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Time-dependent reactivities of many kinds are 
use ful fo r  the analysis of neutrón kinetics, such as 
the study of reactor parameters, neutrón wave 
propagation, or any other specific evolution of the 
reactor in the time. This is done by imposing the 
time function directly on a cadmium rod and mea-  
suring the neutrón flux. Two experiments were 
performed: In the f i r s t  one, the reactivity fu n c ­
tion required fo r  a sinusoidal output was gen-  
erated with all its parameters in agreement with 
the previous calculation. In the second experi-  
ment, a parameter was slightly altered. Both 
cases were analyzed, and their results agreed 
with calculations based on the point reactor mod-  
el.

INTRODUCTION

Reactivity signal inputs on a nuclear reac to r 
are  ra ther re s tric ted  to those that a re  allowed by 
both its operational struc tu re  and its  safety sys- 
tem . Control rods are generally not designed to 
be manipulated in such a way as to produce a 
specific output in the neutrón flux, or conversely, 
to analyze the output for a given reactivity  func­
tion. The basic purpose of the instrum ent de- 
scribed here is to provide several kinds of 
reactivity  functions of tim e, either periodical or 
not, with alm ost any desired  amplitude and time 
duration, by manipulating the control rod. It is 
c lear that “ control ro d ” means a píate of neutrón 
absorber, i.e ., cadmium that can be moved into 
the core, and need not necessarily  be one of those 
used for the actual reac to r control. When high 
frequencies are  involved, the m ass of the cad­

mium píate m ust be sm all. F urtherm ore, once 
th is rod is fitted to the apparatus, it loses its 
capability as a control or safety device in the 
usual sense, so that the ñame “function ro d ” 
seem s to be m ore appropriaté here.

Two basic precautions m ust be taken into 
account when planning the experim ent; one is the 
lim it imposed by the g rea test reactivity  change 
allowable for safe operation, and the other is the 
capability for monitoring the experim ent from  the 
reac to r consolé during operation.

With the function rod fitted to the apparatus 
(and with the apparatus being fitted to the rea c ­
to r), the rod m ust be calibrated for reactivity 
versus position to norm alize the m easurem ents; 
however, in cases of very sm all am plitudes, re a c ­
tivity can be assum ed linear with position. On the 
contrary , for large amplitudes or nonlinear zones 
of the core, the function imposed on the rod must 
be the calibrated one; conversely, if the imposed 
function is taken on a linear scale, the reac to r 
output will be the one connected with the actual or 
correc ted  reactivity  function.

As indicated above, m onitoring during opera­
tion is needed as a precaution, and it should be 
useful for any eventual input-output analysis. 
Such monitoring is perform ed by means of a 
device that can display the reactivity function, 
while the reac to r output is also displayed by any 
of the usual methods.

EXPERIMENTAL SETUP

The p -generato r as a whole is shown in a 
schem atic diagram  in Fig. 1. Five basic blocks or 
components rep resen t the system :

1. e lec tric  m otor with speed control
2. gearshift box



Bi-Prism

Fig. 1. Generator o f reactivities and typical reactivity func- 
tion for sinusoidal output.

Fig. 2. Bi-prism and m onitor system.

3. function crown

4. monitoring instrum ent

5. function rod.
The f ir s t  of these components is a direct 

curren t (de) shunt m otor, its  speed being held 
constant for the proper range of mechanical 
torque.

The function of the second component, the 
gearshift box, is to provide three different speeds, 
with gear ra tio s of 1 to 10 to 100, activated by the 
single m otor speed.

The role of the third component is to displace 
the function rod to obtain the desired  reactivity. 
As can be seen in Fig. 1, it includes a c ircu la r 
píate toothed in the edge of its lower face. The 
upper face supports the cylindrical crown, in the 
upper end of which the reactivity  function is cut 
out. This system , both píate and crown, ro ta tes 
on a vertical spindle th rust inside a ro lle r  bear- 
ing. At the same tim e, the píate leans on three 
other sm all ro ile rs , each vertically  adjustable to 
level the píate.

The fourth component, the monitoring in stru ­
ment, consists of two parts: One is a sm all 
chariot that follows the vertical movement de- 
scribed by the rotating crown, while supporting 
the function rod; the second is an acrylic b i-prism  
that also follows the vertical movement. One of 
the p rism s is neutral tinted or transparen t, while 
the other is lightly colored. As shown in Fig. 2, a 
beam of light passing through the b i-prism  acti- 
vates a photo-diode that generates an e lec trica l 
signal whose intensity depends on the vertical 
position of the b i-p rism . Such an arrangem ent 
provides the reactivity function display.

The fifth component, the function rod, is a 
piece of cadmium that can move vertically  within

the core. Suspended from  the chariot, it slides 
along one of the control rod guides, generating the 
function traced on the crown. A photographic view 
of most of the ensemble is shown in Fig. 3.

DISCUSSION

As mentioned above the apparatus is designed 
for the analysis of both periodic and nonperiodic 
functions, in as much as they are  out of the re -  
strictions imposed by the apparatus itself. In the 
case of nonperiodic functions, the time operation 
is inversely proportional to the angular speed of 
the crown, which can make, as a lower lim it, one 
turn in 100 s, th is being, in consequence, the 
g rea ter time for operation.

Since the function rod, by means of a very 
sm all ro lle r, leans on the m etallic crown where 
the function is cut out, care must be taken to avoid 
separation between ro lle r  and crown in the case of 
a too prompt change of its amplitude. For exam- 
ple, if the function is a sinusoidal one, the condi - 
tion for no separation is given by

W2A sin wt < g  . (1)
where A is the signal amplitude and g  the acceler- 
ation due to gravity. From this expression we get 
the perm issib le valúes for the frequencies,

v < (2)

For cases in which the rod is im m ersed in 
w ater, ex tra  friction m ust be taken into account; 
in this circum stance, the upper lim it will be 
slightly sm aller.

Figure 1 shows a periodic but nonsinusoidal 
function, which is associated with the crown pro- 
file depicted in the sam e figure. This function1 
was calculated to obtain a sinusoidal neutrón flux 
variation for a point model reacto r.



Another alternative for monitoring, instead of 
the b i-p rism , could be a s tr ip  of film (Super 8), 
especially when high frequencies a re  involved in 
the reactiv ity  function, since it im plies a sm aller 
m ass to move. This s tr ip  of film could be exposed 
using the sam e generato r, with some special 
arrangem ent, so that the image on the film is 
capable of a linear response instead of an ex- 
ponential one. However, we did not find the s tr ip  
of film necessary  for the p resent.

RESULTS AND CONCLUSIONS

A photograph of a m onitor display that belongs 
to a reactiv ity  function whose shape is s im ila r to 
that shown in Fig. 1 is  shown in Fig. 4a. This 
display was obtained with the crown moving at 
0.01 tu rn s per second. The sources of noise 
p resen t in the curve a re  of two kinds. One, as

Fig. 3. Apparatus and function rod inside the core.

The chario t, function rod, and b i-p rism  weigh 
~0.600 kg, and they m ust follow the function lean- 
ing on the crown in such a way that the torque that 
must be supplied by the m otor depends strongly on 
the shape function. To perm it such torque v aria - 
tion with constant speed, a speed control for the 
motor was included.

The display of the reactiv ity  function was, in a 
f ir s t  attem pt, perform ed with an e lec trica l re s is -  
tance and a slide, but it introduced a loud noise; 
consequently, it was replaced by the b i-p rism , as 
shown in Fig. 2. The two p arts  of the b i-prism  
have the sam e refraction  index to avoid d isplace- 
ment of the light beam. Due to im perfections on 
the acry lic  su rfaces, some noise is still p resent, 
but it can be reduced by m eans of a capacitor.

The intensity of light reaching the photo-diode 
a fte r going through the b i-p rism  is given by

1= lo exp [kp (í)] , (3)
where 70 and k  depend on m onitor properties, 
p (í) being the reactiv ity  function.'

(b)

Fig. 4. (a) Reactivity function wave form displayed by the 
m onitor system. (b) The same with an accidental stop 
o f  the generator.



said before, a r is e s  from  im perfections in polish- 
ing the acrylic  su rfaces of the b i-p rism . We 
presum e that a b i-p rism  made of g lass would 
elim ínate much of th is noise, but g lass is  m ore 
difficult to cut and polish. The second source of 
noise a r is e s  from  the microphonic effect. The 
f ir s t  tim e a collim ated beam of light was used to 
excite the photo-diode, the collim ation was found 
to be very sensitive to vibrations; henee, it was 
replaced by the isotropic light em ission produced 
by a point lamp, so that the vibrations of the lamp 
do not incite the photo-diode, alm ost to the same 
extent as the collim ated beam.

Figure 4b shows the sam e curve as before, but 
with an “ accidental”  stop at a point of positive 
reactiv ity ; since the reactiv ity  function is known 
before operation, the m onitor perform s an addi- 
tional task  for the safety system . M otor and 
speed control show a very acceptable p e rfo r­
mance: The speed variation was found to be on 
the o rder of 2% with a load of 3 kg for the crown 
shaped like the curve of Fig. 1.

Two experim ental tr iá is  w ere perform ed in the

RA-2 zero-pow er reacto r; the input reactiv ities 
a re  shown in Figs. 5a ánd 6a; they w ere calculated 
with both inverse kinetics and the BEAT F ortran  
code2 to obtain a sinusoidal wave form  for the 
neutrón flux, in the fo rm er case with an amplitude 
of 30% above its  mean valué, and in the second 
case with an amplitude of 70%. In both cases the 
frequeney was 0.01 Hz.

Choosing this low frequeney is based on the 
desire  to analyze the reac to r response with re -  
gard. to tim e evolution and stability for periodic 
input reactivity  of la rg e r valúes. For high f re -  
quencies, the reac to r response can be followed in 
a short tim e, because the amplitude peaks follow 
a line paralle l to the mean valué.1

The function rod consisted of two s ta in less- 
steel plates surrounded by cadmium plates, and 
the amount of th is absorber depends on the 
reactiv ity  am plitudes. The inverse kinetics m eth- 
od was used to calíbrate the fine control rod and 
provided the referénce for the function rod as well 
as the m eans to find the linear zone of the core.

Turning to the reac to r output and assuming that

Fig. 5. (a) Reactivity function for a sinusoidal ou tpu t with 
an amplitude valué o f 30%. (b) Time evolution of the 
reactor output. (c) The solid line, N(t), belongs to  the 
reactor output, with the dots representing its first 
harmonic (sinus function).

Fig. 6. (a) Reactivity function for a sinusoidal output with 
an amplitude valué o f 70%. (b) Time evolution o f the 
reactor output, with the reactivity amplitude valúes 
altered. (c) Lines are: N(t), the reactor o u tp u t;A ^ , its 
first harmonic; and Nfa, its second harmonic.



it is  sinusoidal, we can w rite  for the m ore 
re s tr ic te d  case,

N(t) = = 1 + No sin wt K ’ n0 (4)

where n0 is  the neutrón density for the critica l 
state and « ( the density for all the tim e during 
evolution. Solving the kinetics equations, we can 
find the expression of the reactivity  function3 that 
m akes the reac to r oscillate  according to Eq. (4). 
We also assum e norm alization of the delayed- 
em itte r concentration, i.e .,

C- =' n-c, o Cin —M »
X,-Z

We s ta r t  from  the kinetics equation given by

(5)

where C, is given by the expression

C¡ = exp(-X„) | l  + ^exp íX .^A T f^ rflj . (6)

Inserting Eq. (4) in Eq. (6) and solving, the re -  
sult for t > 0 is

C, = 1 + ~ i^°  „ [ X,-sin wt - w eos wt + /<>exp (-X,¿)] • 
w + Xj

(7)

Substituting in Eq. (5), we obtain

- w-

r  P j W 2
" w2 + X?

J3 /X , -  
w

sin wt + ( l+ 'Z  l3iXi \  
V W 2 + \ 2J

w eos wt

' + x? exp (-X,í)j ( 8)

th is being the reactivity  function for a sinusoidal 
output given by Eq. (4) that must be imposed for 
í > 0 to a reac to r c ritica l for t < 0. A m ore 
general form  can be derived for the last ex p res­
sion, since, if we want to s ta r t  the sinusoidal 
output with an a rb itra ry  phase, we rew rite  Eq. (4) 
in the form

N(¡) = a + b sin {wt + 0)

where b is again the amplitude oscillation above 
the mean valué a. The valúes for a and b will 
depend on the valúes for the phase 0 and the ratio  
b/a. If we w rite b/a = N0, where 0 < JVo < 1, for 
t = 0 we have

a + b sin0 = 1 , b = N0 a 

Then Eq. (9) resu lts:

1 N0

( 10)

N u )  1 + No  sin 1 + No sin 0 sin (wt + 0) , (11)

which says that the reac to r will oscillate  sinus- 
oidally about the mean given by 1/(1 + N0 sin 0) 
with amplitude ATo/(l + No sin 0); a t t = 0, the re a c ­
to r  s ta r ts  with N  = 1 and jjhase 0.

Equations (7) and (9) now become

C{ = a + (1 - a)exp(-X ,0  + w2 + \ i

x [x¿sin(wí + 0) - w c o s ( w t +  0)
+ (w eos 0 - X; sin 0)exp(-X,í)] (12)

No
1 + No sin (wt + 0)

sin (wt + 0)L  &íw2
l  W2 + X?

s w cos (wt + ®
P i W 2

W  COS I

W2 +  Xf

w2 + X?

exp(-X¿/) 

exp(-x ,í) (13)

which for 0 = 0  reduces to Eq. (8). The amplitude 
factor can also be w ritten as

N aN,,_______* ’ U _ -U_______
1 + N0 sin (wt + 0) a + aN0 sin (wt + 0) N

Difficulty a r is e s  for t = 0, in accordance with 
the exponential te rm s in both Eqs. (8) and (13), 
since, if we want a stable evolution of the neutrón 
flux after t = 0, a nonperiodic reactivity  function 
of alm ost exponential shape m ust be used during 
the s ta r t  tim e in terval, other than the periodical 
one described by the crown. The amount of this 
exponential reactiv ity  can be strongly reduced if 
we choose a phase angle such that it is zero at the 
s ta r t  tim e. Taking into account our reacto r 
pa ram ete rs , th is phase angle is given by

x,-

w - W2 + X?

+ 133 deg 
-47 deg (14)

(9)
In th is case, we have to s ta r t  with an initial 
amount of reactiv ity  given only by (b/N)lw cos 0, 
which is sm all for low frequencies, and at the 
sam e tim e, we have to describe the exponential 
reactiv ity  ( “ exponential” as a ñame) whose am ­
plitude is not very different from  zero at all 
t im e s ,3 whenever the phase angle is given by 
Eq. (14).

Conversely, if we s ta r t the oscillation with a

‘ The exponential reactivity was coiiiputed over ten periods. 
the results showing that its mínimum root-mean-square valué 
belongs to the phase angle given by Hq. (14).



reactiv ity  valué given by {b/N) lw eos 0, even ne- 
glecting the exponential reactiv ity , the reacto r 
response will have a phase angle s im ila r to 
Eq. (14). This initial reactiv ity  valué can be 
checked as follows: Applying general considera- 
tions to an a rb itra ry  neutrón flux, for that sm all 
reactiv ity  and a short in terval of tim e after c r it i-  
cal, we have

N(t) = N,,0 x exp eos 0̂  At .

If, as is the case, N,=0 = 1, then
A N  = exp (bweos <t>) At  - 1 ,

which im plies that the initial slope is

Ñlm0 = bw eos 0 ,
th is being the same slope as the function given by 
Eq. (9).

As for Eq. (12), the delayed em itter concentra- 
tion when t is large will be given by

C; = a + b J ^ ^ s i n M  + 0)

- 7 ¡ F T x ¡ coa{wt + 0)]  '

Substituting a from  Eq. (9), we get

mc¡ = m - b |z; J ' -f jz sin (wt + 0)

+ -ér%coŝwt + *>] •
Taking into account Eq. (14) for tim es such that 
wt = 2itn, the la tte r  reduces to Ei3,C, = Ni3 and the 
reactiv ity  is  {b/N)lw eos 0; introducing these r e -  
su lts  in the general equation given by

IÑ = pN + {ZPiCt - Í3N) ,

we find that
N = bw eos 0 ,

which shows that in t im e s . when the reactiv ity  
takes valúes cióse to zero , the neutrón flux 
behaves as  if all neutrons w ere prom pt, o r, 
a lte rna tive ly , if we re tu rn  to the not norm alized 
kinetics equations, the expression  S(3¡Ci - (3N=0 
im plies that 'Zn(Pi/ l ) 'L \ iC¡, i .e ., át the “ in te rsec - 
tion t im e s ,”  the total ra te  of form ation of all the 
delayed neutrons equals the total ra te  of form ation 
of all the p rec u rso rs . For instance, one of the 
two in tersection tim es is  se t where the d ecreas- 
ing reactivity  in te rsee ts  the valué labeled ” 1”  in 
Fig. 5c; at th is tim e, the sinusoidal output is  also 
decreasing, and the sign of S n(fS¡/l) - A,C,- in- 
v e rts  from  positive to negative. In the other 
in tersection  tim e, the s i t u a t i o n  is  reversed .

T herefore, we can say that the s ta r t  tim e  d is- 
cussed above is equivalent “ to hook”  the stable 
response (for large t) in those tim es, with the 
reactivity  (b/N)lw eos 0.

Turning to the experim ental part, once the 
reac to r was in the c ritica l sta te , we started  with 
decreasing reactiv ities (from point 0 to the right 
in Fig. 5a); then, with the fine control rod (un- 
stable course in Fig. 5b), the mean valué of the 
response was conducted to that of the critica l 
state  (steady course). It is from this las t course 
that we have taken the information to analyze. 
The curve of Fig. 5b is actually that obtained from 
a linear graphic reco rder.

The output signal from  the reac to r was fed 
through an am plifier to an FM tape reco rder, 
where all the inherent noise was present. The 
resu ltan t curve was found to be composed of the 
sinusoidal response plus a relative strong neu- 
tronic noise.

As our attention was directed  toward the har- 
monic of 0.01 Hz, the recorded signal was filtered  
through the analog Computer operating with four 
RC steps f il te rs , providing the curve with har- 
m onics whose amplitudes are  given by

\A¡\ = (1 + 4tt2^ ) ' ”/2 , (15)

w h ere . n is  the steps number (in our case n = 4) 
and v¡ is  the frequeney of the ¿’th harm onic.

The curve so obtained was then processed with 
the BEAT code2 to separate it into its  harm onics 
and phase angles, which were norm alized with 
Eq. (15).

The resu lt for the f ir s t  experim ent (flux va ria - 
tion = 30%) is  shown in Fig. 5c: the solid line 
labeled N(t) is the one full wave of the neutrón flux 
after it is  filtered; the dots labeled N(¡) rep resen t 
its  f ir s t  harmonic component. (Harmonics other 
than the f ir s t  a re  insignificant.) Analysis of both 
curves shows that the response is sinusoidal to a 
very good extent since, if we define d istortion as

where j4, a re  the coefficients of the expression

N  = 1 + ZA¡co8(wit - a/) , (16)

the distortion for the curve of Fig. 5c resu lts  in 
D = 3% (see Table I), which includes all of the 
experim ental e r ro r s .

The dotted line in Fig. 5c again rep resen ts  the 
reactiv ity  function, but with the proper phase 
rela tive to the neutrón flux. Figure 6 describes 
the second experim ent, in which the reactiv ity  
function should produce a  sinusoidal output with 
N0 = 0.7 in Eq. (4); although the reactiv ity  function 
had the co rre c t shape, the reactiv ity  valúes were



TABLE I 

C o n stan ts  fo r  Eq. (16)

A N  = '<50% A N  = 70%

A  i a¡ a  i

0.298 -1 .4 ° 0 .588 -1 0 °
0.007 50 0 .054 112
0 .005 26 0 .008 87
0 .003 26 0.012 30

D = 3% D  = 10%

80% of those calculated, i.e ., instead of 0.19 
dollars of positive amplitude, we obtained 0.15, 
which im plies some degree of distortion in the 
response to be expected.

Figure 6a shows the reactivity function with the 
proper shape and valúes, ¿s before, Fig. 6b 
shows the whole response in tim e.

The initial depletion oí the curve at the staxt 
obeys conservation because, since the reactivity  
is  now bigger, we started  with the reac to r critica l 
but with reactiv ity  “ before the z e ro .’’ Then, as in 
the previous experim ents, the neutrón level was 
induced to oscillate about the initial c ritica l state.

Figure 6c shows one period of the response 
represented  by the solid iine, with the f ir s t  and 
second harm onios represented  by the dotted lines.

The degree of d istortion is  evident here , th is 
being D = 10% according to Table I, which shows 
that the shape output is  very sensitive to that of 
the input. The output amplitude has the valué of 
60%, instead of 70%, due to the lower valué of the 
reactiv ity  input, although the shape of the la tte r 
was the co rrec t one.

All calculations were based on the point model 
reac to r, and the resu lts  discussed above show a 
very good agreem ent in these experim ents. F re -  
quencies other than 0.01 Hz were used in a 
previous study,3 with s im ila r perform ance, a l­
though they w ere conducted with different pur- 
poses.
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