
PHYSICAL REVIEW A 102, 022216 (2020)

Perturbation theory for operational quantum non-Markovianity
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The definition of memory in operational approaches to quantum non-Markovianity depends on the statistical
properties of different sets of outcomes related to successive measurement processes performed over the system
of interest. Using projector techniques we develop a perturbation theory that enable to expressing both joint
probabilities and outcome correlations in terms of the unperturbed system density-matrix propagator. This object
defines the open system dynamics in the absence of measurement processes. Successive series terms, which
are scaled by the system-environment interaction strength, consist in a convolution structure involving system
propagators weighted by higher-order bath correlations. The formalism is corroborated by studying different
dynamics that admit an exact description. Using the perturbative approach, unusual memory effects induced
by the interplay between the system-environment interaction and measurement processes are found in finite
temperature reservoirs.
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I. INTRODUCTION

Most features characterizing an open quantum system
dynamics can be recovered from a perturbative approach
to the full system-environment dynamics. For example, the
Born-Markov approximation (BMA) [1–3] is able to describe
paradigmatic phenomena like decoherence and dissipation.
Even more, quantum Markovianity was originally related to
this “first-order” approximation [4,5]. This association relies
on the local-in-time property of the density-matrix evolution.
Higher-order contributions to the system quantum master
equation, which may be obtained from projector techniques
[6], were then related to quantum memory effects [2].

Over the past decade, the previous point of view was
reviewed significantly. Instead of the BMA, the hallmark
of quantum Markovianity becomes the theory of quantum
dynamical semigroups [7]. In this alternative scenario [8,9],
memory effects are determined from different departures the
system density-matrix propagator may develop with respect
to a “Markovian” Lindblad dynamics [10–26]. While this ap-
proach is consistent, departures from BMA lose their relation
with quantum memory effects; neither compatibility with the
classical notion of non-Markovianity is achieved.

Alternative operational approaches [27] to quantum non-
Markovianity have been introduced recently [28–34]. Instead
of focusing on mappings from density operators to density
operators, the presence of memory is determined from the
statistical properties of different outcomes obtained from suc-
cessive measurement processes performed during the system
evolution. In this alternative context, some remarkable fea-
tures are achieved. For example, consistence with the classical
definition of non-Markovianity is immediate. In fact, given
a sequence of measurement outcomes, Markovianity can be

checked through the corresponding conditional probabilities
[28]. In addition, and also in contrast to previous nonoper-
ational approaches, any possible dynamical departure from
BMA renders the dynamic non-Markovian [29,30]. This is a
relevant property because memory effects may develop even
when the system propagator satisfies a completely positive
divisibility (semigroup) property [28,29] or even when it is
defined by a time-independent Lindblad evolution [30,35].

The definition of quantum non-Markovianity from an
operational perspective implies an intrinsic dependence of
memory effects on measurement operators, which leads to a
richer structure when compared to the classical (incoherent)
case [31–33]. Interestingly, experimental setups for measuring
quantum memory effects in an operational way were imple-
mented recently in Refs. [33,34].

In spite of the previous properties and achievements, in
contrast to the other approaches, (operational) memory effects
cannot be characterized by knowing solely the system quan-
tum master equation or propagator [34,36]. In fact, even when
obtained in an exact way, it is insufficient to describe mul-
titime (outcome) probability distributions and correlations.
This feature has its physical origin in the modification or
dependence of the environment state on system outcomes
[29,30], which in consequence, due to departures from BMA,
modifies the system dynamic between successive measure-
ments. Thus, in this context, departures from Markovianity
cannot be characterized through a unique system evolution.
The main goal of this paper is to formulate a general the-
oretical tool for tackling this problem, which in turn allows
us to study which underlying structure characterizes memory
effects when defined in an operational way.

We formulate a perturbation theory that allows character-
izing memory effects in operational approaches to quantum
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non-Markovianity. It is written as a function of the unper-
turbed system propagator, which defines the open system
dynamics in absence of measurement processes. The study
is valid for arbitrary system-environment interactions and is
performed with projector operator techniques [2,6].

The formalism is developed in the case where three system
measurement processes are performed, being applied to both
joint probabilities [28] and a conditional past-future (CPF)
correlation [29]. The projector approach naturally leads to an
expansion series in the system-environment coupling strength.
We found that successive order contributions consist in a
convolution term involving two system propagators weighed
by higher-order bath correlations. This structure arises for
both quantum and classical environmental fluctuations. These
findings generalize the results found in [34], which were de-
rived for specific system-bath interaction Hamiltonians. Gen-
eralization to an arbitrary number of measurement processes
follows straightforwardly from the present results.

The validity of the formalism is confirmed by studying
different dynamics that admit an exact treatment such as
dephasing and decay in a bosonic bath at zero temperature. As
an application, we study memory effects in the thermalization
of a two-level system. We found that memory effects may
be increased by raising the environment temperature. Since
in general increasing the reservoir temperature leads to a
decrease of memory, this unusual effect is also discussed in
detail.

The paper is outlined as follows. In Sec. II we review how
memory effects can be determined from joint probabilities
and the CPF correlation. In Sec. III we develop the pertur-
bation theory for both classical and quantum environment
fluctuations. In Sec. IV we apply the perturbation theory to
dynamics that admit an exact treatment. In addition, we study
memory effects induced by thermal reservoirs. In Sec. V
we provide the Conclusions. Auxiliary calculation details are
presented in the Appendix.

II. OPERATIONAL MEMORY WITNESSES

Memory effects in open quantum systems can be deter-
mined by subjecting the system to successive measurement
processes and checking if the corresponding probability struc-
ture satisfies the usual Markovian definition [28]. As in a
classical regime, it is simple to realize that a minimal number
of three system observations is necessary to detect memory
effects [29]. Labeling with x → y → z the successive mea-
surement outcomes, their joint probability P(z, y, x) can be
written as

P(z, y, x) = P(z|y, x)P(y|x)P(x), (1)

where, in general, P(b|a) denotes the conditional probabil-
ity of b given a. Markovianity is defined by the equality

P(z, y, x)
M= P(z|y)P(y|x)P(x), that is, P(z|y, x)

M= P(z|y). By
an explicit calculation, this property can easily be rewritten in
terms of a conditional past-future independence, leading to the

equivalent condition P(z, x|y)
M= P(z|y)P(x|y). The vantage

of this last formulation is that Markovianity can be easily
checked with a single scalar function. In fact, defining the CPF

correlation [29],

Cp f (t, τ )|y =
∑

zx

[P(z, x|y) − P(z|y)P(x|y)]OzOx, (2)

Markovianity implies Cp f (t, τ )|y = 0, while Cp f (t, τ )|y �= 0
witnesses memory effects. In this equation, the sequence
{x} → y → {z} labels the outcomes at each stage, while the
scalar quantities {Oz} and {Ox} are the corresponding values
of the observables for each outcome at the initial and final
(past and future) observation times. The outcome y gives the
conditional character of the correlation. The parameters t and
τ denote the time intervals between the first and second, and
between the second and third measurements, respectively.

In a quantum regime, joint probabilities as well as the CPF
correlation intrinsically depend on the chosen measurement
processes. Each one is defined by a set of operators that
determine the system state transformation upon observing
an outcome (see Fig. 1 in Ref. [29]). They are denoted
as {�x}, {�y}, and {�z}, being normalized to the system
identity matrix,

∑
z �†

z �z = ∑
y �†

y�y = ∑
x �†

x�x = I. For
simplicity, the intermediate measurement is assumed a pure
projective one [28,29], that is, �†

y�y′ = δy,y′�y, where the
number of one-dimensional projectors [�y ≡ |y〉〈y|] is equal
to the dimension of the system Hilbert space. Under this
condition, we define quantum Markovianity by the validity of
the previous statistical statements for arbitrary measurement
processes [33].

Both operational memory witnesses, Eqs. (1) and (2),
can be directly related. Using that P(z, x|y) = P(z, y, x)/
P(y), P(z|y) = P(z, y)/P(y), and P(x|y) = P(y, x)/P(y), we
get the equivalent expression

Cp f (t, τ )|y =
∑

zx

OzOx

P2(y)
[P(z, y, x)P(y) − P(z, y)P(y, x)].

(3)

Here, all statistical objects can be written in terms
of the joint probability P(z, y, x) [Eq. (1)]. In fact,
P(z, y) = ∑

x P(z, y, x), P(y, x) = ∑
z P(z, y, x), and P(y) =∑

z,x P(z, y, x). These formulas are always valid in a classical
regime, and also in the quantum case for the scheme presented
here. In fact, we are considering the situation in which the
three successive measurements are performed on the system
and the partial probabilities are always obtained by marginat-
ing some of the outcome variables.

For the explicit calculation of P(z, y, x) or Cp f (t, τ )|y we
must define the evolution of the system-environment arrange-
ment between measurements. Both (total) unitary dynamics
and stochastic Liouville dynamics are considered. In these two
situations we introduce the usual partition of system and en-
vironment to distinguish between accessible and inaccessible
degrees of freedom, respectively.

A. Unitary system-environment dynamics

We assume that the system and the environment are de-
scribed by a unitary evolution with Hamiltonian HT (t ). The
total density matrix ρse

t evolves as

d

dt
ρse

t = Lse
t [ρse

t ], Lse
t [•] = −i[HT (t ), •]. (4)
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As usual, the total Hamiltonian is written as HT (t ) = Hs +
He + HI . Each contribution corresponds to the system, the
environment, and their interaction Hamiltonian, respectively.
The previous equation can be integrated as ρse

t = Et,0[ρse
0 ],

where the bipartite propagator between two arbitrary times
ta < tb is

Etb,ta ≡
⌈

exp
∫ tb

ta

dt ′Lse
t ′

⌉
. (5)

Here �· · · 	 denotes a time-ordering operation, which is nec-
essary due to the dependence of Lse

t on time. This case arises,
for example, when working in an interaction representation or
when the system is submitted to an external time-dependent
field.

The system density matrix follows from a partial trace over
the environmental degrees of freedom, ρt = Tre(ρse

t ). Thus

ρt = �t,t0 [ρ0] ≡ Tre(Et,t0 [ρ0 ⊗ σ0]), (6)

where �t,t0 is the system density-matrix propagator. For sim-
plicity, we assume t0 = 0 and separable initial conditions,
ρse

0 = ρ0 ⊗ σ0, where ρ0 and σ0 are the initial states of
the system and the bath, respectively. Accordingly, it means
that the three successive measurements corresponding to the

outcomes {x}, {y}, and {z} are performed at times 0, t, and
t + τ , respectively.

From standard quantum measurement theory, the expres-
sion for the three-joint probability is [37]

P(z, y, x) = Trse(EzEt+τ,t [ρy ⊗ Trs(EyEt,0[ρ̃x ⊗ σ0])]), (7)

where ρ̃x ≡ �xρ0�
†
x and Ei ≡ �

†
i �i. With the normalization

ρ̃x/P(x), where P(x) = Trs[ρ̃x] = Trs[Exρ0], ρ̃x defines the
system state given that the outcome x was observed in the
first measurement. Similarly, ρy = Ey = |y〉〈y| (Trs[ρy] = 1)
is the collapsed (pure) system state after the second mea-
surement. We notice that in Eq. (7) the evolution in the
interval (0, t ) can be written in terms of the unperturbed
system propagator �t,0 defined in Eq. (6). Nevertheless, this
object is insufficient to describe the dynamics in the inter-
val (t, t + τ ) because the initial bath state does not remain
unchanged, σ0 → Trs(EyEt,0[ρ̃x ⊗ σ0]). In fact, this feature
is a witness of memory effects [29] whose description, for
arbitrary system-environment interactions, is performed in the
following section.

From Eq. (7), the CPF correlation [Eq. (3)] can be
written as

Cp f (t, τ )|y = 1

P2(y)

∑
zx

OzOxTrse(EzEt+τ,t [ρy ⊗ Trs(EyEt,0[ϕ̃yx ⊗ σ0])]). (8)

The auxiliary matrix ϕ̃yx is defined in the system Hilbert
space, and reads ϕ̃yx ≡ ρ̃x P(y) − ρ̃ P(y, x), where in addition
ρ̃ ≡ ∑

x′ ρ̃x′ . Explicitly, it reads

ϕ̃yx = ρ̃x Trs(Ey�t,0[ρ̃]) − ρ̃ Trs(Ey�t,0[ρ̃x]). (9)

Similarly, the probability P(y) is given by

P(y) =
∑

x′
Trs(Ey�t,0[ρ̃x′]). (10)

From the previous two expressions, we notice that both ϕ̃yx

and P(y) can be written in terms of the unperturbed system
propagator �t,0. On the other hand, it is simple to show that
the matrix ϕ̃yx never vanishes. In fact, imposing the condition
ϕ̃yx = 0 in Eq. (9), after performing a sum over y, using that∑

y Ey = I, and that �t,0 preserves trace, jointly with P(x) =
Trs(Exρ0), it follows ρ̃x/P(x) = ρ̃. As this equality must be
valid for arbitrary x, it is an incongruence whenever the first
measurement has more than one possible outcome.

We notice that Eq. (8), disregarding the sum operation and
under the replacement ϕ̃yx → ρ̃x, has the same structure as
Eq. (7). This similitude allows us to formulate a perturbation
theory that straightforwardly applies to both kinds of objects.
The same relation is also valid for higher statistical objects
(Sec. IV C).

B. Stochastic Liouville dynamics

In addition, we deal with the case in which the open system
evolution is defined by a stochastic Liouville dynamics,

d

dt
ρst

t = Lst
t [ρst

t ], Lst
t [•] = −i[Hst (t ), •], (11)

where the effect of the environment is included as stochas-
tic classical degrees of freedom in the Hamiltonian Hst (t ).
The evolution can be integrated as ρst

t = E st
t,0 ρ0, where the

stochastic propagator between two arbitrary times ta < tb is

E st
tb,ta ≡

⌈
exp

∫ tb

ta

dt ′Lst
t ′

⌉
. (12)

As before, �· · · 	 denotes a time-ordering operation. The
system density matrix ρt = ρst

t follows after averaging over
realizations (over bar symbol) of the stochastic Liouville
superoperator Lst

t . This operation is equivalent to tracing over
the degrees of freedom of the environment in the case of total
unitary evolution. Thus we write

ρt = �t,t0 [ρ0] ≡ E st
t,t0 [ρ0], (13)

where, as before, �t,t0 (t0 = 0) is the system density-matrix
propagator. For simplicity we assumed that the initial system
state ρ0 is uncorrelated from the noise fluctuations.

From quantum measurement theory, it is possible to
obtain [37]

P(z, y, x) = Trs(EzE st
t+τ,t [ρy])Trs(EyE st

t,0[ρ̃x]), (14)

where, as before, ρ̃x = �xρ0�
†
x and Ei = �

†
i �i. Similar to the

unitary case, here the (average) evolution in the interval (0, t )
can be written in terms of the unperturbed propagator (13), but
it is unable to describe the dynamics in the interval (t, t + τ )
because it is correlated with the previous environmental
fluctuations.
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From Eq. (14) it is possible to write the CPF correlation
[Eq. (3)] as

Cp f (t, τ )|y =
∑

zx

OzOx

P2(y)
Trs(EzE st

t+τ,t [ρy])Trs(EyE st
t,0[ϕ̃yx]),

(15)

where ϕ̃yx and P(y) can be read from Eqs. (9) and (10),
respectively, with the propagator �t,0 defined by Eq. (13).

Here, we can see that Eqs. (14) and (15) present a similar
structure and both expressions can be related under the same
mapping that connects Eqs. (7) and (8).

III. PERTURBATION THEORY

The joint probabilities [Eqs. (7) and (14)] together with
the associated CPF correlations [Eqs. (8) and (15)] may, in
principle, be calculated in an exact way. Except for a few
system-environment models [30,34], this is not the case. Thus,
in general, a perturbative treatment must be introduced.

As usual in the study of quantum master equations, pro-
jector techniques [2,6] are one of the most powerful tools to
formulate a perturbative treatment. The main idea behind the
projector technique consists in introducing two complemen-
tary projection superoperators: one of them yields the infor-
mation of the reduced system density matrix and is therefore
said to give the relevant part, while the other one gives the
irrelevant part [2], corresponding to the environment degrees
of freedom. The formalism becomes useful because the irrele-
vant part can be obtained (integrated) in an exact way from the
underlying system-environment evolution, providing in con-
sequence an exact formal expression for the system dynamics.

Even when the environment state is different at the be-
ginning of each time interval between consecutive measure-
ments, we show that projector techniques can be applied to
the present problem. Given that in nonoperational memory
approaches memory effects are mainly determined from the
unperturbed system density-matrix propagator, we use the
projector technique considering this object as an input of the
full approach.

For both unitary system-environment interactions as well
as stochastic Liouville dynamics we find exact series expan-
sions for the joint probabilities P(z, y, x). This result straight-
forwardly leads to an expansion for the CPF correlation
Cp f (t, τ )|y. While the complete set of functions associated
to the joint probability P(z, y, x) allow one to characterize
departures from a Markovian limit, we remark that Cp f (t, τ )|y
allows one to witness and characterize memory effects with
only one single function.

A. Unitary system-environment dynamics

Acting on an arbitrary bipartite state ρse, the relevant and
irrelevant projector contributions are defined, respectively, by

the standard relations [6]

P[ρse] = Tre(ρse) ⊗ σ0, Q[ρse] = ρse − Tre(ρse) ⊗ σ0.

(16)

Here, σ0 is a reference state of the bath. We assume that it
coincides with the initial environment state. The case of more
general initial states is dealt with in Sec. IV C.

The projectors satisfy P + Q = Ise, where Ise is the bi-
partite identity operator. Thus, introducing the operator Ise in
front of each propagator E in Eq. (7), we get

P(z, y, x) = Trse(EzPE t+τ,t [ρy⊗Trs(EyPE t,0[ρ̃x ⊗ σ0])])

+ Trse(EzPE t+τ,t [ρy⊗Trs(EyQE t,0[ρ̃x ⊗ σ0])]).

(17)

In deriving this expression we used that Tre(Q[ρse]) = 0,

where the equality is valid for arbitrary system-environment
states ρse. Now, the goal is to write P(z, y, x) solely in terms
of the unperturbed system propagator.

In terms of projectors, the system propagator [Eq. (6)]
between two arbitrary times [ta < tb] emerges from the rel-
evant contribution as PE tb,ta [ρ ⊗ σ0] = �tb,ta [ρ] ⊗ σ0. Hence
we notice that the first line in Eq. (17) can in fact be written
in terms of two system propagators, �tb,ta [ρ] = Tre(Etb,ta [ρ ⊗
σ0]). On the other hand, in the second line, as usual, we
note that for separable initial conditions the irrelevant part
QE tb,ta in the projector technique can be expressed as (see the
Appendix)

QE tb,ta =
∫ tb

ta

dt ′Gtb,t ′QLse
t ′ PE t ′,ta , (18)

where ta < tb are arbitrary times, and

Gtb,ta ≡
⌈

exp
∫ tb

ta

dt ′QLse
t ′

⌉
. (19)

Therefore, the contribution proportional to QE tb,ta in Eq. (17)
can also be written in terms of the unperturbed propagator
PE tb,ta [ρ ⊗ σ0] [Eq. (6)]. On the other hand, the relevant
part (in the second line) can also be integrated as (see the
Appendix)

PE tb,ta = PE tb,taP+
∫ tb

ta

dt ′PE tb,t ′PLse
t ′ Gt ′,taQ. (20)

This expression is of central importance for the development
of the formalism because it enables one to characterize the
projected system dynamics in terms of the unperturbed prop-
agator even when considering arbitrary initial environment
states.

Introducing explicitly Eqs. (18) and (20) in P(z, y, x),
using that PQ = 0 and after some algebra, from Eq. (17) we
get

P(z, y, x)=Trs(Ez�t+τ,t [ρy])Trs(Ey�t,0[ρ̃x]) +
∫ τ

0
dτ ′

∫ t

0
dt ′Trs[Ez�t+τ,t+τ ′Tre(	̃se

t+τ ′,t [ρy ⊗ Trs(Ey	
se
t,t ′�t ′,0[ρ̃x] ⊗ σ0)])],

(21)
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where the system propagator �tb,ta is defined by Eq. (6).
For shortening the expression we introduced the system-
environment superoperators

	̃se
tb,ta = Lse

tb Gtb,ta , 	se
tb,ta ≡ Gtb,taQLse

ta , (22)

where ta < tb are arbitrary times.
Equation (21) is the main result of this section. It

expresses P(z, y, x) in an exact way as a function of
the unperturbed system propagator. We notice that the
first contribution corresponds to a Markovian descrip-

tion, where P(z, y, x)
M= P(z|y)P(y|x)P(x) with P(z|y)

M=
Trs(Ez�t+τ,t [ρy]) and P(y|x)P(x)

M= Trs(Ey�t,0[ρ̃x]) with
P(x) = Trs(ρ̃x ) = Trs(Exρ0).

Consistently, the second (integral) contribution in
Eq. (21) takes into account memory effects. It consists
of a convolution structure involving two unperturbed
system propagators [�t+τ,t+τ ′ and �t ′,0] weighted by the
“correlation” between the bipartite operators 	̃se

t+τ ′,t and
	se

t,t ′ [Eq. (22)]. We notice that these two contributions are
the only ones in Eq. (21) that depend on the environment
degrees of freedom. Their correlation is built from the
environment trace operation, Tre(	̃se

t+τ ′,t · · · 	se
t,t ′ · · · ).

This object can be written as a series in the interaction
strength. Similar to the case of quantum master equations
[2,6], it follows naturally by introducing the expansion
Gtb,ta = Ise + ∫ tb

ta
dτ1QLse

τ1
+ ∫ tb

ta
dτ2

∫ τ2

ta
dτ1QLse

τ2
QLse

τ1
+ · · ·

in their definition [Eq. (22)]. Thus the integral contribution
in Eq. (21) can be written as a series in the interaction
strength (proportional to Lse

t ), each term involving two
system propagators and bath correlations of increasing order.
This final result provides us the basis for a perturbative study
of memory effects defined in an operational way.

The previous series expansion straightforwardly can be
extended to the CPF correlation. Using the similarity be-
tween Eqs. (7) and (8), it follows that the first (Markovian)
term in Eq. (21) does not contribute to Cp f (t, τ )|y. In fact,∑

x OxTrs(Ey�t,0[ϕ̃yx]) = 0. Thus consistently the CPF corre-
lation only depends on the second integral contribution, which
in fact measures the memory effects. We get

Cp f (t, τ )|y =
∑
z,x

OzOx

P2(y)

∫ t

0
dt ′

∫ τ

0
dτ ′
(z, x|y)[ϕ̃yx], (23)

where


(z, x|y)[•] ≡ Trse(Ezϒ̃
se
t+τ ′,t [ρy ⊗ Trs(Eyϒ

se
t,t ′ [•])]). (24)

This term defines the integrand in Eq. (21). For shortening the
expression, here we introduced the superoperator

ϒ̃ se
t+τ ′,t [•] ≡ �t+τ,t+τ ′	̃se

t+τ ′,t [•] (25a)

and similarly

ϒ se
t,t ′ [•] ≡ 	se

t,t ′[�t ′,0[•] ⊗ σ0]. (25b)

The final expression (23) enables one to perform a pertur-
bative theory for the CPF correlation developed as a series
in terms of the system-environment interaction strength. In

fact, similar to the case of probabilities, expansion of the
superoperators 	̃se

tb,ta and 	se
tb,ta [Eq. (22)] in powers of Lse

t
allows us to write


(z, x|y)[•] =
∞∑

n=1


(n)(z, x|y)[•]. (26)

Each series contribution 
(n) involves higher-order bath
correlations. In fact, the index n labels the bath correla-
tion order that appears in each term. In order to under-
stand this relation we analyze the first-order case. Hence
we can approximate 	̃se

tb,ta = Lse
tb Gtb,ta � Lse

tb , and 	se
tb,ta =

Gse
tb,taQLse

ta � QLse
ta = Lse

ta , where the last equality relies on
the usual assumption PLse

ta P = 0 [2]. Using these approx-
imations, from Eqs. (24) and (25) it follows that 
(1)

consists of the convolution of the two system propagators
�t+τ,t+τ ′ and �t ′,0 weighted by the “environment correlation”
Tre(Lse

t+τ ′ · · ·Lse
t ′ σ0).

An explicit expression of 
(1) in terms of “operator bath
correlations” can only be obtained after knowing the spe-
cific form of the bipartite Liouville superoperator, Lse

t [•] =
−i[HT (t ), •]. As usual, we consider the bipartite Hamiltonian

HT (t ) =
∑

μ

Sμ
t ⊗ Bμ

t . (27)

Here, the dummy index μ labels different contributions of sys-
tem and bath operators, Sμ

t and Bμ
t , respectively. Equation (27)

is written in an interaction representation with respect to the
bare system and bath Hamiltonians. Assuming, as usual, that
expectation values of the bath operators are null, Tre(Bμ

t σ0) =
0, and considering Hermitian operators, from Eqs. (24)
and (25), based on the previous first-order approximations,
we get


(1)(z, x|y)[•] =
∑
μ,ν

{
Trs

(
Ez�t+τ,t+τ ′ [ρySμ

t+τ ′ ]
) − c.c.

}

× {
χμν (τ ′+t ′) Trs

(
EySν

t−t ′�t ′,0[•]
) − c.c.

}
.

(28)

In this explicit form, it becomes evident that 
(1) is defined
by the convolution of two system propagators weighted by
the environment operator correlations. They are defined as
χμν (t, t ′) ≡ Tre(Bμ

t Bν
t ′σ0) [2]. For simplicity they are assumed

stationary: χμν (t + τ ′, t − t ′) = χμν (τ ′ + t ′). The structure of
(28) is similar to that found in Ref. [34] for models that admit
an exact analytic calculation.

Higher-order terms 
(n) include higher bath correlations
that involve a higher number of bath operators. For bosonic
environments, 
(n) involves a product of n (two-time) cor-
relations χμν (t, t ′). In this case, the Markovian limit can
be checked straightforwardly assuming the approximation
χμν (τ ′ + t ′) ≈ δ(τ ′ + t ′). Thus, in Eq. (23), the double time
integral

∫ t
0 dt ′ ∫ τ

0 dτ ′ of the successive series terms vanishes,
leading consistently to a vanishing CPF correlation.

We remark that the exact expressions (21) and (23) explic-
itly depend on the unperturbed propagator �tb,ta . This object,
when it is not available in an exact analytical way, using
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standard tools [2,6], can be approximated to the same order
as the joint probability or CPF correlation.

B. Stochastic Liouville dynamics

The previous perturbation theory can also be developed for
the case of stochastic Liouville dynamics, Eqs. (14) and (15).
Instead of the projectors (16), here they are defined as

P[ fst ] = fst , Q[ fst ] = fst − fst , (29)

where fst is an arbitrary functional of the noise fluctuations.
After introducing the identity P + Q = 1 in Eq. (14), we get

P(z, y, x) = Trs(EzPE st
t+τ,t [ρy])Trs(EyPE st

t,0[ρ̃x])

+ Trs(EzPE st
t+τ,t [ρy])Trs(EyQE st

t,0[ρ̃x]). (30)

Using similar transformations and solutions as in the previous
section, for the joint probability we obtain

P(z, y, x) = Trs(Ez�t+τ,t [ρy])Trs(Ey�t,0[ρ̃x]) +
∫ τ

0
dτ ′

∫ t

0
dt ′Trs(Ez�t+τ,t+τ ′	̃st

t+τ ′,t [ρy])Trs(Ey	
st
t,t ′�t ′,0[ρ̃x]), (31)

where here

	̃st
tb,ta ≡ Lst

tbG
st
tb,ta , 	st

tb,ta ≡ Gst
tb,taQLst

ta (32)

(ta < tb) and correspondingly

Gst
tb,ta =

⌈
exp

∫ tb

ta

dt ′QLst
t ′

⌉
. (33)

The propagator �tb,ta is defined by Eq. (13). The CPF correla-
tion, using the similitude of Eqs. (14) and (15), can be written
from Eq. (31) as

Cp f (t, τ )|y =
∑
z,x

OzOx

P2(y)

∫ t

0
dt ′

∫ τ

0
dτ ′
(z, x|y)[ϕ̃yx], (34)

where


(z, x|y)[•] ≡ Trs(Ezϒ̃
st
t+τ ′,t [ρy])Trs(Eyϒ

st
t,t ′ [•]). (35)

Similarly, we defined

ϒ̃ st
t+τ ′,t [•] ≡ �t+τ,t+τ ′	̃st

t+τ ′,t [•] (36a)

and the stochastic superoperator

ϒ st
t,t ′ [•] ≡ 	st

t,t ′[�t ′,0[•]]. (36b)

Furthermore, ϕ̃yx is the matrix defined by Eq. (9). From
Eqs. (35) and (36) the perturbation theory follows as in the
previous case, that is, after expanding Gst

tb,ta [Eq. (33)] as a
series in the stochastic Liouville operator Lst

t .

IV. EXAMPLES AND APPLICATIONS

In this section we apply the perturbation theory for dif-
ferent dynamics of interest such as dephasing induced by a
Gaussian nonwhite noise and dissipation induced by a non-
Markovian bosonic thermal bath.

A. Non-Markovian dephasing

We consider a two-level system driven by a dephas-
ing stochastic Hamiltonian. The stochastic system state ρst

t
evolves as

d

dt
ρst

t = −iξ (t )[σẑ, ρ
st
t ], (37)

where σẑ is the ẑ-Pauli matrix (eigenvectors |±〉) and ξ (t )
is a (real) stationary color Gaussian noise with vanish-
ing average ξ (t ) = 0 and stationary correlation χ (t − t ′) =

ξ (t )ξ (t ′) = (γ /2τc) exp[−|t − t ′|/τc]. We consider that the
system begins in its upper state, ρ0 = |+〉〈+|. Furthermore,
the three measurements are performed in the x̂ direction
in the Bloch sphere, {�x} = {�y} = {�z} = |x̂±〉〈x̂±|, where
|x̂±〉 = (|+〉 ± |−〉)/

√
2 are the eigenvectors of σx̂, the x̂-

Pauli matrix. Thus x = ±1, y = ±1, and z = ±1. Similarly,
Ox = x and Oz = z. Under the previous conditions, both the
joint probabilities and CPF correlation can be obtained in
an exact analytical way. Explicit expressions can be found
in Ref. [30] [(γ /2τc) ↔ g2]. Similarly, for this model it is
possible to obtain explicit recursive relations and expressions
for the successive series terms [Eq. (26)], which are of order
(γ τc)n. Due to the symmetry of the problem, the first-order
contribution vanishes.

In Fig. 1 we plot the CPF correlation Cp f (t, τ )|y at equal
measurement time intervals t = τ , for different noise corre-
lation times. Both the exact expression and the perturbation
theory estimation are shown. The unperturbed system propa-
gator �tb,ta [Eq. (13)] was taken as the exact one. Similar to
the exact expression, the CPF correlation obtained by adding
successive series terms is independent of the conditional
y = ±1. We found that for smaller noise correlation times
the convergence to the exact expression is increased, which
shows the consistence of the perturbation theory. Furthermore,
we checked that, to the same order, the set of eight joint
probabilities P(z, y, x) [Eq. (31)] is definite positive. This
feature also supports the developed formalism.

FIG. 1. CPF correlation Cp f (t, t )|y (y = ±1) obtained by
adding successive contributions in the perturbation theory for
the dephasing dynamics (37). The noise correlation is χ (t ) =
(γ /2τc ) exp[−|t |/τc]. The three measurements are performed in the
x̂-Bloch direction, while the system begins in its upper state. The
parameters in (a) and (b) respectively are γ τc = 0.05 and 0.1.
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B. Non-Markovian bosonic bath

The decay of a two-level system in a bosonic environment
is described by the total Hamiltonian [2]

Htot = ω0

2
σz +

∑
k

ωkb†
kbk +

∑
k

(gkσ+bk + g∗
kσ−b†

k ), (38)

where [bk, b†
k] = 1 are the creation-annihilation bosonic op-

erators and σ+ = |+〉〈−|, σ− = |−〉〈+| are the raising and
lowering operators of the system. Memory effects in this
dynamics can also be analyzed in an operational approach to
quantum non-Markovianity.

We consider two different measurement schemes. In the
first one, the three measurements are performed in ẑ-Bloch
direction (ẑ-ẑ-ẑ scheme), while in the second one, the first
and last measurements are performed in the x̂-Bloch direction,
with the intermediate one in the ẑ direction (x̂-ẑ-x̂ scheme).
These observables are defined in the representation interaction
with respect to the system and bath free evolutions. In this
frame, the total Hamiltonian reads

Htot (t ) = σ+B(t ) + σ−B†(t ), (39)

where B(t ) = ∑
k gkbk exp[+i(ω0 − ωk )t]. Furthermore, the

initial bipartite state is taken as

ρse
0 = |ψ0〉〈ψ0| ⊗ σ0, |ψ0〉 = (a|+〉 + b|−〉), (40)

with normalized coefficients a and b. The initial bath state σ0

is taken as a thermal one with respect to the environment bare
Hamiltonian

∑
k ωkb†

kbk . For both measurement schemes, the
perturbation theory enables us to study the dependence of
memory effects with temperature. Given the bosonic property
of the bath, its complete set of (operator) correlations can be
written in terms of only two:

χ↓(t ) ≡ Tre[B(t )B†σ0], χ↑(t ) ≡ Tre[B†(t )Bσ0]. (41)

Zero temperature. For different physical arrangements,
the environment temperature can be (effectively) taken as
null. Thus σ0 = |0〉〈0|, where |0〉 ≡ ∏

k |0〉k. Each state |0〉k

corresponds to the vacuum state of each bosonic mode. As
is well known [2], in this case the full system-environment
dynamic admits a simple analytical solution, given also an
exact expression for the unperturbed system propagator �tb,ta
[Eq. (6)]. Furthermore, the CPF correlation and joint prob-
abilities can also be calculated in an exact way. In fact, the
open system dynamics and the CPF correlation have been
implemented and measured in a photonic setup [34].

We consider a Lorentzian spectral bath density. Thus the
environment correlations read χ↓(t ) = (γ /2τc) exp[−|t |/τc],
while the zero temperature condition leads to χ↑(t ) = 0. In
Fig. 2 we plot the CPF correlation Cp f (t, t )|y at equal time
intervals for both measurement schemes and the conditional
y = −1. In the ẑ-ẑ-ẑ scheme [(a) and (b)], the first-order
contribution vanishes. Similar to the previous case (at second
order), a decrease in the bath correlation time leads to a
higher convergence with the exact analytical result [34]. On
the other hand, in the x̂-ẑ-x̂ scheme [(c) and (d)], the first-
order contribution coincides with the exact solution. Thus,
while higher-order contributions do not vanish, their addition
cancels out. These results also support the consistence of the
perturbation theory. In addition, we found that, to the same

FIG. 2. CPF correlation Cp f (t, t )|y (y = −1) obtained in a per-
turbative way for the dissipative dynamics (39) with environment at
zero temperature. Its correlations are χ↓(t ) = (γ /2τc ) exp[−|t |/τc]
and χ↑(t ) = 0. Panels (a) and (b) correspond to the ẑ-ẑ-ẑ mea-
surement scheme, while (c) and (d) to the x̂-ẑ-x̂ scheme. The bath
correlation time τc is indicated in each plot. In all cases, the initial
system state is |ψ0〉 = (

√
p|+〉 + √

1 − p|−〉) with p = 0.8.

order, all joint probabilities P(z, y, x) [Eq. (21)] are definite
positive.

For the conditional y = +1, the exact calculation of the
CPF correlation leads to [34]

Cp f (t, τ )|y=+1 =̂
zẑẑ

0, Cp f (t, τ )|y=+1 =̂
xẑx̂

0. (42)

In this case, the joint probabilities P(z, y, x) can be written
as [38]

P(z,+1, x) =̂
zẑẑ

P(z| + 1)P(+1|x)P(x) (y ↔ +1) (43)

and for the second scheme as

P(z,+1, x) =̂
xẑx̂

P(z)P(+1)P(x) (y ↔ +1). (44)

These expressions correspond to the first contribution in
Eq. (21), while the integral contribution vanishes. Thus, in
this restricted case (y = +1), the Markov property is fulfilled
leading to a vanishing CPF correlation and, consequently, the
perturbation theory loses its meaning.

Finite temperature. For finite temperature, a simple expres-
sion for the unperturbed system propagator is not available. In
addition, neither the CPF correlation nor the joint probabilities
can be obtained in an exact analytical way. Nevertheless, this
case can be dealt with the developed perturbation theory.

At finite temperature, both bath correlations [Eq. (41)]
must be considered. As a model, we take χ↓(t ) = (n̄ +
1)(γ /2τc) exp[−|t |/τc] and χ↑(t ) = n̄(γ /2τc) exp[−|t |/τc],
where n̄ is the average number of bosonic bath excitations
at the natural frequency of the system. When n̄ = 0 the pre-
vious Lorentzian case at null temperature is recovered. This
correlation model arises when the dependence on frequency
of the number of thermal bath excitations is almost a flat
function around the natural system frequency [3]. In this
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FIG. 3. CPF correlation Cp f (t, t )|y obtained in a perturbative way
for the dissipative dynamics (39) with an environment at finite tem-
perature. Its correlations are χ↓(t ) = (n̄ + 1)(γ /2τc ) exp[−|t |/τc]
and χ↑(t ) = n̄(γ /2τc ) exp[−|t |/τc]. Panels (a) and (b) correspond to
y = −1 for the ẑ-ẑ-ẑ and x̂-ẑ-x̂ measurement schemes, respectively.
In (c) and (d) y = +1. The bath correlation parameters are indicated
in each plot. In all cases, the initial system state |ψ0〉 is the same as
in Fig. 2.

approximation, temperature increases the “intensity” of the
environment fluctuations, while their correlation time is in-
dependent of it. Consistently, the unperturbed density-matrix
propagator is taken as the (exact) zero-temperature propagator
[2], with an extra similar contribution that takes into account
(thermally induced) transitions from the lower to the upper
system state.

By using the previous assumptions, in Fig. 3 we plot
the CPF correlation obtained from the perturbation theory
[Eqs. (23) and (26)]. For both measurement schemes (ẑ-ẑ-ẑ
and x̂-ẑ-x̂), and for the conditional y = −1 [Figs. 3(a) and
3(b)], the memory effects (amplitude of the CPF correlation)
weakly depend on temperature. Small departures with respect
to the vanishing temperature case (Fig. 2) are observed. Due
to the normalization of the time axis [γ (n̄ + 1)t], a natural
change of time scale (shrinking due to the increasing of the
effective system decay rates) is not observed.

On the other hand, for the conditional y = +1 [Figs. 3(c)
and 3(d)] an unusual and strong dependence on temperature is
observed in both measurement schemes. In fact, in this case,
in the limit of vanishing temperature [n̄ → 0] the CPF corre-
lation vanishes; see Eq. (42). This property is a consequence
of the restricted Markovian property defined by Eqs. (43)
and (44). We find that by increasing temperature the CPF
correlation becomes not null. In fact, its maximal amplitude
increases with temperature.

The previous unusual effect, that is, an increase of the
memory effects with temperature, does not rely on the specific
environmental properties such as the proposed correlation
model. It relies on the symmetries of the problem, which are
defined by the system-environment interaction and the quan-
tum measurement processes. For the conditional y = +1, an

increase of the bath temperature leads to an extra dissipation
channel that breaks the conditional statistical independence
of the first and last (past and future) measurement outcomes.
From the point of view of joint probabilities, temperature
leads to extra contributions that break the Markovian property
expressed by Eqs. (43) and (44). In fact, for y = +1 we
found that the first integral series contributions in Eq. (21)
are proportional to n̄, while in the previous case (y = −1)
are proportional to (n̄ + 1). We checked that by increasing
temperature, the memory effects saturate. In addition, a usual
vanishing of memory effects with temperature can be in-
troduced or recovered through a temperature-dependent bath
correlation time.

C. Generalizations

The present approach is generalizable to different cases of
interest. First, the formalism can be extended by considering
arbitrary initial conditions, ρse

0 �= ρ0 ⊗ σ0. For example, the
bath state can be an arbitrary one, different from the reference
state in the projector definition [Eq. (16)]. In addition, system
and environment may be correlated at the initial time. These
situations lead to an extra term in the perturbation theory [see
Eq. (A2) in the Appendix].

It is important to notice that the Markovian property strictly
requires the study of higher statistical objects. For example,
one may consider higher joint probabilities P(xm, . . . , x1)
involving m-measurement processes (m � 3) [28]. While in
the context of open quantum system this is not necessary in
general [29], the present perturbation theory can be straight-
forwardly extended to this situation. In fact, while the explicit
forms become more complex, the calculation steps remain
almost the same. In the case of m-measurement processes,
(m − 1) system propagators are involved in the memory con-
volution term, where the corresponding weight is also defined
by the environment correlations. The same result applies to
higher CPF correlations [29].

V. SUMMARY AND CONCLUSIONS

Using projector techniques, we have developed a pertur-
bation theory for describing memory effects in operational
approaches to quantum non-Markovianity, where the system
dynamics is explicitly observed at different times. The for-
malism leads to exact expressions of both joint probabilities
and correlations, which are written in terms of the unperturbed
system density-matrix propagator. We worked out the minimal
case of three measurement processes. Memory contributions
are defined by a convolution integral involving two system
propagators, where the successive series terms are weighted
by higher-order bath correlations. In a bosonic or Gaussian
case they can be reduced to two-point correlations. This
result clarifies which structure determines memory effects in
operational approaches to quantum non-Markovianity.

As examples, we applied the theory to different open
system dynamics that admit an exact treatment, such as de-
phasing induced by stochastic Hamiltonians and decay of a
two-level system in a bosonic reservoir at zero temperature.
The perturbative theory consistently approaches the exact
solutions. We also studied non-Markovian effects that emerge
when considering thermal baths. Unusual memory effects
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arise due to the interplay between the measurement process,
the bipartite dynamics, and the environment temperature. We
found that, depending on the chosen measurement processes
and conditionals, memory effects may grow with the environ-
ment temperature. This feature can be understood from a spe-
cial interplay between the previous ingredients, where an extra
dissipative channel induced by the environment temperature
facilitates the development of memory effects.

To conclude, our theory provides a solid basis for analyzing
memory effects in operational approaches to quantum non-
Markovianity. Application to other physical arrangements and
statistical objects can be tackled by using the developed
formalism.
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APPENDIX: FORMAL SOLUTIONS FROM
PROJECTOR TECHNIQUES

As usual [6], a bipartite system-environment evolution,
(d/dt )ρse

t = Lse
t ρse

t , can be split as

d

dt
Pρse

t = PLse
t Pρse

t + PLse
t Qρse

t , (A1a)

d

dt
Qρse

t = QLse
t Pρse

t + QLse
t Qρse

t , (A1b)

where the projectors P and Q are given by Eq. (16). The
irrelevant part Qρse

t can be integrated as

Qρse
t = Gt,t0Qρse

t0 +
∫ t

t0

dt ′Gt,t ′QLse
t ′ Pρse

t ′ , (A2)

where the corresponding propagator is

Gt,t ′ =
⌈

exp
∫ t

t ′
dτ ′QLse

τ ′

⌉
. (A3)

By introducing the solution Eq. (A2) into Eq. (A1) the evolu-
tion of the relevant part Pρse

t can be written as

d

dt
Pρse

t =
∫ t

t0

dt ′K(t, t ′)Pρse
t ′ + It,t0 , (A4)

where the exact memory kernel is

K(t, t ′) = δ(t − t ′)PLse
t + PLse

t Gt,t ′QLse
t ′ , (A5)

while the inhomogeneous term is

It,t0 = PLse
t Gt,t0Qρse

t0 . (A6)

The evolution (A4) can be solved in a formal way by noticing
that the solution of the homogeneous part can be written as
PE t,t0Pρse

t0 . Thus the full solution is given by

Pρse
t = PE t,t0Pρse

t0 +
∫ t

t0

dt ′PE t,t ′PLse
t ′ Gt ′,t0Qρse

t0 , (A7)

where we have used the explicit expression for the inhomoge-
neous contribution, Eq. (A6). The general solution Eqs. (A2)
and (A7) support Eqs. (18) and (20), respectively.
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