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Abstract
We use a variational procedure to'show that starting with the flux
phase state of a Heisenberg model, holes adéed to the system
behave as anyons. The hole distorts the gauge flux in its
surroundings. The amount of flux carried by the hole depends on
the ratio between the magnetic (J) and the kinetic (t) parameters.
For J/t -»0 the quaslparﬁicles are fermions while for J/t ->w they

are semions.

PACS number(s): 75.10.Jm, 74.65+n



Immediately after the discovery of high Tc superconductivity
in the cuprate materials, Anderson!proposed that superconductivity
could be due to the spin ligquid nature of the Cu-O ©planes of
these compoundsl‘ Since then a lot of theoretical activity has
been devoted te the difficult task of conétructing a consistent
theory of superconductivity in spin liquid (SL) Systemsz-‘

Different approaches have been used. First the RVB state with
magnetic excitations (spinons) with spin 1/2 and charge O obeying
Fermi statistics and charge excitations (holons) with spin 0 and
charge e obeying Bose statistlcss. The natural consequence of
these 1ideas 1is that superconductivity is due to the Bose
condensation of the charge excitations. In this theory the flux
quantum should be h/e rather than h/2e as 1s experimentally
observed. Various modifications of the theory have been prdﬁdsed
to overcome this difficulty.

A different approach has been proposed by Laughlin and
collaborators®. They mapped a spin model of a 2-D triangular
lattice onto a Bose gas with short range repulsive interactions in
the presence of a strong external magnetic field'. These results
make evident some analogies between the SL and the quantized Hall
effect (QHE). Moreover, the Kalmeyer and Laughlin wave function’
can be adapted to describe the SL state of a 2-D square lattice®.

Since the excitations in the QHE have been shown to be
anyonsg. guasiparticles obeying fractional statisticslu. the
analogies between QHE and SL suggested that excitations in SL
could also obey fractional statistics. These ideas triggered

extensive studies on the ideal gas of anyons. Recent analytical



and numerical works suggest that a gas of anyons |is
superconducting at low temperaturesl‘. However the energy of the
SL phase obtained with the Kalmeyer and Laughlin type of wave
functions in systems with short range interactions 15 not
particularly good, much better energies are obtained with other
types of trial wave functions. This fact could leave some grounds
of doubt on whether this analogy is the correct way to follow fo
obtain quantitative results.

The mean field theory of the SL phase of Helsenberg type
Hamiltonians developed by Affleck and Marston'® and independently by
Kotliar'® have shown to be another good alternative to describe the
Sl. state. The flux phase states seem to be good trial wave
functions and it has been recently argued that these flux phases 1n
doped systems are SUperconducting3. There are some similarities
between flux phases and anyon superconductivity, in both pictures
there is a spontaneous generation of a strong magnetic fleld.

A complete theory of anyonic superconductivity for the
cuprate materials should begin with 2-D spin models, in this
framework it should obtain fractional statistic excitations and
then derive superconductivity for the anyon gas. Although the last
step (superconductivity of the anyon gas) has been extensively
studied it is not clear yet how to build fractional statistic
excitations starting from the SL state.

In this Letter we use a variational procedure to show that
starting with the flux phase state, holes added to the system will
behave as anyons. The idea is quite simple: in analogy with
polarons or bags we show that a hole distorts the background in

its neighborhood. In the present case an added hole changes the



gauge flux in its surroundings and in this way we are able to
build an excitation which consists of a flux line attached to the
hole. A collection of such excitations will obey fractional
statistics, the statistic being parametrized by the amount of flux
carried by each hole. We show that this flux depends on the ratio
between the magnetic (J) and kinetic (t) parameters. For J/t -> 0
the quasiparticles are fermions while for J/t-> o they are
semions (half-statistics quasiparticles).

Consider the nearest neighbor t-J model given by

+
Be=t ¥ e 6. ¥ 4 F SI.SJ (1)
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with the constraint of no double occupation.

This Hamiltonian was first derived starting from the Hubbard
model 1in the large U limit (where J=at®/ v ). Although this
derivation implies J << t we will consider the whole parameter
range. |

In the undoped materials like La2Cu O‘, the Cu 02 planes are
ant iferromagnet ic and insulating. The magnetic properties of
these systems can be described using ‘a Heisenberg model with one
spin per unit cell, ie.the second term of Hamiltonian (1). Even in
2-D the ground state of a Heisenberg model probably has long range
antiferromagnetic order. Presumably dopihg, which introduces holes
in the magnetic planes, destroys the long range order stabilizing
a SL phase. How doping destroys magnetism to give a SL phase is a
difficult problem. In any case it is interesting to start with the
undoped SL phase. A good understanding of this phase will allow us

to give a reasonable description of the doped systems.



A good ansatz for the SL wave function is a generalization of
the Gutzwiller wave function which is equivalent to the flux phase
states described in refs.12 and 13. This type of trial functlions

are built by projecting out all double on-site occupations from

uncorrelated electrons :

¥ >=P 1 c |o> (2)

where Pd is the projection operator and ;:a creates one electron
on a lattice of N sites with quantum numbers v,o and energy Ev,c .
The flux phases are obtained by considering tight binding
electrons moving in a magnetic field perpendicular to the lattice.
This fictitious field, which is assoclated with local gauge
symmetries, is a variational parameter. For the undoped system one
should consider a half filled electron band.

In what follows we present results obtained using two
different  approaches:i) exactly projecting the wave function of
the uncorrelated electrons in a small cluster and, 11) using the
Gutzwiller approximation to evaluate expectation values. In the

Gutzwiller approximation the total energy of the undoped system is

given by

E=g<J T 51'51>o (3)

<t, J>

where <...>n indicates the expectation value 1in the
unprojected wave function and the classical factor g 1in the

present case is g=4.

In this approximation then it is easy to show thaf“'the



magnetic energy is simply given by

3J occ 5
E=- 58 (L E_) (4)

J o vo

The magnetic energy is then propoftional to the square of the
total energy of the uncorrelated system.It has recently been
shown'® that the energy of Ne uncorrelated electrons in a lattice
as a function of an external magnetic field has an absolute
minimum when the flux per plaquette is given by ¢ = n ¢0/ 2 where
n=Ne/N is the electron density per site and ¢0 the flux quantum.
The Gutzwiller approximation for the undoped system implies that
the gauge flux per plaquette is ¢0/ 2 . By exactly proJecting out
the double occupied sites on a flinite square lattice we have
recently shown that this 1is an intrinsic property of the
Gutzwiller ansatz and not a consequence of the approximation
involved in Eq.(3). Recent quantum Monte Carlo studies also
support these results’®.

If holes are added to the lattice then there are two
contributions: the magnetic energy EJ (that tends to reduce the
flux per plaquette) and the kinetic energy proportional to t.

We study states in which a single hole is added to the
system. We show that it is energetically favourable to change the
flux locally in the vicinity of the holé. To do so we divide the
problem in;o two steps: first we study the problem of a fixed hole
and then include the effect of its dynamics.

Consider a fixed hole in a lattice which plays the role of a
vacancy. To'minimlze the magnetic energy we found convenient to
change the magnetic flux in the four plaquettes surrounding the

vacancy. We consider states with ¢ = ¢o/ 2 - ¢’/ 4 in the



neighborhood of the hole and ¢ = ¢0/ 2 elsewhere. We compute the
magnetic .energy by exactly projecting the uncorrelated wave
function in a small lattice (4x4). The results of the energy EJ as
a function of ¢' are shown in figure 1 for two different lattices:
one with open boundary conditions in both x and y directions and
the other with periodic boundary conditions only in the x
direction.

The difference between the two cases studied indicates that
the sample is too small and the energy depends strongly on the
boundary conditions. However the cualitative behaviour is the same
in both cases. The absolute minimum of EJ is obtained when the
magnetic flux attached to the hole is ¢'= ¢0/ 2 . Unfortunéfélly
we cannot study larger lattices with this procedure. In any case
we can compare this result with the one obtained with the
Gutzwiller approximation. In figure 2 we present the results of
the energy E as a function of ¢’ for a bigger lattice (11x11) as
obtained with this approximation. In this case the results are not
very sensitive to the boundary conditions and the results are
qualitatively similar to those obtained in the previous case, the
absolute minimum being located in ¢'= ¢0/ 2. The magnetic energy
is gauge independent, however periodic boundary conditions in the
x direction can be used only if the Landau gauge is used.

The extra flux ¢’ incrgases the c?rrelation <SI.SJ> in the
surroundings of the hole. In fig. 3 we'present a scheme of the
lattice with the spin-spin correlations of each bound.

Now we discuss the effect of the hopping. For this purpose,
we define a set of wave functions ¥ (¢"R1) describing the hole

localized at site 1 with coordinate Ri. The wave functions



¢[¢'.RI] and their diagonal energy E¢, depend on the flux ¢’
attached to the hole. The hopping term changes the coordinate of
the hole leaving the flux line in its original position. The
effective hopping of the quasiparticle (hole plus flux line )

betwen neighbouring sites i and j is given by
t) (¢") =t < W ,R ) | v (¢ .R) > (5)

where Iw(”[¢‘.Rl) > is the wave function corresponding to the
hole ét site i and the flux line centered at site j. These matrix
elements aré gauge dependent, in particular the Landau gauge
breaks the symmetry of the lattice: It;ir(¢']l depends on the
direction of the hopping. In the symmetric gauge clearly the
lattice symmetry is preserved. As in the ordinary flux phase both
the gauge field and the gauge are to be taken as variational
parameters. We evaluate the matrix elements using different gauges
and the two schemes described above: the exactly projected states
in a small cluster and in the Gutzwiller approximation. In all
cases the results are again qualitativély the same. The modulus of
the effective hopping It:Lj¢')i is maximum for ¢'=0 and has a
minimum for ¢’=¢D . Projecting the Hamiltonian in the space
defined by the set { W{¢'.Ri}} we obtain

H= F Ey 2 a * )I:J (t)) (¢') a a + hc) (6)
where a: creates a quasiparticle at site 1. The energy ‘of a

single quasiparticle 1is then
E=E, - 4alt? () | (7)
¢’ eff

where a is a number of the order of 1 and depends on the phases



of t;;r(¢'). This energy is minimized with respect to ¢’ . The two
contributioné to the energy compete with each other shifting the
absolute minimum from ¢’'= ¢0/ 2 when J/t >> 1 to ¢’= 0 when J/t <<
1 as shown in fig. 4. A collection of these quasiparticles will
behave as a gas of anyons being fermions for J/t -> 0 and semions
for J/t -> o . The present calculations consider a single hole and
consequently our conclusions are valid onIQ for a dilute gas of
quasiparticles (low doping). Effective interactions between the
quasiparticles could arise by changing the flux 1in the
surroundings of two closed holes like.in bipolarons or bags with
two excitations. These effects will be presented elsewhere.

In summary we have shown that starting with the flux phases,
complex excitations can be obtained by changing the gauge flux in
the neighbourhood of a hole. The magnetic energy tends to generate
a flux line attached to the hole carrying a flux ¢’'= ¢0/ 2. In
this case the average flux per plaquette in the lattice 1s‘éga1n
a=n ¢0/2 as 1s the case of the ordinary flux phase. The difference
is that in the present case the change in the gauge flux is
concentrated around the hole. The kinetic energy tends to keep a
flux ¢,/ 2 in every plaquette (¢’= 0). The competition between
these two contributions defines the statistics of the collective
excitations which changes from fermionic to semionic as J/t

increases from zero to infinite.
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Figure Captions:

1) Magnetic energy EJ (in units of J ) as a function of the
flux attached to the hole obtained by exactly projecting the
uncorrelated wave function in a small lattice (4x4); a) with
periodic boundary conditions (bc) in the x direction; b) with open
bc in the x and y directions. Note that both, the shape and the
amplitude depend on the bc.

2) Magnetic energy EJ (in units of J ) as a function of the
flux attached to the hole obtained wusing the Gutzwiller
approximation in a 11x11 . site clusger with open boundary
conditions (bc). The difference between using open bc or periodic
bc in the x direction is at most 3% .

3] Correlation functions for the spins around the hole. The
spin-spin correlation has the square symmetry of the lattice and
in the figure we show only one sector of the 11x11 cluster. The
big black circle indicates the position of the hole and the
numbers in the links indicate the values of
<51'Sj>] <Si.SJ>I¢,=0. Zeros indicate that this difference
3

¢'=5

is smaller than 10~
4) The flux ¢' that minimizes the total energy as a function

of the ratio J/t for a 11x11 cluster, «=1 and a symmetric gauge.
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