡) =  (cr2a 3) =  (cr;,cr,> — (1 — cJ)ai 
-t- c 2 where  a ,  is the m easured W arren  short 
range o rder  param eter  for nearest  neighbors. 
T h e  three pair  correla tions are equal because  
the  triplet under  consideration  has each  site 
a nearest  neighbor o f  the o th e r  two. T h e  
numerical results are listed in T ab le  2.

T h e  a l low ed  range  for  the  t r iplet  p r o b a ­
bili t ies has  b e e n  f ou nd  f ro m  e q u a t i o n  (14) by 
put t ing in the  k n o w n  va lúes  fo r  c  a n d  the  
(o-¡<tj)'s and  then  de te r m in in g  the  r ange  o f  r  
for  which  all t he  p robab i l i t i e s  r em ai n  pos i t ive.
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T a b le  2. N e n r e s t  nei í ’hbor  triplel  probab il i t ie s  in C u rlA u  a;

Rangc allowed
by linear Monte C a rio [6] N  = 4000 This

equatiftns at ---------------------------------------------------------- calculation
T  — 450’ O rdered start Random start (PVM )

0-302-0-328 0-3273 0 3275 0-3271 U-3474'
0-672-0 594 0-5962 0 5956 0 5964 <>■<*76*
0 (¡00-0-07í< 0-075S 0-0761 0-0759 '■ .'40*
0-026-0-000 0-0007 00007 0-00067 .1

>er(
upprov

liiplet 
t V pe

Cu C u -C u  
Cu C ii - An 
( ii A u-A ti 
Au A n-A u

"Note tliat (hese values are ou'side the nllowed ranj'.v.

t lie icstil l  is Dial , has  a lower  b o un d  at
0 1 %  and  ati u p p e r  b o u n d  at  —0-188. Thi- 

tiisi values  ín the table c o r r e s p o n d  ío the 
lower  b o u n d  o f  r  and  the s e c o n d  valúes  to 
the  upper ,  so that  by impos ing  this  reali tv 
coml i t ion  a lone,  the  vah i es  o f  the tr iplet 
p tobabi l i t ic s  a re  a l rcady  k n o w n  reasonabl> 
uel l .  [ lie I 'V M solut ion  is r  ~  — 0-1941.

It is ap p a r en t  f rom T a b l e  2 tha t  the  agree-  
meiil  b c t w e e n  the M o n t e  C ar lo n u m b e r s  and  
t l u -  P V M  predic t ions  a re  ve ry  good.  ll 
sugges t s  that the  P V M  va lues  are  p ro bab ly  the 
exac t  r esul ts  for the infinite lat t ice ens embie .

Al i h ou g h  the S A  wou ld  a p p e a r  to give a 
i c a s o n a b le  e s t ím a te  o f  the t riplet  probabi l i t i es ,  
l i nc e  o f  the values  are imposs ib le  b e c a u s e  
they lie ou t s ide  the  r angc a l low ed  by cq ua t io u  
(I I). T h i s  m e an s  tha t  if the SA probabi l i t ies  
w ere  used to de te rm in e  r ,  ea ch  on e  of  ihe 
l inear  e q u a t i o n s  wou ld  give a different  r  and  
lite in eo ns i s t e ney  co t dd  not be reso lved.

Al te rna t ive ly ,  il the S A  probabi l i t ies  au '  
fed ba c k  in to  eq ua t io n  (2) the  values  o f  c and 
<>x so  d e t e r m in e d  a re  in e r r o r  by  2 and  23 per  
cení  r e spect ively .  In fací,  an a rb i t r a ry  cho iee  
o f  r  a n y w h e r e  vsithin the  a l lowed  range  o f  r  
wou ld  be b e t t e r  than using the S A ,  for  this at 
least  would  p r o d u c e  a set of  values  for the 
tr iplet probab il i t ie s  cons i s t en t  wi th the  k n o w n  
ai loy data.

•4 4 ! M M A K \  AMI  ( ONCI. l iSIONS

\ v c  hav e  i n l m d u c e d  a ne w  way  to d e t e r ­
mine lúe stat is l ical  p robab il i t ie s  o f  c lust e rs  
o f  mor e  than  two si tes f rom pai r  cor re l a t ion  
ilala in any b i na r \  latt ice.  l i l i s  a p p r o a c h  has

been  cal led the  P robabi l i ty V a r ia tú  . ' - ic thod 
( P V M )  to indícate  its k insh ip  to  an o ’.der  
m e th o d  which  has  been  e m p lo y e d  in pai r  
co r re l a t ion  de te rm in a t io n s ,  the C l u s u r  Varía-  
ti'on M e th o d .  T h e  P V M  was co m p í ' r e d  wi th 
the  S u pe r po s i t io n  A pp ro x i m a t io n  and  M o n t e  
( ' a r l o  resul t s .  ll was  s h o w n  to  be  m or e  accur -  
a t e  tha n  the for rner  and  m o re  eas i ly  app l i ed  
than the  latter.  A plausíbi l i ty a r g u m e nt  was  
p r es e n t ed  tha t  the P V M  re pr es e n t s  an exa c t  
ca lculat ion  o f  the c lu s te r  p robabi l i t ie s  for  
lat t ices  w h er e  the  conf ígurat ional  en e r gy  re- 
ma ins  c o n s ta n t  as the c lus te r  probabi l i t ies  are 
var ied.  T h e  P V M  w as  s h o w n  to yield the  
ex a c t  r esul t  for  all t he  ca se s  tha t  could  be  
ca lcu la ted  by a l t e rn a t e  means .  T h u s  the P V M  
shou ld  b e c o m e  a ve ry  useful  tool for  ob ta in ing  
a  m o r e  c o m p le t e  mic roscop io  p ic ture  o f  par- 
tially o r d e r e d  lat t ices.

In a s u b s e q u e n t  p a p e r  we shall  give r esu l t s  
o f  the  P V M  appl i ed  to larger  c lu s t e r s  consis t -  
ing o f  a  cen tra l  site su r r o u n d e d  by all its 
n ea res t  ne i ghb or  si tes in tw o  a n d  th r ee  d i m e n ­
sional  la t t ices.  W e  shall  al so indícate var ious  
ca lcu la t ion  s h o r t  cu t s  a nd  w ork ín g  t e chn iques  
that  can  be e m p l o y e d  in thes e  m o re  co m ple x  
opera t ions .
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A CRITTCAL EXAKIHATION OF THE VALXDITY OF THE 
PAIR-WISE INTERACTION MODEL FOR ORDERED ALLOYS

R i i l i p  C . C lap p

Ledgem ont L a b o r a to r y ,  K e n n e c o tt  C o p p er C o r p o r a t io n  
L e x in g to n ,  M a s s a c h u s e tt s .

ABSTRACT

The u s e  o f  c e n t r a l  p a i r - w i s e  i n t e r a t o m ic  f o r c e s  
o f  s h o r t  r a n g e  t o  a c c o u n t  f o r  t h e  many v a r io u s  co n ­
f i g u r a t i o n s  o f  o r d e r e d  a l l o y s  h a s  h a d  a  lo n g  a n d  
g e n e r a l l y  s u c c e s s f u l  h i s t o r y .  I t  i s  th u s  im p o r ta n t  
t o  d e te r m in e  u n d e r  w h a t c o n d i t i o n s  t h i s  s im p le  m o d el 
m ig h t b e  g r o s s l y  i n  e r r o r .  I n  p a r t i c u l a r ,  we s h a l l  
p o s e  a n d  p r o v id e  p a r t i a l  a n sw e rs  f o r  t h e  f o l lo w in g  
q u e s t i o n s :

a )  I s  i t  e s s e n t i a l  t o  p o s t ú l a t e  t h e  p r e s e n c e  i n  
some s y s te m s  o f  i n f i n i t e  r a n g e  f o r c e s  ( s u c h  a s  t h e  
B r i l l o u i n  z o n e -F e rm i s u r f a c e  i n t e r a c t i o n  o r i g i n a l l y  
p ro p o s e d  b y  J o n e s  t o  e x p í a l a  t h e  H u m e-R o th ery  p h a s e s  
a n d  r e c e n t l y  u s e d  b y  S a to  & T o th  t o  a c c o u n t  f o r  
lo n g  p e r io d  s u p e r l a t t i c e s  ) o r  a r e  t h e s e  e f f e c t s  
r e d u c i b i e  t o  f i n i t e  r a n g e  f o r c e s ?

b )  I s  t h e r e  a n y  e v id e n c e  f o r  t h e  p r e s e n c e  o f  
n o n - c e n t r a l  f o r c e s  i n  t h e  o r d e r i n g  b é h a v io u r  o f  
m e t a l l i c  s y s te m s ?

c )  A re  t h e  m any-a tom  f o r c e s  p r o p o s e d  b y  s t r a i n  
o r d e r i n g  t h e o r i e s  f o r  a l l o y s  w i th  l a r g e  a to m  s i z e  
d i s p a r i t i e s  e s s e n t i a l l y  r e d u c i b i e  t o  p a i r - w i s e  
I n t e r a c t i o n s  o r  i s  t h e  o b s e r v e d  b é h a v io u r  a n  
i r r e d u c i b l e  m any-body  e f f e c t ?
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I n t r o d u c t i o n

Any a t t e m p t  t o  e x p la i n  o r  p r e d i c t  t h e  p 'n y s ic a l  p r o p e r t i e s  o f  a l l o y s  f r o n  
a n  a t o n i s t i c  v i e w p o in t ,  w h e th e r  i t  b e  p h a c e  s t a b i i i t y ,  s t a c k i n g  f a u l t  e n e r g i e s ,  
k i n e t i c s  o f  o r d e r i n g ,  m e c h a n ic a l  b e h a v io u r ,  n i c r o s t r u c t u r e  o r  a n y  o t h e r  t o p i c  
t h a t  c o u ld  h a v e  b e e n  c h o s e n  f o r  t h i s  c o n f e r e n c e ,  i ru s t  b e g in  w i th  a  m odel o f  
th e  a t o n i c  i n t e r a c t i o n s  p r e s e n t .

One t h a t  h a s  b e e n  u s e d  v e r y  o f t e n  i n  one  f » r c  o r  a n o th e r  i s  t h e  c e n t r a l  
p a i r - w i s e  i n t e r a c t i o n  sc h e m e . T h is  i s  p r o b a b ly  m ore b e c a u s e  o f  i t s  e a s e  o f  
a p p l i c a t i o n  th a n  b e c a u s e  o f  a n y  s t r o n g  e v ic e n c e  o f  i t s  v a l i d i t y .  In  f a c t ,  
i t  h a s  b e e n  kncrvm f o r  a  lo n g  t im e  t h a t  t h e  v i o l a t i o n  o f  t h e  C auchy  r e l a t i o n s  
among t h e  e l a s t i c  c o n s t a n t s  i n  m o st m e tá is  im p l ie d  t h a t  n o n - c e n t r a l  o r  m any- 
b o d y  f o r c e s  m u s t p l a y  some p a r t .

B e g in n in g  w i t h  t h e  f u n d a m e n ta l  c o n s t i t u e n t s  o f  a  m e t a l l i c  l a t t i c e ,  n am ely  
t h e  a to m ic  n u c l e i  a n d  t h e  e l e c t r o n s ,  a l l  t h e  i n t e r a c t i o n s  a r e  s im p le  coulom b 
f o r c e s  and  t h u s  a r e  e n t i r e l y  c e n t r a l  p a i r - w i s e  i n t e r a c t i o n s .  H ow ever, when 
we t r y  t o  d e s c r i b e  t h e  e f f e c t i v e  f o r c é  t h a t  e x i s t s  b e tw e e n  tw o  a to m s i n  a  
m e t a l l l c  l a t t i c e  due  t o  t h e  i n t e r a c t i o n  o f  o n e  n u c l e u s ,  i t s  b o u n d  e l e c t r o n s  
a n d  i t s  c lo u d  o f  c o n d u c t io n  e l e c t r o n s  w i th  a n o th e r  su c h  o b j e c t  i t  i s  v e r y  u n -  
l i k e l y  t h a t  t h e  f o r c é  w i l l  s t i l l  b e  a  s im p le  c e n t r a l  p a i r - w i s e  i n t e r a c t i o n .
A l l  t h a t  we c a n  h o p e  i s  t h a t  t h e  d o m in a n t p a r t  o f  t h e  i n t e r a c t i o n  w i l l  h a v e  
t h i s  c h a r a c t e r .  W hat we s h a l l  ex am in e  h e r e  t o  soine d e g r e e  i s  t h e  q u e s t io n  
o f  w h ic h  a l l o y  p r o p e r t i e s  a n d  w h ic h  a l l o y  sy s te m s  a r e  c o n s i s t e n t  w i th  a  p r e -  
d a m in a n t ly  c e n t r a l  p a i r - w i s e  i n t e r a c t i o n  schem e a n d ,  c o n v e r s e l y ,  w h ic h  c a s e s  
c l e a r l y  v i ó l a t e  t h e  m o d el a n d  show  t h a t  a  m ore c a r p l i c a t e d  t r e a tm e n t  i s  
n e c e s s a r y .

One p a r t i c u l a r l y  s im p le  v e r s i ó n  o f  t h i s  m odel a ssu m e s  o n ly  a  n e a r e s t  
n e ig h b o r  i n t e r a c t i o n  o f  c o n s t a n t  s t r e n g t h  a n d  h a s  b e e n  w id e ly  u s e d  i n  o r d e r i n g  
t h e o r i e s  s u c h  a s  t h e  q u a s i  C h e m i c a l  m e th o d , r e g u l a r  s o l u t i o n  t h e o r y  a n d  t h e  
I s i n g  m o d e l . I t , i s  now c l e a r  t h a t  t h i s  a n s u r rp t io n  i s  a n  e x tr e m e ly  c r u d e  one  
a n d  r a a n y  a u t h o r s '  > '  h a v e  p o i n t e d  o u t  i t s  d ra w b a c k s . F o r  i n .s ta n c e ,  i t  c a n -  
n o t  e x p l a i n  w h y  m o st o r d e r - d i s o r d e r  t r a n s f o r m a t i o n s  a r e  f i r s t  o r d e r  t r a n s i -  
t i o n s ,  why t h e  c r i t i c a l  te m p e ra tru re  f o r  o r d e r i n g  i s  o f t e n  o b s e r v e d  t o  b e  a  
máximum a v a y  fro m  t h e  s t o i c h i a m e t r i c  c o m p o s it io n  o r  e v e n  why a  f a c e  c e n t e r e a  
c u b ic  a l l o y  s h o u ld  o r d e r  a t  a l l .  ( 3 1 The s e  a r e  s e r ic r u s  f a i l i n g s  a n d  i t  i s  
a p p a r e n t  t h a t  a n y  c a l c u l a t i o n  b a s e d  o n  t h i s  a s s u n n t i o n  s h o u ld  b p  t a k e n  w i t h  a  
l a r g e  g r a i n  o f  s a l t .

T h is  e x p e r i e n c e  m akes i t  e v id e n t  t h a t  th e  m o d e l m u s t i n c l u d e  h i g h e r  
n e ig h b o r  i n t e r a c t i o n s  a n d  a l s o  p ro v ld .e  f o r  c h a n g e s  i n  t h e  i n t e r a c t i o n  s t r e n g t h s  
a s  t h e  l a t t i c e  p a r a m e te r  o r  c o m p o s i t io n  v& ry.

C e n t r a l  F te .lr-W lse (CIW) I n t e r a c t i o n s  a n d  Vfoat T h ey  C an E x p la in

Two ix n p o r ta n t  r e c e n t  d e v e lo p m e n ts  i n  t h e  t h e o r e t i c a l  w o rk  on  i n t e r m e t a l l i c  
i n t e r a c t i o n s  h a v e  g iv e n  a  m ore d i s t i n c t  p i e t u r e  o f  t h e  g e n e r a l  c h a r a c t e r  o f  
t h e s e  f o r c e s .  F r i e d e l ( ^ )  a n d  others(5 ,6 ; v e r e  a b l e  t o  show  t h a t  b e c a u s e  t h e  
c o n d u c t io n  e l e c t r o n s  i n  a  m e t a l  w e re  l i m l t e d  t o  v a v e  v e c t o r s  b e lo w  t h e  F e rm i 
w ave v e c t o r  k p ,  t h e y  w o u ld  n o t  b e  a b l e  t o  s c r e e n  o u t  t h e  c h a r g e  o f  t h e  
m e t a l l l c  io n s  c o m p le te ly .  T h is  in c o r a p le te  s c r e e n i n g  l e a d s  t o  a  lo n g  r a n g e  
o s c i l l a t o r y  p o t e n t i a l  b e tw e e n  t h e  m e ta l  a t c c s  f a l l i n g  o f f  a s  r~3 and. h a s  a  
CHí c h a r a c t e r .

The s e c o n d  r e s u l t  h a s  come fro m  a  new t e c h n iq u e  f o r  c a l c u l a t i n g  t h e  i n t e r -  
a to m ic  f o r c e s  i n  n i e t a l l i c  sy s te m s  a n d  i s  r e f e r r e á  t o  a s  p s e u d o - p o t e n t i a l  
t h e o r y  w ) .  W h ereas t h e  F r i e d e l  in c ú m p le te  s c r e e n in g  r e s u l t  g i v e s  o n ly  t h e  
c h a r a c t e r  o f  t h e  i n t e r a c t i o n  a t  l a r g e  d i s t a n c e s ,  t h e  p s e u d o - p o t e n t i a l  c a l -  
c u l a t i o n s  p r o v id e  a n  a p p r o x im a t io n  o v e r  t h e  f i ¡ n  r a n g e  o f  t h e  i n t e r a c t i o n .
The p r i n c i p a l  te rm  i n  t h e  c a l c u l a t i o n  i n v a r i a b l y  y i e l d s  a  CHí i n t e r a c t i o n  
b u t  h i g h e r  te rm s  i n  t h e  p e r t u r b a t i c n  e x p a n s ió n  i n d í c a t e  m ore co m p lex  ty p e s  
o f  i n t e r a c t i o n s  ( i . e .  m an y -b o .iy  i n t e r a c t i o n s ) .  A r e c e n t  p s e u d o - p o t e n t i a l  
c a l c u l a t i c n  o f  t h c  L i-M g s y s te m  b y  K ayes <_-t a l i a ( ^ )  g iv e s  a  CFW i n t e r a c t i o n
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w ith  t l io  n c a r  n c ig h b o r  i n t e r a c t i o n s  a r i s i n g  p r i m a r i l y  fro m  t h e  d i r e c t ’ o v e r -  
l a p  o f  a to m ic  o r b i t a l s  anri a  l '^ i e d e l  lo n g  r a n g e  o s c i l l a t o r y  p o t e n t i a l  
t a k in g  o v c r  b cy o n d  th e  f i f t h  n e ig h b o r  d i s t a n c e .

U n fo rl u n a t e l y ,  t>he p s e u d o - p o t e n t i a l  t e c h n iq u e  i s  d i f f i c u l t  t o  a p p ly  t o  th e  
t r u n s i t . i o n  an d  n o b le  m e t á i s .  C o n s e q u e n tly  no  c a l c u l a t i o n s  o f  i n t e r a t o m ic  
i n t e r a c t i o n s  i n  t h e s e  s y s te m s  a r e  y e t  a v a i l a b l e ,  b u t  we c a n  h o p e  t h a t  t h e  r e -  
ru .l.ts  f o r  t h e s e  g ro u p s  w i l l  n o t  b e  r a d i c a l l y  d i f f e r e n t .  The F r i e d e l  i n t e r -  
u r t . io n  :i:; n o t  s i m i l a r l y  l i m i t e d  s o  t h a t  f o r  m e tá is  g e n e r a l l y ,  we c an  e x p e c t  
an  O oci.l l a t o r y  p o t e n t i a l  f a l l i n g  o f f  a s  r~ 3  a t  l a r g e  d i s t a n c e s .

L e t  vr. assuir.e  t h e n  t h a t  t h e  CFW p a r t  o f  t h e  i n t e r a t o m ic  i n t e r a c t i o n s  i n  a n  
a l l o y  h a v e  th e  g e n e r a l  f e a t u r e s  i n d i c a t e d  i n  F i g .  1 .  T hus t h e  e q u i l i b r iu m  
i n te r a t o m ic  d i s t a n c e  f o r  an  A -A , a  B-B a n d  a n  A-B p a i r  a r e  a l l  d i f f e r e n t  
and  th e  a v e ra g e  l a t t i c e  s p a e in g  w i l l  b e  some com prom ise  d i s t a n c e  when th e  
a l l o y  i s  d i s o r d e r e d .  A s e c o n d  p o i n t  t o  n o t e  i s  t h a t  t h e  b in d in g  e n e r g i e s  o f  
e ac h  ty p e  o f  p a i r  a r e  d i f f e r e n t  a l s o .  The lo n g  r a n g e  o s c i l l a t o r y  f e a t u r e  o f  
t h e  p o t c n t i a l s  h a s  b e e n  ig n o r e d  f o r  t h e  p r e s e n t .  Víe f u r t h e r  assum e t h a t  t h e  
p o t e n t i a l s  a t  n e a r - n e ig h b o r  d i s t a n c e s  a r e  due p r i n c i p a i l y  t o  t h e  o v e r la p  o f  
bound e l e c t r o n s  so  t h a t  t h i s  p a r t  o f  t h e  c u r v e s  w i l l  r e m a in  r e l a t i v e l y  c o n -  
r . t a n t  a s  t h e  c o m p o s i t io n  o r  t e m p e r a tu r e  o f  t h e  a l l o y  c h a n g e s ,  u n l e s s  t h e r e  
i s  some c h a n g e  i n  v a le n c e  o f  t h e  i o n s .

F ig u r e  1 :

r I n t e r a to m i c  p o t e n t i a l s  i n  

a  b i n a r y  aULoy c h o se n  t o  

h a v e  d i f f e r e n t  w e l l - d e p th s  

( c a u s in g  a  c h e m ic a l  

o r d e r i n g  f o r c é )  an d  d i f ­

f e r e n t  m in iraa  p o s i t i o n s  

( c a u s in g  a  s t r a i n  o r d e r i n g  

f o r c é ) .

W hat t h e n  a r e  t h e  a u a l i t a t i v e  p r e d i c t i o n s  o f  t h i s  m o d el?  The t o t a l  c o n -  
l ' i g u r a t i o n a l  e n e rg y  o f  t h e  a l l o y  i s :

e c o n f i g .  + ^ i *  + ^ ( r i> J  (1 )
AA,

w l'e ro  r ,  i s  t h e  d i s t a n c e  b e tw e e n  t h e  i - t h  n e ig h b o r s  i n  t h e  l a t t i c e ,  N ( r .  ) 
i s  t h e  t o t a l  num ber o f  A-A p a i r s  i n  t h e  l a t t i c e  s e p a r a t e d  by  t h a t  d i s t a n c e ,  
and \ r ^ ( r . )  i s  t h e  s t r e n p r th  o f  t h e  A-A i n t e r a c t i o n  a t  t h a t  d i s t a n c e ,  e t c .
I f  í,he f r a c t i o n  o f  (A ,E ) a to m s i n  t h e  l a t t i c e  i s  (rn^,mg) a n d  t h e  W arren  s h o r t  
-nnpe  o r d e r  p a rm iio tc r s  a x e  u s e d ,  t h e n :

IIa * ( r ^ = ~ 2 ~ Í ^ W i 1
(2 a )

^ ( i * ) = — (4"1‘1ArnBa i ) (2 b )

= M .  i
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v m e r '’ 7.^ i s  t l i e  c o o r d i n a t i o n  naniber i n  t h e  i - t h  S h e l l ,  a n d  N i s  t h e  t o t a l  
num ber 01 ' s i t e s  i n  t h e  c r y s t a l .  T h is  a lü o w s  u s  t o  make a  u s e f u l  á e p a r a t i o n  
o í’ t h e  e n e r g y  i n t o  a n  o r d e r  in d e p e n d e n t  p a r t  a n d  an  o r d e r  d e p e n d e n t  p a r t :

f  = \  h  + 1  z i  v ( r i ) a i  = Eo ( r )  + Ei ( r >Q) (3 )

Vo ( r i )  = mA + 4  +

V(ri) = [ V ^ í r ^  + V88^ )  -

T he f u n c t i o n s  VQ( r )  an d  V ( r )  h a v e  b e e n  p l o t t e d  i n  F ig »  2 f o r  t h e  c a s e  m^ = m^.

w h e re

a n d

F ig u r e  2 :

P l o t s  o f  V ( r )  = m^ V ^ ( r )  

+ m|  V®B( r )  + V ^ r )

a n d  V ^ )  = [V4* ' ^ )

+ VBB( r i ) -  Z V "5^ ) ]

f o r  n ,  = “>3 .

I f  t h e  Q l lo y  i s  c o m p le te ly  d i s o r d e r e d  th e n  a j_ l t h e  a  a r e  z e r o  a n d  o n ly  
E ( r )  c o n t r i b u t e s  t o  t h e  e n e r g y .  The l a t t i c e  s p a c in g  i s  th e n  d e te r m in e d  b y  
m ^ n im iz in g  E w i th  r e s p e c t  t o  l a t t i c e  s i z e .  I f  v e  ig n o r e  a l l  b u t  f i r s t  
n e ig h b o r  t e r m s  f o r  t h e  s a k e  o f  i l l u s t r a t i o n ,  t h i s  v o u id  p l a c e  t h e  f i r s t  
n e ig h b o r  d i s t a n c e  a t  t h e  mínimum o f  t h e  V ( r )  c u rv e  i . e .  a t  r ^ ,  The d r i v i n g
f o r c é  f o r  o r d e r i n g  f i r s t  n e ig h b o r s  i s  g iv e n  by  V (r ) a n a  a s  t h e  t e m p e r a tu r e  
i s  lcrw ered  a  w i l l  becom e i n c r e a s i n g l y  n e g a t i v o .  mAs D ie n e s (9 )  h a s  p o in te d  
o u t  t h i s  w i l l  caxise a  c h a n g e  i n  t h e  l a t t i c e  s p a c in g  b e c a u s e  t h e  n e a r e s t  
n e ig h b o r  d in ta n c o  / i l l  a lw a y s  b e  a t  t h e  mínimum o f  V ( r )  + a .  V ( r ) .  I n  t h e  
v i o i n i t y  o f  t h e  o r d e r - d i s o r d e r  t r a n s f o n n a t i o n  te m p e rE tu r e  ( T ^ ) ,  ot^ c h a n g e s  
q u i t e  r a p i d l y  an d  i n  f a c t  t h e  l a t t i c e  s p a c in g  w i l l  u s u f .U y  cn an g e  d i s c o n -  
t i n u o u s l y  a t  T a s  c h o ra  b y  G a r la n d  a n d  R er.ardC 1 0 ) .  T h is  c h a r.g es  t h e  n a tu r e  
o f  t h e  t r a n s f o r á a t i c n  fro rn  s e c o n d  o r d e r  t o  f i r s t  o r d e r .  We a l s o  n o t e  t h a t  
t h e  o r d e r i n g  e n e rrry  V ( r ^ )  h a s  c h a n g e d  s lo w ly  a s  t h e  l a t t i c e  s p a c in g  h a s  
c h a n g e d . C h a n g in g  th e  c o m p o s it io n  o f  t h e  a l l o y  w i l l  a l s o  h a v e  e f f e e t s  on  
t h e  l a t t i c e  s p a c in g  a n d  t h e  o r d e r i n g  e n e rg y  b e c a u s e  V ( r )  a n d  V ( r )  w i l l  now 
b e  d i f l 'e r e n t  m ix tu r e s  o f  V ^ ‘( r ) ,  V ( r )  a n d  V ^ ( r )  a s ° i a y  b e  s e e n  fro m  E q. ? .  
T h is  c a n  p r o d u c e  a s y m r .e t r ie s  i n  t h e  s h a p e  o f  t h e  o r d e r - d i s o r d e r  p h a s e  b o u n c a ry  
a n d  c an  c a u s e  t h e  p e a k  i n  T t o  b e  s h i f t e d  o f f  th e  s t o i c h i o r a e t r i c  c o m p o s i t io n  
a s  i s  o f t e n  o b s e r v e d  e x p e r i£ e n ta l J .y .

A c y iim e tr ic  l a t t i c e  d i s t o r i i o n s  o f  t h e  o r d e r e d  p h a s e  c an  a l s o  b e  u n d e r s to o d  
q u a l i t a t i v e l y  fro m  t h i c  m odel i n  c a s e s  l i k e  CuAu w h ic h  o r d e r s  i n  a l t e r n a t i n g  
(1 0 0 ]  p l a n e s  o f  Cu an d  Au a to m s . S in c e  t h e  i n t e r a c t i o n  b e tw e e n  p l a n e s  i s
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p r i n c - i p a l l y  \A ® (r)  th e  i n t c r p l a n a r  s p a c in g  w i l l  b e  d e te r r . i r .e d  b y  t h i s  i n t e r ­
a c c ió n ,  w h c re a s  t h e  K p ac in g  v i t h i n  a  p la ñ e  w i l l  d ep en d  on t h e  f e a t u r e s  o f  
V ^ ( r )  an d  V ^ ® (r) . Thus we c an  e x p e c t  t h e  i n t e r  and  i n t r a - p l a n a r  s p a c in g  t o  
b e  d i f f e r o n t  i n  t h e  o r d e r e d  p h a s e  a s  i s  o b s e r v e d .  C uPt vrhich i s  a l s o  a *  
la y e r e i l  o r d e r e d  s t r u c t u r e  (o n  (1 1 1 )  p l a n e s )  may b e  a  s i g i l a r  e x a m p le .

( l l )C lo p p  and  Moss h a v e  shown t h a t  t h e  s t a b i l i t y  o f  a l l *  o f  t h e  s im p le  
o r d e re d  s t r u c t u r e s  o f  c u b ic  a l l o y s  c a n  b e  e x p la in e d  b y  i r .c lu d in g  s e c o n d  an d  
o c c a s i o n a l l y  t h i r d  n e ig h b o r  i n t e r a c t i o n s .  In  f a c t ,  t h e  o r á e r e d  s t r u c t u r e s  
c an  b e  c o r r e e t l y  p r e d i c t e d  b y  m e a s u r in g  th e  i n t e r a c t i o n  s t r e n g t h s  i n  t h e  
d i s o r d e r e d  p h a se  fro m  s h o r t  r a n g e  o r d e r  d i f f u s e  s c a t t e r i n g  d a t a .

R a s t  C r l t i c l s m s  o f  CFW I n t e r a c t i o n s

1 )  I n c o r r e c t  p r e d i c t l o n  o f  t h e  sh a p e  a n d  t e m p e r a tu r e  r& x ln a  o f  t h e  o r d e r -  
d i s o r d e r  p h a s e  b o u n d a ry .  As we h a v e  s e e n  i n  t h e  p r e v i c u s  s e c t i o n  t h i s  l a  
r c a l l y  a n  o b j e c t i o n  t o  t h e  much m ore n a iv e  c o n s t a n t  n e a r e s t - n e i g h b o r  i n t e r ­
a c t i o n  modeJL and  d o e s  n o t  a p p ly  t o  t h e  f u l l  CHí m o d e l.

? )  M ost o r d e r - d l s o r d e r  t r a n s f o r m a t l o n s  a r e  f i r s t ,  n o t  s e c o n d ,  o r d e r .
T h is  a g a in  i s  a  f a i l i n g  o f  t h e  c o n s t a n t  i n t e r a c t i o n  m o d el a n d  i s  n o t  a  d i f -  
f i c u l t y  o n c e  t h e  v a r i a t i o n  o f  o r d e r i n g  e n e rg y  v i t h  l a t t i c e  p a r a m e te r  i s  i n -  
c lu d e d .

3 )  AuWi h a s  o f t o n  b e e n  c i t e d  a s  a  c a s e  t h a t  was i n e x p l i c a b l e  i n  t e r m s  o f  
p a i r - y i e e  i n t e r a c t i o n s  b e c a u s e  t h e  s h o r t  r a n g e  o r d e r  (SRC) d a t a  o f  P l i n n  e t  
a l i a ' 1 2 > i n d l c a t e d  a  d r i v i n g  f o r c é  f o r  o r d e r i n g  w h e re a s  t h e  p h a s e  d ia g ra m  
show s a  r a i s c i b i l i t y  g ap  a n d  h e n e e  c l u s t e r l n g .  T h is  p a r a d o x  w as u s u a l l y  
d e a l t  w i th  by  s u g g e s t in g  t h a t  b e c a u s e  o f  t h e  l a r g e  s i z e  e f f e c t  p r e s e n t  i n  
t h e  a l l o y  im p o r ta n t  " s t r a i n  e n e r g i e s "  h a d  n o t  b e e n  i n c lu d e d  i n  t h e  p a i r - w i s e  
d e s c r i p t l o n .  M o ss \1 3 )  h a s  s i n c e  shovm t h a t  t h e  o r i g i n a l  SRO d a t a  w e re  n o t  
c o r r e c t l y  s e p a r a t e d  fro m  t h e  l a r g e  s i z e - e f f e c t  d i f f u s e  s c a t t e r i n g  a n d  w hen 
t h i s  o p e r a t i o n  w as do n e  m ore c a r e f u l l y  t h e  SBO d a t a  a l s o  i n d i c a t e d  c l u s t e r i n g ,  
i n  c o n f o rm i ty  w i th  th e  p h a s e  d ia g ra m .

(tM
In  a d d i t i o n  G o ld in g ,  Moss an d  A v e rb ac h  u s e d  a  CW  io n  c o r e  r e p u l s i ó n  

b e lw een  n e a r e s t  n e ig h b o r s  t o  c a l c ú l a t e  t h e  v a r i a t i o n  v i t h  c o m p o s it io n  o f  t h e  
s h e a r  c o n 3 ta n t s  f o r  AuNl c o n c e n t r a t e d  s o l u t i o n s  a s  w e l l  a s  t h e  h e a t  o f  
f o n n a t i o n .  T hey g o t  goo d  a g re e m e n t w i th  e x p e r im e n ta l  d a t a  w h ic h  i n d i c a t e s  
t h a t  t h e  o t r a i p  e n e rg y  te rm  i n  t h i s  a y s te m  i s  w e l l  r e p r e s e n t e d  b y  t h e  c h a n g e s  
in  t h e  s h o r t  r a n g e  CFW r e p u l s i v e  i n t e r a c t i o n  b e tw e e n  n e lg h b o r ln g  i o n s .

I4) E le c t r o n  p h a s e s - B r i l l o u i n  z o n e  e f f e c t s - L o n g  p e r io d  s u p e r l a t t i c e s .  The 
c o n c e p t  t h a t  t h e  e n e rg y  o f  t h e  c o n d u c t io n  e l e c t r o n s  c a n  b e  lo w e re d  b y  i n -  
t r o d u e in g  a  riew p e r i o d i c i t y  i n t o  t h e  l a t t i c e  su c h  t h a t  t h e  e o r r e s p o n d in g  
B r i l l o u i n  zo n e  w i l l  to u c h  t h e  s u r f a c e  o f  t h e  F e r a l  s p h e r e  h a s  o f t e n  b e e n  u s e d  
t o  e x p la i n  t h e  s t a b i l i z a t i o n  o f  v a r io u s  o r d e r e d  s t r u c t u r e s .  J o n e s ( 1 5 )  p r o - ^  
p o se d  th iB  m echan ism  t o  e x p l a i n  t h e  H u m e-R o th ery  e l e c t r ó n  p h a s e s ,  S l a t e r ( l ® )  
o u g g e n te d  a  s i m i l a r  i d e a  t o  e x p la i n  t h e  o r d e r i n g  o f  C u P t a n d  r e c e n t l y  S a to  
and T b th ^1 ' > h a v e  u s e d  t h i s  c o n c e p t  e x t e n s i v e l y  t o  e x p la i n  t h e  e x l s t e n c e  o f  
lo n g  p e r io d  s u p e r l a t t i c e s .

U n t t l  r e c e n t l y  i t  h a s  b e e n  d l f f i c u l t  t o  u n d e r s t a n d  w h a t k ln d  o f  f o r c é  i s  
lm p l ie d  b y  t h i o  m ech an ism . I n  p a r t i c u l a r  i t  seem ed d l f f i c u l t  t o  r e l a t e  i t  
t o  an y  ty p e  o f  l n t e r a t o m ic  i n t e r a c t i o n .  H o w ev er, K r l v o g l a z ( l® ) ,  M oss(1 9 )  a n d  
o t h e r s  h a v e  shown t h a t  t h e  e f f e c t  o f  a  new B r i l l c r u in  z o n e  to u c h ln g  t h e  F e rm l 
m u -face  (an d  t h e r e b y  f l a t t e n i n g  i t  t o  some d e g r e e )  c a n  b e  r e p r e s e n t e d  b y  
ttd d in g  a  lo n g  r a n g e  o a c i l l a t o r y  p o t e n t l a l  t o  t h e  i n t e r a t o n i c  p o t e n t i a l s  a l -  
re a d y  p r e a e n t .  T h is  a d d i t i o n a l  p o t e n t l a l  l e  o f  t h e  f o r n  A r “ 1 c o s ( 2 k ' r )  v h e r e  
2 k ' i s  t h e  d i s t a n c e  b e tw e e n  f l a t a  i n  k  s p a c e  a n d  A i s  r e l a t a d  t o  t h e  a r e a  o f  
t h c  f í a t  f a c e .  T h is  p o t e n t l a l  c a n  d o m ín a te  t h e  lo n g  r a n g e  r e g i ó n  o f  t h e

*CuPt i s  a n  im p o r ta n t  e x c e p t lo n  a n d  w i l l  b e  d i s c u a s e d  l a t e r ,
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I n t e r a c t i o n  s i n c e  i t  f a l l s  . o f f  much m ore s lo w ly  th a n  th e  r - J  d e c a y  o f  t h e  
F r i e d e l  i n t e r a c t i o n .  I f  t h e  e n e rg y  o í' f o m a t i o n  o f  a n t i p h a s e  b o u r ,c a .r ie s  (APB)
¡ s  n o t  to o  l a r ^ e  th e n  o n c  m ig h t  e x p e c t  th e n  to  b e  i n t r o d u c e d  a t  r e g u l a r  i n t e r -  
v rU s c o r re :-p o r ;d in g  t o  t h e  p e r io d  o f  t h i s  n e v  o s c i l l a t o r y  i n t e r a c t i o n .

C 3app a n d  M o s s ^ ^  f c u n d  t h a t  t h e  e n e rg y  o f  Í1 0 0 ]  APB f o r m a t io n  i n  n o r i a l  
o r d e r e d  Cu Au (L 1 ) an d  O uA u(Ll ) was o u i t e  jow  b a s e d  o n  t h e  c a l c ú l a t e 1}
.• ; tre n g th s  o f  f i r s t ,  s e c o n d  a n d  t h i r d  n e ig h b o r  i n t e r a c t i o n s ,  b u t  i n  Au^Cu 
t h i s  e n e r g y  i s  much h i g h e r .  T h is  c o r r e l a t e s  w e l l  w i th  t h e  e x p e r i i r .e r . ta l  o b -  
r .e r v a t i o n  t h a t  lo n g  p e r io d  s u p e r l a t t i c e  p h a s e s  a r e  fo u n d  i n  Cu Au a n d  CuAu 
a n d  a r e  g o n e r a t e d  fro m  t h e  s im p le  o r d e r e d  p h a s e s  b y  t h e  i n t r o d a c t i o n  o f  
r e g u l a r l y  s p a c e d  (lO O ) A P B 's b u t  no  su c h  p h a s e s  h a v e  y e t  b e e n  s e e n  in  Au^Cu.

In  suinm ary t h e n ,  t h e  F e rm i s u r f a c e - B r i l l o u i n  z o n e  e f f e e t s  on  t h e  l a t t i c e  
e n e r g y  c a n  a p p a r e n t l y  b e  w e l l  r e p r e s e n t e d  b y  a  lo n g  r a n g e  o s c i l l a t o r y  C?<J 
i n t e r a c t i o n  b e tv e e n  t h e  m e ta l  io n s  a n d  c a n  th u s  be  i n c o r p o r a t e d  i n t o  t h e  
fram e w o rk  o f  t h e  CFW m o d e l.

P r e s e n t  C r i t i c l s m s

1 )  C auchy  r e l a t l o n s

As m e n tio n e d  i n  t h e  i n t r o d u c t i o n  t h e  w e l l  known v i o l a t i o n  o f  t h e  C auchy  
r e l a t l o n s  among t h e  e l a s t i c  c o n s t a n t s  o f  m o s t m e tá i s  a n d  a l l o y s  im p l ie s  
come i n t e r a c t i o n  i n  a d d i t i o n  t o  t h e  CHtf c o m p o n e n t. F u c h s '^ ® ' m ade a  
t h e o r e t i c a l  a n a l y s i s  f o r  p u r é  c o p p e r  w h ic h  i n d i c a t e d  t h a t  m o s t o f  t h e  i n -  
c q u a ] i t y  o f  t h e  C auchy  r e l a t i o n s  w as due  t o  t h e  bu]A  c o m p r e s s i b i l i t y  o f  t h e  
c o n d u c t io n  e l e c t r ó n  g a s .  T h is  im p l ie d  t h a t ,  a t  l e a s t  f o r  c o p p e r ,  a s  lo n g  
a s  t h e  vo.lume re m a in e d  c o n s t a n t ,  t h e  e n e r g e t i c s  o f  t h e  l a t t i c e  c o u ld  b e  
t r e a t e d  in  t e rm s  o f  CP:? i n t e r a c t i o n s .

A lt 'n o u g h  t h i s  r e s u l t  i.s i n t e r e s t i n g  i t  i s  a  v e r y  d i f f i c u l t  t h e o r e t i c a l  
j o b  t o  make t h i s  s e p a r a t i o n  a n d  i t  i s  d o u b t f u l  t h a t  su c h  a n  a n a l y s i s  i s  
g e n e r a l l y  v & lid .  The c u r r e n t  p r a c t i c e  i n  f i t t i n g  i n t e r a c t i o n  m o d e ls  t o  
e l n s t i e i t y  d a t a  a n d  phonon  s p e c t r a  i s  t o  i n c l u d e  n o n - c e n t r a l  o r  a n g u la r  
f o r c e a  a s  w e l l .  A lth o u g h  th ¡  s e  a r e  v r i t t e n  a s  p a i r  f o r c e s  t h e y  a r e  p r o b a b ly  
a  c u b t l e  fo rm  o f  m an y -b o d y  f o r c é  s i n c e  t h e  d e f i n i t i o n  o f  a n g le  r e q u i r e s  a  
k n o w le d g e  o f  t h e  s im u l ta n e o u s  p o s i t i o n  o f  a to m s n e ig h b o r in g  t h e  p a i r  i n  
q u e s t i o n .  Xi. a n y  c a s e ,  i t  i s  c l e a r  t h a t  t h e  i n c l u s i ó n  o f  t h e s e  m ore c o m p le x . . 
f o r c e s  i s  e s s e n t ' a l  t o  a d e q u a te l y  f i t  t h e  p h o n o n  s p e c t r a  o f  m e t á i s .  M a c b l in ' * 
h a s  p ro p o n e d  a n  o r d e r - d i s o r d e r  t h e o r y  b a s e d  u p o n  a  f i r s t  n e ig h b o r  c e n t r a l  
a n d  n o n - c c n t r a l  i n t e r a c t i o n ,  a n d  u s e s  i t :  t o  p r e d i c t  t h e  Cu-Au d i s t a n c e  i n  
t h e  L l  s t r u c t u r e ,  t o  c a l c ú l a t e  t h e  r e l a t i v e  s t a b i l i t y  o f  t h e  L l .  a n d  L l  
s t r u c t u r e s ,  a n d  t o  p r o p o s e  a  q u a l i t a t i v e  m odel f o r  lo n g  p e r i o d  s u p e r l a t t i c e s .  
H o w ev e r, i t  a p p e a r s  t h a t  t h e s e  e f f e e t s  n a y  b e  e q u a l l y  w e l l  e x p la i n e d  on t h e  
b a s i s  o f  t h e  s im p le r  CíW m o d e l s o  t h a t  i t  c a n n o t  b e  s a i d  t h a t  t h e s e  r e s u l t s  
im p ly  t h e  n e c e s s i t y  o f  i n c l u d i n g  non-CIW  i n t e r a c t i o n s .

2 )  CuP

Th. o r d e r e d  fo rm  o f  C uP t h a s  lo n g  b e e n  a n  en ig m a fro m  t h e  v ie w p o in t  o f  a  
n e a r c :  , i .o ig h b o r  i n t e r a c t i o n  m o d e l s i n c e  t h e r e  i s  no  che ag e  i n  t h e  num ber o f  
n e a r e s t  n e ig h b o r s  o f  e ac h  ty p e  r e l a t i v e  t o  t h e  d i s o r d e r e d  p h a s e .  S o l u t io n s  
o f  m any k x n d s  h a v e  b e e n  o í f e r e d  f o r  t h i s  p ro b le m . One i s  t o  i n c l u d e  s e c o n d  
n e ig h b o r  CF<¿ l 'o i c e s ,  a n o t l  a r  i s  t o  u s e  a n g u la r  f o r c e s ,  a n d  t h e r e  i s  t h e  
s u g g e s t i o n  o f  S l a t e r  a l r e a o y  c i t e d .  A l l  o f  t h e s e  s u g g e s t i o n s  a p p e a r  t o  r e -  
s o l v e  t h e  p ro b le m  b u t  t h e  p a ra d o x  a c t ú a  1.1 y  r u n s  much d e e p e r .  T h is  i s  b e -  
c a u s e  t h e r e  i s  p o t e n t i a l l y  a n o th e r  o r d e r e d  fo rm  o f  C u P t*  ( F i g .  3 )  v h i c h  h a s  
t h e  r e m a r c a b le  f e a t u r e  t h a t  i t  h a s  t h e  sam e f r a c t i o n  o f  e a c h  ty p e  o f  a t o n  a s  
t h e  norma!) L l C uP t fo rm  i n  e v e r y  n e ig h b o r  c o o r d in a t i o n  s h e l l .  T h is  m eans 
t t i a t  no  CW  m o d e l , r e g a r d l e s s  o f  how many n e ig h b o r  i n t e r a c t i o n s  a r e  i n c l u d e d ,  
c o u ld  p r e d i c t  a n  e n e rg y  d i f f e r e n c e  f o r  t h e s e  tw o s t r u c t u r e s .  S l a t e r 1s 
B r i l l o u i n  z o n e -F e rm i s u r f a c e  e x p la n a t i o n  a l s o  seem s t o  f a i l  s i n c e  t h e  B r i l l o u i n  
z o n e s  o f  t h e  tw o  s t r u c t u r e s  o c c u r  a t  t h e  sam e r a d i u s  i n  k  s p a c e .

♦ F i r s t  s u g g e s t e d  t o  me b y  R o b in  W il l ia m s  o f  Oak R id g e .
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Figure 3: Two ordered atonde arrangements on an fcc lattice that have
identical numbers of like and unlxke neighbors in every coordina- 
tion shell and thus will have identical configurational energies 
in any CEW model.

What appears to be required (since only-the Ll_ form of CuPt is actually 
observed in nature) is a many-body interaction. If one begins with the 
simplest case of a nearest neighbor three-body interaction, this is still not 
sufficient to produce an energy difference in the two structurea since they 
both have the same number of three body configurations (see Table l). Hcrw- 
ever, a four-body nearest neighbor interaction will do the trick and this 
appears to be the mínimum model required to explain the stabiiity of the 
Ll̂  structure.

TABLE 1

lattice FractIons of Kearest Neighbor Triangle Configurations

Configuration S i Altemate
Cu-Cu-Cu 1/8 1/8
Cu-Cu-Pt 3/8 3/8
Cu-Pt-Pt 3/8 3/0
Pt-Pt-Pt 1/8 1/8

' Nearest Neighbor Tetrahedron Configurations

Configuration *¿i Altérnate
Cu-Cu-Cu-Cu 0 1/8
Cu-Cu-Cu-Pt 1/2 0
Cu-Cu-Pt-Pt 0 3/*+
Cu-Pt-Pt-Pt 1/2 0
Pt-Pt-Pt-Pt 0 .1/8

Another suggestion is that the Ll, structure is stabilized by the con- 
traction of the spacing between the Cu and Pt planes. In the first place, 
this is in essence a many-body explanation because it requirea the simultaneous 
positioning of a large number of Cu and Pt atoms into the correct layered 
positions before it can operate, and in the second place, it offers no ex­
planation as to why the Cu and Pt move to these particular positions from 
the disordered phase.

31



We may co n c iu .d e  t h a t  t h e  L l .  s t r u c t u r e  i s  c l e a r  e v id e n c e  o f  t h e  i c p o r t a n c t j  
o f  m any-body  i n t e r a c t i o n s  i n  a t  l e a s t  o n e  a l l o y  s y s te m .

3 )  S t r a i n  E n e r g y - S iz e  E f f e c t s

In  a  b i n a r y  a l l o y ,  a s  we h a v e  s e e n  i n  F i g .  1, t h e  optim um  s e p a r a t i o n  o f  
A -A , B-B a n d  A-B p a i r s  a r e  a l l  d i f f e r e n t  a n d  t h e  a v e r a g e  s e p a r a t i o n  i n  t h e  
d i s o r d e r e d  s t a t e  w i l l  b e  some co m p ro m ise  d i s t a n c e .  T h is  d e p a r t u r e  f ro m  t h e  
optim um  s p a c in g s  c a n  b e  r e g a r d e d  a s  a  " s t r a i n "  r e s u l t i n g  fro m  t h e  d i f f e r e n t  
" s i z e s "  o f  t h e  a to m s . T h is  s t r a i n  c o n c e p t  h a s  o f t e n  b e e n  u s e d  t o  e a p l a i n  
e i t h e r  o r d e r i n g  o r  c l u s t e r i n g  b é h a v i o u r .  O r d e r in g  w i l l  r e d u c e  t h e  s t r a i n  
e n e rg y  b e c a u s e  i n  t h e  o r d e r e d  s t a t e  a l l  ( o r  m o s t)  o f  t h e  f i r s t  n e ig h b o r  b o n d s  
a r e  A-B a n d  t h e  l a t t i c e  c a n  r e l a x  t o  t h e  optim um  A-B s e p a r a t i o n .  I n  t h e  
c l u s t e r e d  s t a t e  a l l  o f  t h e  b o n d s  i n  o n e  r e g ió n  a r e  A-A a n d  « .n  i n  a n o th e r  
r e g ió n  a r e  B-B so  t h a t  e a c h  r e g i ó n  c a n  r e l a x  s e p a r a t e l y .  T h ese  i d e a s  e a s i l y  
f a l l  v i t h i n  t h e  f ram e w o rk  o f  t h e  f u l l  CW  m o d e l.

(22)H bw ever, W a rre n , A v e rb a c h  a n d  R o b e r ts ' n o te d  t h a t  A -A , B-B a n d  A-B n e a r  
n e ig h b o r  s e p a r a t i o n s  a r e  o f t e n  d i f f e r e n t  f ro m  t h e  a v e r a g e  s p a e in g  a n d  d i f f e r e n t  
f ro m  e a c h  o t h e r .  T h is  h a s  b e e n  c a l l e d  t h e  " s i z e  e f f e c t "  a n d  i t  c o n t r i b u t e s  
t o  t h e  d i f f u s e  s c a t t e r i n g  s p e c tr u m . T h u s ,

AA AA<. BB /- .^ B B s  AB /* AB-,
r i  = e i  r i  = ' i ' 1  i  r i  = r i ' X i  '

AAw b e re  r ^  i s  t h e  a v e r a g e  s e p a r a t i o n  f o r  i t h  n e ig h b o r  p a i r s  a n d  e .  i s  t h e  d e -  
v i a t i o n  o f  A-A i t h  n e ig h b o r  p a i r s  f ro m  t h a t  a v e r a g e ,  e t c .

I t  i s  so m e tim es  a ssu m ed  t h a t  b e c a u s e  o f  t h i s  d i s p la c e m e n t  o f  a to m s fro m  
t h e  r e g u l a r  l a t t i c e  p o s i t i o n s  a n y  p a i r - w i s e  o r d e r i n g  t h e o r y  w i l l  b e  i n  
t r o u b l e .  T h is  i s  n o t  n e c e s s a r i l y  so  b e c a u s e  t h e  A-A i n t e r a c t i o n  V ^ ( r ^ )  c a n  
b e  r e p l a c e d  b y  V*A( r " A) ,  e t c .  A s l o n g  a s  t h e  v a lu é  o f  d o e s  n o t  v a r y  
a c c o r d in g  t o  e n v ir o n m e n t ,  t h e  c o n f i g u r a t i o n a l  e n e r g y  w i l l  s t i l l  b e  a  s im p le  
sum o f  p a i r - w i s e  i n t e r a c t i o n s .  I t  i s  a c t u a l l y  p o s s i b l e  t o  c o n s t r u c t  a  l a t t i c e  
h a v in g  a  s i g n i f i c a n t  " s i z e  e f f e c t "  b u t  w i t h  a l l  t h e  n e a r e s t  n e ig h b o r  d i s t a n c e s  
f i x e d  a c c o r d in g  t o  t y p e .  A p o r t i o n  o f  s u c h  a  l a t t i c e  i s  show n i n  f i g .  k .
T he s i z e  o f  t h e  a to m s d i f f e r  b y  8$  a n d  t h e  o c c u p a t io n  o f  e a c h  s i t e  h a s  b e e n  
d e c id e d  b y  t h e  t o s s  o f  a  c o i n .  T h u s , a l t h o u g h  t h e r e  i s  u n d o u b te d ly  a  s i z ?  
e f f e c t  t h e r e  i s  n o  " s t r a i n "  a t  l e a s t  t r om t h e  v ie w p o in t  o f  n e a r e s t  n e ig h b o r s .  
T h is  c o n s t r u c t i o n  c a n  a l s o  b e  c a r r i e d  o u t  w i t h  a  s im p le  c u b ic  l a t t i c e ,  b u t  
n o t  w i th  a  b c c  o r  c i ó s e  p a c k e d  l a t t i c e .

F ig u r e  k :  A d i s o r d e r e d  l a t t i c e  w i t h  a n  a p p r e c i a b l e  s i z e  e f f e c t  b u t  no  
n e a r e s t  n e ig h b o r  s t r a i n  e n e r g y .
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I t  i:: r c a l l y  t h e  v a r i a t i o n s  i n  e . e t c .  t h a t  c a u s e  p se u d o  m any-body  e f f e e t s  
ov en  wiu.'n t l te  i n t e r a c t i o n s  a r e  p u r e iy  p a i r - w i s e  b e c a u s e  t h e n  e a c h  A-A p a i r  
t h a t  h a s  a  d i f f e r e n t  s e p a r a t i o n  w i l l  h a v e  a  d i f f e r e n t  e n e rg y  a n d  t o  d e te rm in e  
t.h ese  n o p a r a t io n s  (a n d  h e n e e  e n e r g i e s )  i n  a  c l u s t e r  v;e w o u ld  h a v e  t o  know how 
c v e ry  s i t e  i n  t h e  c l u s t e r  i s  o c c u p le d  s im u l t a n e o u s ly .  F o r  i n s t a n c e  we c an  
o x p e c t  t h a t  a n  A ateftn su x ro u n d e d  b y  10 A a to ras  an d  2 B a to m s i n  a  n e a r e s t  
n o ig h b o r  s h c l . l  w i l l  h a v e  a d i f f e r e n t  e n e rg y  d e p e n d in g  on  w h e th e r  t h e  tw o B 
a to m s a r e  on a d j a c e n t  s i t e s  o r  on d i a m e t r i c a l l y  o p p o s i t e  s i t e s  o f  t h e  s h e l l  
s im p ly  b e c a u s e  o f  v a r i a t i o n s  i n  t h e  n e a r e s t  n e ig h b o r  A-B d i s t a n c e s .  T h is  i s  
q u i t e  a p a r t  l'rom  th e  a d d i t i o n a l  m any-body  e f f e e t s  d u e  t o  r e a l  m any-body  
f o r e e s .  H ow ever a s  t h e  a l l o y  o r d e r s ,  t h e  num ber o f  d i f f e r e n t  a to m ic  e n -  
v i ro n m e n ts  r a p i d l y  d e c r e a s e s ,  so  t h a t  v a r i a t i o n s  i n  w i l l  d e c r e a s e  an d  
th e  p se u d o  m any-body  e f f e e t s  w i l l  d im in is h  a s  v e l l .  1

AAS in c e  t h e r e  h a v e  b e e n  m e a su re m e n ts  o n ly  o f  e .  e t c .  b u t  n o t  o f  t h e  v a r i a ­
t i o n s  i n  , we c a n  o n ly  s a y  t h a t  we w o u ld  e x p e c t  t h e  p se u d o  m any-body  
e f f e e t s  t o  i n c r e a s e  w i th  i r . c r e a s i n g  s i z e  d i s p a r i t y  o f  t h e  a to m s ,  i n c r e a s i n g  
d i s o r d e r  an d  i n c r e a s i n g  c lo c e  p a c k in g  0 f  t h e  l a t t i c e .  The c a s e  o f  C uPt may 
b e  th e  r e s u l t  o f  su c h  p se u d o  m any-body  e f f e e t s .  The s i z e  d i s p a r i t y  i n  t h i s  
c a s e  i s  a b o u t  3 $ .

*4) C o v a le n t  B o n d ln g -L in e  P h a se s

A l lo y s  o f  t r a n s i t i o n  m e tá is  w i th  m e t a l l o i d s  su c h  a s  B, C , N a n d  S i  o f t e n  
lia v e  e x tr e m e ly  n a rro w  h o m o g e n e ity  r a n g e s ,  h ig h  m e l t in g  p o i n t s  a n d  a r e  q u i t e  
b r i t t l e .  A l l  o f  t h e s e  a s p e e t s  i n d i c a t e  t h a t  e v en  when t h e  a l l o y  show s 
m e t a l l i c  c o n d u c t io n  t h e r e  a r e  s t r o n g  c o v a l e n t  f o r c e s  p r e s e n t  i n  t h e  l a t t i c e .  
T h ese  f o r c e s  a r e  v e r y  i n a d e q u a t e ly  r e p r e s e n l e d  b y  a  CIW m o d el b e c a u s e  o f  
th e  s t r o n g  a n g u la r  c o m p o n en ts  an d  b e c a u s e  o f  t h e  f a c t  t h a t  a  c o v a l e n t  f o r c é  
i s  e s s e n t i u l l y  a n  i n t e r a c t i o n  among atom  g ro u p s  ( i . e .  i t  i s  a  m any-body  
l 'o r c e ) .  Thus a  CFW m odel c a n n o t  r e a l l y  h o p e  t o  g iv e  a n y th in g  m ore th a n  t h e  
c r u d e s t  a s p e e t s  o f  t h e  b e h a v io u r  o f  t h e s e  com pounds.

5 )  T r i p l e t  C o r r e l a t i o n s  i n  AB A l lo y s
(2T5I t  h a s  b e e n  show n t h a t  i n  a n  a l l o y  o f  5 0 -5 0  c o m p o s it io n  h a v in g  o n ly  

p a i r - w i s e  i n t e r a c t i o n s ,  t h r e e  a to m  c o r r e l a t i o n s  ( o t h e r  t h a n  t h o s e  d i r e c t l y  
p ro d u c e d  by  p a i r  c o r r e l a t i o n s )  m u st v a n i s h .  I t  may so o n  b e  p o s s i b l e  t o  
m ea su re  t h r e e  a to m  c o r r e l a t i o n s  e x p e r i m e n t a l l y  e i t h e r  b y  k i n e m a t i c a l  d i f f r a c -  
t io n ( 2 U ) o r  b y  f i e l d  io n  m ic r o s c o p y ( 2 5 ) .  H ' t h e  t r i p l e t  c o r r e l a t i o n s  w e re  
ferund t o  b e ’ n o n - z e r o  t h i s  w o u ld  b e  d i r e c t  e v id e n c e  f o r  t h e  p r e s e n c e  o f  t h r e e -  
b o d y  i n t e r a c t i o n s  a n d  t h e  m a g n itu d e  o f  t h e  t r i p l e t  c o r r e l a t i o n s  c o u ld  b e  u s e d  
t o  e s t im a te  t h e  r e l a t i v e  s t r e n g t h  o f  t h e  t h r e e - b o d y  f o r c e s .

Summary

We h a v e  show n t h a t  a s  lo n g  a s  t h e  c e n t r a l  p a i r - w i s e  i n t e r a c t i o n s  a r e  t h e  
d o m in a n t f o r c e s  i n  a n  a l l o y ,  imich o f  t h e  a l l o y  b e h a v io u r  c a n  b e  q u a l i t a t i v e l y  
u n d e r s to o d .  l i l i s  i n c l u d e s  a v e r a g e  a to m ic  c o n f i g u r a t i o n s  i n  t h e  o r d e r e d  a n d  
d i s o r d e r e d  p h a s e s ,  c h a n g e s  i n  l a t t i c e  p a r a m e te r  w i th  o r d e r i n g ,  sh a p e s  o f  
o r d e r - d i s o r d e r  p h a s e  b o u n d a r i e s ,  t h e  e x i s t e n c e  o f  e l e c t r ó n  p h a s e s  a n d  lo n g  
p e r io d  s u p e r l a t t i c e s , a n d  t h e  f i r s t  o r d e r  c h a r a c t e r  o f  o r d e r - d i s o r d e r  p h a s e  
t r a n s f  o r m a t io n s .

A re a s  o f  i n v e s t i g a t i o n  w h e re  i t  w as s u g g e s te d  t h a t  C E í i n t e r a c t i o n s  a r e  
n o t  d o m in a n t o r  a t  l e a s t  n e e d  t o  b e  s u p p le m e n te d  w e re  t h e  v i b r a t i o n  s p e c t r a  
o f  m e ta l  c r y s t a l s ,  l a r g e  s i z e  e f f e c t  a l l o y s ,  i n t e r m e t a l l i c  com pounds w i th  
r .t ro n g  e v id e n c e  o f  c o v a l e n t  b o n d in g  ( l i n e  p h a s e s ) ,  a n d  a p p a r e n t l y  C u P t.

I t  w i l l  b e  im p o r ta n t  i n  t h e  f a t u r e  t o  d e v e lo p  m eth o d s  f o r  d e a l i n g  w i th  
m any-body  f o r c e s  t h e o r e t i c a l l y  a n d  t o  d e v is e  e x p e r im e n ta l  t e c h n iq u e s  f o r  
m e a s u r in g  t h e i r  r e l a t i v e  s t r e n g t h  i f  o n ly  t o  know when we a r e  s a f e  i n  u s i n g  
a  c e n t r a l  p a i r - w i s e  a p p r o x im a t io n .
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DISCUSSION

H. .1. Lpamy (Bell Labs): The author has shown that many historical objections 
to the "CPW" Interaction model aróse as a consequence of the large differences 
between experimental repults and theoretical predictions based on simplified 
versions of the method. He has also shown that many of these objections are 
eliminated by application of AA, AB, and B3 interactions whose strength varies 
with interatomic distance. Indeed, this more general formulation has been 
employed with some success by Leamy (Acta Met.. 15. 1839 (1967)) in the analysis 
oí the order dependence of the elastic stiffness of FeAl alloys.

There exists however, strong evidence that "CPW" interactions are not suit- 
nble for application to large core metáis. In particular, Daniels and Sraith 
(Phys.Rcv.. 111. 713 (1958)) have shown that the non-central component of the 
ion core overlap energy in the noble metáis increases drastically with core 
size. The imporcance of this observation has since been emphasized by several 
authors (e.g., Trans.AIME. 242. 215 (1968)). It remains to be said, however, 
that the "CPW" interaction concept is not to be discarded on this basis alone; 
since the lack of tractable fonnulations for many body effeets make lt imper- 
ative that it be applied, if only to determine the occurrence and nature of 
such many body effeets. Further, the application of experimentally justifiable 
"CPW" potentials to the study of the detailed atomic configurations in the 
neighborhood of defeets in alloy crystals is sure to lead to increased under- 
standing of their nature and effeets on properties.

P. C. Clapp: I cannot really agree that the work of Daniels and Smlth which 
you cite proves that large non-central forces are present in the noble metáis.
I believe that they used only a nearest neighbor central forcé model to fit 
their pressure data for the elastic constants (after a correction for the 
conduction electrón volume forcé and the long-range Coulomb forcé). They 
ascribed the misfit they found to non-central forces but apparently did not 
consider the possibility of hlgher neighbor central forces. I think it would 
be interestiog to re-analyze their data in terms of the general central forcé 
model Just to see if there really is an irreducible non-central component 
present in these systems.

I agree with your other comments.

D. S. Lleberman (U of Illinois): Dr. Clapp's aoalysis seems to explain why 
order-disorder transformations should be first order. However, in CuAu, 
although the transformation to the twinned orthorhombic CuAu-II at 380-400°C 
is indeed first order, the transfonoation to tetragonal CuAu-I below 380°C is 
reported to be second order by Smith and Bowles (Acta Met.. ,8, 405 (1960)).
Would Dr. Clapp care to coaroent as to how his theory can explain this case?

P. C. Clapp: I should hasten to point out that this model does not predlct 
that all o-d transformations must be first order. In Garland and Renard's 
treatment (10) they show that ¿ E  (the energy discontlnuity) at Tc depends on 
cv (specific heat), g(bulk compressibility) and one or two other thermodynamic 
parametets and that the actual valúes of these parameters may lead to a van- 
ishlngly small AE as in p-brass. This may also happen ln the case you cite.

S. C. Moss (M.I.T.): In deciding the stability of various forms of a single 
phase 6uch as CuAu-II—►  Cu a u -I it must always be entropy that we resort to 
because, as a function of temperature, only the entropy contribution can 
decide the question. One cannot argüe the CuAu'II ►  CuAu-I reaction on the 
basis of enthalpy considerations alone.

P. C. Clapp: I agree.

:5



This is" reprinted from the book:
"Critical Phenomena in Alloys, Magnets and 
Superconductors"; R. E. Mills, E. Ascher 
and R. I. Jaffee eds., McGraw-Hill (1971)

MULTISITE CLUSTER PROBABILITIES 
IN IS1NG LATT1CES

P h i l i p  í ' .  i l a p p
l . c d t f c m o n l  L a b o r a l o r y  
K c n n r c o l l  C.oppcr C o r p o r a t i o n  
l . c x i n g t o n , A las suc hus c t t s

U IS T I tA C T

II il • ■ t s s m n e d  t h a t  t h c  c o n f i g u r a t i o n a l  e n e r g y  o f  t h e  l a t t i ce  
d e p e n d s  o n l y  u p o n  t h c  p a i r  c o r r e l a t i o n s  (i .e. ,  t h e  pai r -wise in te r -  
. u l i o i i  m o d e l )  l i t en m u l t i s i t c  c o r r e l a t i o n s  can  b e  i n f e r r e d  f r o m  the  
p a i r  c o r r e l a t i o n s  b y  l i n d i n g  t h a t  va l ué  o f  t h e  m u l t i s i t e  p r o b a b i l i t y  
disl i ibiii i o n  i h a t  max imi / . c s  t h e  e n t r o p y  w i t h i n  t h e  m i c r o c a n o n i c a l  
e n s e m b l e  del  ined b y  th e  pai r  co r r e l a t i o n s .

A v,ui<n mi.iI t c e h n i ( | u c  lo r  c; i r ry ing ou l  this  p r o c c d u r c  will  be  
des i  i ibed a n d  a |  p h e d  t o scveral  c x a m p l e s .

I. IINTKODUCTION

T h e  first d e s c r i p t i o n s  o f  o r d e r - d i s o r d e r  t r a n s f o r m a t i o n s  a r o u n d  th e  
l u r n  o l  ( l i e  c e n t u r y  w c r e  in t e r m s  o f  a s ingle lon g - ra n g c  o r d e r
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p a ra m c te r ,  a n d  fo r  te m p e ra tu rc s  above  th e  critical t e m p e ra tu re  T c 
w hcrc  th is  p a ra m c te r  was zero  th e  co n f ig u ra t io n a l  State o f  th e  system  
was con s id e red  to  b e  essentia lly  r a n d o m .  I t  soon  b e c a m e  a p p a re n t  
í r o m  spccif ic  hea t  m e a su re m e n ts  in th e  v ic in ity  o f  T c t h a t  the  
con f ig u ra t io n a l  e n t ro p y  d id  n o t  reach  th e  valué a p p ro p r ia te  to  a 
co m p le te ly  ra n d o m  la t t ice  un ti l  the  te m p e ra tu re  was very far above 
T . I’his res idual o rd e r  o f  a  “ d is o rd e re d ”  la t t ice  has b een  called 
short- range  o rd e r  (S R O ) a n d  the  f irst a t t e m p ts  to  q u a n t i fy  and  
descr ibe  it w ere  in te rm s  o f  a p a ra m e te r  th a t  m easu red  th e  nearest 
ne ighbor  pa ir  co rre la t ion .

T h e  Ising square  la t t ice  re su lts  o f  O n sa g e r1 a n d  Onsager and  
K a u fm a n n 2 w ere  vitally  im p o r ta n t  n o t  o n ly  b ecau se  th e y  finally  
resolved the  q u e s t io n  o f  w h e th e r  a sy s tem  having o n ly  short- range  
in tc rac t io n s  cou ld  ach ieve  a c o o p e ra t iv e  tran s i t io n  to  a s ta te  o f  
long-rangc o rd e r ,  b u t  because  it also gave th e  first ex a c t  an d  d e ta i led  
d e sc r ip t io n  o f  the  p ro p a g a t io n  ol spatia l o rde r ing  in th e  S R O  s ta te  in 
te rm s  o f  th e  range a n d  m a g n itu d e  o f  pa ir  co rre la t ions .

C harac te r iz in g  th e  S R O  s ta te  o f  a la t t ice  b y  m eans  o f  th e  pair 
c o rre la t io n s  is n o w  a w idesp read  p rac tice ,  p a r t ly  b ecau se  these  are  
ihe q u a n l i t ie s  w hich  can  b e  m easu red  b y  d iffuse  S R O  n e u t r ó n  or 
X-ray sca t te r in g  d a ta ,  and  p a r t ly  b ecau se  th e y  are  such useful 
th eo re t ica l  lu n c t io n s  w ith  w h ich  to  eva lúa te  o th e r  th c rm o d y n a m ic  
p ro p e r t ie s  o f  th e  sy s tem .

IJow cver, (here  a re  a n u m b e r  o f  im p o r ta n t  q u e s t io n s  a b o u t  th e  
na lu re  o f  a par t ia l ly  o rd e re d  la t l ice  th a t  c a n n o t  be  answ ered  b y  th e  
pair c o r re la t io n  d e sc r ip t io n .  A I re q u e n t  a n d  surpris ing ly  f ru s tra t ing  
q u e s t io n  o f  this k ind  is “ What does  a ty p ica l  reg ión  o f  th e  SR O  
la tt ice  look l ik c?” If o n e  tries to  c o n s t ru c t  th e  “ average” c o n f ig u ra ­
r o n  o f  a región c o n ta in in g  m o re  th a n  tw o  sites b y  ad ju s t in g  the  
oc c up a l io n  o f  sites to  satisfy  th e  average nea res t  ne ig h b o r  co rre la t ion  
it will then  b e  fo u n d  th a t  the  second  an d  h igher  ne ig h b o r  pair  
co rre la t io n s  are ,  in genera l,  n o t  co rrec t .

A second  q u e s t io n  is “ W hat is th e  d is t r ib u t io n  in size and  
Ireq u en cy  ol regions in the  S R O  phase  th a t  have  a c o n f ig u ra t io n  
iden tica l lo  th a t  o f  th e  p e r fcc t ly  o rd e red  s ta te ? ”  T h is  q u e s t io n  is 
relevant to  o u r  u n d e rs ta n d in g  o f  n u c lea t io n  p rocesses  as well as 
p rovid ing  ev idencc  for (or  against)  m ic ro d o m a in  m o d e ls  o f  th e  SR O  
state .

A th ird  q u e s t io n  th a t  can b e  im p o r ta n t  fo r  real sy s tem s  w h e re  the  
co n f ig u ra t io n  o f  the  o rd e re d  s ta te  is n o t  k n o w n  (usua lly  because  
a to m ic  m o b il i ly  has b e c o m e  to o  sluggish a t  T c ) is “ W hat is the  
o rd e red  s ta te  co n f ig u ra t io n  th a t  th e  sys tem  is t ry in g  to  ach iev e?”
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T h c s c  a r e  all q u c s l i o n s  t h a t ,  in gene ra l ,  r e q u i r e  a k n o w l e d g e  o f  th e  
m a n y  b o d y  c o r r e l a t i o n s  p r e s e n t  in t h e  S R O  s t a t e  a n d  y e t  all t h e  
i n l o n n a t i o n  tha t  is n o r m a l l y  ava i l ab le  is in t h e  f o r m  o f  pa i r  
co r r e l a t i o n s .  As w e  shal l  s h o w ,  th is  i n f o r m a t i o n  impl i es  a set  o f  s u m  
r u le s3 w h i c h  p la ce  d e f i n i t e  l imi t s  o n  t h e  r an g e  o f  va lúes  t h a t  th e  
m a n y  h o d y  c o r r e l a t i o n s  ca n  a s s u m c .  By us ing a p o s t ú l a t e  ol 
I n l o n n a t i o n  T h e o r y 4 w e  can  t a k c  t h e  f u r l h c r  s t ep  o f  d e t e r m i n i n g  th e  
“ m o s t  p r o b a b l e ” valué  o f  t h e  m a n y  b o d y  c o r r e l a t i o n s  w i t h i n  t h e  
r ange  a l lo w e d  b y  t h e  k n o w n  p a i r  c o r r e l a t i o n s  a n d  ca lc ú la t e  m u l t i s i t e  
p r o b a b i l i t y  d i s t r i b u t i o n s  lo r  va r ious  cases o f  in t e res t .

T h e  ca lc u la ) io n  is e x a c t  if t w o  c o n d i t i o n s  a r e  sa t is f ied :
(1)  T h e  c o n l  ig u r a l io n a l  e n e r g y  o f  ll ie l a t t i c e  is d e t e r m i n e d  b y  

ce n t r a l  pai r -wise  i n t e r a c t i o n s  w h o s c  ran ge  d o e s  n o t  e x c e e d  the  
d i m c n s i o n s  ol  (he  m u l t i s i t e  c lus t e r .

(2)  T h e  I n l o n n a t i o n  T h e o r y  c h o i c e  i o r r e s p o n d s  to  th e  m a x i m a l  
e n t r o p y  p o in t  in th e  c o n l  ig u r a l io na l  p ila se  sp ac c  b o u n d e d  b y  the  
su m  rules .

C o u s i d c r  a c lu s t e r  ol  n s i tes in s o m e  l ix e d  g e o m e t r i e a l  r e l a t i o n s h i p  
(e.g. ,  .1 t c t r a h e d r a l  ne a re s t  n e i g h b o r  g r o u p ,  a si te a n d  its n ea r es t  
n e i g h b o r  s i les ,  e t c . ) .  II t h e r e  a re  N sit'c.s in t h e  l a t t i ce  a n d  s i tes  a re  
r eg a rd e d  as d i s t in g u i s h a b lc ,  t h e n  th e r e  will b e  N  d i f f e r e n t  n s i te 
d u s l c r s ,  i gn o r i n g  b o u n d a r y  e f f ee t s .  T h e  o c c u p a t i o n  o f  e a c h  s i t e is 
spc c i l i cd  b y  a A +1). T h i s  p r o v id e s  th e  i n f o r m a t i o n  o f  sp in 
.d ig mn cn l  ( u p  o r  d o w n )  in m a g n e t i c  l a t t i c es  o r  of a t o m i c  c o n f i g u r a ­
r o n  in b i n a r y  a l lo y  l a t t ices .  In a n y  case ,  th e r e  will  b e  2"  possi l ) le 
c o n l ig u r a t  ol t h e  c lus te r ,  a l t h o u g h  m a n y  m a y  b e  s y m m e t r i c a l  
c q u i v a lc n t s  il t h e  g c o m e t r y  o f  t h e  c lu s te r  possesses  a s y m m e t r y .

D e n o t e  c a d i  con!  ig u r a l ion a l  t y p e  b y  a n  Índex  k ,  a n d  t h e  I r a c l i o n  
ol n s i te d u s l c r s  in t h e  l a t t i ce  o f  o n e  t y p e  b y  P k . Pk ca n  be 
m t c r p r c t e d  e ( | ua l ly  wel l  as t h e  p r o b a b i l i t y  t h a t  a c lu s t e r  c h o s e n  at  
i . i n d o m  in (In- l a l t i ce  will  b e  o f  c o n f i g u r a t i o n  t y p e  k .  It is ob v io u s  
t ha i llie l ’h' s mus í  be  po s i t ive  s e m i d e f i n i t e  a n d  sa t i s fy  t h e  s i m pl e  s u m  
i ule

2. TIIKORY

1 ( i )
1*1

T h e  l a l t i ce  ave rage  • <•; • o l  th e  o c c u p a t i o n  n u m b e r s  (i .c . ,  t h e
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<o m p o s i l i o n  01 m a g n e t i z a t i o n )  p r o v id c s  n s u m  rules  ol t h e  l o r m

2 o f k ) P k = < <7 > (j  = 1 , n )  (2)
U ¡

w h e r e  o<k)  c o r r e s p o n d s  t o  t h e  o c c u p a t i o n  n u m b e r  o f  t h e  j t h  c lu s t e r  
s i t e w h e n  it is in c o n f i g u r a t i o n  k.

In a d d i t i o n ,  t h e  c o n t r i b u t i o n  t h a t  e a c h  c o n f i g u r a t i o n a l  t y p e  wil l  
m a k e  to  t h e  l a t t i c e  av e r ag ed  p a i r  c o r r e l a t i o n s  c a n  b e  c a l c u l a t e d  b y  
i n s p e c t i o n  a n d  l eads t o  o t h e r  s u m  ru les ,  n( n  l ) / 2  in n u m b e r ,  as 
lo l l o w s

^ L ° i k ) a jVP P k = < a j aj ^ > {í  = l , n ; P > 7 )  (3)  
U 1

In es se n c e ,  (h es e  s u m  ru les  c o n f i n e  t h e  p os s i b l c  P fe va l úes  to  a 
r ediK cd v o l u m e  in P k sp a ce .  T h e  r an g e  o f  P ¿ s w i t h i n  th i s  s u b s p a c e  
d e p e n d s  u p o n  t h e  c o m p o s i t i o n  a n d  p a i r  c o r r e l a t i o n s ,  b e i n g  larges t  
w h e n  t h e  p a i r  c o r r e l a t i o n s  a r e  z e r o  a n d  s h r i n k i n g  to  a  single p o i n t  ( in 
m o s t  cases)  w h e n  t h e  p a i r  c o r r e l a t i o n s  a re  t h o s e  o f  a p c r f c c t l y  
o r d e r e d  c o n f i g u r a t i o n .  T h e  P fe’s t h e n  b e c o m e  c o m p l e t e l y  d e t e r m i n e d .

A g a in  r e g a r d i n g  P fe as  t h e  p r o b a b i l i t y  t h a t  a n  a r b i t r a r i l y  c h o s e n  n 
s i t e  c l u s t e r  wil l  h a v e  t h e  c o n f i g u r a t i o n  k,  a  t h e o r e m  o f  I n f o r m a t i o n  
T h c o r y 5 ca n  b e  u se d  t o  f i n d  t h e  m o s t  p r o b a b l e  va l úes  o f  t h e  
P¿s  w h i c h  a r e  c o n s i s t e n t  w i t h  t h e  i n f o r m a t i o n  ( t h e  s u m  ru les )  t h a t  
w e  d o  possess .  i h e  t h e o r e m  s t a t e s  t h a t  t h e  l e as t  b i a s e d  c h o i c e  fo r  th e  
P, ;S is t h a t  se t  w h i c h  m a x i m i z e s  w i t h i n  t h e  a l l o w e d  s u b s p a c e  t h e  
“ i g n o r a n c c  f u n c t i o n ” / ( P fe) g iv en  b y

' < f V  I P f c l n P *  (4)
k

l ilis t h e o r e m  is b a s e d  o n  a  d c i n o n s t r a t i o n  t h a t  a n y  o t h e r  sel ol 
P / s  w o u l d  i m p l y  m o r e  i n f o r m a l  ion  t h a n  h as  b e e n  g iven.  M o r e  
i n í o r m a t i o n  o f  a  v e r y  c o m p l i c a t e d  k i n d  m a y ,  in f ac t ,  b e  p r e s e n t  d u e
l o  o v e r l a p p i n g  c l u s te r  c o n d i t i o n s  t h a t  w e  shal l  n o w  s p e a k  a b o u t .

I h e  “ i g n o r a n c c  f u n c t i o n ”  c a n  a l so  b e  i n t e r p r e t e d  as  a n  e n t r o p y  
f u n c t i o n  f o r  a p a r t i c u l a r  m i c r o c a n o n i c a l  e n s e m b l e .  C o n s i d e r  th e  
c o n f i g u r a ! i o n a l  e n t r o p y  W( P k ) o b l a i n e d  b y  p la c in g  N P 5 c l u s t e r s  of 
t y p e  I ,  NP.¿ c l u s t e r s  o f  t y p e  2,  e l e . ,  o n  a l a t t i c e  o f  N «i tes in all
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p o s s i b l e  w;iys,  ( f í s roganUng over l a ps .  I his  is g iven b y  t h e
< o m b m . i l o i  i a l  l a c l o r

.iikI is o b v i o u s l y  ide n t i c a l  to  th e  “ ¡g n o ra n c c  f u n e t i o n ” a b o v e ,  a p a r t  
11<>i n  t h e  l a c t o r  o l  N .

WU’i,) is i de n t i ca l  l o  t h e  c o m b i n a t o r i a l  l a c t o r  used  in t h e  C lu s t e r  
Var i . i l i on  M c l h o d  d e v e l o p e d  b y  K i k u c h i  a n d  o t h e r s 6 us ing  this  
pa r t i cu la r  c l u s t e r  as a bas is .  T h e  l i m i t a t i o n s  o f  this  e x p r e s s i o n  fo r  
ca lcula l  iui> (he  e n l r o p y  o f  t h e  l a t l i c c  a re  wel l  k n o w n  s ince it c o u n t s  
n o t  o n l y  all (he  pos s i b le  l a t t i c e  c on f ig u r a l  ions  b u t  m a n y  m o r e  th a t  
a re  im p o s s ib lc  b e c a u s c  o f  i n c o m p a t i b l e  ove r l aps .  U o w e v e r ,  it is clear  
l o i v í n i r  p u r p o s e s  ( h a t  it is o n l y  t h e  lo c a t i o n  o f  t h e  m á x i m u m  a n d  n o t  
i l s  m a g n i i u d e  tha t  is ol i m p o r t a n c c .

We sh.ill p r o p o s e  th e n  a p o s t ú l a t e  w h i c h ,  if t r u c ,  w o u l d  m a k e  o u r  
d e t e r m i n a ! i o n  ol  t h e  m o s t  p r o b a b l e  se t  o f  s an  e x a c t  p r o c e d u r e .  
T h e  p o s t ú l a l e  is: II t h e  v a l u é  o f  t h e  P fe’s a re  c h a n g e d  s u c h  t h a t  W(Pfe) 
is iiu ri-ased (d e c re a se d )  t h e n  th e  s u b s e t  ol  poss ib le  l a t t i ce  conf igu ra -  
l i o n s  will  a l so in c rc ase  (dee rea se ) .

We c a n n o i  ofl 'er  a m a t h e m a t i e a l  p r o o l  o l  th is  c o n j e c t u r e  a t  
p r c s e n l ,  bu l  w e  can  say  th a t  for  all t h e  e x a m p l e s  w h e r e  th e  ex a c t  
. i i iswcr is k n o w n  b y  o t h e r  m e a n s ,  th e  p o s t ú l a t e  is a p p a r c n t l y  c o r r ec t .  
Tl ie se  in c lu d e  l o u r  s i t e c l us t e r s  o n  an. Ising l inear  c h a i n ,  t r ip l e t  
eh i s l e r s  lo r  a n  e q u i - c o m p o s i t i o n  t h r e e - d i m e n s i o n a l  b i n a r y  l a t t i ce  a n d  
nea r t  s i - u e i g h b o r  t r iple t  c l us t e r s  in CU3 AU. T h e  l a t t e r  case was  
d e t e r m i n e d  b y  G c h l c n  a n d  C o h é n 7 us ing a C o m p u t e r  s i m u l a t i o n  
i c c l i n iq u e  lo r  t h e  S R O  s t a t e ,  a n d  o u r  r c s u l t s  a re  c o m p a r e d  to  the i r s  
a n d  lo  ihe  p r e d i c l i o n s  o f  (he  K i r k w o o d  s u p e r p o s i t i o n  a p p r o x i m a t i o n  
b e l o w .

In sui i i i i i .ny,  il i he c o n f i g u r a t i o n a l  e n e r g y  d e p e n d s  o n l y  u p o n  th e  
p.tii c o n d a l  ions  s p a m i e d  b y  th e  n s i t e c l us t e r  th e n  t h e  s u m  rules  
del  i 11 e ,i m i c r o c a n o n i c a l  e n s e m b l e  o f  l a t t i ce  c o n f i g u r a t i o n s  t h a t  
con l . i in  in. in\  d i f i e r e n !  se t s  o f  P fe’s. As N is a l lo w e d  to  inc rcase  
indel  in i l e ly  ll ic s la l i s l i ca l  l aw o f  large m u n b e r s  a s su res  us t h a t  the  
I r . i c i i o n  o l  l a t t i ce  c o n f i g u r a t i o n s  ha v i ng  a n v  set  o í  P fe’s o t h e r  t h a n  th e  
i i i o s i  p r o b a b l e  o n e  b c c o m e s  v an i s h in g ly  smal l .  T h u s ,  if o u r  p o s t ú l a t e  
a b o t i l  t h e  c o r r c s p o n d e n c e  o f  c n t r o p y  m a x i m a  is c o r r e c t  t h e n  w e  have  
d e t e r m i n e d  e x a c t l y  th e  d i s t r i b u t i o n  ol m u l l i s i t e  p r o b a b i l i t i e s  chíirac- 
t e r i s l i c  ol ll ie s y s l e m .

N

VHP.) -----------
II( NP.Y.  
k

k
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3. RESULTS

A C om puter  s im u la t io n  o f  a typ ica l  la t t ice  c o n f ig u ra t io n  in a 
región o f  4 0 0 0  sites has b e e n  carried  o u t  b y  G e h le n  and  C o h é n 7 for 
C i o A u  at 4 5 0 ° C  (10  p e rc e n t  above  T ) based  u p o n  M o ss’s e x p e r i ­
m en ta l  d a t a 8 for  th e  first,  s econd ,  a n d  th i rd  n e ig h b o r  pa ir  corre- 

/  lalions. S ta r t in g  f rom  e i th e r  a p e r fec t ly  r a n d o m  o r  a p e r fec t ly  
o rd e re d  c o n f ig u ra t io n  th e y  used a C om puter  to  shu ff le  a to m ic  
con f ig u ra t io n s ,  a ccep t in g  th e  new  c o n f ig u ra t io n  o n ly  if it was m ore  
co n s is ten t  w ith  th e  e x p e r im e n ta l  d a ta ,  u n t i l  a c o n f ig u ra t io n  was 
rcachcd  th a t  h ad  essen tia lly  th e  sam e pair co rre la t io n s  as the  
m easu red  values. A n u m b e r  o f  p ro p e r t ie s  o f  th e  final C om puter  
co n f ig u ra t io n s  w ere  th e n  m easu red  inc lud ing  th e  various f rac t io n s  o f  
neares t  ne ig h b o r  tr ip le ts .  T h e i r  resu lts  are given in th e  second  and  
th ird  c o lu m n s  o f  T a b le  1. We have ca lcu la ted  f ro m  th e  sum  rules the  
rangc for  th e  tr ip le t  p ro b ab i l i t ie s  a l low ed  by  th e  pa ir  c o r re la t io n s  an d  
th is  is given in th e  first c o lu m n .  T h e  m o s t  p ro b a b le  set o f  t r ip le t  
p ro bab il i t ie s  a c co rd in g  to  o u r  m e th o d  is s h o w n ,  as are th e  p re d ic t io n s  
ol the  K irk w o o d  su p e rp o s i t io n  a p p r o x im a t io n 9 w h ich  is f re q u e n t ly  
used to  ca lcú la te  tr ip le t  p ro bab il i t ie s .  T h e  la t te r  m e th o d  ap p ro x i-  
m ates  a tr ip le t  p ro b a b i l i ty  as a p ro d u c t  o f  the  th ree  pair  p robab il i t ie s  
as follows:

= P(<J2<r$ P ( a ^ a ^ )  (6)

w h ere  C is a n o rm a l iz a t io n  c o n s ta n t  a d ju s te d  to  m ak e  th e  sum  o f  the  
tr ip le t  p ro b ab i l i t ie s  u n i ty .

l l  is ap p a ren t  f ro m  th e  tab le  t h a t  th e  a g re e m e n t  b e tw e e n  o u r  
resu lts  an d  th e  values o f  G eh len  a n d  C o h é n  is very go o d .  I t  suggests 
th a t  o u r  answ er  m a y  well b e  th e  e x a c t  resu lt  fo r  th e  in f in i te  la tt ice  
cnsetn ble.

TAlíl.ft i . Nearest Neighbor Triplet Probabilities in Cu3 Au at 450°C

R a n g c C o m p u te r  S im u la t io n
T r ip lc l a l l o w e d  b y T h  is S u p e r p o s i t i o n
t y p e s u m  ru le s  at O r d e r e d R a n d o m c a l c u l a t i o n a p p r o x .

T  =  4 5 0 ° start start

C u -C u -C u 0 . 3 0 2  0 . 3 2 8 0 . 3 2 7 3 0 . 3 2 7 5 0 . 3 2 7 1 0 . 3 4 7 4 *
C u - C u - A u 0 . 6 7 2 - 0 . 5 9 4 0 . 5 9 6 2 0 . 5 9 5 6 0 . 5 9 6 4 0 . 5 6 7 6 *
C u - A u - A u 0 . 0 0 0 - 0 . 0 7 8 0 . 0 7 5 8 0 . 0 7 6 1 0 . 0 7 5 9 0 . 0 8 4 0 *
A t i - A u - A u 0 . 0 2 6 - 0 . 0 0 0 0 . 0 0 0 7 0 . 0 0 0 7 0 . 0 0 0 6 7 0 . 0 0 1 1

♦ N o t e  that  t h e s e  v a lú e s  are  o u t s i d c  t h e  a l l o w e d  r a n g c .
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TAI! LE 2. C u-O ntered  Cluster Diatribution

Cu3Au T = 4 5 0 oC (405°C)
1 9 5 1 -2 1 8 ) a 2= +.215(+.286) a 3= + 003(-.012) a4 = + .0771+122)

7  8 %  (13 .2% )  

5 2 ( 4 .3 )

i

A «

L^i7'
\ 6 % (f.4 % )  

3 .4 (2  6)
~7\

_ L _

Lí
0  5 4 % (0  4l% )

6  8 % (9 .6 % ) 2 .5 % (2 .2 % )

4 . 5 ( 4 5 )
—7̂ 1

4 .2 ( 4 .3 )

a

L i  _ jk---a----
12 5% (12  9% )

2 9 ( 2  5)

7 .9% (8 .1% )

1.4 (1 .4 )
a-'T

! C

2 8%(2.2%)

t u i '
2 .7 % (2 .6 % )

6 .8  (7 .6 )

:  -  ;•••
9  6 % (1 0 .7 % )

3 4 ( 2 . 4 )

S* 1 A

¡ c

1.3%  (1 .4% )

TOTAL 71.6%  (80.5% )

6 .4  (7 .2 )
—

1 A

12.0%  (13.5%)

3 . 4 ( 2 6 )

L i
>-

1.1% (0.81% ) 

1 .4 (1 .5)

r v

0 .6 7 % (0 .7 0 % )

A lth o u g h  the  su p e rp o s i t io n  a p p ro x im a t io n  w o u ld  a p p e a r  to  give a 
reasonab le  e s t ím a te  o f  the  t r ip le t  p rob ab i l i t ie s ,  th e  first th ree  valúes 
are im possib le  because  th ey  lie o u ts id c  the  range a l low ed  b y  th e  sum  
rules.  O ne m ay  co n c tu d c  th a t  an a rb i t ra ry  cho ice  fo r  the  tr ip le t  
p io b ah il i t ic s  w ith in  the  a l low ed  range w o u ld  ac tua lly  be  b e t t e r  th an  
using the su p e rp o s i t io n  a p p ro x im a t io n ,  for th is  a t  least w o u ld  
p ro d u c e  a set o f  valúes co n s is ten t  w ith  the  k n o w n  a lloy  d a ta .

TAIttiK 3. A u-O nlcrcd  OuMtcr Distríbutton

C u 3 Au T s 450oC(405°C)

a, = - 195Í-.218) a 2 = + 215(+ 286) a 3= + 0 0 3 ( -  012) a4 = + 077(+ .122) 

3 .8 (4  5 ) 2 .5 (2  0 )  1 6 (1 .0 )

r í  í ‘1. 
! i

1 6 .2 % |2 0 .3 % )

1
< A

A'' y1
1 A i1_ .

x y

1 6(1.1)

\
• A

S --

4 8 -3 % (5 6  9% ) 1 0 .4 % (8 .4 % ) 3 .4 % (2 .1 % ) 1 3 .7 % (9  3% )

T O T A L  9 2 %  ( 9 7 % )
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We have also e m p lo y e d  thc  var ia t iona l  m e th o d  to  ca lcú la te  the 
p ro b a b i l i ty  d is t r ib u t io n  for  thc  co n f ig u ra t io n s  o f  a c lus te r  consisting  
o f  a site  a n d  ils twclvc nea res t  n e ighbors  in CU3 AU. I t  is im prac tica l  
to  d isplay th c  cn tirc  d is t r ib u t io n  since th is  w o u ld  involve over 300  
(listinct con f ig u ra t io n s .  We have in s tead  sh o w n  in T ab les  2 a n d  3 
on ly  th e  m o s t  e n h a n c e d  c lusters  in o rd e r  o f  th e ir  e n h a n c e m e n t  
l'aclors (KF). KF is th e  ra t io  o f  a  c lu s te r ’s p o p u la t io n  in th e  SR O  
s la te  lo its p o p u la t io n  in th c  c o m p lc tc ly  r a n d o m  state .

M ossK has m easu red  th e  S R O  p a ra m e te rs  a t  tw o  te m p e ra tu re s  
above thc  o rd e r in g  te m p e ra tu re  in this sy s tem . T h e re fo re  it is 
possib le  to  s tu d y  th c  ev o lu t io n  o f  ihc c lu s te r  d is t r ib u t io n  as it  
a p p ro a d ie s  (he long range o rd e red  (L R O ) s ta tc .  T h e  sp c c t ru m  for 
C u -cen te red  clusters  is sh o w n  in T ab le  2 a n d  th a t  for  A u -c e n tc red  in 
Tab le  3. T h e  n u m b e rs  a t  th e  lo w er  te m p e ra tu re  (3 p e rc e n t  above  Tc) 
are sh o w n  in p a ren th eses  a n d  th o sc  at thc  h ig h er  te m p e ra tu re  ( 1 0  
percen t  above  T(.) w i th o u t .  T h e  num be rs above the  c lusters  are thc  
K F’s and  thosc  bc low  are th c  a c tu a l  la t t ice  f rac t io n  for each  c lus te r  
( inc lud ing  its sy m m c lr ic a l  equ iva len ts) .  T h e  to ta l  la t t ic e  f rac t io n  
covered  by  thc  d isp laycd  c lusters  is given at  th e  b o t t o m  o f  th c  figures 
so th a t  th c  f rac t io n  o f  th e  la t t ice  th a t  is d is t r ib u te d  over th e  rest o f  
thc  300  o r  so c lusters  is a p p a re n t .

Severa! in te res t ing  aspee ts  o f  th c  d is t r ib u t io n  are im m ed ia te ly  
a p p a re n t .  T h e re  is a surpris ing  degrec  o f  “ o r d e r ”  in th e  nea res t  
ne ig h b o r  (n. n.) e n v i ro n m e n t  even a t  10 p e rc c n t  above T . In fact,  
34 p e rccn t  o f  th c  C u a to m s  a n d  6 4  p e rc e n t  o f  th e  A u  a to m s  have o ne  
m istakc  o r  less in the ir  n. n. shell (by  c o m p a r iso n  w i th  th c  n. n. 
en v iro n m e n t  in thc  p c r fe c t ly  o rd e re d  LI2 s t ru c tu re ) .  T hese  frac t ions  
m creasc  to 42  a n d  77 p e rc e n t  respcctive ly  a t  3 p e rc e n t  above  Tc.

The se c o n d  m os t  e n h a n c e d  C u -cen te red  c lu s te r  is a p a r t icu la r ly  
in te res t ing  ty p c  o f  m is take  because  it  co r re sp o n d s  to  th e  p e r fec t ly  
o rd e re d  e n v iro n m e n t  o f  a d i f fe re n t  LRO  a r ra n g e m en t  variously  
rc le r red  to  as thc  D O 22 s t ru c tu re ,  th c  NÍ3 V s t ru c tu re  o r  th e  CU3 AU 
long p e r io d  (M - 1) supcr la t t ice .  C lapp  a n d  M oss 1 0 have prev iously  
d e m o n s t r a te d  th a t  th e  pair  in te ra c t io n s  in CU3 AU are such  th a t  the  
n o rm a l  LI2 C 113A 11 s t ru c tu re  is on ly  slightly  m o re  favored  cncr- 
getically  than  (lie D O 22 s t r u c tu re  and  this is u n d o u b tc d ly  th c  source  
o f  the  “ c o n lu s io n ”  in thc  S R O  s ta tc .

It m ay  be  a d d e d  th a t  as o ne  goes to  th e  low cr  te m p e ra tu re ,  
a l th o u g h  th c  o th e r  C u -cen te red  clusters  e i th e r  rem ain  a t  th e  sam e 
la tt ice  frac tion  o r  dccrcasc ,  b o th  LI2 and  D O 22 c lusters  increase 
app rcc iab ly ,  so th a t  th is  c o m p e t i t io n  a p p a re n t ly  persists  in to  the 
L R O  s ta tc  and  m ay  be  regarded  as th c  sou rce  o f  th e  very  c o m m o n  
(100)  a n t ip h asc  b oundar ies .
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1. C O N C L U S I O N

Wc llave p r o v i d c d  a se t  o f  e x a c t  s u m  m i e s  t h a t  a re  a p p l i c a b le  to  
llie p r o b a b i l i t y  d i s t r i b u t i o n  o f  a n y  n s i t e c l us t c r .  T h e s e  s u m  rules  
p i o v i d e  u p p c r  a n d  lo w er  b o u n d s  for  the  n s i t e c o n f i g u r a t i o n  
p r o b a b i l i t i e s  t h a t  wil l  e n s u r c  c o m p a t i b i l i t y  w i t h  th c  k n o w n  c o m p o s i ­
t ion  a n d  pa i r  c o r r c l a t i o n  p a r a m e t e r s .

In a d d i l i o n ,  w c  have  d e s c r i b e d  a v a r i a t i o n a l  m e t h o d  lo r  ca lc u l a t in g  
the  m o s t  p r o b a b l e  n s i t e d i s t r i b u t i o n .  T h i s  m e t h o d  res t s  u p o n  t w o  
p o s t ú l a l e s ;  o n e  p hy s i c a l ,  in t h e  sense  tha t  it is a n  a s s u m p t i o n  a b o u t  
(lie n a t u r c  o f  th c  a t o m i e  i n t e r a c t i o n s ,  a n d  (he  o t h e r  m a t h e m a t i e a l ,  in
111 a I it is an  a s s u m p t i o n  a b o u t  th e  d c n s i l y  o f  s t a t e s  in t w o  c losely  
r e l a t e d  c o n f ig u r a c ió n  s | )aces.

T h e  va r i a t i o n a l  m e t h o d  has  b e e n  u se d  to  l in d  th e  d i s t r i b u t i o n  ol 
nea res t  n e i g h b o r  ' i-site c l us t e r s  a n d  nea res t  n e i g h b o r  13-si te c lus te r s  
m C u . i A u .  The l in c e - s i t e  d i s t r i b u t i o n  e o u l d  be  c o m p a r e d  lo  th e  sa m e  
d i s t r i b u t i o n  p r cv iou s l y  d e t e r m i n e d  b y  ( i e l i l en  a n d  C o h é n  b y  the ir  
( o m p u l e i  s i m u l a t i o n  t c c h n i q u e  a n d  the  r esu l t s  w e r e  f o u n d  to  be 
e s sen t i a l ly  iden t i c a l .  T h i s  p r o v id e s  s ign i l i c an t  s u p p o r t  for  o u r  
m a l l i c m a l i c a l  p o s t ú l a t e ,  b u t  n o t  for  th c  ph y s i c a l  p o s t ú l a t e  be c a u s e  it 
is 11111 > I i < í 11 y a s s u m c d  in the i r  p r o c c d u r c  also.

In f ac t ,  il it b e c o m e s  po ss ib le  to  m e a s u r e  n b o d y  c o r r e l a t i o n s  
d i r ec l l y ,  a n y  d e p a r t u r e  f r o m  th e  valúes  c a l c u l a t e d  w i t h i n  t h e  p r e s e n t  
s c h e m e  will  p r o v i d e  i m p o r t a n !  c v i d e n c c  a b o u t  the  r e la t ivc  s t r e n g t h  o f  
n b o d y  a n d  pa i r  i n t e r a c t i o n s  in real  syslerns .

H K I K K I ' N C I v S

1. O n s i i i ír i .  I. .: P h y s . R e v .,  6 5 : 1 1 7  ( 1 9 4 4 ) .
2 . K a n l m a n n ,  B . ,  a n d  I . . ( ) n s a g e r :  P h y s . R e v . ,  7 6 : 1 2 4 4  ( 1 9 4 9 ) .
:s. C la p p ,  I Ph-S. l i r v . ,  1 6 4 : 1 0 1 8  ( 1 9 6 7 ) .
I. : ./. I n y s .  c „ . m .  So lid a , 3 0 : 2 5 8 9  ( 1 9 6 9 ) .

5 .  K a I A . :  ‘T r  in i ip lr s  o l  S la t i s t i c a l  M c c l ia n i c s , ” p. 18 ,  W. II. F r c c m a n  an d  G o . ,  S a n  
f r a n c i s c o ,  1 9 6 7 ;  a l s o  I,.  I trí lloii in : “ S c i e n c e  a n d  l n l o r m a t i o n  T h e o r y , ”  A c a d c m i c  Press  
I nc . ,  N .  V . ,  1 9 6 2 .
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1 9 5 6 .
10. C la p p ,  l‘. C .,  a n d  S . C . M oss :  P h y s . R e v .,  1 7 1 : 7 5 4  ( 1 9 6 8 ) ,  a n d  P h y s . R e v . ,  1 7 1 : 7 6 4  
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D I S C U S S I O N  o n  P a p e r  b y  P .  C .  C l a p p

li. M cC .O Y:  VVhilc y o n  d i s c us se d  th r ee -pa i  t ic le  c o r r c l a t i o n s  in de tai l  
y o u r  m e t h o d  a l so  app l i e s  lo  f o u r - p a r t ¡ e l e  c o r r e l a t i o n .  T h e n ,  as a
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n on t r iv ia l  c h c c k  o n  y o u r  m e t h o d ,  y o u  ca n  use  t h e  e x a c t  
< o m p u t a t i o n  011 t h e  f o u r - p a r t i d o  c o r r e l a t i o n 1 o f  t h e  two-  
d i m c n s i o n a l  I s ing  m o d e l  in z e r o  m a g n e t i c  f ield.

P. C. C L A P P :  I w as  n o t  a w a r e  o f  th i s  w o r k  a n d  I t h a n k  y o u  fo r  
b r i n g in g  it to  m y  n o t i c c .

C. D O M B :  11 y o u  a re  n o t  c o n c e r n e d  w i t h  t h e  i m m e d i a t e  n c i g h b o r -  
l i o o d  o f  t h e  c r i t ica l  p o i n t ,  y o u  c a n  c e r t a i n l y  use  series  e x p a n s i o n s  
lo r  a n y  o f  t h e  m u l t i p l e  c o r r e l a t i o n s .  I t  is o n l y  w h e n  i t  is n cc cs sa r y  
lo  assess c r i t i ca l  b e h a v i o r  ( say  w i l h i n  1 p e r c e n t  o f  t h e  c r i t i ca l  
p o i n t )  t h a t  d i f f i cu l t i e s  ar ise  in a ssess ing t h e  p r ec i s e  a s y m p t o t i c  
l 'orm o f  t h e  coe f f  i c i en t s .  E l s e w h e r e  th e  P a d é  a p p r o x i m a n t ,  f o r  
c x a m p l e ,  s h o u l d  give an  a p p r o x i m a t i o n  a c c u r a t e  e n o u g h  fo r  
t e s t in g  t h e  h y p o t h e s i s .

/.. O N S A G K H : In t h e  I s ing m o d e l  t h a t  I so lve d ,  o n e  c o u l d  n o t  o n l y  
o h t a i n  t h e  four -p ; i r t i c l e  c o r r e l a t i o n s  b u t  a l so  t h e  t h r e e -p a r t i c l e  
c ó r r e l a ! i o n s  h e l o w  th e  c r i t i ca l  t e m p e r a t u r e  ( w h e r e  th c y  a re  
n o n / e r o ) .  These  c o u l d  b e  u se d  to  t e s t  y o u r  o w n  m e t h o d .

I\’ /-. E E R  E N C E S

1. C o m p u t c d  b y  Y .  Y .  S l c p h c n s o n , / .  M ath . P h y s ( 1 9 6 4 ) .
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A l o m i c  C o n f i g u r a t i o n s  in B in a ry  A l lo y s

P h i l i p  C .  C l a p p  
/ c•lixi'tnont Líihnr/ itory , Kennccott  Copper Cor//oration, L ex ing ton ,

(Heceived 21 J a n u a ry  1971)
M a ssa ch u se t t s  02173

Tlic con.. ' >:il)i 1 iLy d is t r ibu t ion  of n e a r e s t -n e ig h b o r  configura tions has  been in fe r red
<>r a nu m b er  of > ubic b inary  a lloys from th e i r  ex p er im en ta l ly  d e te rm in ed  s h o r t - r a n g e  o r d e r  
ía ra jncU 'rs .  Ihe probabili ty  va r ia tion  method, der ived  p rev ious ly ,  was used to p e r fo rm  the 
■alculalions. Thi ; p ro e ed u re ,  which is used  to f ícnerate  n - s i t e  p robab il i t ies  from  e x p e r im e n -  
al lv m ea su re d  p a i r  p ro lm b il ¡ l ie s , ro q u ires  the physical assum ption  that the configurational 
■norgy ol tilo .systoni can be adequately  rep re se n lo d  by p a irw ise  in te rac t io n s  whose range  does 
i*il oxeoed Ihe d i a n u t e r  of tlu c lu s te r .  Hesults a ro  p re sen te d  hei'e  for 0 - C u/,n , Cu3Au, CuAu, 
\ u :l( u ,  C ..Al , Cu,l2Ni48, and A u ^ P d ^ ,  and the im p l ica t ions  fo r  o rd e r in g  (or c lus te r ing )  
M'havior : i r r  d isc u sso d .  F inaüy ,  tab les  of coefficients  fo r  the bcc and fcc la t t ice  a r e  given 

enabio onc lo ca r ry  out this type of a n a ly s is  fo r  any cubic b inary  sy s te m .

I. 1NTKOIHJITION

In a p r e v i o u s  p a p e r 1 ( l i e r e a f t e r  r e f e r r e d  to  a s  I) 
a s y K lc m a l i c  p r o e e d u r e  w a s  p r e s m t o d  f o r  u s i n g  th e  
m e a s u r e d  v a l u e s  o í  W u r r e n  s h o r t - r a n g e  o r d e r

(SRO) p a r a m e t e r s  { a , } in  b in a r y  a l lo y s  to  m a k e  a  
" b e s t  ” p r e d i c t i o n  of the p ro b a b i l i ty  d i s t r i b u t io n  of 
n - s i t e  a to m  co n f ig u ra t io n s  (w h e re  n c an  be  10 o r  
m o r e ) .  T h e se  m u l t i s i t e  p ro b a b i l i ty  d i s t r i b u t io n s  
a r e  p o te n t ia l ly  im p o r t a n t  f o r  u n d e r s ta n d in g  n u c le a
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tion processes, unraveling Mossbauer spectra, es-  
timating the distribution of strain fields at the atom- 
ic level, or simply visualizing the configurational 
state of a partially ordered binary system. It also 
offers a |jowerful method for predicting the atomic 
configuration of equilibrium low-temperature phases 
from high -temperature data, even when such phases 
are prevented from forming for kinetic reasons.

This predictive procedure was called the proba­
bility variation method (PVM), and it can be briefly 
summarized. If P¿n) is the probability that an n-site 
cluster chosen randomly in the lattice is of config­
uration type A\ llien the PVM determines the p£n> by 
varying theni to maximize the function
I - l ’[n) ln /’J'1’ subject to a set of linear con- 
straints that cnsure that the composition and SRO 
parameters of the alloy remain fixed. The method 
rests upon the physical assumption that the configu­
rational energy of the lattice depends only upon the 
composition and the a (’s, and thus remains constant 
during the variation of the This is equivalent
to assuming (hat there are no important contribu- 
tions lo llie configurational energy from three- or 
moro-body interactions in the crystal. The PVM 
can then be regarded as a technique for finding the

that maximize the entropy of a microcanonical 
ensemble of configurational states. It was also 
shown in I that this microcanonical ensemble con- 
tains many more configurational states than are 
possiblc on a real lattice. A plausibility argument 
was given that the maximal entropy point of the real 
lattice ensemble always coincided with the maximal 
point of the artificial ensemble used in the calcula- 
tions. This mathematical assumption could not be 
rigorously proven but was shown to be valid for a 
numljer of cases where the exact result was pre- 
viously known. At the very least the PVM yields a 
set of /',/s that are consistent with the experimental 
data on composition and SRO of the alloy. This is 
a significan! advantage relative to other analytical 
methods of determining the probability distribution 
(such as the Kirkwood superposition approximations) 
that do not satisfy such self-consistency conditions.

In (he present paper we have used the PVM to de­
termine the probability distribution of a cluster con- 
sisting of a central site and all its nearest neighbors 
for a number of cubic alloys. In particular we have 
analy/.ed 0 -  CuZn, Cu3Au, CuAu, Au3Cu,
Cu85.s A1K.5> Cu52Ní48, and Au^Pd,,, using the avail- 
able experimental SRO data for these system s. We 
find that the most enhanced cluster configuration 
relative to the perfectly random distribution for the 
alloys 0-CuZn, Cu3Au, and CuAu is the configura­
tion of the perfectly ordered state in each case. The 
surprising result emerges in Au3Cu that at a tem­
perature 11% above the ordering temperature the 
most enhanced configuration appears to be the per­
fectly ordered configuration of CuAu. We shall of-

fer below several possible explanations of this re­
sult.

The Cu85-5AIU,5 resitfts show a strong enhance- 
ment of a tetrahedral cluster of Al atoms about a 
central Cu atom reminiscent of the metastabie or­
dered bcc /3 písase found at the Cu3Al composition. 
This supports the picture of the SRO state in this 
system proposed by Borie and Sparks.2 It also ex- 
plains why Gehlen and Cohén3 found so few of these 
tetrahedral clusters in a Computer mapping of this 
system since, although the tetrahedral cluster is 
strongly enhanced, the volume fraction of the lattice 
occupied in this way is still very small.

The Cu52Ni48 distribution shows primarily Cu- and 
Ni-rich clusters but with a marked tendeney to 
cluster on (111) planes. This agrees with the model 
proposed by Cohén4 from his C o m pu te r  mapping of 
the SRO state. Further evidence in support of the 
growth of Ni and Cu platelets on (111) planes is given 
below on the basis of the pair interactions in this 
alloy previously determined by Moss and Clapp.5

The distributions derived for the AueoPdw alloy 
indícate a definite tendeney for this system to order 
but it is difficult to decide what the configuration of 
the hypothetical perfectly ordered state is. The 
equilibrium phase diagram indicates a single solid 
solution for all compositions so that the ordering 
temperature is apparently too low for the ordering 
reaction to ever go to completion. Lia, Spruiell, 
and Williams8 have recently suggested a particular 
configuration for the ordered crystal on the basis of 
a Computer simulation of the SRO state. Our d is­
tribution partially supports their conclusión but also 
suggests that the real answer may be even more 
complicated.

II. PROBABILITY VARIATION MKTHOD

The first step in applying the PVM is to choose 
the n-site cluster to be studied. A cluster large 
enough to show many details of the ordering process 
but small enough for the calculations to be manage- 
able consists of a site and all of its nearest neigh­
bors. The next step is to tabúlate all of the possible 
configurations of this cluster and to evalúate by in- 
spection the contribution that each configuration will 
make to the lattice composition and pair correla­
tions. This was done in I for the simple example of 
a triplet cluster and the results were presented 
there in Table I. Similar tabulations for the near­
est-neighbor cluster on bcc and fcc lattices are 
given in the Appendix. The third step is to con- 
struct the linear equations for the P k’s where the 
jth equation will be of the form

K
2  a ) P ^ b ,  (1)
ftci

The fl*"s are determined from the cluster tables 
;u¡ü the 6 / s  are set by the composition and SRO
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I'AIHíK 1. Neíircst-neighbor spectrum of Cu atoms in CuZn at T- 543 ' C (T / T c ■ 1. 10)
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CuZn T = 543°C (T/TC=I.I0) 
a lli = — .179 a 200 = + .103 a220 = +.066 a 2 ¿ 2 = + . 0 4 5
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(lilla. T h e se  e q u a t io n s  a r e  a l s o  co n ta ined  in  the 
Appendix .

The n u m b e r  of l i n e a r  eq u a t io n s  J  i s  a lw ay s  e x -  
c eed ed  by K ,  th e  n u m b e r  of unknow ns (the s ) ;  
w ith  a d d i t io n a l  co n d it io ns  th a t  e ach  P k m u s t  no t be 
l e s s  tlurn z e r o ,  th e  p o s s ib le  r a n g e  of e a c h  P k m a y  
be q u i te  s m a l l .  In fac t ,  if the  p a i r  c o r r e l a t i o n s  a r e  
a s s ig n e d  the v a lú e s  c o r r e s p o n d in g  to  a  p e r f e c t l y  
o r d e r e d  s t r u c t u r e ,  the  P h' s  w i l l  b e c o m e  c o m p le te ly  
d e te r m i n e d .

So l a r  no a p p ro x im a t io n s  have  b e e n  in t ro d u c e d ,  
and any s e t  of P k’s tha t  s a t i s f i e s  th e  abo ve  co n d it io ns

would r e p r e s e n t  a  p o s s ib le  s t a t e  of the l a t t i c e .  If 
th e  P k’s  a r e  su f f ic i e n t ly  l im i te d  by th e s e  co n d i t io n s ,  
i t  m a y  no t b e  n e c e s s a r y  to  go f u r t h e r .  H o w ev e r ,  
w hen  th e  la t t i c e  c o n ta in s  a  s u b s t a n t i a l  d e g r e e  of 
d i s o r d e r ,  i t  i s  d e s i r a b l e  to d e t e r m i n e  the  m o s t  
p ro b a b le  s e t  of P k ’s .  It w a s  p o in ted  ou t in  I th a t  
th i s  m o s t  p ro b a b le  s e t  w i l l  r e p r e s e n t  th e  s t a t e  of 
the l a t t i c e  a l l  bu t a  n e g l ig ib le  f r a c t i o n  of th e  t im e .

It i s  im p o s s ib le  to p r o c e e d  f u r t h e r  by  any  m ethod  
w itho u t  m a k in g  s o m e  a s s u m p t io n  abou t  the  co nfigu-  
r a t io n a l  e n e r g y  of the  la t t i c e .  The  b a s i c  h y p o th e s is  
of th e  PV M  h as  b e en  s t a te d  in  Sec . I and  i s  e s s e n -
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tially that tlie eonfigurational energy can be ex- 
pressed as

m
A’- E  V,a,  , (2)

1=1

and that »i , the máximum neighbor index in the 
summntion, does not exceed the máximum neighbor 
separation contained in the cluster. For the cluster 
chosen he re, in would correspond to fifth neighbors 
in a bcc lnltice and fourth neighbors in a fcc lattice. 
The K,’s are pairwise interaetion parameters.

The final step is to maximize the PVM entropy 
me asure

K
I(I\)  -Z ) IV ^ ln P * (3)

by variation oí the Pk's subject to the linear con- 
straints given in Eq. (1). W,, is the multiplicity of 
the /.’th configuration and represents the number of 
configurations that are equivalent under cubic sym- 
metry. Formally, the variation can be accomplished 
by the introduction of a Lagrange multiplier Ay for 
each constraint, forming the augmented function 
i ' ( P k) given by

/'(/'*) / ( / ' J í S  *,C, (Pk) , (4a)
¿«1

where
K

C , ( p k) ' £ a ) P k - h J . (4b)
»-l

The / y s can now be regarded as independent 
variables and tlie máximum of I ( P k) is determined 
by the equations

^  0 -  **\<1 + tnP„) + S  Aj «J (/<- = 1 , K )  .

(5)

Thus,

/>* (6)

The a / s  are now adjusted to satisfy the J  linear 
constraints. This is accomplished by inserting this 
expression for the P k’s into Eq. (1), givingJ non- 
linear equations in J  unknowns (the A/s). An itera- 
tive method for determining the P k’s  can then be 
used.

III ATOM K CON FIGURATION DISTR1BUTION

In this section the distributions of nearest-neigh- 
bor configurations are displayed for a number of al- 
loys as determined by the PVM from available SRO 
data. In the case of fcc systems it is impractical 
to present the entire distribution since this would

involve over 300 distinct configurations. We have 
instead shown only clusters having enhancement 
factors (EF) greater than 1 and have shown only the 
first dozen or so. The £ F  is the ratio of a cluster’s 
population in the SRO state to its population in an 
ideal random alloy of the same composition. The 
clusters are displayed in the order of their EF’s 
whose magnitudes are given above each cluster. In 
addition, the percent of atoms in the lattice o f  a 
given kind that have that particular nearest-neighbor 
configuration (or one of its symmetrical equivalents) 
is given in parentheses beneath each cluster. The 
total percent of the distribution shown is indicated 
at the bottom of the table. A cluster can have a 
larger EF but a smaller lattice percentage than 
another cluster simply because the percentage of 
the latter cluster was higher in the completely ran- 
dom state. We have also used the convention of in- 
dicating the positions of only one kind of atom on the 
nearest-neighbor shell, the unlabeled positions being 
occupied by the other atom type.

(3-CuZn
The complete nn spectrum of a Cu atom at 543 °C 

(10% above the ordering temperature) is shown in 
Table I for this bcc alloy as determined from the 
SRO parameters reported by Walker and Keating.7 
Although the actual alloy contained 53.7-at.% Cu, 
the SRO parameters were determined on the basis 
of an equiatomic model and we have followed this 
assumption of a 50-50 alloy in our analysis. Thus 
the distribution for a Zn-center atom is  obtained by 
interchanging Zn and Cu sites everywhere in Table I.

CJualitatively, the distribution is as one would ex- 
pei't. The most enhanced cluster is that represent- 
ing the nearest-neighbor configuration in the per- 
fei tly ordered lattice, the next most enhanced is 
the “one-mistake” cluster, and the next three are 
the three possible “two-mistakes ” clusters. A 
model of the SRO state based on the idea of perfectly 
ordered regions in a disordered matrix does not 
seem justified for this system. Since only 3% of 
the Cu (or Zn) atoms see a perfectly ordered near- 
esl -neighbor environment, the volume fraction of 
suc h “microdomains ” could be 3% at most.

Cu3 Au
Moss8 has measured the Warren SRO parameters 

at two temperatures above the ordering temperature 
in this system. Therefore, it is possible to deter­
mine the cluster distribution at these two temper­
atures and study the evolution of the SRO state as it 
approaches the long-range ordered (LRO) state.
The distribution for Cu-centered clusters is given 
in Table II and that for Au-centered clusters in Ta­
ble III. The numbers at the higher temperature 
(10% above Tc) are shown without parentheses and 
those for the lower temperature (3% above T c) are
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TA H LK  II. N e a r e s t -n e ig h b o r  s p e c tru m  o f Cu a to m s  in  CU3A 11 a t  7' = 4 5 0 ',C (405 °C).
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Cu3Au T =45Q °C (405oC) 
a, = - .195(- .2t8)  a2= +.215Í+.286) a3=+.003K 012) a4 = -K077(+.122)

66.6 (112.8 ) 28.8 (40.9) 8.0 (7.2) 6.8 (7.6) 6.4 (7.2)

5.2 (4.3) 4.5 (4.5) 4.2(4.3) 3.4 (2.4)

7.9% (8.1%)

A

1.1% (0.75 %)

1 . 4 ( 1 . 5)

< *  ■

V<\

Á
' C

3.4(2.6)

3.4(2.6)
:

_L

A----

0.54 %(0.41 %)

2.9 (2.5) .4(1.4)

2.7% (2.6%) 1.3% (1.4%)

.4(1.5)

f - i r r
I A

J-

0.67%(0.70%)

TOTAL 71.6% (80.5%)

in p a r e u l l i e s e s .
Scvoral interestinp aspeets of the distribution are 

immodintely apparent. There is a surprising de- 
f'.iec oí ‘‘order" in the nearest-neighbor environ- 
ment even at tlie higher temperature. The Cu-cen- 
tored porfect-order c 111 s ‘ ;• is very highly enhanced

as compared to the comparable cluster in the Cu-Zn 
distribution at the same relative temperature. In 
fact, 34% of the Cu atoms and 64% of the Au atoms 
have one mistake or less in their nearest-neighbor 
shell at 7=1.107^. These fractions increase to 
42 and 11%, respectively, at T= 1 .03TC.

TAIU.I III. N eare s t -ne ighbor  sp e c tru m  of Au a tom s in Cu3Au at T  = 450 "C (405”C)

Cu3 Au T = 4 5 0 ° C (4 0 5 ° C )

a, =-.195(-.218) a2= + .215(+.286) a3=+.003K012) a4 =+.077(+.122)
5.1 (6 .4)

„-----c-
-c;--

i  ‘ j  
16.2%(20.3%)

3.8 (4.5) 2.5(2.0) 1.6(1.0) 1.6(1.1)

TOTAL 92%(97%)
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TAH1.K IV. N e a r e s t -n e ig h b o r  s p e c t ru m  o f  Cu a to m s  in CuAu a t 7' = 42S °C  ( T / T c -  1 .0 2 5 ) .

Cu Au T = 425°C  (T/Tc = 1.025) * 

a i = -.123 <*z= + .048 <*3 = + .000 «4 = +.070
7.7

C-'l 
^  1 ' c 1
1 ¡ c
1 c 1
1 J- ........1

c ' r "
l '

1.1%

2.8

4.4 3.7

2.9%

3.1 2 .8 2 .8

c 'sC____

I c 
c ‘ 1

.83%

2 . 8 2 .8

c,
! c

X -
c '✓

1 . 6 %

2 . 6

3.7

2 .8

2.4

TOTAL 26.5%

The second most enhanced Cu-centered cluster 
is ¡i particular ly interesting type of mistake because 
it corresponds to the perfectly ordered environment 
of a different LRO arrangement variously referred 
to as the DOgj structure, the Ni3V structure, or the 
Cu3Au M 1 long-period supertattice. Moss and 
Clapp’’ have proviously demonstrated that the pair 
interadious in Cu3Au are such that the normal L l2 
CujAu structure is only slightly more favored en- 
ergetieally than the DOiz structure and this is un- 
doubtedly the source of the “confusión” in the SRO 
state. It may be added that as one goes to the lower 
temperature aithough the other Cu-centered clusters 
either remain at the same lattice fraction or de- 
crease. both the L 12 and DO& clusters increase ap- 
preciably so that this competition has a marked 
persislanee and will appear in the LRO state as 
(OOl)-lyp(' anliphase boundaries.

CuAu
Tlie SRO dala of Roberts9 at 7= 1. 025Tc were used 

to genentle the cluster distribution shown in Table 
IV. Al this temperature the tendency to order into

the L l0 structure is apparent but there is still a 
considerable degree of disorder present in the near­
est-neighbor environment and the perfect-order 
cluster does not show nearly the same degree of 
dominance here as compared to the case of Cu3Au.

A u j C u

In Tables V and VI the rather surprising distribu­
tion for AusCu is given as derived from the SRO 
measurements of Batterman.10 It is normally 
thought that Au3Cu orders in the L \ z structure; but 
the most enhanced Cu-centered clusters are of the 
L 10 CuAu type, and the fourth most enhanced cluster 
is even of the Cu3Au type. The Au-centered cluster 
distribution is less paradoxical but it also shows a 
significant number of strongly enhanced clusters of 
the L l0 CuAu type. If true, this would suggest that 
the ordering process in Au3Cu is rather complex 
and implies that the transformation may actually be 
to an ordered L 10 CuAu phase intermixed with a Au- 
rich phase rather than to a homogeneous L 12 Au3Cu 
phase. Since the superlattice reflections cannot 
distinguish between these two possibilities, the
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fundamental reflections would have to be examined 
for appreciable broadening or splitting in the trans- 
lormed state. The tr;uisformatjon is quite sluggish, 
however, so that it mav require long times before 
the splilting of the fundamental spots is observable.

On tHo otlier hand, the SRO measurements in 
AiijCu ar3 particularly difficult because of large- 
size-clfect scattering and because of the difficulty 
in achieving equilibrium. Thus, the measured a ’s 
may be inaorurate and if the errors were significant 
this would considerably distort the derived distri- 
biitinns.

Cu-14.5% Al
The a ’s as determined by Houska and Averbach11 

from powder samples at -  190 "C were used to cal­
cúlate the cluster distribution in Table VII. The 
SRO structure of this alloy has been of considerable 
inlerest ever since the radiation-damage exper*- 
ments of Wechsler and Kernohan12 showed that the 
electriral resistivity first decreases and then in- 
creases with increasing exposure time in a reactor. 
It was surmised that this anomalous behavior was

connected with the inttuced changes in the SRO of 
the alloy. Houska and Averbach also determined 
the a ’s for an irradiated sample and found that all 
of the SRO parameters increased in magnitude rela- 
tive to the normal sample, indicating a pronounced 
increase in the de^ree of the SRO. However, the 
valué of ai that they report is 20% greater than the 
máximum theoretical limit for an alloy of this com- 
position, which makes it impossible to generate the 
cluster distribution for the irradiated alloy. This 
error indicates that either the actual composition 
of the alloy was in excess of 17-at.% Al or the SRO 
diffuse scattering was not correctly separated from 
the other diffuse scattering contributions.

Borie and Sparks2 afterwards performed a more 
detailed diffuse-scattering experiment in two planes 
of reciprocal space for single-crystal samples of 
Cu-16% Al alloys before and after irradiation. On 
the basis of their measurements, they suggested an 
interesting model for the SRO structure. They pro- 
posed that the Al atoms for the most part were 
grouped in tetrahedral clusters (the first cluster 
shown in Table VII) and that no Al nearest-neighbor

TAUI-KV. Nearest-neighbor spectrum of Cu utoms in Au3Cu atT = 250°C (T/Tc=l.ll).

Au3Cu T = 2 50°C  (T/ TC= UI )

a, =—.06 0 2 = + .20 <1 3 = - . 0 8  <*4 = + . 14
18.5 5.1

2.16%

2 . 8

3 . 2 1 %

\a\

r c
L

1.59%

5 %  

1.5

/ i y
\
¡ c 
1 _

y
y

1 9 . 3 %

4.5 3.3

0 -A

1
! c
Ly,c-y»

A ' l
1

l\<\

1
! c

y
A'

6.37% .005 %

2.1 2.1

\
l C

1 > -A' ■ A ^Lt. ...
. 0 0 %

1.5 1.5

^ y \
1 c
1 c

J —✓ys✓ y

y ,

j
c

C'y
3.14% 2.75%

.15%

1.9

1
! c X-

1

,C'
ti.________ / c

. 1 0 %

1.3

.41%

TOTAL 55.6%
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TAIIl.K VI. N e a r e s t -n e ig h b o r  s p e c t ru m  Oí Au a to m s  in Aujf a t T * 2 5 0  (T/Tc= 1. 11).

Aü3 Cu T= 25Q°C (T/Tc =U1)  

aj =- .06  a2 = +. 20 a 3 = - . 0 8  04 = +. 14
27.9 20.3 10.9 9.3 8.7

J
A

L
K

1
¡ A
)____y '------

.C-
— c -------

^ A1
1

! A
J - -  -

-A'
— A------

. c '

I
y -

.03% 3.41% .32 % .4 5%

5.7 4.8 3.6 3.6

.3 2%

TOTAL 23.0%

p a i r s  o r c u r r e d . To lu r t h e r  s u p p o r t  the*. m odel ,  
they  o b s r i v e d  tlu> j^ -C u jA l  m e t a s i a b l e  p h a s e ,  
which i s  an o r d e r e d  / ) 0 3 (B iF 3) s t r u c t u r e  and a p -  
p e a r s  by qucuchin i ;  the  b c c  d i s o r d e r e d  ¡i p h a s e ,  m a y  
l>e d e s c r i b e d  a s  an a r r a y  of r e g u l a r  Al t e t r a h e d r a .  
A lthough the  p ro p o s e d  Al g ro u p s  in  the  fcc SRO 
p h a se  a r e  not r e c u l a r  t e t r a h e d r a  (two s i d e s  a r e  
s e c o n d - n e ig h b o r  d i s t a n c e s  and  fo u r  a r e  t h i r d - n e i g h -  
b o r  d i s t a n c e s ) ,  they  a r e  c ió s e  to b e in g  so  and  the  
m e a s u r e d  a to n i ic  d i s p l a c e m e n t s  w e r e  of th e  r ig h t  
s ig n  to  im p ro v e  the  c o n g ru . 'n c e .

Although t h e i r  m o d e l  i s  p ro v o c a t iv e ,  n e i t h e r  of 
t h e i r  c o n je c tu r e s  can  be p ro v e n  w ith  c e r t a in t y  by 
t h e i r  d a ta  and ev en  w ith in  th e  f r a m e w o r k  of t h e i r  
m odel a c o n s i d e r a b l e  d e g r e e  of f r e e d o m  r e m a i n s  
in th e  p i e t u r e  of th e  SRO s t r u c t u r e  a r i s i n g  f r o m  the  
v a r i o u s  w a y s  one  can  p ack  the  t e t r a h e d r a l  g ro u p s .

G eh len  and C oh én 3 took i s s u e  w ith  th e  t e t r a h e d r a l  
m odel on the b a s i s  of a C om pu te r  s im u la t i o n  of the 
SRO s t r u c t u r e  tha t  they  g e n e r a t e d  u s in g  th e  SRO 
p a r a m e t e r s  of H ouska  and  A v e rb a c h 11 ( s in c e  the  
d i f í r a c u o n  d a ta  of B o r ie  and  S p a rk s  g iv e s  l i n e a r  
c o m b in a t io n s  of th e  a ’s  bu t no t th e  a ’s  in d iv id u a l ly ) .

By v is u a l ly  sc a n n ln g  th e i r  c o m p u t e r - s im u la t e d  p a t -  
t c r u s ,  they  conc luded  tha t  the  d o m in a n t  f e a tu r e  of 
the  SRO s t r u c t u r e  c o n s i s t e d  of l i n e a r  ch a in s  of Al 
a to m s  in s e c o n d - n e l f .h b o r  r e l a t i o n s h ip s  and  th a t  
i s o la t e d  t e t r a h e d r a l  c l u s t e r s  w e r e  h a rd ly  e v e r  o b -  
s e r v e d .

O u r  c l u s t e r  d i s t r i b u t i o n  in  T ab le  VII s u p p o r t s  
botli m o d e l s  and  sh o w s  tha t  th e y  a r e  c o m p le m e n ta r y  
r a t h e r  th an  c o n t r a d i c t o r y  v ie w s  of th e  SRO s t r u c ­
t u r e .  On th e  one  hand , by  f a r  th e  m o s t  en h anced  
c l u s t e r  in  th e  d i s t r i b u t i o n  i s  th e  t e t r a h e d r a l  g roup  
p ro p o s e d  by B o r ie  and  S p a r k s ,  s o  th a t  the  ten d en e y  
of the  s y s t e m  i s  q u i te  c l e a r .  On the o th e r  hand, 
the la t t i c e  f r a c t io n  of su c h  c l u s t e r s  i s  s t i l l  v e r y  
s m a l l ,  s o  th a t  th ey  w ould  no t be a s t r i k i n g  f e a tu r e  
of an  SRO c o n f ig u ra t io n  m a p .  The te n d e n e y  fo r  Al 
a to m s  to  avo id  e a c h  o th e r  a s  n e a r e s t  n e ig h b o r s  i s  
a l s o  a p p a r e n t  s in c e  the  o n ly  A l - c e n t e r e d  c l u s t e r  
th a t  i s  e n h a n c e d  r e l a t i v e  to  th e  r a n d o m  s t a te  c o n ­
tai n s  no Al a to m s  in  i t s  n e a r e s t - n e i g h b o r  s h e l l  and 
c o n s t i t u te s  72% of the  A l s i t e s .  T h is  f r a c t io n  u n -  
d o u b ted ly  a p p r o a c h e s  100% in th e  i r r a d i a t e d  s a m -  
p le s .
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Furthermore, the AI chains of Gehlen and Cohén 
will form a tetrahedral group at their point of 
closest approach if that separation is a second- 
neighbor distance and the chains are orthogonal.
If they are parallel, they will form an array of 
square groups, which is the second most enhanced 
cluster in our distribution. Given the high density 
of chains necessary to account for the Al concen- 
tration and realizing that a nearest-neighbor ap­
proach of chains is  nearly forbidden leads one to 
the conclusión that second-neighbor chain interac­
tions will occur quite frequently in the Gehlen- 
Colien scheme. Finally, one may observe that the 
Cu3Al (D03) structure can be viewed as either a 
perfect array of second-neighbor Al chains sepa- 
rated by second-neighbor distances or as a perfect 
stacking of Al tetrahedra.

Cu52 N¡4((
Recently Mozer, Keating, and Mossu have deter­

mined the SRO parameters of this alloy at 550 °C 
from a diffuse-neutron-scattering measurement. 
The Cu-Ni phase diagram indicates a homogeneous

solid solution across the entire composition range 
but it is now generally agreed from thermodynamic 
data and SRO studies that Cu-Ni is potentially a 
clustering system with the predicted miscibility gap 
máximum at about 300 °C and 70-at.% Ni. Our 
calculated cluster distributions shown in Tables 
Vni and IX give further evidence for this tendency 
and provide some interesting information about the 
morphology of the pre-precipitation stage (actual 
precipitation does not occur presumably because of 
the low transformation temperature).

Although practically all of the enhanced clusters 
.show that the central atom prefers to surround it- 
self with its own kind, the other species appear to 
segregate on (111) planes. Over half the tabulated 
configurations can be classified in this manner if 
iu> more than one mistake is allowed, and this sug- 
gests that the clustering occurs as (111) platelets 
of each kind. This conjecture is supported by a 
prior study of Cohén,4 who made a Computer simula- 
tion of the SRO state of this alloy and noticed these 
(111) platelets as a significant feature of his con­
figura tions.

T A B L E  VII. Nearest-neighbor spectrum in C ujs.sAI^#5.

Cu85.5 A¿14.5 
=-.137 a2 = +.124 a3 = + .096 04 = -.041

56 22 7.0 6.5 4 .4

3.9 3.9 3.7 2.4 2.3
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2.2 % 0 .12%
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TAISLK VIII N e a r e s t -n e ig h b o r  s p e c t ru m  o f Cu a to m s  in C u52Nií8 .
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ln addition, Moss and Clapp5 have determined the 
strengths of first- and second -neighbor interactions 
in this a Hoy and found that the second-neighbor in­
teractions (V2) were negative (meaning that second 
neighbors prefer to be unlike) and from 50 to 65% 
as strong as the positive first-neighbor interaction 
(Vi), This places the alloy cióse to the limit of 
stability for phase separation on their lowest-energy 
structure diagram (Fig. 6 of Ref. 14) and adjacent 
to the energy región of stability for the L lt (CuPt- 
type) ordered structure. The ¿,1, structure con- 
sists of alternate atoniic (111) planes of each type 
and can be regarded as the atomic limit of the (111) 
platelet morphology.

Assuming that V2 -  f; Vlt one can calcúlate that 
the energy gained by replacing a Cu atom at the edge 
of a (111) Ni platelet by a Ni atom from the disor­
dered matrix would be 2V¡, as opposed to only 
for the binding energy of a site on the top or bottom 
surface of the platelet. This calculation assumes 
the average environment of an edge site would con- 
tain two Ni atoms of the platelet as nearest neigh­
bors but 110 platelet atoms as second neighbors, 
whereas a surface site would have three Ni nearest

neighbors and three Ni second neighbors if the plate­
let were two or more atom layers thick. Thus one 
can expect from the energetics that in the nucleation 
phase the platelets would initially expand their di- 
ameter more rapidly than they would thicken, giving 
lárice thin regions of each kind of atom lying on
(111) planes. We can then explain the structure of 
the SRO state as being simply the precursor of this 
prcdicted mode of growth.

A further prediction can be made that since the 
relative binding energies of surface and edge sites 
will be a very sensitivo function of the ratio of Vz 
to l'i in this alloy, one can expect large changes in 
thc precipítate morphology (if precipitation can be 
induced) and large changes in the SRO structure as 
a ■ esult of small variailons in Vz /V¡. Pressure or 
alloy additions should be sufficient to see these ef­
feets.

Aubo M 40

The Au-Pd binary íiagram indicates a homoge- 
neouf solid schition at di i compositions. However, 
thi relative heats of formation show a máximum 
n£t,ative valué at the 40-at.% Pd compositíon. The
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largest anomalous changes in electrical resistivity 
and Hall constant after coid work and the greatest 
resistivity recovery upon annealing also occur at 
this composition. These facts suggest that a s ig ­
nifican! amount of SRO is present in this particular 
alloy and led Lin, Spruiell, and Williams6 to mea- 
sure the SRO parameters by means of x-ray diffuse 
seattering. The measurements were made at room 
temperature on a single-crystal sample that had 
been slowly cooled from 1050 "C.

We have used the first four SRO parameters de­
termined by Lin, Spruiell, and Williams to generate 
tlic Pd-centered cluster distribution shown in Table 
X and the Au-centered cluster distribution displayed 
in Table XT. The Pd-centered distribution is more 
oasily analyzed and we shall confine our attention 
to it.

The most enhanced cluster is a tetrahedral ar- 
rangement of four Pd atoms about the central Pd 
atom. This is precisely the nearest-neighbor en- 
vironment that an atom would have in the hypotheti- 
cal AH analog of the DOzz structure proposed by 
Clapp and M oss,14 and shown below in Fig. 1. On

the basis of their analysis, Lin, Spruiell, and 
Williams have in fact suggested that this is the or­
dered structure that the system is tending toward 
and if so would be the first known example of this 
atomic arrangement in alloys. The ordered struc­
ture may also be described as an M= 1 antiphase 
derivative of the L 1„ (CuAu) structure. This is 
perhaps significant because the second most en­
hanced cluster is the nearest-neighbor configuration 
of the L l0 structure itself. All but two of the sub- 
sequent nine most enhanced clusters are single- 
defect relatives of one or the other of these first 
two clusters. Although the M = 1 antiphase structure 
does not contain any L l0-type clusters, anJlí = 2 
(and all higher M) antiphase structure will have a 
mixture of these two cluster types. The M = 2 
structure is shown in Fig. 2. The proportion of 
L l0-type clusters increases as M increases and the 
L \ 0 lattice may be regarded as the limit as M ap- 
proaches infinity.

Although Lin, Spruiell, and Williams may be 
correct in their conjecture that the M = 1 structure 
is the ultímate ordered state of this system, from

TAIiLE IX. N e a re s t -n e ig h b o r  sp o c tru m  of Ni a tom s  in Cu52Ni4
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TAI1LK X. N e a r e s t -n e ig h b o r  s p e c t ru m  of Pd a to m s  in AuGoPd4(|.

A U 6 0  P d 4 0
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our cluster distribution it would appear that the 
M 2 structure is just as likely a candidate. An 
important observation made by the above investi- 
galors was that the diffuse SRO peak was aetually 
a double peak lying at l¡jO and 1„0 in reciprocal 
space. Tliis is not commensurate with the super- 
lattice peak positions of any known structure. The 
super-lallicc positions for the M - 1 structure would 
be al 1 i() and ! lioso for tlio M - 2 at 1^0 and 1 ¿0.

'I’he mosl likoly explanation of this phenomenon 
is along tlie linos proposed by Moss15 and recently 
used by llashinioto and Ogawa16 to explain the split 
diffuse peaks observed above Tc in Cu3Au. Moss 
points i'ut that, if the conduction-electrón Fermi 
surfaco has a large fíat región, this will produce a 
significan! contribution to the interatomic ordering

,-.--_ ,
! A

■> --- r• B >
A ¡ . ñ ! A

! A ! i ¡
b — ;— ---- A ----L- - --E

Ai > i i CD

r r c .  1. M  1 an tiphase  
d e r iv a tiv o  of the L l 0 (CuAu) 
s t r u e lu r e .

energy in the form of a long-range oscillatory po­
tential whose wavelength is related to the diameter 
of the Fermi “sphere ” at the position of the fíats. 
This oscillatory potential will produce composition 
flucluations in the disordered phase of the same 
wavelength, which in general will not be compatible 
with the integral periods required of an ordered 
structure. The lowest-energy ordered structure 
will be the one having an oscillation in composition 
closest in wavelength to that of the conduction-elec- 
tron oscillatory potential.

If this is the phenomenon that we are witnessing 
in the AueoPd  ̂alloy, it offers some interesting In­
formation about the topology of the Fermi surface

i1
A ♦

8 v / ' '  -B----1- A I
1 A y<r~  - V
! B I
: '  I1 B

A

FlC. 2. M  - 2 an t iphase  d e r iv a t iv o  of the L 10 s t r u c tu r e .
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Aligo PCI40

ano  = - .l2 6  0¡200 = +-06I a2n =+.029 a220 = _ -033

4 . 2 3.8 3.7 3.8 3.7

3.6 3.6 3.6 3.6 3.5

3.5 3.4 3.3 3.3 3.3

TOTAL 23.4%

APPENDIX: PVM TABLES FOR bcc AND fcc 
NEAREST-NEIGHBOR SHELL CLUSTERS

and p;irtially explains the sluggish ordering behav­
ior. Our conclusión is, however, that one still 
cannot decide whether the M = 1 or the M = 2 ordered
strueture will be the ultímate ground state. Following I, the configuration of a cluster is

TAHI.K XII. PVM p a r a m e t e r s  fo r  bcc  n e a re s t -n e ig h b o r  c lu s t e r .  See Fig .  3 fo r  s i t e  Índices.

Index Sites with Multiplicity Composilion Second Third Fifth
ne ighbor ne ighbor ne ighbork "i ~ 1 W„ »* <">* %c¡

1(1) I + K -  i) + 1 + 1 + i
¡5(2) I 8 + 6(— 6) + 4 + 4 + 4
MCt) 1. 2 12 -t 6 (— (i) + 4 0 0
•1(4) I , C 12 ( 6 ( -  (i) 0 + 4 0
r>(r>) 1 , 7 4 2(— 2) 0 0 i 4
<;«;) i. a, r, 24 ( 6(— ti) + 4 - 4 - 1 2
7(7) 1, 2, H 24 t 6 ( -  C.) - 4 - 4 + 12
H(H) 1 , (i, H 8 i 2(— 2) - 4 + 4 - 4
!) 1, 2, ü, fi (i 0 + 2 -  2 - 6

10 1, 2, 5, 8 24 0 0 - 8 0
1 I 1, 2, 5, 7 24 0 - 8 0 0
12 i , 2, :¡, <¡ 8 0 0 0 - 8
i:> ) ,  2, 7, 8 (¡ 0 -2 -2 6
i i i, :¡, <¡, 8 2 0 -2 i 2 -2
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T A B L E  XIII. (continued).

/,• <7, - 1 K<-í w>c¡ wkc i

•burfi) 1, (i, 7,  9,  11 48 + 8(—8) -  a .  0 + 8 -  32

-14 (14) 1 , (> , 8 , 9 ,  1 1 48 4 8(— 8) - 8 -  16 ( 8 0
4 5 (-15) l , r > , 6 , 7 , 1 0 24 + 4(— 4) 0 t-8 - 8 0
■iodo) 1 , : i , o ,  10,11 48 t 8(— 8) 0 0 - 8 0
■17(17) 1 , 5,  (i, 7,  11 24 + 4 ( - 4 ) 0 0 -  4 0

•IH( Í8> 5 , ( i , y , 11, 12 24 * 4 ( -  4) 0 0 0 -  16

■i<i(-i9) 1 , 0 , 8 , 1 0 , 1 1 48 + 8(— 8) 0 — 16 0 0
.sofrió) 1 , 5 , 0 , 1 1 , 1 2 48 1 8 ( - 8 ) 0 -  10 0 0

r>i (íTf) 1 , 0 , 8 ,  10, 11 24 + 4 ( -  4) 0 -  16 0 < 16

5 2 (5 2 ) 1 ,■!,(>, 11 , 12 24 + 4 ( - 4 ) 0 -  16 0 -1 16
1 , 0 , 1 0 , 1 1 , 1 2 24 + 4 ( -  4) + 4 0 - 8 0

54(54) 1 , 0 , 7 , 1 0 , 1 1 48 + 8 ( - 8 ) + 8 0 - 8 - 3 2

55(55) 1 , 1 ,  (i, 10,  11 48 + 8(—8) + 8 -  16 - 8 0

r>o(r>6) 1 , 2 , 0 , 1 0 , 1 1 12 + 2(— 2) + 4 0 - 4 - 8

r.7 (r>7) 1 , 5 , 0 , 1 0 , 1 1 24 + 4(—4) + 8 0 -  8 -  16

58 1 , 5 , 0 , 7 , 8 , 1 0 12 0 -  4 + 8 -  4 + 4

r>‘> 2 , 1 , 5 ,  0 , 9 ,  1 1 12 0 -  4 + 8 - 4 t 4

(¡0 4 , 5 , 0 , 7 , 8 , 1 1 12 0 - 4 + 4 - 4 4 12

oí 1 , 5 , 0 , 7 , 8 , 1 1 24 0 - 8 * 8 - 4 +■ 8

(i 2 2 , 5 , 0 , 8 , 9 , 1 1 24 0 - 8 i-8 - 4 + 8

o:t 1 , 3 ,  5 , 0 ,  1 1 , 12 48 0 -  1G 0 t- 8 -  10

(¡l :i, 5,  (i, 7,  9,  1 1 48 0 -  16 0  ̂ 8 -  16

(¡r> ■'1,5,0, 9, 1 1, 12 24 0 -  8 0 + 8 -  24
oo 1 , 3 ,  0 , 8 ,  9 , 11 12 0 -  4 - 4 t-4 - 4

07 1 , 5,  0 , 7 ,  10, 12 24 0 -  4 * 8 - 8 -1 8

(18 1,.'i, 0 , 1 0 ,  1 1 ,1 2 24 0 - 4 + 8 -  8 + 8

<;<) 1 , 0 , 7 , 8 , 1 0 , 1 1 •18 9 - 8 0 0 -  10
70 2, 5 , 0 , 9 ,  11,  12 48 0 - 8 0 0 -  16

71 l , : i , 0 , 8 ,  10, 11 48 0 - 8 -  16 0 + 16

72 1 , 5 , 0 , 8 ,  1 1 , 12 48 0 - 8 -  16 0 + 16

7.'1 1, :i, 0 , 7 ,  10, 11 48 0 0 0 -  8 -  16

7 1 1 , 5 , 0 , 8 ,  10, 11 48 0 0 0 -  8 -  16

75 1 , 0 , 7 , 9 ,  10, 11 10 0 0 0 0 -  16

7(i 1, 1 , 0 , 1 0 ,  1 1 ,12 48 0 0 -  16 -  8 t 16

77 1 , :s, 4 ,  (i, 10,  11 48 0 0 -  16 - 8 + 16
78 1 , 5 ,  0 , 9 ,  11, 12 12 0 0 -  4 0 - 4

7!) 1 , 2, 0,  8,  10,  11 12 0 0 -  4 0 -  4

80 1 , 1 ,0,  7,  10, 11 48 0 0 -  16 0 -  16

81 1 , 1,0,  8, 10, 11 48 0 0 - 3 2 0 * 16

82 3, -1 , 0 ,  8, 10, 11 4 0 0 - 4 0 t 4

8:t 1 . - 1 , 0 , 8 ,  11 , 12 4 0 0 - 4 0 < 4
8'l 1 , 2 , 0 ,  10, 11, 12 48 0 + 8 0 -  10 -  16
85 1 , 5 , 0 , 7 , 1 0 , 1 1 48 0 + 8 0 -  16 -  10
80 1 , 5 , 0 , 9 ,  10, 1 1 24 0 + 8 0 - 8 -  24

87 1 , 1 , 5 ,  (i, 10, 1 1 12 0 + 4 - 4 - 4 -  4

/,’ henceforlh implies summation over Zf as well. The 
occupation of the central site is given by a0 and so 
the doubie index (<r0, /,’) serves to specify the com-

I'IG. 4. Site n u m b e r -  
lnjj used  fo r  fcc c lu s te r s  
in Table  XIII.

píete cluster configurations.
The multiplicity Wk is the number of symmetry 

partners that the &th shell configuration has. This 
is determined by counting the number of diffurent 
configurations generated by applying the 48 sym- 
metry operati': > e <.uuic point group to the
cluster :e tí&s symmetric the cluster the more
partners it will ha^e, up to a máximum of 48. Be- 
cause of the eubic symmetry of the lattice and the 
input data, these symmetric partners must all oc- 
cur with equal probabibty and may thus be grouped 
together in the calculations. This considerably re-
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TAIII.K XII1. 1’VTVl parame te rs for fcu nearest-neighbor cluBtcr. 8ee Fig. 4 for site índtceB.

4

Index

h

Sitos with 

<r, -  1

Multiplieity

%

C om position

W'» <<r)k

F i r s t
neighbor

Second
neighbor

*

Third
ne ighbor

F our
neighfc

l(T) 1 + l ( - l ) + 1 + 1 + 1 + 1
2(2) 12 t 1 0 ( -  10)  ̂8 + 8 + 8 + 8
:i(:0 ,7 12 + 8(— 8) ^4 + 8 + 4 + 4
4(4) ,7 6 t 4(—4) + 2 + 2 + 2 + 6
r>(r>) , 12 24 +16 (— 16) + 8 + 8 + 12 + 8
i;(r») . 1 1 24 f1 6 (—16)  ̂12 + 8 + 8 + 8
7(7) , (¡, 7 12 + 6(— 6) 0 + 8 0 + 8
H<8) ,(¡ ,12 24 + 12(— 12) 0 + 8 + 8 0

9(9) , 7 , 9 8 + 4(— 4) 0 0 + 4 0
lo f io ) ,(¡,11 48 + 24(— 24) + 8 + 16 + 8 0
nfFT) ,(¡, 1 1 48 (■ 24 (— 24) + 8 0 + 8 + 32
12(12) ,r>, 11 24 (1 2  (— 12) + 4 0 + 8 0
i:t(i:i) ,(■>, 11 24 *■ 12 (— 12) t8 + 8 0 0
14(14) , (■», 11 24 + 12(— 12) + 8 0 + 4 0
ir>(T5) , 10, 1 1 8 + 4(— 4) + 4 0 0 0
ir.(ifi) v -* 3 +1 ( - 1 ) -  1 + 3 - 1 + 3
17(17) , ( ¡ ,7 ,9 6 + 2(— 2) -  2 + 2 + 2 - 2
1 K(18) ,(¡ ,8 ,11 48 +16 (— 16) - 8 + 16 0 + 16
10(19) ,5 ,(¡ ,  11 48 +16(— 16) - 8 0 + 16 - 1 6
20(20) ,5 ,  10, 12 48 + 16(— 16) 0 + 16 - 8 + 16
21 Í2l) , (¡ ,7 ,  10 24 + 8 ( -  8) 0 + 8 0 - 8
22(22) ,(>,!), 1 1 12 + 4 ( -4 ) 0 + 4 0 - 4
2.') (2:t) ,r>,7 , 10 24 t 8(— 8) 0 0 0 + 8
21(24) , r>, c¡, 11 24 + 8(— 8) 0 0 0 + 8
2.r>(2.r>) ,(¡ ,9 ,  11 48 + 16(— 16) 0 0 + 8 -  16

2(;(¥<"¡) , r . , 7 , 12 12 + 4 ( - 4 ) 0 - 4 0 + 12
27(27) . í>, 7, 1 1 24 *- 8(— 8) 0 - 8 + 4 + 8
28 (28) , r», 7 , 1 2 24 i 8(— 8) 0 - 8 ^4 + 8
29(29) .Tj/j ,  10 24 -* 8(— 8) + 4 - 8 0 + 8
M)(M)) , ( ¡ , 1 1 , 1 2 24 + 8 ( -  8) +■ 4 - 8 0 + 8
:u ( íñ ) . 0 , 7 , 1 1 48 + 16(— 16) + 8 0 0 - 1 6
M2Ít2) ,(¡ ,7 ,  11 6 + 2(— 2) + 2 + 2 - 2 -  2
:t:! (:¡:4> ,(>,10,11 48 + 16(— 16) + 16 0 - 8 - 1 6
31(34) ,(> ,7 ,8 ,  11 24 + 4(— 4) ■ - 8 + 16 - 8 + 16
:t.r)(:tr>) , 6 , 7 , 9 ,  11 24 + 4(—4) - 8 + 8 0 0
.•ic(:i(¡) , 4 , 7 ,  9, 11 24 + 4 (—4) - 8 0 + 4 0
:t7 (TTv) ,:¡,(¡, 9, 11 24 + 4(— 4) - 8 0 + 8 -  16
:w(38) , 5, (¡, 9, 11 12 + 2 (— 2) - 4 0 + 4 - 8
:i9(:i9) ,r>,(¡,9 , 11 48 + 8(—8) - 8 + 16 - 8 0
■10(40) ,r> ,( ¡ ,7 ,n 48

0000+ - 8 0 - 8 + 32
11 (41) , ( ¡ ,7 , 8, 11 48 + 8(— 8) - 8 0 0 0
•12 (4 2) ( ¡ , 1 1 , 1 2 24 1 4(— 4) - 4 0 0 0

specified by an occupation number a, for each site 
which can have the valué t 1 or - 1 .  ct0 refers to 
the central site and a¡ (for ¿ 1, z) refers to the z

l 'IC,. :i. Site num lie r-  
ing used  fo r  bce e lu s tc r s  
in Tal)le XII.

sites in the nearest-neighbor shell around the cen­
tral site. In the listing of cluster types (see Ta­
ble s XII and XIII) we have specified only the shell 
sites having a, = -  1 (the remainder of the shell sites 
are understood to have a, = + 1). The various shell 
configurations are then labeled by the index k.  It 
is not necessary to enumerate those clusters having 
negative occupation numbers on more than halfofthe 
shell sites. These configurations will be the com- 
plements of the tabulated clusters and can be gen- 
erated from them by reversing the sign of a¡ on all 
shell sites. Each cluster k will thus have a com- 
plement which we denote by k.  Any summation over
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ciuces the number of actual configurations to be 
dealt with.

(í;)b is the average "composition” of the shell 
sites and is given by X*.iCTi h -  (a)i, is the only tab- 
ulated quantity that changes for cluster complements 
(this being a change in sign) and is indicated by the 
entries in parentheses.

C'J is the average valué in the cluster k of the oc- 
cupation-number pair product a¡ü¡ (where i, j  are 
any two shell sites that are wth neighbors of each 
other) and may be determined by direct inspection 
of the cluster configuration. C¡¡ is identical for the 
complement cluster. Because the coefficients of 
the PVM linear equations are the producís W^Cl, 
these are the quantities we have chosen to tabúlate.

The linear constraint equations are as follows:

>_/>/ k) 1 , (Al)
"o *

YjY,<in W„P(an, h )  r ,  (A2)
°n *

S E  (o)k W>P(a0, k) = c , (A3)
°o b

Z / S  Vo(a)i,WkP(<jo, k)= (1 - c z) ax +c z , (A4) 
°o *

S E C ^ t P(ii0̂ ) = ( l - c í )a„+c2 , (A5) 
°o *

where c. is the difference in atomic fraction of the 
two components and the a ’s  are the Warren SRO 
parameters.

If c = 0, then P(a0, k) = P (a0, k )  and Eqs. (A2) and 
(A3) are redundant.

In Eq. (A5), n takes on the valúes (2, 3, and 5) 
for the bcc cluster and (1, 2, 3, and 4) for the fcc 
cluster.

The quantity to be maximized subject to these 
constraints is

1 = - L E  WkP{a0, k) ln P(ct0, k) . (A6)
Oq  h
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