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PROC. PHYS. SOC., 1967,  VOL. 91 .  PRINTED IN GREAT BRITAIN

Theory of the spin Hamiltonian of a complex with 
pentavalent molybdenum

M. E. FOGLIO
Centro Atómico Bariloche (C.N.E.A.) and Instituto de Física ‘Dr. José A Balseiro' 
(C.N.E.A. and U.N.C ), S C de Banloche (R.N ), Argentina 
MS. re c e iv ed  6th October 1966, tn r ev is ed  fo rm  24th January  1967

Abstract. The g  valúes and hyperfine structure constants of [Cl5OA4oJ2- have been 
studied theoretically, and ít has been found necessary to mclude the contnbution of 
excited states that are not usually taken mto account The valúes 2 Á and 2 3 A have 
been used for the M o-0  and Mo-Cl distances respectively, and it vvas possible to fit 
the measured g  valúes mto the formulae denved, on the assumption of reasonable 
valúes for the unknown parameters. It was not possible to ,fit the measured g  valúes 
into the formulae of previous theories for the vanadyl ion íf we assume the same 
mteratomic distances.

From the hyperfine structure constants A and B,  two sets of valúes of <r-3 ) 
have been obtained as a function of the unknown parameters, one set for each sign 
of B.  The set that gives valúes smaller than those predicted by the formulae of 
Elliot and Stevens was chosen m that set the valué of (r~3) ís between 3íz0“3 and 
Aüq ~3 when the unknown parameters are within the expected range of vanation

1. Introduction
The purpose of this paper ís to explam the g  valúes observed in the paramagnetic 

resonance of a complex of Mo5 + , and to discuss the contnbution of some excited states 
that are not usually considered m this type of calculation.

The resonance of Mo5+ has been observed m dilute crystals (Owen and Ward 1956) 
and m liquid and frozen solutions (Ganf’yanov and Fedotov 1962, Abraham et al. 1966, 
Haré et al. 1962); the optical spectrum is also available (Jorgensen 1957, Gray and Haré 
1962). All these references but the first one deal with the complex of Mo5+ with chlorme 
in strongly concentrated hydrochlonc acid where the formula [Cl5OMo]2~ is assumed with 
the ligands in the vertices of a distorted octahedron: the M o-0  distance is taken to be 2 A 
and the Mo-Cl distance is taken to be 2'3 Á, and the symmetry group that leaves the 
complex mvanant is C4v The theory for complexes of V4+ with the same structure has 
been developed (Ballhausen and Gray 1962, Kivelson and Lee 1964), and it was possible to 
find reasonable agreement w'ith the experimental results.

Using the theory of Ballhausen and Gray (1962) and the measured valué of g ,  the 
valúes £n = 1-915, g L = 1-965 and £ = 240 cm"1 were predicted for [Cl5OMo]2- 
(Haré et  al. 1962), where £ is the spin-orbit parameter. These valúes disagree with the 
recently measured g ± = 1-942 + 0-005 and = 1 -972 + 0-004 (Abraham et al. 1966) and 
with the previous valúes ¿'y ~ 1-96, g ± = 1-938 ±0-005 (Garif’yanov and Fedotov 1962). 
The valué assumed for £ is considerably smaller than the Mo5+ valué £ = 1030 cm-1 
(Dunn 1961), and one would rather expect something around the free-ion valué 550 cm-1 
(Griffith 1961). It was found very difficult to fit the measured valúes of g Vi, g  ± and the 
energy of the optical transitions into the formulae of the existmg theones for the vanadyl 
ion. Studying this problem, we have found that the contnbution to the orbital part of 
£n and g  L of some charge-transfer states (one electrón is promoted from the ground State 
to an essentially ligand State) is of the same order as that of the states considered in the 
previous theones (one electrón is promoted from the ground state to an essentially central 
ion state). The only important difference between the present theory and the previous 
ones is the inclusión of these excited states.

One would expect that the introduction of all the charge-transfer states mto the theory 
would make the calculation of g  valúes very difficult, but we have been able to show that, 
under several approximations, most of the contnbutions become zero.

Of these approximations, the following two w'ill be mentioned:
(i) The excited states are described by Slater determinants made with conveniently
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chosen molecular orbitals (with spin up or down); these molecular orbitals are grouped 
into sets of equal one-electron energies and symmetry properties.

(11) The excited states that have all these sets equally occupied are degenerate. This 
second assumption ís not generally true and the departures from it give nse to an extra 
contnbution to the g  valúes. This contnbution ís proportional to the ratio of the energy 
splitting between the states that we assume degenerate and the energy difference between 
these states and the ground state. As this ratio ís ín general much smaller than one, we 
have disregarded this extra contnbution to g  valúes because it would be rather difficult to 
calcúlate it.

The number of parameters that appear in the formulae for £h and ís rather large, but 
the number of unknowns can be reduced to five. If we impose reasonable restrictions to 
these parameters, and use the measured valúes of and g  j_, only two mdependent para­
meters are left, and the remaining three have been plotted as a function of them.

The formulae that give the hyperfine structure constants A and B  are also given, but 
it is not possible to obtam extra Information about the unknown parameters discussed 
above, because two extra unknowns appear. From one of them, the valué of ( r ~3> for the 
magnetic electrón was obtained as a function of the two mdependent parameters.

2. The molecular orbitals for the complex
As discussed in the previous paragraph, the excited states will be approximated by 

Slater determmants, the one-electron wave functions being molecular orbitals obtained by 
linear combination of atomic orbitals. Three atomic orbitals will be used for each ligand: 
two v  orbitals and one c  orbital; they are linear combmations of the 3p and 3s states for 
chlorme and of the 2p and 2s states for oxygen. The it orbitals are puré p states; the 
tj orbitals are linear combinations of one p and the s state of each atom. The coefficient of 
the p state m the a orbitals is + m (the sign depends on the relative phases of the p and s 
states) and these orbitals are directed towards the central ion; m our case, we have m = 1 /-\/2 
for sp hybndization.

There are, therefore, eighteen different ligand orbitals that combine to give symmetry 
orbitals for the C4v group; they will be denoted by |(s)oc, A, a ,) . The A corresponds to the 
irreducible representation of C4v, a, to the particular state in that representaron, s = a, n  
mdicates the type of orbital, and a is a number that identifies the different orbitals with the 
same s, A and a,; a is omitted when unnecessary. The same notation will be used for the 
Mo atomic orbitals but using s = d for the 4d orbitals and A, a, refer to the irreducible 
representations of Oh. We use adequate valúes for all the undefined phases of the symmetry 
orbitals; unless otherwise stated, the symbols and transformation properties used for the 
irreducible representations are those given by Griffith (1961).

From the atomic orbitals considered, twenty-seven molecular orbitals are obtained: the 
seventeen orbitals used in previous theories (Gray and Haré 1962) plus those obtained 
from the extra two tt orbitals for each of the five chlorme atoms. Correspondingly, there 
are twenty extra electrons, and we assume that eighteen of them are m the five non- 
bonding A j, A2, Bx, E orbitals and in the two pairs of weakly bonding E orbitals. The 
other new orbital is |(7r)B2b2> and it mixes with the Mo orbital of the same symmetry; 
the remaimng two extra electrons are m the bonding orbital of this symmetry, and the 
magnetic electrón is in an antibondmg orbital, instead of being in a non-bonding orbital as 
in the previous theory (Gray and Haré 1962).

Of the ten extra orbitals, only |(7r)B2b2> appears in the calculation of ¿'y, and the two 
pairs of weakly bonding E orbitals [(7r)2Ea> and |(7r)3Ea) (with a = x, y) m that of g ±. 
The ligand symmetry orbitals K ^B jb j) and |(7r)lEa) are essentially the same as those with 
the same symmetry used m the paper by Gray and Haré (1962).

For the molecular orbitals, the notation |aAa,> will be u s e d ; the meaning of A, a, and a 
is the same as for the ligand symmetry orbitals. The notation j aAa,)  must not be confused 
with ](s)aAa¡ )  used for symmetry orbitals of the ligands and atomic orbitals of the central 
ion. The following molecular orbitals are necessary for this calculation:

jaB jb i) = A t|(d)Ege> + A ,'|(a)B1b1> (2.1)
|aB2b2> = ig (d )T 2gO> + ¿ V N B 2b2> (2.2)
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where |(d)T2*0> = í|(d)T2í£> (Griffith 1961) and a = 1, 2;

|ocEx> = í{Ca|(d)T2rf> + CB'|(w)lEx>
+ Ck"|(t7)2Ex> + Ca"'|(77)3Ex>} (2.3)

where a = 1, 2, 3, 4. For the case of |aEy> the atomic orbital |(d)T2g£> appears instead of 
|(d)T2g?¡> and |(7r)aEy) instead of |(7r)aEx).

In §4 we shall disregard the contribution of |(7r)2Ea> and ¡(w)3Ea) to g  by taking 
Ca" = C ” = Oand usingonly a = 1, 2 for the molecular orbitals ¡aEa). The coefficients 
of these two molecular orbitals, and also those of the orbitals defined in (2.1) and (2.2), will 
be taken in such a way that a = 1 is the bonding orbital and a = 2 ís the antibondmg orbital.

3. The spin-Hamiltonian parameters
In previous theories the only states mixed by the spin-orbit interaction into the un­

perturbed ground states were those obtained by promoting the magnetic electrón (m the 
antibonding b2 State according to the present description) into molecular orbitals of higher 
energy, which are essentially localized in the central ion. In the present theory we also 
include the excited states obtained by promoting a non-magnetic electrón (in a molecular 
orbital of less energy than the magnetic one) to a vacant molecular orbital of the unperturbed 
ground State. Not all of these excited states contribute to the g  valúes, but only those 
obtained from the unperturbed ground state by promoting a non-magnetic electrón into 
the antibonding b2 molecular orbital half occupied by the magnetic electrón, i.e. filling this 
molecular orbital. The proof of this property is based on group theory; it is rather long but 
straightforward, and only approximately valid as discussed in § 1.

The expressions for and £ ± have been calculated by neglecting the matrix elements of 
the orbital angular momentum between two atomic orbitals centred around different 
ligands, and using the techniques of Stevens (1953) for all other cases:

-2 -002  = |  X a[F2*{Da + Da'S) + {F2y { D J l *  + \Da'T{-m)}\ (3.1)
a = l

g± + 2-002 =  2 \/2{%  Í iFa{¿v(ca+cyn0+ i_ c a'n - ic 8»n)

where

and

+ (Fa') * ( c 8n * + I _ C 8') J  (3.2)

5 =  <(d)Ege|((7)B1b 1>

n =  <(d)T2g0|(7r)B2b2 > (3.3)

n0 = <(d)T2* ) l E x >

T(m) = m — {|(1 — m2)}1 12 R Í  r2R3p{r)R3s '(r) dr. (3.4)
J n

In this formula R is the Mo-Cl distance, R 3p{r) is the radial function for the chlonne 3p 
state and R as'(r) the radial denvative of the radial function for the 3s state of the same atom.

To calcúlate the coefficients Xa, Ya, only the matrix elements of the spin-orbit inter­
action between pairs of atomic orbitals centred around the same ion have been considered, 
and the corresponding free-ion valúes have been used (Misetich and Buch 1964). The 
result obtained was v /yv£d-;y(¿v)*Mp „

=  ---------------------- — ---------------------  {i.3)

Y = -  q / V ^ ^ + ^ C Y T C p  (3 6)
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In these formulae £d is the spin-orbit parameter of the free molybdenum ion, and £p that 
of the free chlorine ion, both for adequately chosen ionic charges. The parameters 82' 
and S2 are negative; they are minus the energy necessary to promote the electrón in the 
orbital |2B2b2> from the ground state to the orbitals ^ B jb j)  and |2Ex> respectively. For 
all the other cases, 8/ and Sa are positive, and equal to the energy necessary to promote the 
electrón in the orbitals | Í B ^  )  and | aEx) respectively from the ground state to the empty 
|2B2b2)  orbital. All the S’s with positive sign appear in the contribution due to the 
charge-transfer excited states introduced m this theory.

The hyperfine parameters A and B  were easily obtamed from the nuclear Hamiltonian 
(Abragam and Pryce 1951 a); the quadrupole interaction was not considered, since the 
quadrupole moments of 95Mo and 97Mo have not been observed and they are presumably 
small.

When only the contribution of matrix elements between pairs of states of the central 
ion is considered, the following expressions are obtained:

A = p j -  * - F J f - K  + ix { z F f  |  DaX a-  Í  Ca7 a)J (3.7)

B = p { -  2-F 2F2* + K  + % ( ^ F 2* ¿  Cay a)J (3.8)

where P  = 2y/?/3N<r~3> and K  comes from the Fermi contact term in the nuclear Hamil­
tonian. As usual r  is the distance from the magnetic electrón to the central ion, j8 the 
Bohr magneton, j8n the nuclear magneton and y the nuclear gyromagnetic factor.

It can be seen from (3.7) and (3.8) that, when covalency is present, the contribution of 
the terms r~3L and r " 3S of the nuclear Hamiltonian is not proportional to g lL) or g <;s) as is 
the case when the one-electron states are the product of a radial function times a functíon of 
the angle (Abragam and Pryce 1951 b).

4. Comparison with the experimental valúes
Formulae (3.1) and (3.2) give and ^  as a function of several parameters: (i) the 

energies Sa and Sa' and the spin-orbit parameters £d and (ii) Ce , Da, Fa introduced in
(2.1), (2.2) and (2.3), and (iii) the overlap integráis S, II and IT0 defined in (3.3) and T( — m) 
defined in (3.4). Of the energies S8, Sa' the valúes S1 = 26 700 cm-1, S2 = — 13 800 cm-1 
and 82 -  — 23 000 cm-1 are known (Gray and Haré 1962); as the valúes of Sa and S4 
will not be necessary (cf. below), only 8/ remains unknown. The results are not too sensi- 
tive to £p (the spin-orbit parameter for the chlorine 3p electrón), and the valué 
fp = 550 cm-1 (Blume and Watson 1963) will be used w'ithout further corrections; the 
valúes of the molybdenum spin-orbit parameter £d for a 4d electrón are also known for 
several degrees of íomzation (Griffith 1961), and an ionic charge consistent with all the 
other parameters will be used to determine £a.

The coefficients Ca, Da, Fa are unknown and a rather long calculation (as the one per- 
formed by Ballhausen and Gray (1962) for the vanadyl ion) would be necessary to obtain 
them independentiy. The perturbation method used in this work requires all the molecular 
orbitals used to be orthonormal, and this restriction reduces the number of undetermmed 
coefficients: it is enough to know D2 and F2 to obtam all the other Da and Fa respectively. 
From the sixteen coefficients Ca only four independent ones are left when the ortho- 
normahty conditions are used, but the energies S3 and S4 are also unknown. Although the 
four orbitals m (2.3) contribute to g  x, it was possible to obtain good agreement with the 
experimental valúes by taking only the contribution of the twro molecular orbitals in (2.3) 
with a = 1, 2 and also taking CK" = C "  = 0: this is equivalent to disregarding the two 
sets of symmetry orbitals ¡(7T)2Ea> and |(7r)3Ea) throughout the calculation. This pro- 
cedure was adopted for simphcity, and because one could not obtain more information by 
keeping the contribution of these states; small changes in Ca and CV would compénsate 
for the effect of Ca" and Ctt". As a consequence of this approximation, the valúes of 
S3 and S4 are not required, and the knowledge of C2 is enough to obtain all the necessary Ca.
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To calcúlate the valúes of S, II and II0, we used tables of overlap integráis (Jaffe and 
Doak 1953, Jaffe 1953) and one-electron wave functions available in the hterature. For 
oxygen, the radial functions were in the required form (Ballhausen and Gray 1962), but 
for molybdenum (Roothaan and Synek 1964) and chlorine (Bagus 1965) we had to express 
them in terms of the Slater functions appeanng in the tables available to us. If we use 
2-0 Á for the M o-0  distance and 2-3 Á for the Mo-Cl distance (Gray and Haré 1962) and 
assume sp hybndization for the cr orbitals (i.e. m = thevaluesS = 0-360, II = 0-378,
n 0 = 0-129 were obtained.

The valué —0-3732¡ a a was calculated for the integral in (3.4) usmg the ‘less accurate 
wave functions’ given by Bagus (1964) (a0 is the Bohr radius). Taking m = 1/V2, the 
valué T{-\¡\/2)  = -0-0449 was obtained.

After all the above assumptions, five unknown parameters are left: 8/, £a, D2, F2 and 
C2 in the two relations (3.1) and (3.2); the experimental £ valúes are known: g  ̂ = 1-972 
and g x — 1'942 (Abraham et al. 1966). As too many degrees of freedom are left, the 
following restrictions on the parameters will be imposed.

(i) The quantities D2(D2 + SD2 ), F2(F2 + Y1F2') and CZ(C2+ T10C2') are larger than 
0-5. These quantities are respectively the ‘pardal gross populations’ for the orbitals 
^ B ib j) , |2B2b2)  and |2Ea> in the central atom (Mulliken 1955) and measure the proba- 
bility of finding an electrón in that atom when it is in the corresponding molecular orbital.

(íi) The valué of £d corresponds to an electronic charge of the molybdenum ion equal to 
the ‘total net atomic populations’, i.e. we assume that the ‘overlap populations’ (Mulliken 
1955) do not affect the valué of f a, because most of their contributions are due to charges 
located far from the atomic nucleus. As there are many c bonding orbitals that do not 
contribute to the g  valúes, it will be assumed that they all give the same contributions 
as [IBib-t)  to the ‘net atomic populations’.

(iii) The valué of 3/ is larger than |82'| and its probable valué about 40 000 cm"1. 
With the two relations for ¿'n andgx and the restriction (ii) on the valué of £d, only two 

independent parameters are left: for example §•/ and D2. In figure 1, the full lines represent

Figure 1.

the valué of C2 as a function of D2 for a constant valué of S/ (given at the bottom left of each 
curve); the broken lines give C2 as a function of D2 for a constant valué of F2 (given at the 
bottom right of each curve).

Valúes of the coefficients D2, F 2, C2 greater than one are due to the non-orthogonality 
of the atomic wave functions, their máximum valúes being respectively 1-0719, 1-0802 
and 1-0084.

For D2 < 0-9 the valué of D2(D2 + SD2 ) is smaller than 0-53 and does not satisfy the 
condition (i); on the other hand, the valué D2 = 1-0719 is not reached for all §■/ because 
it is not possible to satisfy condition (ii) beyond a certain D2 for each §/. The valúes of 
D2 are therefore restricted to a small mterval and consequently the valúes of are also 
restricted. In figure 2 the valúes of £a are given as a function of D2 for given valúes of



8X', and they fall between 600 cm '1 and 800 c m '1; the dependence with S/ for constant 
D2 is rather weak in the región of interest.

Because of all the approximations made to derive the curves drawn in figures 1 and 2, 
they have only a qualitative valué, but they show that ít is possible to fit the measured
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Di
Figure 2.

g n and g  x using perfectly reasonable valúes for all the parameters appearing in formulae
(3.1) and (3.2). The situation is different in previous theones: we considered the formulae 
denved by Kivelson and Lee (1964) for the vanadyl ion, because they can be applied in the 
present case and are more elabórate than those of Haré et al. (1962). Our formulae for 
£h and g ± coincide with those given by Kivelson and Lee (1964) when only the term 
a = 2 is left in the two summations of (3.1) and (3.2). Usmg the same valúes for 5, II, II0 
and T( — m) as in figures 1 and 2, it was not possible to find valúes of D2, C2 and F2 such 
that they give the experimental valúes of g¡¡ and g x and also satisfy condition (i).

From the valúes of A and B  (81 G and 39 G, respectively, as given by Abraham et al. 
(1966)) one cannot obtain extra Information about the unknowns in (3.1) and (3.2) because 
two extra parameters appear in (3.7) and (3.8): they are P  = 2y¡3fiN(r~3)  and K (related to 
the Fermi contact term).

Assuming valúes for 8/ and F2, one obtams D2, C2 and £d, from figures 1 and 2, and by 
substitution in (3.7) and (3.8), the valúes of P  and P K  are given as a function of A and B. 
As an example, for the valúes corresponding to the vertex determined by 8/ = 30 000 cm-1 
and F2 = 1 -0802 in figure 2

P =  -0-009 02(A+B). (4.1)

The signs of A and B  are not known, but the valué y  — -  0-3746 is given in the table of 
Strominger et al. (1958), and by substitution into the definition of P, it follows that 
Pjhc  = —0-001 192 cm"1 x a c3(r~3) ;  therefore, A is positive. It is not possible from the 
measurements available (Abraham et al. 1966) to give B  a sign, and the two possibilities 
must be considered. From (4.1) the valúes of <r~3) a 03 are derived: 7-57 for B  positive 
and 3-14 for B  negative. To decide between the two possibilities the method of Elliot 
and Stevens (1953, formula (3.2)) was used, and the valué 6-30 was obtained. In the 
transuranic series this method gives valúes of <r~3)/£ larger than those obtained with a 
more exact method (Foglio and Pryce 1962); on the assumption that the same is true for the 
4d group, the valué <r-3 > = 3-14 a 0~3 must be chosen (for 8/ = 30 000 cm-1 and 
F2 = 1-0802).

The valué calculated for 8/ = 50 000 cm-1 and F2 = 0-94 is ( r  3> = 3-96«0 3 and 
those obtained for the other two vertices in figure 2 are between the two valúes given; 
therefore, the quantity (r~3) a 03 is in the neighbourhood of 3-5 and probably between 
3 and 4.
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5. Summary and conclusions
The formulae that give the g  valúes and hyperfine structure constants for complexes 

similar to [CI5OMo]2~ with C4v symmetry have been derived. The molecular orbitals 
used here are practically the same as those used by Kivelson and Lee (1964) in a similar 
calculation for the vanadyl ion, but the contribution of excited states that are not usually 
considered in such theones has been included. These states are obtained by promoting 
an electrón from one of the occupied bonding orbitals of the ground state mto the b2 
molecular orbital that is half occupied by the magnetic electrón in that state. Under 
approximations discussed in the text, it can be shown by the use of group theory that all 
the other charge-transfer states do not contribute to the g  valúes.

Taking the distance 2 Á for the M o -0  bond and 2-3 Á for the Cl-Mo bond (Gray and 
Haré 1962) and using one-electron wave functions obtained from the hterature, the relevant 
overlap integráis have been calculated. With those valúes it can be shown that it is possible 
to fit the measured valúes of the complex using reasonable valúes for all the unknown 
parameters. Using restrictions given in § 4 on the valúes of these parameters, it is possible to 
express them as a function of only two independent ones, and a plot of these relations is 
given in figures 1 and 2. In these figures it is shown that the valúes of £d and those of the 
coefficients D2, Fz and C2 are restricted to a rather limited range.

It was not possible to fit the measured g  valúes into the formulae obtained by neglecting 
the contribution of the charge-transfer excited states in (3.1) and (3.2) (this procedure gives 
the formulae of Kivelson and Lee (1964)) when the same valúes of the relevant overlap 
integráis as before were used.

It can be concluded that the contribution to the g  valúes of the charge-transfer states 
mentioned above is important for [Cl5OMo]2_, and is sufficient to explam the measured 
g  valúes of that complex.

The only extra information given by the hyperfine structure constants A and B  concerns 
the two parameters P  and K  that appear in (3.7) and (3.8). Two valúes of <r~3)  can be 
obtained from each P,  according to the sign selected for B. Comparison with the valúes of 
</~3> obtained by using the method of Elhot and Stevens (1953, formula (3.2)) indicates 
that B  is negative for the wave functions used in the present paper; it is easy to show that 
A is positive. For £  negative the valué of <r~3>a03 is around 3-5 and, because of the 
limited range of variation of the unknown parameters, it is presumably between 3 and 4.
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