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A bstract: The collective E2 transition  rates between allowed positive-parity states o f  even nuclei 
are com puted using the ro tational com ponent o f  the wave function as well as its /?- and y-part. 
In  65 % (90) o f  163 experim ental intensity ratios com pared w ith predicted values, agreem ent is 
found  w ithin a facto r 2 (10). Axial asym m etry plays an  im portan t role to  predict transition  
probabilities in the lanthanide region.

1. Introduction

The Hamiltonian equation proposed by Bohr 1 ) to describe the collective 
excitations of nuclei has been solved for the case of quadrupole deformation by 
Davydov 2) and by one of the present authors 3) in different approximations. 
In both papers the so-called displaced harmonic oscillator potential V(fly) — 
i C ( P - P 0)2 + ̂ Cy(PolP2) ( y - y o )2 has been adopted.

Numerical calculations of level schemes and their comparison with the positive- 
parity levels of even nuclei have been recently 3’4) performed. The fitting of ex­
perimental data was satisfactory for /?-deformed nuclei, and unexpectedly good in 
some cases, i.e. 112Cd, two holes away from a magic number, for which the density 
of 0 + excited states was correctly predicted.

The simple phenomenological model considers the nucleus as a rotating body with 
shape oscillations. The spatial orientation of the rotor is defined by the Euler angles 
6V and the nuclear shape by the intrinsic coordinates /? and y. In the approximations 
proposed, which consider approximately harmonic oscillations of small amplitude, 
the wave function can be written as a product of the rotational wave function and 
the /?- and y-wave functions. The transition probabilities can thus be evaluated 
separately for each of the variables.

As M l transitions are to a high extent forbidden, one must attribute any substantial 
M l admixture into the transition amplitude to degrees of freedom other than col­
lective (in these cases the energy fitting is not good). We shall be concerned only with 
the most intense allowed transitions, i.e. the electric quadrupole ones.

The E2 transition probabilities of an asymmetric rotor have been calculated by 
Day et al. 5). Davydov and Chaban 6) have pointed out that for transitions between 
levels of the ground state rotational band, the contribution of the /i-vibration to 
the transition probabilities is smaller than «  20 % which is within experimental
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error and need not be considered. Since the completion of ref. 6), Ge(Li) detectors 
are widely used, and relative gamma transition intensities have been measured much 
better and justify the calculation of this contribution.

Our present aim is to calculate with the complete wave function the E2 transition 
probabilities for transitions between levels of the lowest rotational bands and to 
compare the results with the available experimental data.

2. Notation, parameters and wave functions

The nth. energy level of angular momentum J  is labelled iXnJ, where i = 1, 2, 3 ,. . .  
and A =  0, 1, 2, .  . . are quantum numbers corresponding, respectively, to the p- 
and 7-vibrational modes. Each pair i l  labels a band whose levels are those allowed 
by the mirror symmetry imposed on the wave function, namely: "J  =  10; 1, 22; 
13; 1’2, 34; 1-25 ; . . .

In this paper we only deal with transitions between levels of the ground-state 
rotational band (g.s. band) "J s  10«/; transitions from levels of the beta-vibration 
rotational band (yS-excited band) "J =  2 0 » / to levels of the g.s. band and transitions 
from levels of the gamma-vibration rotational band (y-excited band) nJ  =  11 nJ  to 
levels of the g.s. band; their gamma intensities and reduced transition probabilities 
we indicate respectively (e.g.) by —> 24) and B{E2; 24y -» 13).

The four parameters of the model are the energy of the first excited state e(12), 
the axial deformation parameter y0 and the numbers ¡j.[ = (h2IBCfiffi] and 
G[ = (h2/BCyPo)- *] which are related to the mean square amplitudes of the (i- and 
y-vibration in the g.s. band by

^  ( 4 _ ; )  * a n d  < ( i “ 7 o ) 2 >  =  T o  ( 1 )

(for the meaning of p  see eq. (5); G stands for *JD of ref. 2) and A of ref. 3)). The 
values of the parameters used were those obtained in refs. 3’4) for the fitting of energy 
levels.

As mentioned before, for a stationary state corresponding to a definite angular 
momentum J, the wave function may be written as a product of three functions

n j p ,  7, ev) =  F0 ) 9 J 6 V). (2)

The function n nJ is defined in a space volume element

dr =  /?4|sin 3y|dy5d7d01 sin d2dd2d93 .

The eigenfunction for the ^-dependent part of the Hamiltonian (eq. (1.9) of ref. 2); 
eq. (2.7) of ref. 3))

2B dp 2Bfi
p2F 0 )  = 0, (3)
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is expressed in terms of the Hermite polynomials / /( ( ) ,

FU0 = C)exp(-K 2),
c  =  1  U -  ;  ( 4 )

n Po \ p j
being p  a solution of

p \ p - 1) =  / i V  +  2), (5)

where A  is the separation parameter between the (y, 0V) and (/?) parts of the Hamil­
tonian. The boundary condition F(p) —>■ 0 for ft -* oo is fulfilled for i = 1, 2, 3 . . . 
while the boundary condition F(j8) -» 0 at p =  0 is rather well satisfied if p  ^  0.95 
and fi 0.5.

The expression depending on the y-variable (eq. (3.10) of ref. 2)) is

dy‘
+ | [ 1+ s in  3 y ] - i X

x=i sin (y—%nx)
- G2(y - y o f + A \ c p ( y ,  6 V) =  0. (6)

The second and third terms are made y-independent replacing them by their values 
at y = y 0 (ref. 2)) or by their mean values evaluated with the y-dependent wave 
function (ref. 3)). Thus eq. (6) divides into two equations:

—2 - G 2( y - y 0)2+ L  
Ay .

Vlsin 3y|gx(y) =  0, (7)

whose eigenfunction is

9 Ay) =

and 

or

7 1 sin jSy
ff;.[G*(r-?<>)] exp [ - ¿ G ( y - y 0)2]

1 n
,2 *= isin  (y0~ in x )

—  £n

_2*=i <sin (y — §7tx))

T„j(ev) = o 

' P M  = o,

where results in

(8a)

(8b)

(9)

The coefficients A nJ K are functions of the moments of inertia through the ratio 
k  — (2 1 ~  1 — *)/(^ 3 1 — 1); the \j/„j_M(0V) functions are

Ij/n



3. Electric quadrupole transition probabilities
3.1. G E N E R A L

The probability per unit time T  of the E2 radiative transition of energy E  between 
the states (i'X'n'J') and (iknJ) is

T(E2; i'k'n'J' -*• iknJ) = ^ ^  B{E2; i'A 'n'J' -► iXnJ), (10)

where
B(E2; i 'k'n'J' -> iXnJ) =  £  |<UnJ|<2(2, » /) |iT n 7 '> |2 (11)

M, tj

is the reduced transition probability. The electric quadrupole operator Q(2, tj) is 
referred to a space-fixed coordinate system. It is related to the operator referred to 
the body-fixed system by the transformation

Q{2,ri) = YJD l n,Q'{2,n'), (12)
n'

being

Q'{ 2, r() = e Y d*?Y 2, M J><P'J)>
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where q is the total number of charges.
In the hydrodynamical model, the matrix elements are given by

( iXnJ\Q{2,  r , ) \ i T n ' f y  =  e £  M(0„)|I>* M.(0V)>

q ,j 2-\X <Fi(P)gx(v)r\ £  a'j2Y2,f(e'vj, 9j)\Fr(P)9Ay)0

3 eR2

/? sin 7
+ <*v. « ( W , 2. 2+i>,2. -  21^-V. u<ov)X F i (P M y )

and the reduced transition probability by

V 2
Fr(j8)ffr(v)>], (13)

(  — ------ )  Z  ( ^ nJ ,  m ( Q v ) \ D q  0 H-------- 7 7  ( A ) ,  2 + D q ,  - 2)1 M ' ( ^ i > ) )
\ 4n /  m. i, L ^ 2  .

2

V2
X [<-f’i(i?)l^|Fi-(j6)>]2[<fiiA(?)|cos y|g!;r(y)>]2, (14)

where
r =  <gA(y)|sin y|gA<y)> (15)

< j? a ( ? ) |c o s  y|sr̂ .-(y)>

The matrix elements are products of three factors which can be evaluated sep­
arately.
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3.2. T H E  R O T A T IO N A L  R E D U C E D  T R A N S IT IO N  PR O B A B ILITY

The rotational reduced transition probabilities è(E2; "J -> " / ' )  and ¿(E2; 
"Jp —> "J ' )  for n #  ri have been calculated by Day et al. 5) as a function of the asym­
metry parameters k  and r. The rotational reduced transition probabilities b(E2; 
l 2p - »  12 ) and b(22e - »  22 ) can be calculated with the expression

b(E2 ; %  -» 12) = b{E2 ; %  -» 22) = K - A ^ 2,o + ̂ 2, 2 + 2rAl2t0A l2<2]2, (16)

where A nJ< K are the coefficients of the rotational wave functions (4) which are given 
in table 1 of ref. 5) as a function of k.

Table 3 of ref. 5) gives the values of k(y0) for the rotor in the approximation used 
by D avydov2). For the approximation used in ref. 3), the values of k(y0, A)  are 
given for X =  0, 1 in fig. 2 of that paper.

For transitions between members of the same rotational band (i =  i ’ and X = X') 
or from levels of the /^-excited band to levels of the g.s. band, r =  tg y0 . For transi­
tions from levels of the y-excited band to levels of the g.s. band, r =  — l/ tg y 0. 

Some rotational reduced transition probabilities are

b{E2; '<),-> "2) =  [A„2 0 + rA„2 2] 2, 

b(E2; n2y -» ]0) =  | [ ^ 2i0 +  m : 2, 2] 2,

b(  E 2 ; 12 y —>■ 12)  =  ^-[( — A i 2 0 A'i2 0  +  A i 2 2 A'i2:2) +  r ( A i2t 0 A'i2 2  +  A i 2t 2 A i 2t0) ] 2, 

b{E 2 ; 2y —* 2) =  y L {A î2, 0 A i 2 2 + A i 2i 2 A t 2 0) +  r ( A i2 0 A i 2t0 —A i 2: 2 A i 2 2y] , 

b(E 2 ; 22 y - »  22 )  =  è ( E 2 ; 12y - >  *2 ) .  ( 17)

The coefficients A nJ K correspond to the band with X =  0 and the A'nJ K to that 
with X =  1.

3.3. T H E  /^-C O N TR IB U TIO N  TO T H E  R E D U C E D  T R A N S IT IO N  PR O B A B ILITY

The factor of the transition probability corresponding to the ^-variable is given by

y/2fi,i  î l / i « p î
h i  h

■ be
b b 2a 

a t  t ] f i  (-« -„■  +  i \ e x p

for i = Ï  =  1

a 2 — be12
2 a _

for i' =  2 ; i =  1

2-Z>c1 2
2a

for i =  i ' =  2, (18)
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where

3.4. T H E  y-C O N T R IB U T IO N  TO T H E  R E D U C E D  T R A N S IT IO N  PR O B A B ILITY

The factor of the transition probability corresponding to the y-variable is given by

X' =  X = 0 

X  =  1, X =  0

X' = X = 1. (19) 

4. Results

The comparison of predicted E2 gamma-ray transition intensities (or reduced 
transition probabilities) with experimental data was made for 23 nuclei for which 
sufficient information was available.

The results for transition ratios between levels of the g.s. band are given in table 1, 
while results for transition ratios from a level of the or y-excited band to levels of 
the g.s. band are given in tables 2 and 3, respectively.

5. Conclusions

Table 4 summarizes the degree of agreement of theory with experiment.

T a b l e  4

Percentage o f  cases in agreem ent w ith experiment

Transitions
W ithin a  factor

2 % 5 % 1 0 %

between levels o f D 62 77 83
the g.s. band S 73 90 94

from  levels o f  the D 61 70 70
/?-band to  g.s. band S 62 83 92

from  levels o f  the D 45 60 65
y-band  to  g.s. band S 32 63 63

The values of the reduced transition probability ratios between members of the 
g.s. band are mainly determined by the rotational part of the wave function. The 
corrections due to the ft-part of the wave function depend on the parameters ¡x and

l<0A(y)|cosy|gr (y)>|2 =

cos2 y0 exp ( —1/2G)
sin2 y0

2 G
exp ( —1/2 G)

for

for

cos2 y0 exp ( — 1/2G) for
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on the energy of the involved levels; their values are smaller than 5 % for n  ^  0.3, 
about 10-25 % for 0.4 ^  fi ^  0.7 and of the order of 35 % for y. *  0.8. There are no 
corrections due to the y-part of the wave function. The systematic deviation in the 
branching of gamma-ray transitions taking place between the 22, 13, 24 , . . . and 
J0, 12, l4, 16, . . . levels from the intensity rules governing quadrupole radiation of a 
symmetric rotor for nuclei of the lanthanide region have been removed by the small 
axial deformation (0° <  y0 <  10°) which gives the best energy fit.

It should be emphasized that some b(E2) calculations are quite sensitive to the 
assumed axial-asymmetry k  thus, the most striking discrepancies between predicted 
values in tables 1-3 are found generally for k m  ±  1. In cases like 160Dy and 166Er, 
the agreement between theoretical and experimental values is better using the 
parameters obtained in ref. 3) than these found in ref. 4).

The empirical material for transitions from levels of the /?- or y-excited bands is 
too scanty to allow definite conclusions to be drawn.

For transition ratios from a level of the ^-excited band to levels of the g.s. band, 
the correction to the rotational transition probability ratios due to the /?-part of the 
wave function may be of the order of 100 % even for n <  0.3. There is no correction 
due to the y-part of the wave function.

The correction to the rotational transition probability ratios due to the /?-part of 
the wave function for transitions from a level of the y-excited band to levels of the 
g.s. band are of the same order as those for transitions between members of the g.s. 
band.

The 0 + excited state of 166Er is explained as a i0p level in ref. 3) and a 10y in 
ref. 4); the transition probability ratio (see tables 2 and 3) is in agreement with the 
former prediction.

One of the authors (M.L.P.) acknowledges the moral and material support of the 
Bariloche and the J.S. Sauberan Foundations.
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