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The regularization factor technique is considered as a summation method for divergent,
oscillating and slowly convergent partial wave expansions of the non-forward scattering
amplitude for long range central potentials. Its convergence properties are studied and its
efficiency is compared with that of the Punctual Padé approximant method in the cases
of the Kratzer and Lennard-Jones potentials.

I. Introduction

A usual method for the calculation of differential
cross-sections is that based on the partial wave ex-
pansion of the scattering amplitude (PWESA). For
two body potential scattering, and if we restrict our-
selves to spherically symmetric interactions, this se-
ries is given by

fO)=Y a,P,(cost) (1.1)
=0

where the {a,} are the partial wave amplitudes and
the {P,} are the Legendre polynomials. The number
of terms in (1.1) which contribute significally to the
series can be estimated by the semiclassical relation.
N, axNkrO

m.

where r, is the effective range of the potential. Thus,
the method is of great value when relatively low
values of r,, of the energy, and of the reduced mass of
the system, are involved. Otherwise, the convergence
of the PWESA is slow and a considerable number of
partial wave amplitudes, and hence of phaseshifts,
must be calculated in order to obtain accurate values
for the scattering amplitude. Typical of these sit-
uations are atomic and molecular collision pro-
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cesses, where long range interactions are present, and
nuclear systems described by short range potentials,
in the intermediate energy region. In the former case,
the convergence of the PWESA is, in principle, re-
stricted to the physical interval —1=cosf<1.
Anomalous situations exist, however, for which the
scattering amplitude has finite meaningful values,
while its calculation is impossible by means of its
PWESA. Such is the case when the dominant long
range component of the potential is of the Coulom-
bian or the inverse square type, which involve diver-
gent (in the non-forward directions), and oscillating
(in the backward direction) PWESA’s respectively.
An interesting global approach can be proposed in
order to deal with this type of problems. This idea
consists in keeping the original PWESA, which is
assumed to contain in its terms all the physical
information required to solve the scattering problem,
independently of its convergence properties, and to
seek efficient mathematical methods capable of re-
suming that information.

Several such methods exist within the framework of
Padé-type rational approximations, and some of
them have been proposed for that purpose [1-4]. Of
particular interest is the Punctual Padé Approximant
(PPA) approach [2] which has the advantage, from
the numerical point of view, of counting on algo-
rithms which allow for the recurrent calculation of the
successive approximations. Furthermore, the formal
convergence properties of the PPA are quite well
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known [2, 3] for this type of applications, while their
practical significance has been shown in typical ex-
amples of those situations where such a method for the
summation of the PWESA is required [4].

Some years ago, the regularization factor (RF)
method was proposed [5] in order to summate the
divergent PWESA associated to Coulombian long
range forces. In spite of its mathematical simplicity
and the satisfactory results found in the particular
application for which it was used, no attempt seems
to have been done to extend its use to other cases
where a convergence acceleration technique for the
PWESA may be of value.

In this paper we prove the convergence of the se-
quences of approximations defined through the RF
method and obtain asymptotic estimates for their
errors. The proofs include all the long range poten-
tials of interest in potential scattering, and are re-
stricted to 0>0, cases for which the method is ca-
pable of being applied. A numerical comparison is
then made between the PPA and RF methods, when
summating the non-forward PWESA corresponding
to the Kratzer and Lennard-Jones potentials.

In Sect. 2 the asymptotic properties of the sequence
of partial wave sums of the non-forward PWESA,
corresponding to long range potentials, are recalled
and discussed, those of the sequences defined through
the RF method are proven, and the PPA method and
the relevant formal results regarding its convergence
are briefly reviewed; Section 3 deals with the numeri-
cal applications, and the final discussion of the results
is presented in Sect. 4.

2. Summation of the Non-Forward PWESA
for Long Range Potentials

Let us consider potentials with the long range be-
haviour

V(r) ~ Vor=—=—2

r— 0

x> 1, (2.1)

where V, is a constant and a an integer. Here, usual
interactions present in atomic and molecular col-
lision processes are included, i.e., Coulombian (x=
—1), charge-dipole (x=0), induced polarization (x
=2), and Van der Waals (x=4). The asymptotic
behaviour of the corresponding partial wave ampli-
tudes for /— oo depends only on the long range tail
(2.1) of the potential, and can be found in the form*

* Throughout this paper, we shall say that sequence {4,} tends
asymptotically to sequence {B,}, ie., 4,,~B,, if given any small
positive quantity & an integer m, can be found such that |4,
—B,l|/IA,l<¢& for m=zm,

J
a, ~ Y B+ o[, 2.2)
-0 j=1
where the parameters {B;} and [f,] are dependent on
V, and «, and are defined, for relevant values of J, in
Appendix L.

a) The Sequence of Partial Sums of the PWESA

By using (2.2} and well known properties of Legendre
polynomials, the asymptotic behaviour of the se-
quence of partial wave sums

m

S,(0)=Y a,P,(cos b) (2.3)

£=0

can also be obtained for §>0. It can be shown that

[3]

f(O)+ B, A(0)(m+3)"*sinA,,(0),
(0<0<n), (24a)
Sm(g) ~ (_ l)m J
S Y B,
(B=m), (2.4b)
where

1
2

A()= — <2nsin9 sinzg)
and

Am(9)=(m+1)0——§.

By inspection of (2.4) it can be readily seen that S, ()
is divergent for all >0 if = —1, and oscillatory for
0=7n and «=0, which correspond, respectively, to
potentials having long range behaviour of the type
(1/ry and (1/r?), and convergent otherwise for §>0
and «=0. The non-forward scattering amplitude is
well defined, however, even for these anomalous
cases, although its calculation is not possible by using
3,,(0) in the traditional way.

b) The Regularizing Factor Method

Let us consider 8>0, and introduce the regularizing
factor (1 —cos ) in order to define, for n20*

* By the symbol = we indicate that nothing is assumed with
regards to the convergence of the expansion, which is nevertheless
uniquely determined by the function involved
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S(0)=(1—cos 6y ()

=Y aP,(cosb), (2.5)
=0

where fO(0)= f(0), a”=aqa,, and the a{® satisfy, for
n=1, the following recurrence relation [5]

n n— /+1 n— / n—
=g ar -l a 09

with a7 V=0.
In Appendix II we study the convergence properties
of the sequences

m

Z P, (cos 0)

SW(0) =

with af” having an asymptotic representation of the
type (2.2). As a particular consequence of our proofs
it follows that a sequence of approximations to f(0)
can be constructed defined by

SP(0)=(1—cos )" S;2(0), (2.7)

and having the asymptotic behaviour:

SO+ A7) CP(m+ 32
-sind(8), ((O<0<mn), (2.8a)
SO ~
m—» o f(n)+(2ni)1> C(n)( )/31~2n’
(0=m), (2.8b)
with
A(")(Q] =(1—cos )~ "A(0),
C(ln):(— 1)"27"B, (B, — 1)2(ﬁ1 _3)2~-(B1 —2n—1)%,

for n>1, and C”=B,.

By comparison of (2.8) and (2.4) it is seen that £ for
n>0, has a greater asymptotic rate of convergence
than that of the original sequence S, =f.%, when
convergent. Moreover, that rate is seen to increase
rapidly with n by a factor of the order of (1/m)*". In
particular, (2.8) also show that f™(6) converges for
all 6>0 and n>=1, even for the patological cases
mentioned above, for which S, is divergent or oscil-
lating, while f(6) has finite meaningful values.

¢) The Punctual Padé Approximant Method

Associated to the PWESA given by (1.1) we can
define the power series

F(0,z2)= i a,P,(cos)z’, (2.9)
=0

and the Padé approximant (PA) [8] to F(4,z),
[N, M]pg..) as

Fotriz+ ... +ryz™
l+qgz+...+qyz""°

[N:: M]F(a,z):

satisfying the requirement:

[N, M1y, — F(O, =GV,

Then, the Punctual Padé Approximant (PPA) [2] to
Sf(0), [N, M1, is defined as the [N, M]zq ., (PA) to
F(0,z), calculated at z=1. In this way, a doubly
infinite array of rational approximations to f(0) are
introduced, the so called PPA table.

The convergence of the row sequences of this table,
ie, sequences [n,n+m],, with fixed n, has been
studied in recent papers [2-4, 16]. For potentials
satisfying (2.1), and for the non-forward scattering
directions, it has been shown that [3]

[n,n+m], g ~ f(0)

m— AL

)Z(ZanHLl

L AO)B,in 0" V(B 1y N1 (sin Ay,

H

2n
22(n—N) (smg) (m+%)2N—Bl+%

(O<b<m; sind,, ., +0), (2.10a)
[n,n+m]ﬂm ~ f(T[)

B (-1 " al{B,1,

212H1(m+%)2n7‘m ,  a=%0, (2.10b)
+

B, By (— 1)y, (n+1)!

i __1 wﬂ :O

5 (= 1"y o ST g T 2T (2 100)
where [f,1,=(f,—1)...(8;—n+1) and y,=(n—-1)!

fornz1, [f1o=7,=1 and N =n/2 (for even n) or N
=(n—1)/2 (for odd n).

Comparing now the convergence propertics of the
non-trivial row sequences of the table (n>0) relative
to those of the first ([0,m],=S,(0)), it is seen that
they converge to the right values when m-» o0 in all
cases for which the PWESA is convergent, while their
corresponding rates of convergence increase with n
by factors of order (1/m)" (0<6<mn, «>0) and (1/m)>"
(0=m, a=1). Furthermore, they are also seen to be
convergent when the PWESA is anomalous, i.e., for
0<f<m and a=—1 (for n22), and for 8=n and «
=0 (for n=1). Thus, the PPA method is also capable
of regularizing the PWESA in those cases.

3. Numerical Examples

In the preceding section we have dealt with the
asymptotic convergence properties of the RF and
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PPA methods, when used for the summation of the
PWESA corresponding to long range potentials. We
shall now compare their practical significance in two
examples where the calculation of the non-forward
scattering amplitude is troublesome when based on
its PWESA.

They are, the scattering by the Kratzer, and by the
Lennard-Jones potentials, which give simple models
of those interactions typically involved in the calcu-
lation of collision processes between ions, and be-
tween molecules, respectively. In both cases, we have
studied the relative error ¢ of the approximations, as
a function of the number of partial waves (NPW)
involved, when calculating | f(6)|%, for different values
of the scattering angle 6§>0. We display, in partic-
ular, our results for 0 =n/4 and 0=gr, representatives
of intermediate and large values of 6, respectively.
The reference “exact” values fR(6) for f(6) were
calculated as indicated in each case below, and we
have taken ¢ to be given by

e4= l FACIEIVRCIE [/|fR(0)|2

for the particular approximation 4, which will be the
resultant of using, alternatively, the RF, the PPA, or
the traditional partial wave sums method. For the
sake of comparison of the numerical results with
those predicted by the formal asymptotic estimates,
let us note that for relatively large values of NPW, ¢,
is essentially given by

IRefR(f))l
/= (0)

Since the contribution of the error of Im f,(6) is
negligible as compared to that of Ref,(6), asymptoti-
cally.

(3.1a)

g,~2 - BRef, (6)— Refg(0). (3.1b)

a) Scattering by the Kratzer Potential

This potential played a rather large role in the early
days of Quantum Mechanics, when investigating the
rotation-vibration spectrum of diatomic molecules
[10]. We shall here interpret it as describing the
interaction between two ions, each of electrical
charge e.

The Kratzer potential is given by the expression:

1
V(r)=—2D (‘r’ 5 “2) (D, a>0) (3.2)
having a minimum for r=a, with V(a)= —D.

Let us consider the potential expressed in the follow-
ing way:

n? 2& A

2 (£+~) (E<0, 1>0) (3.3)

r2

V()=

where u is the reduced mass of the system. Then, the
non-forward PWESA is given by [10]:

0)= i (26 4+ 1) exp(2id,) P.(cos 6)/(2ik) 3.4
£=0
with
o,=n,—(L—=0)m/2,
ne=argl(L+1+iy), y=¢&/k (3.5)
L=—3+Vi+(+1/2)%.

Expansion (3.4) is divergent owing to the fact that the
dominant long range component of the potential is
Coulombian, but represents nevertheless f(6). In
practical calculations, the usual procedure to over-
come this difficulty is to “substract” from f(6) the
divergent PWESA corresponding to the Coulombian
scattering amplitude f.(6). With:

J0)= =7 exp {2in, —iy
-In[(1 —cos 6)/27}/(1 — cos 0)

= i 24+ 1) exp(2in,) P,(cos 6)/(2ik), (3.6)
£=0

we may express f(6) for 0>0 in the form

FO)=f(0)+ i2[+1 yexp(2in)lexpRio,)—1]

=0

- P,(cos 0)/(2ik), (3.7

where:
a,=0,—1,. (3.8)

The calculations of the scattering amplitude cor-
responding to potentials for which Coulombian plus
a shorter range (tending to zero at least as 1/r* when
r—o0) components are involved, are made with ex-
pansion (3.7), when based on the partial wave meth-
od. The expectation is that having substracted the
divergent part of the series, the resulting one will be
rapidly convergent. This is not necessarily the case
when long range components are present, apart of the
Coulombian one. In our case, for example, this series
is slowly convergent for 0 <f <n and oscillatory for 6
=m, owing to the 1/r? part of the potential.

In the calculations that follow, the Kratzer potential
has been taken to represent the interaction between
the H* and Cl~ ions. Consequently, we have chosen
a to be the molecular radius of HCL Taking account
of the rotational spectra data for HCI [11] we have a
=1.2746 x 10~ ® cm. For large separation we have an
attractive Coulomb potential, then 2Da=e?/4ne,
and this implies D=5.6488¢V for the dissociation
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energy of HCI. By now fixing the wave vector magni-
tude k, the dimensionless parameters y and 4 may be
uniquely determined by means of the relations y=
—1/kay, and A=a/a,. Here, we have chosen k=2/qa,,
which then fixes y=—0.5 and 1=2.4086; q, is the
Bohr radius.

We have studied the calculation of f(6) for 6>0,
based on both its total (TS) and substracted (SS)
series representations, given by (3.4) and (3.7), re-
spectively, by using alternatively, the PPA and RF
methods. The efficiency of the approximation
schemes is compared to that of the traditional partial
wave sums method, measured by the corresponding
curves of ¢4, defined by (3.1a), as a function of NPW,
which are plotted in Figs. -4 for the significant cases
0=rn/4 and O=n, and for representative low order
approximants. The reference values for f(n/4) and
f(n) were calculated with 8 and 9 significant figures,
respectively, by using the first 150 partial waves with
the [4,44+m] PPA and the corresponding 4 times
iterated f!* RF approximant.

By inspection of Figs. 1-2, which correspond to cal-
culations based on the TS, the general features pre-
dicted by (2.8) and (2.10) are seen to be present. In
particular, we note the divergence of the error of the
sequence of partial wave sums of the TS, ie., of the
sequence [0,04+m]=f"=S, . In the case O=n/4
(Fig. 1) we also note that the error of the [n, n+m]
PPA diverges for n=1, while tending to zero quite
rapidly for n> 1, showing a good agreement with the
estimates of Eq. (2.10a), which improves with increas-
ing NPW, for NPW > 10, approximately:

i) the positions of the dips for the [0,0+m] and the
peaks for the [1, 1 +m] tend to coincide, as well as
the values of the relative extrema between them;

ii ) the period of the oscillations tends to be A/ =4,
and the set of positions of the relative maxima for the
errors, associated to a given even value of n, shift
correctly relative to those corresponding to other
values of n considered;

iii) the global rate of convergence or divergence
follows closely the corresponding power of (m+1)
law.

Moreover, the curves for the £ (n/4) approximants
are seen to be convergent for n>1, and the agree-
ment is also good with (2.8a) in the sense discussed
above, although the asymptotic conditions are ap-
proached for NPW > 20.

For == (Fig.2), no oscillations are present, as ex-
pected from (2.8b) and (2.10b), and all the non-trivial
approximants converge. The asymptotic convergence
pattern is approached as in the precedent case, for

— 1 1l
10 30 10 30

NPW
Fig. 1. Kratzer potential (TS), #=n/4; log,,¢, as function of
NPW; 4: [0,m]=S,,; B: [1,14+m]; C: [22+m]; D: [44+m]; F:
f(ﬂ):s . G: f(ll. H: f(Z). K: f{4)

LOG €,

NPW

Fig. 2. Kratzer potential (TS), 6 =r; captions as in Fig. |

NPW greater than 10 and 20, for the PPA and RF
methods, respectively.

In the case of the SS, displayed in Figs. 3 and 4, the
sequence of partial wave sums converges very slowly
for 6=mn/4, and oscillates for 6 =n, being these fea-
tures typical of those associated to the 1/r? com-
ponent of the potential, which dominates the con-
vergence of the SS. The same discussion above for the
TS regarding the general convergence pattern, is
proper here. Comparing with that case, however, the
PPA to the SS are seen to converge faster, while the
rate of convergence of the £ sequences turns out to
be correspondingly, similar or poorer than that for
the TS.

Finally, let us remark that according to the asymp-
totic formal predictions of Sects. 2b and c, the
natural efficiency comparison should be set between
the £ and the [2n, 2n+m] sequences for 0=mn/4,
and between the f!” and [n, n+m] sequences for 0
=m. The results of such a comparison in the case of
the Kratzer potential, indicate that the PPA method
is in general similar or better than the RF method.
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L 1 i

10 30

NPW
Fig. 3. Kratzer potential (SS), 6 =n/4; captions as in Fig. 1

b) Scattering by the Lennard-Jones Potential

The Lennard-Jones (LJ) potential gives a simple de-
scription of the interactions between neutral polariz-
able systems, and because of its mathematical sim-
plicity it has been extensively used on the grounds of
testing different approximation procedures in the cal-
culations of atomic and molecular collision processes.
It is given by the expression

Vir)=4V, [(%)12 - (%)6] (3.9)

having a minimum for r,=2%g, with V(ry)=—V,.
Aside of a normalization factor, we may parametrize
its corresponding scattering amplitude by means of
the deBoer parameter Q=27h/2uV,0%)* and the
reduced energy ¢=E/V,, where u is the reduced mass
of the particular system involved.

We are mainly interested in the range Q<0.3, where
rainbow scattering occurs [12] and where the con-
vergence of the PWESA is worst, owing to the fact
that as Q—0 the classical conditions are approached.
Morcover, the phase-shifts are well represented by
the semiclassical JWKB approximation in this range
[13] and we may use a compact expression for their
evaluation [14]. In terms of ¢, £, and reduced dimen-
sionless quantities, the latter becomes

et % xo/(x) F(x)dx
=05 J' R C el i

Xm

9, (3.10)

e—u{X)
where x=r/o, v(x)=V(x0a)/V,, x, is the reduced
classical turning point, i.e., the outermost zero of

F(x)=[1—o(x)/e—b*/x*]*

and b2=/(/+1)Q%*/(47¢) is the square of the re-
duced impact parameter. As in [4] and [12], we have
calculated the integral in (3.10) by Gauss-Melher

NPW
Fig. 4. Kratzer potential (SS), 6=; captions as in Fig. 1

quadratures, by considering the sequence

X, et 'S x (%) F(x))
0="50, j; o—vlx)
sin{jn/2n)
m 3.11)

where x;=x, /cos (jn/2n), which converges quite rap-
idly to the exact JWKB phase-shifts as n— co.

In our calculations we have fixed 2=0.1 and .=4.
These are typical values involved when seeking a fit
of the experimental rainbow oscillations of the differ-
ential cross-section for the K —Hg system, based on a
description of the interactions by means of a LJ
potential [12].

In Figs. 5 and 6 we have only plotted the maximum
envelope of relative error ¢, as function of NPW. For
the relatively large values of NPW here involved, and
following the predictions of (2.8a) and (2.10a), the
period of the oscillations for #==/4, turn out to be
too small to allow them to be displayed. Further-
more, in the case 8=r, the sequence of partial wave
sums is very slowly convergent and its corresponding
curve falls out of Fig. 6. In this case the monotonic
convergence predicted by (2.8b) and (2.10b) is at-
tained when the NPW is larger than 180. The re-
ference values were calculated with 7 significant fig-
ures, by using the first 400 partial waves, as in the
previous example.

With both methods, PPA and RF, the curves are
seen to step down rapidly in the neighbourhood of
NPW=300. Moreover, for />298 the phase-shifts
satisfy 8,<0.5 and are well represented by a simple
extension of the Massey-Mohr expression [15], &,
=A/°—B/',  with  A=24n"*/Q° and B
=1,0087!3 £°/Q'%. Hence, when the 6, attain their
asymptotic form, a few partial waves are enough for
the PPA and RF methods to resume the information
contained in the higher order ones. Thus, as noted
previously [4] for the PPA, the relevant physical



C.R. Garibotti et al.: Non Forward Scattering Amplitude for Long Range Potentials 195

L36 &,

. ]

200 300 200 300
NPW

Fig. 5. Lennard-Jones potential, §=n/4; captions as in Fig. 1

a

information used is similar to that required by semi-
classical approximation schemes. The efficiencies of
the PPA and RF methods are essentially similar in
this example.

4. Discussion

In the precedent section the practical importance of
the PPA and RF methods has been shown for the
calculation of the non-forward scattering amplitude
corresponding to long range potentials, based on
anomalous behaving or very slowly convergent
PWESA’s. Our comparative results also indicate that
the PPA method seems to be preferable of the two.
Further arguments can be given in behalf of the PPA
as a summation method for the PWESA in the
general case. In the first place, it is also useful in the
case of forward scattering calculations [2, 4], whereas
the RF method can only be applied for >0. On the
other hand, the efficiency of the approximation
schemes is quite different in the case of short range
potentials. Recently [16] the convergence proofs for
the PPA have been extended to include potentials
having the asymptotic representation.

V(r) ~ Vor=?=!exp(—pur) 4.1)
where V, is a constant, p an integer and >0, thus
including important potentials from the physical
point of view, such as the Yukawa (p =0) and Expo-
nential (p = —1). In this case, it can be shown that the
partial wave amplitudes behave asymptotically as

a, ~ B+3'q"* (4.2)

P oo

where g=exp(—a), f=—p+3

—_V T 3 k2 P
B=—22(") (Sho)~* (~
K2 (2) (Sha) (u)

LOG €,

1 i
200 300 200 300
NPW

Fig. 6. Lennard-Jones potential, 0 =n; captions as in Fig. 1

and o is a positive quantity such that Cha=1
+u?/2k* Owing to this behaviour, the PWESA con-
verges within an elliptical domain in the complex
cos § plane, the so called Lehmann ellipse, character-
ized by having focii at +1 and major axis equal to
2Cha. The same general qualitative features regard-
ing the convergence of the row sequences of the PPA
table for the case of long range potentials, were
shown to be valid also in this case, when cos@ is
within the Lehmann ellipse. They were thus shown to
be stable with respect to variations on the range of
the potential. For example, restricting ourselves to
fixed even n>0, to simplify the discussion, we have

[nn+m) =1 O
00, 0+m] =/ (O] n-

with t >2n.

Following the lines of Appendix II, we can also
extend the convergence proofs for the RF method,
for this type of applications. In particular, taking
account of (4.2) and operating as in the proof of the
Lemma, we can show that

a® ~ ———( l (g—1)*"a,. 4.4)

£— 2

Gm] (4.3)

Hence, we can expect, within the Lehmann ellipse,
and for 040,

@)= @) (=1
2O =f (O] meee 2

with £(@)=S,(0). Thus, the rate of convergence of
sequence f™(#) is, aside of a constant factor de-
pendent on #, the same as that of §,,(f) and the RF
method appears to be of no value in the case of short
range potentials. Furthermore, it is clear that because
of (4.4), the domain of convergence of the f!” se-
quences will also be restricted to within the Lehmann
ellipse. Because of the rational nature of the PPA,

(g—1)*"(1—cost)™" (4.5)
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however, we can expect them to converge in a much
larger domain, and hence be an important procedure
for the approximate analytical continuation of f(0) in
the complex cos 0 plane, starting from its PWESA.

Appendix 1

The asymptotic behaviour of the partial wave ampli-
tudes a, for /— oo depends only on the long range
tail (2.1) of the potential, and can be readily obtained

(3]

J
Y, B+ 3P+ 0[P+, (L1)

f— 0 =1
where for 20, J=2, and
B,=—Vyk* ',
Bi=—a, B,=-2a—1,
while for a=—1, J=1, and

B,=iVZk>* 1 12)2,
By=—20-2,

B,=—ifk,
ﬁ1:1+iK: B2=

I, is a numeric factor, dependent on «, defined by

—1+ik,

n/2, =0
I={(m/2)(a—1)! /!, even a>0

c—1)!/all, odd a,
and x=Vy/k.

Appendix Il

Lemma. 1f a/ has the asymptotic representation

a® ~ B(/+Y, (1L.1)

£ o
where B is a constant, and f is a complex number
different from an odd positive integer but otherwise
arbitrary, then for n>1, we have

a ~ C(f 412 (I1.2a)
£—
with
CP=(—1"27"B(B—1)*(B—3)*...(B—2n—1)~.
(I11.2b)

Proof. Let us first consider the case n=1. By using
"(IL.1) in (2.6), we have

@) ~ Bl(/+3f -

-

30 -1

A e A R e

£—

(F-1)(-2)
T

WD+

,
iy =5lerar
—(B—1)(£+L)- 2+(4ﬁ__22(£_3(/+§)ﬁ43]}

B «
=SB+
Assuming now that (IL.2) are valid for n—1, and
using them in (2.6), we prove, in the same way, that
they are valid for »n, and by induction the proof of the
Lemma follows.

Theorem. Let S?(0) be the partial sum of order m
corresponding to series (2.5) defining f™(6) for n> 1,
ie.,

S0y = Z a P,(cos ) (11.3)

and let us assume that the behaviour of the a!” are
those of the Lemma.

Then, the sequence {S™(6)} is convergent for n such
that

2n+i>Re(B), O<O<m,
2n>Re(f), O=mn (1L4)
and has the following asymptotic behaviour
S0+ A C"(m+1)P 2 sin 4, (),
(0<()<n), (IL.5a)
() ~
SO, (-1 :
f(n)( ) 2 C(n) (m + )ﬂ n
(0=mn), (ILSb)

where A(0), 4,,(6) and C™ are those previously de-
fined.

Proof. Starting from (IL.3), and assuming that se-
quence {S™(6)} is convergent, we may write

m
S(o Z a®P,(cos 0)

—fOO) - Y aBicos),

f=m+1

(11.6)

and evaluate §' asymptotically for large m, by re-
placing the terms of the series in the last equality by
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their large expression, to obtain

Sy ~ (g _‘( ‘ )i C(n)
m( )mﬂcf ©) nsin 0
S cos [0+ 0-7 ]
f=m+1
0<b<mn) (11.7a)
SO(m) ~ fOm—C™ Y (£ Y cosns
m—x f=m+1 (Il7b)

where (I1.2a) and well known properties of the Leg-
endre polynomials have been used. When conditions
(I1.4) are satisfied, the series in (IL1.7) are convergent
and may be summed up by using the Euler-McLaurin
summation formula (7) as in the proof of Lemma 3.1
of [2], and thus (IL.5) are obtained.
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