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A graphical m ethod is described by  m eans of w hich i t  is procedures would be valid  in  th e  para-ax ia l (Gauss) 
possible to  design quadrupole lenses once locations of approx im ation , when applied to  electrón op tical devices of 
ob ject and im age are given. I t  is shown th a t  sim ilar any kind.

1. Introduction
Strong focusing1) of ion and electrón beams 

has become widely used in many laboratories. 
A common assembly is tha t composed of two 
quadrupoles. Although this system is intrinsi- 
cally astigmatic, so are generally the “objects” 
and the over-all result is a real, well defined image.

Different authors2-4) have treated the problem 
of designing strong focusing magnets, i.e. the 
problem of asigning currents and dimensions to 
both quadrupoles once the object position and 
the required location of the image are known. It 
seems worth while, however, to work out a 
method with a minimum of simplifying assump- 
tions on the geometrical and electrical para- 
meters. These parameters are: k 1 and k2, ñeld 
gradients in each quadrupole; d 1 and d2, 
thickness of each quadrupole, and L, distance 
between both quadrupoles. In this paper we
are going to assume that —
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As a
m atter of fact, this only reñeets t  he way in which 
quadrupole lenses are generally constructed.

2. Optical Analogy of Quadrupole Lenses
Magnetic and electric quadrupoles behave as 

lenses convergent in one plañe and divergent in 
another perpendicular to the first one. This 
effect can be best described by the well known 
m atrix relations:

for the convergent plañe, and

for the divergent plañe.
In eqs. (1) and (2) x b and xa refer to the 

distance of the particle from the 2 axis (optical 
axis of the quadrupole) before entrance to and 
after exit from the quadrupole field, %b =  
(dx/dz)b, co2 =  /e/BR in the magnetic case and 
co2 =  k /2 T  in the electric case; here BR stands 
for the magnetic rigidity of the particle and T 
for its kinetic energy. Similarly, for a field-free 
región of length L :
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The preceding equations apply in the para- 

axial approximation to square shaped ñelds, 
which obviously do not represent the real case. 
However, it has been pointed outB) tha t 
calculations with the more realistic “bell” 
shaped ñelds give results tha t differ from those 
obtained with the previous equations in quan- 
tities of the order of 1%.

Let us consider now the usual two quadrupole 
lens. We have a CD plañe (first convergent and
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then divergent) and a DC plañe (first divergent 
and then convergent). The corresponding ma­
trices are obtained by multiplication of those 
appearing in eqs. (1), (2) and (3) in the same 
order as the particle actually "sees” the respec­
tive fields. We cali oj1 and co2 the “strengths” 
of the ñrst and second quadrupoles, respectively. 
The mean strength is defined as

CO =  (COI £02)^ (4)
and the asymmetry param eter as

y  =  —  =  — . (5)
CO coz

If we further take the quadrupole thickness d 
as unit of length, we have for the matrix 
elements
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(DC plañe). Inspection shows immediately the 
following relations to hold
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We are thus left with three independent 
relations, from where in principie the three 
im portant parameters 00, y  and L  could be 
solved. This appears as an impossible task from 
the analytical point of view. We are then going 
to look for a graphical method, based on the 
following well known optical relations:
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Eqs. (10a) to (lOd) are valid for the CD plañe; 
the corresponding equations for the DC plañe 
are obtained just replacing the M’s by the N ’s. 
The meaning of the distances p 0, pi  and f ,  and 

(7a) ordinates zv  z2, zno and zni is shown in the 
optical construction of fig. 1; n 0 and m  refer to 
the object and image principal planes. I t  is easy 
to see from fig. 1 and eqs. (10) tha t

M.22 --- 1
So — Po

Si p l  ■

M 21 
Mu — 1 

M 21

for the CD plañe and

S ' o  =  P ' o
N 22 ■ 1

Si

N21
N n — l

for the DC plañe.
N 2i

( l i a )

(11b)

(12a)

(12b)



Ca)

(b)

Fig. 1. O ptical construction  th a t  re la tes ob ject and im age; (a) CD plañe, (b) DC plañe.

F ig. 2. E xam ple of g raph ical m ethod  for y  =  0.94, L  =  2.



3. Trial-and-Error Graphical Method
The whole preceding discussion is condensed 

in fig. 2, drawn for the particular valué L  =  2. 
In the first quadrant we have the geometrical 
construction resulting from (lOd): if O A and 
OB stand for p 0 and pi, (lOd) implies th a t A, 
B and C must be aligned. The second quadrant 
contains the curves corresponding to

Mu(y) — 1 ^22 ( y ) 1
mi[y) N*C~)

as functions of m, for three different valúes of 
the param eter y: y  =  0.94, y  =  1.0 and y  =  
1/0.94 =  1.0638. As (10b) and (10c) show, the 
ordinates are the distances (in units of d) 

— zn\ {y) for the CD plañe and z 'n0 (1 ¡y) — z 1 
for the DC plañe.

In the th ird  and fourth quadrants the down- 
ward vertical axis is used for abscissae, m. In 
the th ird  quadrant the functions

_  M 2z{y) — 1 _  _  N n  (  y  )  ~  1

|> i— Zno{y) in the CD plañe, z 'ni (1 /y) -—- 
in the DC plañe] are plotted. We finally have 
the focal distance

1 1

plotted against w for the same aforementioned 
valúes of y  in the fourth quadrant.

Suppose now we are given the valúes of s0, 
si, s '0, s'i (in units of d ; generally =  s'i, 
because anastigmatic images are sought). We 
then choose an arbitrary valué of a> (a good rule 
of thumb is th a t the horizontal distance through 
w between corresponding curves in the third and 
fourth quadrants be less than s0) and y  =  1. 
Fig. 2 shows how to determine points A, B and 
C and correspondingly si, which of course will 
not generally coincide with th a t previously given; 
but information is obtained from the graph 
about where to look for a more accurate valué

of (o, which after two or three more triáis is 
finally found. Repeating the same process for 
the DC plañe (in this case s \  [s'0] is read in the 
same axis as previously s0 [si]). Attainment of 
a different valué of co shows the need of y  #  1. 
The same trial-and-error process must be 
accomplished with y  #  1, taking now into 
account th a t because of eqs. (8), when y  curves 
are used for the CD plañe, 1 ¡y curves are 
required for the DC plañe. Of course, curves for 
other valúes of y  and graphs for other valúes of 
L  could be drawn, thus covering all possibilities.

4. Discussion and Final Remarks
The method just outlined allows the deter- 

mination of the required parameters with far 
greater accuracy than th a t either implied by 
the approximations used or needed for the 
mechanical and electrical design of quadrupole 
lenses. Final adjustments are to be done 
experimentally6). The trial and error process is 
not very long (after some practice an hour is 
enough), but it requires long and tedious 
calculations for the plotting of curves. Fortu- 
nately, as a rough guide one graph as the one 
shown here suffices.

The whole discussion in this paper applies 
equally well to magnetic and electric quadru- 
poles. Moreover, it can be shown7) tha t the 
m atrix formulation is generally valid for 
electrón or ion optical instruments in the 
paraaxial approximation. Eqs. (10), (11) and 
(12) are then also valid, and so is the whole 
procedure described on the basis of these 
equations; naturally, different curves would 
appear in each case as a result of the different 
dependence of the matrix elements on the 
fundamental parameters.
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