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T he reg u la riza tio n  factor techn ique is considered  as a  su m m atio n  m e th o d  for divergent, 
oscilla ting  an d  slowly convergent p a rtia l w ave expansions o f th e  non-fo rw ard  scattering  
am p litude  for long  range cen tra l po ten tia ls. Its convergence p ropertie s  a re  stud ied  an d  its 
efíiciency is com pared  w ith th a t o f the  P u n ctu a l Padé ap p ro x im an t m eth o d  in th e  cases 
o f the  K ra tz e r  an d  L en n a rd -Jo n es potentials.

I. Introduction

A usual m e th o d  for the ca lcu la tion  o f differential 
cross-sections is th a t based  on the  p a rtia l w ave ex­
p ansión  o f the sca tte ring  am p litu d e  (PW ESA ). F o r 
tw o body  po ten tia l scattering , an d  if we restric t our- 
selves to  spherically  sym m etric  in te ractions, th is se­
ries is given by

oo

m =  z  ^p,(cos A) (í.i)
e= o

w here the {a¿} a re  the p a rtia l w ave am p litudes and  
the {P,} a re  th e  L egendre po lynom ials. T he nu m b er 
o f te rm s in (1.1) w hich co n trib u te  significally to  the 
series can be estim ated  by the sem iclassical rela tion .

w here r0 is the effective range o f  the p o ten tia l. Thus, 
the  m e th o d  is o f g rea t valué w hen rela tively  low 
valúes o f  r0, o f the energy, an d  o f th e  reduced  m ass of 
the system , are  involved. O therw ise, the  convergence 
o f  the  P W E SA  is slow  an d  a considerab le  n u m b er of 
p a rtia l wave am plitudes, an d  henee o f phaseshifts, 
m ust be ca lcu la ted  in o rd er to  o b ta in  accu ra te  valúes 
for the scattering  am plitude . T ypical o f these sit- 
ua tions are a to m ic  an d  m o lecu lar collision pro-
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cesses, w here long range in te rac tio n s a re  p resent, and  
nuclea r system s described  by sh o rt range po ten tia ls, 
in the  in te rm ed ía te  energy región. In  th e  form er case, 
the convergence o f  the P W E SA  is, in  princip ie, re- 
stric ted  to  the physical in te rval — 1 ^  eos 0 ^ 1 .  
A nom alous situations exist, how ever, for w hich the 
scattering  am plitude  has fínite m eaningful valúes, 
while its ca lcu la tion  is im possib le by m eans o f its 
PW ESA . Such is the case w hen the  d o m in an t long 
range com ponen t o f the p o ten tia l is o f the C oulom - 
b ian  o r the inverse square  type, w hich involve d iver­
gen t (in the non-fo rw ard  directions), an d  oscillating  
(in the backw ard  direction) P W E S A ’s respectively.
An in teresting  global ap p ro ach  can  be p roposed  in 
o rd er to  deal w ith this type o f p roblem s. This idea 
consists in keeping the o rig ina l PW E SA , w hich is 
assum ed to  con ta in  in  its term s all the physical 
in fo rm ation  requ ired  to  solve the scattering  problem , 
independen tly  of its convergence p roperties, and  to  
seek efficient m ath em atica l m ethods capab le of re- 
sum ing th a t in form ation .
Several such m ethods exist w ith in  the fram ew ork of 
Padé-type ra tio n a l app rox im ations, an d  som e of 
them  have been p ro p o sed  for th a t p u rpose  [1 -4 ] , O f 
pa rticu la r  in te rest is the P unctua l Padé A pprox im an t 
(P P A ) ap p ro ach  [2 ] w hich has the advan tage, from  
the num erical p o in t o f view, of coun ting  on algo- 
rithm s w hich allow  for the  recu rren t ca lcu la tion  of the 
successive app rox im ations. F u rth e rm o re , the form al 
convergence p roperties o f the P P A  are  qu ite  well
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know n  [2, 3] for th is type o f app lica tions, w hile the ir 
p rac tica l significance has been  show n in typical ex- 
am ples of those  s itua tions w here such a m e th o d  for the 
su m m atio n  o f the  P W E S A  is req u ired  [4],
Som e years ago, the  re g u la riz a ro n  fac to r (R F) 
m e th o d  w as p ro p o sed  [5 ] in o rd er to  sum m ate  the 
d ivergent P W E SA  associa ted  to  C o u lo m b ian  long 
range forces. In  sp ite  o f its m a th em atica l sim plicity  
a n d  the  satisfactory  resu lts found  in  the  p a rticu la r 
ap p lica tio n  for w hich it was used, no  a tte m p t seems 
to  have been  d one  to  ex tend  its use to  o th e r  cases 
w here a convergence acce le ra tion  techn ique  for the 
P W E S A  m ay be o f valué.
In  th is p ap e r we p rove the convergence o f the  se- 
quences o f ap p ro x im atio n s  defined th ro u g h  th e  R F  
m e th o d  an d  o b ta in  asy m p to tic  estim ates for the ir 
errors. T he proofs include all the  long  range p o te n ­
tia ls  o f  in terest in p o ten tia l scattering , an d  are re- 
s tr ic ted  to  0> O , cases for w hich the  m e th o d  is ca- 
pab le  o f being  applied . A  num erical com parison  is 
th en  m ade betw een  th e  P P A  an d  R F  m ethods, w hen 
sum m ating  the non -fo rw ard  P W E SA  co rrespond ing  
to  the  K ra tz e r  an d  L en n ard -Jo n es po ten tia ls.
In  Sect. 2 the  asym pto tic  p ro p ertie s  o f the sequence 
of p a rtia l w ave sum s o f the  n o n -fo rw ard  PW E SA , 
co rrespond ing  to  long  range po ten tia ls , a re  recalled 
an d  discussed, those  o f the  sequences defined th ro u g h  
the  R F  m e th o d  are  proven , a n d  the P P A  m e th o d  and  
the  re levan t fo rm al resu lts reg ard in g  its convergence 
are  briefly review ed; S ection  3 deais w ith  the n u m eri­
cal app lica tions, an d  th e  final d iscussion  o f the  results 
is p resen ted  in  Sect. 4.

a ,  ~  X  +  +
¿■—00 ¡= 1

(2.2)

w here the param ete rs  {B¡} an d  [/?¡] are dependen t on  
V0 an d  a, an d  are defined, for re levan t valúes o f J ,  in 
A ppendix  I.

a )  The Sequence o f  Partial Sums o f  the P W E S A

By using (2.2) an d  well know n p ro p ertie s  o f L egendre 
po lynom ials, the asym pto tic  beh av io u r o f the se­
quence of p a rtia l w ave sum s

S J 0 ) =  I  a¿Pf (cos 6) (2.3)

can  also  be o b ta in ed  for f l> 0 . I t can  be show n th a t
[3 ]

Sm{9)

w here

/ ( 0 )  +  B 1A(0)(m +  ¿)',> -* s in /lB1(0), 

(O < 0 < 7 t), (2.4 a)

+  X  B Am + 
¿ i = 1

(0=7l),

~  ^27rsin0  s in 2 ^ j  

and

(2.4 b)

2. Summation of the Non-Forward PWESA 
for Long Range Potentials

L et us consider p o ten tia ls  w ith  the long  range b e­
hav iou r

V(r) V (2.1)

w here V0 is a co n s tan t an d  a an  integer. H ere, usual 
in te rac tio n s  p resen t in  a to m ic  an d  m o lecu lar col- 
lision  processes a re  included , i.e., C o u lo m b ian  (oc =
— 1), charge-d ipo le  (a =  0), induced  p o la riza tio n  (a 
=  2), an d  V an  d er W aals (a =  4). T he asym pto tic  
beh av io u r o f th e  co rrespond ing  p artia l w ave am p li­
tudes for ■£ —► co depends on ly  on  the long  range tail 
(2.1) o f the  po ten tia l, an d  can  be found  in  the  fo rm *

* T h roughou t this paper, we shall say th a t sequence { Am} tends 
asym ptotically  to sequence {Bm}, i.e., A m~ B m, if given any small 
positive quan tity  s an  integer m0 can be found such th a t \Am

for

A m(0) = ( m + 1 ) 6 - - .

By in spection  o f (2.4) it can  be read ily  seen th a t S m(6) 
is d ivergent for all 0 > O  if oc =  — 1, an d  oscilla to ry  for
0 = n  an d  a =  0, w hich correspond , respectively, to  
p o ten tia ls  hav ing  long  range beh av io u r o f th e  type 
(1/r) an d  (1 /r2), an d  convergen t o therw ise for 0 >  0 
an d  a ^ O . T he non -fo rw ard  scattering  am p litude  is 
well defined, how ever, even for these anom alous 
cases, a lth o u g h  its ca lcu la tion  is n o t possib le by using 
Sm(0) in the tra d itio n a l way.

b ) The Regularizing Factor Metho d

L et us consider 8 >  0, an d  in tro d u ce  the regularizing  
fac to r (1 —cos0) in o rd er to  define, for rc2:0*

* By the sym bol =  we indícate th a t noth ing  is assum ed with 
regards to the convergence of the  expansión, which is nevertheless 
uniquely determ ined by the function involved
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/<">(0) =  ( l - c o s t f ) 7 (O)(0) 

=  Z  4 n,P .(cos0), (2.5)

w here f <O)(0) = f (0 ) ,  an d  the  ají0 satisfy, for
1, the follow ing recurrence re la tio n  [5 ]

a (n) _  (n-  1 ) _-a e
í + i  

2 ^  +  3
7(n-l> 
■V + 1

i

2 Í  — 1
(n- 1) 

V -  1 »

w ith
In  A ppendix  II we study  the convergence p roperties 
o f the  sequences

m

^ ( 0 ) =  E  4 n)P ,(cos0)
t=  0

w ith a j0) hav ing  an  asym pto tic  rep resen ta tio n  o f the 
type (2.2). As a p a rticu la r  consequence o f o u r proofs 
it follows th a t a sequence o f ap p ro x im atio n s  to  f ( 9 )  
can  be co n stru c ted  defined by

/ r ( 0 )  =  (l-co s0 )-"S L "> (0 ),

an d  hav ing  the asym pto tic  behav iou r:

' f ( 9 )  + A M (9) C (")(m +  i ) /il- i

• s in / lm(0), (O < 0< 7 t),

j r m

(9 = n),

(2.7)

(2.8 a)

(2.8 b)
w ith

A ln)(9) = (l — eos 9 )~n A(9),

C i¡,) = ( — l )n2 ~ nB l ([í1 — l ) 2(^ x — 3)2...(/?1 — 2n — l ) 2, 

for n >  1, an d  C l10) =  B 1.
By com parison  o f  (2.8) an d  (2.4) it is seen th a t / ^ n) for 
n >  0, has a  g rea ter asy m p to tic  ra te  o f convergence 
th an  th a t o f  the orig inal sequence S m =  w hen 
convergent. M oreover, th a t ra te  is seen to  increase 
rap id ly  w ith n by a fac to r o f the o rd er o f (1 /m)2n. In 
p articu la r, (2.8) also show  th a t converges for
all 9 > 0  an d  « S il ,  even for the  pato log ical cases 
m en tio n ed  above, for w hich S m is d ivergent o r oscil- 
lating, w hile / ( 9 )  has fínite m eaningful valúes.

c )  The Punctual  Padé Approximant  Method

A ssociated  to  the P W E SA  given by (1.1) we can 
define the pow er series

F(9, z)  =  £  a{ P¿(cos 0 ) z t 
e= o

(2.9)

an d  the P adé ap p ro x im an t (PA ) [8 ] to  F(9,z),  
[iV, M~\F(0 z), as

>'o + r 1z + ... + rMz
1 + q l z + . . . + q Nz N

satisfying the requ irem en t:

(2.6) Í N ,  z) =  tf [zM + w+1] .

T hen, the P u n ctu a l P adé A pprox im an t (P P A ) [2] to 
/(0 ) ,  [iV, M ] /(0), is defined as the  [N ,  M~\F(6 z) (PA ) to 
F(9,z) ,  ca lcu lated  a t z = 1. In th is way, a doubly  
infinite a rray  of ra tio n a l ap p ro x im atio n s to  f ( 9 )  are 
in troduced , the so called  P P A  table.
T he convergence o f the row  sequences o f th is table, 
i.e., sequences [n, n +  w ]/(fl) w ith fixed n, has been 
stud ied  in recen t papers [2 -4 , 16]. F o r p o ten tia ls  
satisfying (2.1), an d  for the non -fo rw ard  scattering  
d irections, it has  been show n th a t [3 ]

[n, n + m ] m  ~  f ( 9 )
m —> a.'

A m i (sin&)2« - N' \ j 1l N N ! (sm ^m + „)2(2~ -",+ '
+

22(„-,V) ^s in « j "(m +  I)2*-/>. + *

(0 < 9 < n ;  s in / lm + „=t=0), (2.10a)

[n ,n  +  m ]jW  -  f ( n )
m —> y.

í B J( - i r +" n '[ jS 1]„

+
22n+l(m + l ) z 

( - i r ¿ „ o + :
iV»* , B2( - i r y >  + i)!

22"+ 1 (m +  2

a 4=0, (2.10b)

lv V + T  ’ a =  0, (2.10c)

w here [jS1] n =  (/?1 -  1)---(/?t ~ n  + 1) an d  y„ = ( n - 1)! 
for n ^ l ,  [ ^ i ] o  =  }’o =  1, an d  N  = n/2 (for even n) o r N  
=  (» — l)/2  (for odd  n).
C om p arin g  now  the convergence p ropertie s  o f the 
non -triv ia l row  sequences of the tab le  (n > 0 )  relative 
to  those o f the first ([0 , m ] f  = S m(9)), it is seen th a t 
they converge to  the  righ t valúes w hen m —>co in all 
cases for w hich the P W E SA  is convergent, w hile their 
co rrespond ing  ra tes of convergence increase w ith n 
by factors o f o rd er (1 /m)n ( 0 < 9 < n ,  a íiO ) and  (1 /m)2n 
(fl =  7t, a ^ l ) .  F u rth e rm o re , they are also seen to  be 
convergent w hen the P W E SA  is anom alous, i.e., for 
0 <  9 < n  an d  a =  — 1 (for n 2:2), an d  for 9 = n an d  a 
=  0 (for «g; 1). T hus, the P P A  m eth o d  is also capable 
o f regu lariz ing  the P W E SA  in those  cases.

3. Numerical Examples

In  the preced ing  section we have dea lt w ith the 
asym pto tic  convergence p roperties  o f the  R F  and
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P P A  m ethods, w hen used for the  su m m atio n  o f the 
P W E S A  co rresp o n d in g  to  long  range  po ten tia ls. W e 
shall now  co m p are  the ir p rac tica l significance in tw o 
exam ples w here the  ca lcu la tio n  o f  the  non-fo rw ard  
scattering  am p litu d e  is tro u b le so m e w hen based  on 
its PW ESA .
T hey are, the sca tte ring  by th e  K ra tzer, an d  by the 
L en n a rd -Jo n es po ten tia ls , w hich give sim ple m odels 
o f those in te rac tio n s typically  involved  in the  ca lcu ­
la tio n  o f collision  processes betw een  ions, an d  be- 
tw een m olecules, respectively. In  b o th  cases, we have 
stud ied  th e  re la tive  e rro r  e o f the  ap p ro x im atio n s , as 
a function  o f the n u m b er o f p a rtia l w aves (N P W ) 
involved, w hen ca lcu la ting  \ f (0) \2, for d ifferent valúes 
o f the  sca tte ring  angle 0> O . W e display, in p a r tic ­
u lar, ou r resu lts for 9 = n/4  an d  0 =  n,  rep resen tatives 
o f in te rm ed ía te  an d  la rge valúes o f 0, respectively. 
T he reference “ ex a c t” valúes f R(0) for /  (0) w ere 
ca lcu la ted  as ind ica ted  in  each  case below , an d  we 
have taken  e to  be given by

^=WfAm\z-\fRm\2\/\fR(e)\2 (3.ia)

for the  p a rtic u la r  ap p ro x im a tio n  A,  w hich will be the 
resu ltan t o f using, alternatively , th e  R F , th e  P P A , or 
the trad itio n a l p a rtia l w ave sum s m ethod . F o r  the 
sake o f com parison  o f th e  num erical resu lts w ith  
those  p red ic ted  by the form al asy m p to tic  estim ates, 
let us n o te  th a t for rela tively  large valúes o f  N P W , sA 
is essentially  given by

*A ~ 2  lÉ d F  1 Ref>*(0) ~ Ref*(0)l ‘ ( l l b )

Sin ce the co n trib u tio n  o f  th e  e rro r  o f I m / A(0) is 
negligible as co m p ared  to  th a t o f Ref,,(0), asym pto ti- 
cally.

a ) Scat tering by the Kra tzer  Potential

T his p o ten tia l p layed  a ra th e r  large ro le  in  the early 
days o f Q u a n tu m  M echanics, w hen investigating  the 
ro ta tio n -v ib ra tio n  spectrum  of d ia to m ic  m olecules 
[10]. W e shall here in te rp re t it as describ ing  the 
in te rac tio n  betw een  tw o ions, each  o f electrical 
charge e.
T he K ra tz e r  p o te n tia l is given by the expression:

/ a 1 a 2\
K ( r ) = - 2 D ^ - - - p - J ,  ( D , a >  0) (3.2)

hav ing  a m in im um  for r = a, w ith  V(a)= —D.
L et us consider the p o ten tia l expressed in  the  follow- 
ing w ay:

n , ) ~ ^  ( ¥ +? )  K<0,1>0)  (3J|

w here fi is the reduced  m ass o f the system . T hen, the 
non -fo rw ard  P W E S A  is given by [1 0 ]:

X

f ( 0 ) =  X  ( 2 /  +  l)exp(2i<5¿)P¿(cos0)/(2ife) (3.4)
0

w ith

d f = l L - ( L - 0  rc/2,

í7i  =  a r g r ( L  +  l+ ¡ y ) ,  y =  £/fe (3.5)

-L =  — j  +  ] /  Á +  {/  4 -1/2)2 .

E xpansión  (3.4) is d ivergent ow ing to  the  fact th a t the 
do m in a n t long  range co m p o n en t o f the  po ten tia l is 
C ou lom bian , b u t rep resen ts nevertheless /(0 ) .  In  
p rac tica l ca lcu lations, th e  usual p rocedu re  to  over­
eóm e th is difficulty is to  “ su b s tra c t” from  / ( 0 )  the 
d ivergent P W E S A  co rrespond ing  to  the  C ou lom bian  
sca tte ring  am p litu d e  f c{9). W ith :

/c (0 )=  ~ y 2 exp {2ir¡0 — iy

■ ln [(1 — eos 0 )/2 ]} /(l -  eos 0)
00

=  £  (2 i  + 1) exp (2 i t]¿) P ,(cos 0)/(2 i fe), (3.6)
0

we m ay express f ( 0 )  for 0 > O  in the form

00
f ^ )  = fc(d) +  E  ( 2 /  +  l ) e x p ( 2 ¡ ^ ) [ e x p ( 2 i f f / ) - l ]

0

•P ,(cos0)/(2 ife), (3.7)

w here:

=  (3.8)

T he ca lcu la tions o f the scattering  am plitude  co r­
respond ing  to  po ten tia ls  for w hich C o u lo m b ian  plus 
a  sh o rte r range  (tending  to  zero a t least as 1 /r2 w hen 
r->oo) com ponen ts  are involved, are  m ade  w ith  ex­
pan sió n  (3.7), w hen based  on  the p a rtia l w ave m eth ­
od. T he expecta tion  is th a t hav ing  su b strac ted  the 
d ivergent p a r t  o f the series, the resu lting  one will be 
rap id ly  convergent. This is n o t necessarily  the case 
w hen long  range com ponen ts  are  presen t, a p a r t o f the 
C o u lo m b ian  one. In  o u r case, for exam ple, th is series 
is slowly convergent for 0 <  0 <  n  an d  osc illa to ry  for 0 
=  ?t, ow ing to  the  1 /r2 p a r t o f the  p o ten tia l.
In  the ca lcu la tions th a t follow, the  K ra tz e r p o ten tia l 
has been  tak en  to  rep resen t the  in te rac tio n  betw een 
the H + an d  C l~ ions. C onsequen tly , we have chosen 
a to  be the m o lecu lar rad iu s of HC1. T ak in g  accoun t 
o f the ro ta tio n a l spec tra  d a ta  for HC1 [11] we have a 
=  1.2746 x 10 8 cm. F o r  la rge se p ara tio n  we have an 
a ttrac tiv e  C o u lo m b  po ten tia l, th en  2 D a  = e2/ 4 n e 0 
an d  th is im plies D =  5.6488 eV for the  d issocia tion
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energy o f HC1. By now  fixing the w ave vec to r m agni- 
tude  k, the d im ensionless pa ram ete rs  y an d  X m ay be 
uniquely  determ ined  by m eans o f the re la tions y =
— í / k a 0 an d  X = a /a0. H ere, we have chosen k = 2¡a0, 
w hich then  fixes y = —0.5 an d  Á =  2.4086; a 0 is the 
B ohr radius.
W e have stud ied  the ca lcu la tion  o f f ( 0 )  for 0> O , 
based on  b o th  its to ta l (TS) an d  su b strac ted  (SS) 
series rep resen ta tions, given by (3.4) an d  (3.7), re- 
spectively, by using alternatively , the P P A  an d  R F  
m ethods. T he efficiency o f the ap p ro x im atio n  
schem es is co m p ared  to  th a t o f th e  trad itio n a l partia l 
w ave sum s m ethod , m easu red  by the co rrespond ing  
curves of eÁ, defined by (3.1a), as a function  o f N P W , 
w hich are p lo tted  in  Figs. 1-4  for th e  significant cases 
0 =  7i/4 an d  6 = n, an d  for rep resen ta tive  low  o rder 
app rox im an ts. T he reference valúes for f ( n / 4 )  and 
f ( n )  were ca lcu lated  w ith 8 an d  9 significant figures, 
respectively, by using the first 150 p artia l waves w ith 
the  [ 4 ,4 +  m] P P A  an d  the co rrespond ing  4 tim es 
ite ra ted  / j ,4) R F  app rox im an t.
By inspection  o f Figs. 1-2, w hich co rrespond  to  cal- 
cu la tions based  on  the TS, the general features pre- 
d ic ted  by (2.8) an d  (2.10) are seen to  be present. In 
p articu la r, we no te  the d ivergence o f the e rro r  of the 
sequence o f p a rtia l w ave sum s o f the  TS, i.e., o f the 
sequence [ 0 ,0 +  m] = f i ° ) = Sm. In  the case 0 = n/4  
(Fig. 1) we also no te  th a t the e rro r  o f the  [«, rc +  m] 
P P A  diverges for n =  1, w hile tend ing  to  zero qu ite  
rap id ly  for n >  1, show ing a good  ag reem ent w ith the 
estim ates o f Eq. (2.10a), w hich im proves w ith increas- 
ing N P W , for N P W  > 1 0 , a p p ro x im a te ly :

i) the positions o f the  dips for the  [0, 0 +  m] an d  the 
peaks for the [1, 1 + m ]  tend  to  coincide, as well as 
the valúes o f the  rela tive ex trem a betw een th em ;

ii)  the period  o f the oscilla tions tends to  be z l /  =  4, 
an d  the  set o f p ositions o f the  rela tive m ax im a for the 
errors, associa ted  to  a given even valué o f n, shift 
correctly  rela tive to  those  co rrespond ing  to  o ther 
valúes o f n considered ;

iii)  the g lobal ra te  o f  convergence or divergence 
foliows closely the  co rrespond ing  pow er o f ( m + j )  
law.
M oreover, the curves for the /j,"* (7t/4) ap p ro x im an ts  
are seen to  be convergen t for n ^ l ,  an d  the  agree­
m en t is also good  w ith (2.8 a) in  the  sense discussed 
above, a lthough  the asym pto tic  cond itions a re  ap- 
p ro ach ed  for N P W  > 2 0 .
F o r  6 = n (Fig. 2), no  oscilla tions are presen t, as ex- 
pec ted  from  (2.8b) an d  (2.10b), an d  all the  non-triv ia l 
ap p ro x im an ts  converge. T he asy m p to tic  convergence 
p a tte rn  is ap p ro ach ed  as in the  p receden t case, for

NPW

Fig. 1. K ratzer poten tial (TS), 0 =  7i/4; l o g ^ t^  as function of 
N P W ; A:  [0 ,m ] =  Sm; B: [1 ,1 + m ]; C: [2,2 + m]; D: [4,4 +  m ]; F: 

= Sm; H: / i 21; K : /*»

N P W

Fig. 2. K ratzer po tential (TS), () = n\  captions as in Fig. 1

N P W  grea ter than  10 an d  20, for the P P A  an d  R F  
m ethods, respectively.
In  the case o f the SS, d isp layed  in Figs. 3 an d  4, the 
sequence o f p a rtia l wave sum s converges very slowly 
for 6 = n/4,  an d  oscillates for 6 = n, being these fea­
tu res typical o f those associa ted  to  the 1 /r2 com - 
p o n en t o f the po ten tia l, w hich d om inates the co n ­
vergence of the SS. T he sam e d iscussion above for the 
TS regard ing  the general convergence pa tte rn , is 
p ro p e r here. C om p arin g  w ith th a t case, how ever, the 
P P A  to the SS are seen to  converge faster, while the 
ra te  o f convergence o f the /Jf* sequences tu rn s  o u t to 
be correspondingly , sim ilar o r  p o o re r  th a n  th a t for 
the TS.
F inally , let us rem ark  th a t acco rd ing  to  the asym p­
to tic  form al p red ic tions o f Sects. 2 b an d  c, the 
n a tu ra l efficiency com parison  shou ld  be set betw een 
the an d  the [ 2 n, 2n  + m~\ sequences for 0 = n/4,  
and  betw een the f ^ n) an d  [n, n + m]  sequences for 6 
= n. T he results o f such a com parison  in the case of 
the K ra tz e r p o ten tia l, ind icate th a t the P P A  m ethod  
is in general sim ilar o r b e tte r th an  the R F  m ethod.
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N PW

Fig. 3. K ratzer po ten tia l (SS), 6 = n/4\  cap tions as in Fig. 1

N PW

Fig. 4. K ratzer po ten tial (SS), 9 = n\  captions as in Fig. 1

b)  Scat tering by the Lennard-Jones Potential

T h e L en n ard -Jo n es (LJ) p o ten tia l gives a  sim ple de- 
sc rip tion  o f th e  in te rac tio n s betw een  n eu tra l po lariz- 
able system s, an d  because o f its m a th em a tica l sim - 
plicity  it has been  extensively used o n  th e  g ro u n d s of 
testing  different ap p ro x im a tio n  p rocedu res in the  ca l­
cu la tions o f a to m ic  an d  m o lecu lar collision  processes. 
I t is given by the expression

(3.9)

hav ing  a m in im um  for r 0 =  2i  a,  w ith  V{r0) =  — V0. 
A side o f a  n o rm aliza tio n  factor, we m ay param etrize  
its co rrespond ing  sca tte ring  am p litu d e  by m eans of 
the d e B o e r p a ra m e te r  ü  = 2 n h / ( 2 f i V 0 (j2)i  an d  the 
reduced  energy s =  E /V0, w here ¡i is th e  reduced  m ass 
o f the  p a rticu la r  system  involved.
W e a re  m ain ly  in te rested  in  the  range Í3 <  0.3, w here 
ra in b o w  scattering  occurs [12] an d  w here the  co n ­
vergence o f th e  P W E SA  is w orst, ow ing to  the fact 
th a t as £2->0 the  classical con d itio n s are app roached . 
M oreover, the phase-sh ifts a re  well rep resen ted  by 
th e  sem iclassical JW K B  ap p ro x im a tio n  in th is range 
[13] a n d  we m ay use a com pac t expression for the ir 
ev a lu a tio n  [14], In  te rm s o f e, £2, an d  red u ced  dim en- 
sionless quan titie s, the  la tte r  becom es

71 “  x v ' ( x )  F ( x ) d x
Q í (3-10)

w here x  = r/<r, i>(x)= F(x<r)/F0, x m is the  reduced  
classical tu rn in g  po in t, i.e., the  o u te rm o st zero  of

F (x ) =  [1 — v{x)¡e — b 2/* 2]*

an d  b2 =  + l ) Q 2/{ 4n2 e) is the sq u a re  o f the re ­
duced  im p act param ete r. As in [4 ] an d  [12 ], we have 
ca lcu la ted  the in teg ral in  (3.10) by G auss-M elher

q u ad ra tu re s , by considering  the  sequence 

Xjv(Xj)F(Xj)
2 ü n  

sin (j  n/2 n) 

cos2( jn /2  ri)

I
j= i

(3.11)

w here x¡ = x m/cos (j n¡2 n), w hich converges q u ite  rap- 
idly to  the  exact JW K B  phase-shifts as n-+ oo.

In  o u r ca lcu la tions we have fixed Í2 =  0.1 an d  e =  4. 
T hese are typical valúes involved w hen seeking a  fit 
o f the  experim en tal ra inbow  osc illa tions of the differ- 
en tia l cross-section  for th e  K  — H g system , based  on  a 
descrip tion  o f the in te rac tions by m eans o f a L J  
p o ten tia l [12].
In  Figs. 5 an d  6 we have only  p lo tted  the  m áxim um  
envelope o f rela tive e rro r ea as function  of N P W . F o r 
the  relatively large valúes o f N P W  here involved, and 
follow ing the p red ic tions of (2.8 a) an d  (2.10a), the 
p e rio d  o f the  oscilla tions for 6 =  n/4,  tu rn  o u t to  be 
to o  sm all to  allow  them  to  be d isplayed. F u rth e r- 
m ore, in the case 9 = n, the sequence o f p a rtia l wave 
sum s is very slowly convergent an d  its co rrespond ing  
curve falls o u t o f  Fig. 6. In  th is case the  m on o to n ic  
convergence p red ic ted  by (2.8 b) an d  (2.10 b) is at- 
ta in ed  w hen the  N P W  is la rger th a n  180. T he re- 
ference valúes were calcu la ted  w ith  7 sign iñcant fig­
ures, by using th e  first 400 p artia l waves, as in the 
p rev ious exam ple.
W ith  b o th  m ethods, P P A  an d  R F , the curves are 
seen to  step  dow n rap id ly  in the  n e ig h b o u rh o o d  of 
N P W  =  300. M oreover, for / > 2 9 8  the phase-shifts 
satisfy ¿ ,,< 0 .5  an d  are well rep resen ted  by a sim ple 
ex tensión  o f the  M assey -M óhr expression [15], bt 
= A/<?5 - B / é ’11, w ith  A = 2 4 n 7 £2/Q 6 an d  B  
=  1,0087T13 e5/ Q 12. H enee, w hen the  be a tta in  the ir 
asym pto tic  form , a few p artia l waves a re  enough  for 
the P P A  an d  R F  m ethods to  resum e the in fo rm ation  
co n ta in ed  in the  h igher o rd er ones. T hus, as no ted  
prev iously  [4 ] for the P P A , the re levan t physical
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N P W

Fig. 5. L ennard-Jones potential, 8 = n/4; captions as in Fig. 1

N PW

Fig. 6. L ennard-Jones po tential, 0 = n ;  captions as in Fig. 1

in fo rm atio n  used is sim ilar to  th a t req u ired  by semi- 
classical ap p ro x im atio n  schem es. T he efficiencies of 
the P P A  an d  R F  m ethods are essentially  sim ilar in 
th is exam ple.

4. Discussion

In  the  p receden t section  the p rac tica l im p o rtan ce  of 
the P P A  an d  R F  m ethods h as been show n for the 
ca lcu la tion  o f the non-fo rw ard  scattering  am p litude 
co rrespond ing  to  long  range po ten tia ls , based on 
an o m alo u s behav ing  o r  very slowly convergent 
P W E S A ’s. O u r com para tive  resu lts also ind icate  th a t 
the  P P A  m e th o d  seem s to  be p referab le o f the two. 
F u rth e r  arg u m en ts  can  be given in b eh a lf  o f  the  P P A  
as a su m m atio n  m e th o d  for the  P W E S A  in the 
general case. In  the first place, it is also  useful in the 
case o f  fo rw ard  scattering  ca lcu la tions [2, 4 ], w hereas 
the  R F  m e th o d  can  only  be app lied  for 0> O . O n  the 
o th e r  hand , the efficiency o f  the ap p ro x im atio n  
schem es is qu ite  different in  the  case o f sh o rt range 
po ten tia ls. R ecently  [16] the convergence proofs for 
the  P P A  have been ex tended  to  include po ten tia ls  
hav ing  the  asy m p to tic  rep resen ta tion .

V(r) V0r
- p -  1 ex p ( - / i r ) (4.1)

w here V0 is a constan t, p  an  in teger an d  yu>0, thus 
includ ing  im p o rta n t p o ten tia ls  from  the  physical 
p o in t o f view, such as the  Y u k aw a (p =  0) an d  Expo- 
nen tia l (p =  — 1). In  this case, it can  be show n th a t the 
p a rtia l w ave am p litudes behave asym pto tically  as

af ~  B { t  +  \ f q e+±
I —► cC

w here q =  exp ( — a), =  — p  +  \  

■ V r ,  / 7 T \ i  . „  i k 2 \>>

(4.2)

B = -
k 2

) ' (S ha) " (

an d  a is a positive q u an tity  such th a t C h a = l  
+ H2/ 2 k 2. O w ing to  this behaviour, the P W E SA  con­
verges w ith in  an  elliptical d om ain  in the com plex 
eos 0 p lañe, the  so called L ehm ann  ellipse, character- 
ized by hav ing  focii a t + 1  an d  m a jo r axis equal to 
2 C h a . T he sam e general q ua lita tive  features regard- 
ing the convergence o f the row  sequences o f  the  P P A  
tab le  for the case o f long  range p o ten tia ls , were 
show n to  be valid  also  in th is case, w hen co s0  is 
w ith in  the  L ehm ann  ellipse. T hey w ere thus show n to 
be stab le  w ith respect to  varia tio n s on the range of 
the p o ten tia l. F o r  exam ple, restric ting  ourselves to 
fixed even n > 0, to  sim plify the d iscussion, we have

|[>, W +  ffl] ~ / ( 0 )  |
|[ 0 ,0  +  m] —f(9)\

G[m  '] (4.3)

w ith t ^ 2 n .
F o llow ing  the lines o f A ppendix  II, we can  also 
ex tend  the  convergence proofs for th e  R F  m ethod , 
for th is type o f app lica tions. In  p articu la r, tak ing  
accoun t o f  (4.2) an d  op era tin g  as in the  p ro o f  o f the 
L em m a, we can  show  th a t

lr (4.4)

H enee, we can expect, w ith in  the L ehm ann  ellipse, 
an d  for 0 +  0,

( - i r
(q — 1)2"(1 —eos 0)~ (4.5)

w ith  f l O)(6) = Sm(0). Thus, the ra te  o f convergence of 
sequence /J,n,(0) is, aside o f a co n s tan t factor de- 
penden t on  0, the sam e as th a t o f S m(0) an d  the R F  
m ethod  ap p ears  to  be o f no  valué in  th e  case o f sho rt 
range po ten tia ls. F u rth e rm o re , it is c lear th a t because 
o f (4.4), the d o m ain  o f convergence o f the  f ^ n) se­
quences will also be restric ted  to  w ith in  the L ehm ann  
ellipse. B ecause o f the ra tio n a l n a tu re  o f  the P PA ,
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how ever, we can  expect them  to  converge in  a  m uch  
la rger dom ain , an d  henee be an  im p o rta n t p rocedu re  
for the ap p ro x im ate  ana ly tica l c o n tin u a tio n  o f  /  (0) in 
the  com plex eos 0 p lañe, s ta rtin g  from  its PW ESA .

Appendix I

T he asym pto tic  b eh av io u r o f the p a rtia l w ave am p li­
tudes a( for / - x x )  depends only  on  th e  long  range 
ta il (2.1) o f the  po ten tia l, an d  can  be read ily  o b ta in ed  
[3 ]

a ,  ~  X  B t f  + W '  + O [ ^  + 1] ,
(-* oo ;= i

w here for a ^  0, J  =  2, an d

(1.1)

B,  = - V nk* ~ l L. B i  = Í V n k2  1 ,2  a  — 1 7 212J  2,
j81= — a, /?2 =  — 2oc — 1, P3 = — 2 a  — 2, 

w hile for a =  - 1 ,  J =  1, an d  

B i  =  —i/k,

j8j =  l  + ÍK, / ? 2 = —1 +  ÍK,

/ a is a num eric  factor, d ep en d en t on  a, defined by

n/2, a =  0

(tc/2)(a — 1)!!/ a !!, even a > 0  

( a — l ) ! ! / a ü ,  o d d  a,

an d  K — VJk .

Appendix II

Lemma.  If  a ' f ] has the asym pto tic  rep resen ta tio n

(II. 1)

w here B  is a constan t, an d  /? is a com plex nu m b er 
d ifferent from  an  o d d  positive in teger b u t o therw ise 
a rb itra ry , then  for 1, we have

a («)
oo

w ith

c("y+¿y-2B (II.2 a)

C (n) = { — 1)"2 ~ nB(fí  — í ) 2(fí — 3)2 . . .{P — 2 n  — l ) 2.
(II.2 b)

Proof.  L et us first consider the case n =  l .  By using 
(II. 1) in  (2.6), we have

~  w + i y ’- ^ + w + i V ’- 1

^ ^ b |(^ +  I)í - ^ ± 1  ^  +  + (J8 _ l) ( ^ + i) .í - 2

+
05- 1)08 -  2 )

-(J6 - l ) ( /  +  i y - 2 +
( / J - 1 ) 0 - 2 )

— y o s - i ^ c ^ + i y ' - 2-

A ssum ing now  th a t (II.2) a re  valid  for n — 1, and  
using them  in (2.6), we prove, in the sam e way, th a t 
they are  valid  for n, an d  by in d u c tio n  the p ro o f o f  the 
L em m a follows.

Theorem.  L et S^*(0) be the p a rtia l sum  of o rd er m 
co rresp o n d in g  to  series (2.5) defining f in\Q)  for n~¿. 1, 
i.e.,

« ) =  X a? P,(cos0) (II.3)

an d  let us assum e th a t the b eh av io u r o f the } are 
those  o f the  L em m a.
T hen, the sequence {S¡^(0)} is convergen t for n such 
th a t

2 n + ^ > R e ( /? ) ,  0 < 0 < n ,

2 « > R e()S ), 0 =  n (II.4)

an d  has the follow ing asy m p to tic  b ehav iou r

/ <n>(0) +  A{6) C M (m + ̂ - i - 2n sin AJO) ,

(0 <  0 <  ti), (II.5 a)

( - i r
S£>(0)

r v ) + -

(0 =  7 t ) ,

C in)(m + t y -

(II.5 b)

w here A(0), A m(8) an d  C (n) a re  those  previously  de­
fined.

Proof.  S ta rting  from  (II.3), an d  assum ing  th a t se­
quence {S^’(0)} is convergent, we m ay w rite

W ) =  I  a«"»P,(cos0)
o

=  / <")( 0 ) -  z  aj¡.n) P ,(eos 0),
e=m+ 1

(11.6)

an d  evalúate S ¡£* asym pto tically  for large m, by re- 
placing  the te rm s o f the  series in th e  last equality  by
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the ir large expression, to  ob ta in

2 V C (n)
7t sin 6 /

2" - i  ■ eos |V  + 2) ^ '• 1
¿ = m +  1

(O < 0< 7r) (II.7 a)
00

Sffín) ~ f <n>( n ) - C M £  (  ̂+  i ) ^ 2"cos7r/
m-x> tr=m+ 1 (II.7b)

w here (II.2a) an d  well know n p ropertie s  o f the Leg- 
endre  po lynom ials have been used. W hen  cond itions
(II.4) are satisfied, the series in (II.7) are  convergent 
an d  m ay be sum m ed up by using the  E u le r-M cL aurin  
su m m atio n  fo rm ula  (7) as in the p ro o f o f L em m a 3.1 
o f [2 ], an d  thus (II.5) are ob ta ined .
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