
C N .E .A . B ib lio teca
ARCHIVO PUBUCACIONES

N° AÑO

k
i ‘j()

Progress o{ Thcoretical Physics, Vol. 46, No. 1, July 1971

Fillitc  E n erg y  Sum Rules with z k  V encziano Amplitudes

A. Della S e lv a *>  and L. M aSPERI*

Istituto di Física Teórica dcll’ Universitá di Napoli, Napoli 
*Centro Atómico Bariloclie e Instituto de Física Balseiro 

Comisión Nacional de Energía Atómica y Universidad Nacional de Cuyo
Bariloche

(Received February 1, 1971)

\'enc7,iano amplitudes for ,t ,t  scattcring are analyzed with regards t o  fmite energy sum 
rules. It Í3 shown tliat bigniñcant discrcpancics may eppear in thc cvaluation of FESR for 
real parts üf non-{or\vard scatterlng amplitudes. On the contrary, failure of FESR for the 
iiiia«inary part of ihe araplilude onJy nppcars whcn the second daughter Rcgge pole is in- 
cludcd. Pussible phcnomcnological implicalions are discusscd.

§ 1. Introduclion

Veneziaao model'’ is mathematically dual’ ’ since it can be written alternatively 
as a sum of resonance-pole contributions in the direct or in the crossed channel 
showing Regge asymptotic behaviour whcn the corresponding Mandclstam variable 
is taken out of the real axis.

ün the other hand, because of its characteristics, it is not automatic that 
Vencziano model satisfies duality in the original sense’ ’ of fmite energy suin rules 
(FH SR ). Our purpose is to analyze tlioroughly the duality of the model in this 
second sense. In fact, since the asymptotic Vencziano amplitude on the real a.xis 
contains, bcsides the Regge-polcs contribution, a part which can be taken as Regge 
background i n t e g r a l , F E S R  may not be satisfied.®'

The original work‘> shows that tlie simple model with real trajectories satisfies 
FESR witli integer monient for imaginary part of tlie amplitude up to the leading 
Regge pole contribution, and Yellin’’ has proved that the satisfaction is alsú 
obtained for tlie first Regge daughter whcn taking the energy cutoff half-way 
bctween two neighbouring resonances. W e complete the analysis looking at the 
situation wiicn lowcr daughters are included and considering also FESR for tlie 
real part of tlie amplitude.

The use of a naive Veneziano model with real trajectories for phenomenul- 
ogical applications is certainly questionable. However, it is reasonable to think 
that in order to give a meaning to a narrow-width model one must somehow
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perform an energy av-erage of the amplitude. Therefore, our rcsults coulcl have 
implications to the broadly used fits of FESR with experimental amplitudes, 
particularly in connection v.’ ith the diíHculties in analyzing the non-forward scat- 
tering. On the other hand a possibility is sketched to determine the weight of 
the satellites to be added to the fundamental Veneziano block by rcqiiiring the 
exact fulfilment of FESR. Thiü procedure tends to improve the agreement of 
the model with the widths of the most prominent r.r. rcsonances.

§ 2. Finite cncrgy sum rnlc3

W e use the Lovelnce"” amplitudes for r::-elastic scattering with defined isospin 
valúes in if-channel

A/ =  V(s, t) -  V{n, t ) , =  r (5, « ) ,  (1)

with

 ̂ r ( l - « , C r ) ) r ( l - « , ( y ) )
í  (X .y ) =íro +  x  =  « , .  (2)

It is particularly uscful for our purposs to consider A i‘, since its Regge-plane 
analysis in /-channel (or Khuri-plane analysis, which we shall prefer) shows an 
infinite set of Regge poles without fixed poles."’” *'̂  On the other hand con- 
tains only wrong-signature fixed poles at —1, —3, •••.' The festures of are 
a combination of those of the other two amplitudes.

The contribution of Khuri poles to A ,‘ through a Sommerfeld-Watson tracs- 
form is, with v = (s  — u')/4/i and // =  pion mass,

A,‘* =  -  S  (  -  ) %  ( -  y- -—  +  Background . (3)
;v , . ,. >! í .'-J ' Sinrat

where the cxplicit valué of residuos up to second daughter is

(2 +  3ír’ - 6 c - a , ) .  (4c)
r ( a t )  24 ^

- ’ - -"'ii c ^  ‘ '  ''. í; -  ’ ^
where c =  3ao +  4/¿’ . ‘

W e begin considering FESR for Im Since we have no fixed poles, both 
right and wrong-signature FESR are on an equal footing, and in fact they appear 
to be qualitatively equivalent. Considering the first right-signature FESR with 
Eome detail, expression (1) together with the usual iz prescription for resonances
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gives

/ .=  r i m A , ‘J v = - ^ - ------ -̂---------■^-(«‘ +  ̂ + 2 )  , (5)
J* 2/i ( « ,  +  ! )/ ’ ( « , )  r (A ^ + l )

whcro N  Í3 tho h s t  rcsoiianco includcd in thc cn crsy  range dcfined by Vc. 
l-'or Ku'h'e N  tho uso of Stirliug expansión allow3 U3 to write =  

witli the cxplicit form up to sccond iion-lcading ord cr:

/,(») =  — E------^ , (6a)
2/i n a d  a, +  l  ■

=  — ( 6b)
4/í / (a-t)

//’> =  - ~ -  (3a/ +  l i a ,  + 1 0 )N ‘“ -\  (6c)
48/í r (a « )

W e compare now expansión (6) with the contribution to the FESR of Khuri 
poles which, from Eq. (3 ), Í3 Z]r-oí?ri'c“''‘’‘ ” V ( a í + l  —r ).  For this purpose we 
take the cut-off as * ' '

+  : (7)

1 ,  I ,  ^

where 0 < (7 <1 , to place Vc betwccn tlie iV-th and the (iV4-l)-th resonance. The 
iutroduction of tho residiies (4) shows that:
i )  the leadins tcrm in N  coincides with (Ga) for any valué of (7;
ii) to get agrccmeut with first non-lcading tcrm (Gb) onc has to choosc ff — 1/2, 
i.e., to put Vc half-way betwccn two rcsonanccs;
iii) for thc second uon-lcading contribution one cannot reproduce (üc) for any 
cholcc of ff. In fact, with <T =  l/2 one obtains 11 instead of 10 for the last term 
in parcnthesis.
Analogous discrepancics starting at second non-leading term are rcadiiy found 
for higher-iuoment right and wrong-signature FESR (for details of this type of 
calcuiatious seo Kef. 17).

Turuiug now our attention to FESR for Re^li‘, inserting again expressioii 
(1 ), one obtains for the first wrong-signature sum rule
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R̂  = \ic A ,‘dv =   ̂- E ------- -------- In ' V  - 1 1, (8)
2/1 ’>-o B  (a t, n + 1 )  v„ |

where (;/ i-1 +  íi.í/2 —c/2)/2/¿ gives the resonances position, which should be 
confronted to the Khuri poles contribution

R k =  11 (a . -  r) (a . +1  -  r ) . (9)
r O ¿

It is diüicuit to compare (8) and (9) analytically, but it is anyhow appareiu mal



Table I.
FESR for Re A i‘.
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í[GoVq R, Rk R. \ R.

0. -17.4 ' -18.2
-1.4 I -14.8 -72.5 -15.0 -17.7

Ri \ Rcsonances contribution (8), (^cLGeV]); Rx'. Khuri poles contribution (9);
Ra'. /lo contribution; R,\ Contribution of Khuri po!cs considered es po\ver3 of j.

both cxprcs.sions cannot be consistent for all valúes of í, e.g., for or, =  — 1 (8) is 
finitc whereas the parent contribution to (9) diverges. \Ve have cvaluated both 
(8) and (9) numerically assuming ao=.5 and taking the cutoff 5̂  =  3 GeV’ half- 
v,-ay bctwcen 3-rd and 4-th rcsonances. The computation reported in Table I 
was done for two valúes of t, i.e., t — 0 and í = —1.4, \Ve obtain a severe dis- 
ogreement for ¿ = —1.4, as could be expected, the tv70 first daughters being ne- 
gligible in comparison with the parent Khuri pole contribution to R^- It is in- 
teresting to study the behaviour v<’ ith Sc oí the discrcpancy hetvreen R\ and R^. 
For the forv/ard amplitude there is good agreement (within 10%) oven for 
j¿ =  2 G eV ’ . On the contrary for the non-forward amplitude ( ¿ = —1.4), though 
the disagreement tends to decrease vrith incrcasing ccergy, even for a high cut­
off as íc =  15G eV ’ the valué of Ri is 6tüi lcs3 thaa ene half the corresponding 
one to R^.

W e may see that it is not simple to isolate the Regge (or Khuri) background 
contribution which is at the basis of the discrepancy of FESR. In fact, one 
could rewrite A i as

with

( l ia )

(11b)

' r (a ,  +  at) _  r(Q f, +  orf +  l - c ) ___^
r (a t )  L r ia . )  s ínrat r (a ,  +  l - c )  s in rra j’

__ 7T___r ( a ,  + at)
" r ía , )  r ia . )  s in ra . ’

'i í n
whcre Aa has a smooth Regge asymptotic behaviour on positiva real j-axis (but 
clearly not in all s-plane), the oscillations due to í-channel resonances being caused 
by Ah. Moreover, a partial wave analysis of both parts, foliowed by a Som- 
merfeld-Watson transforra, shows that Regge poles only appear in A^. However, 
Regge background is not included totaUy in A j, since the evaluation of Ra — 
J/^Re Aa dv at t =  —1.4 (see Table I )  shows almost the same result as with the 
total A i.  It is clear that formally the discrepancy shown by R^ is due to the 
divergent behaviour of the series of powers of i> near the origin. As an indica- 
tion, if we consider the expansión of the parent and first two daughters in powers
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oí 5, instcaJ of v, tlie resulting coutribution to tlic FESR (8 ), reported as R, in 
Tablj I, shows a smaller discrepancy since tlie integral Í3 now less singular in 
its lüwer liniit. In otiier words Üie ciiscrcpancy in FESR mainly appears because 
Aa coincides with the Rcgge poles coníribution only at liigh cnergy, where Stirling 
expansión is valid. A t low cnergy Üiere Í3 a diiference wliich corresponds to a 
background conícnt cf A^. Tliercforc, siace on tlie cthor hand is sliown to 
be approximatcly supcrconvcrgent, we expect tlie íulfilmeut of tlie FESR for large 
t only at very liigh cnergy.

ConsiJering now briefly the amplitude A i,  which has no Kliuri poles, the 
zero-moment FESR íor the iinaginary part is, froa  (1 ), -

Im A idv — C - )"
2ji i3(¡;, 7Z +  1)

-t2 í < 0 . (12)

where we Iiavc takcn for simplicity «o  =  -5 and /¡’ =  0. Therefore, as expected, 
the w-rong-signature sum rule 7i tends to tlic residue of tlie Khuri fixed pule at 
— 1. Similar resulto appear for highcr-moment FESR. . - <

Finally, evaluating the trst right-signature _5um rule for Re *4,‘ we obtain

Ri = In Vi- (13)
2/i «-a Z5(¿, «  +  1) Vc +  V„

W e see that, for t =  Q, i?j =  0 as it should be because of the absence of Rcgge 
poles, but for ¿ < 0  disagreeuient appears. W e reproduce in Table I I  the result 
of i?i for differcnt valúes of t taking —3 G eV ’ . It is seen that Rj oscillatcs
and increases ia  absolute valué w ith  1¿|. *

Tabla II. 
FESR íor Re A ¡‘

•-

<[GeV«] 1 - J i -1.0 -2.0

! 0- 1 -.02 .12 ¡(! -2.C5

■(

!<>•. Rcsonancca conlribuiion (13;, (Vc[GeVj).

Looking at tlie results of tliis section one could be surprised by the fact that 
background eífects are relatively important even at high cnergy and for tlic 
imaginary part of the amplitude where aífect the second daughter contribution 
to the FESR. The reason is tliat on real í-axis Vcneziano formula has not a 
sniootli Regge behaviour but possesses superiinposed cscülations due to resoaancc3 
at any cnergy as seen in Eq. (11). This oscillating background part, peculiar 
to a narrow-width model, is approximately, but not totally, superconvergent v.’hca 
it is avcraged through a FESR. On the other hand the background content oí 
Aa, which tends to zcro when s->oo, is mainly respousible for tlie discrepancics 
in the P í"^.~?^riiig for a not too liigh cutoff.

A t this regard it is iuteresting to see how í-channel resonances appear in



the cxplicil eviiluation of the baclcground integral correSponcUn¡^ to Veuezinno 
modcl. Tnkiiifí /I/ ns the simplest cxnmple, nnd períorming tiie integral nlong 
the imaginary axis jn =  —L  + if) (with ponitive L ) of the Khuri plnne betnccii 
limits —B and B, wc obtnin

Background= -  E -------- -----------------
4,n >• B (a t + l - c , n  + l') Vn Vn
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Choosing an integer L, and being sin Bx/x - ^ ^ t:S (x )  , we find

Im Background =  V  -------- -------------- 5 ( v - v „ ) ,  (15)
2ju « - o B (a t + l - c ,  «  +  1)

which corresponds to the s-channel resonances contribution to the amplitude. 
The divcrgent behaviour of the integral in Eq. (14) for V =  makes disappear 
the apparent behaviour for any valué of L. One can evalúate similarly the 
background of A¡.‘, but with complications due to the presence of Regge poles. 
In fact, for any ílxcd valué of L  there %viU be a corresponding valué of t for 
which Regge polea w ill begin to croGS the iatcgraLÍon line, -whose contributions 
must be subtracted from that obtained from the previous calculation.

§ 3. Discussion nnd phcnomcnologicnl oiitlook

W e have analyzed to which extent the “ mathematically ducl" Vcnoziano 
model satisfies FESR for both imaginary and renl parts of the amplitude, which 
corresponds to the criteria of “ global duality” .

The general result is that Veneziano model satlsfios FESR approximately, 
despite tho fact that it has not puro asymptotic Regge behaviour on the real s- 
axis. Ilowever, going into details, one finds that FESR for the imaginary part 
show a discrepancy starting at the eecond Regge-pole daughter contribution. 
Numerically, this difíerence is clearly not too significant when the energy cutoff 
is reasonably high. On the other hand we found that FESR for real part of the 
amplitude model are numerically wcU satisfied, for the generally used cutoff en- 
ergies, only for the forward scattering, whereas for non-forward direction severe 
discrepancies may appear in both A ‘ and ^1/. Therefore, the global conclusión 
is that Veneziano model satisfies FESR better for imaginary than for real part, 
and better for forward than for non-forward direction.

Clearly, a possibility is that these features of Veneziano model, as other 
peculiarities, cannot be related to phenomenology.

On the other hand, a reason which can suggest to compare these results 
with experimental fits is to consider that the best way to attribute a phenome- 
nological mcnning to a narrow-width model is to average the amplitude through,



e.g., a FESR. Moreover, one cannot say tliat the bacicground part whicli Í3 
mainly rcsponsible for the most relcvaat discrcpancics, i.e., lliose of the sum rule 
íor the real part i?i, is only peculiar to narrow-widtli models. Therefore one 
could think that the prcviously obíained fcaturcs of Veneziano model have some- 
thing to do wiíh the lits of FESR v/iíh experimental amplitudes. In this way 
one can argüe tliat the U3e of sum rules v.úth both imaginary and real parts of 
the type of continuous moment sum rules (CM SR ) is suitabls íor forward scat- 
tering. This is in agreement with tlie satisfactory results that such fits have 
provided in the past years. On the contrary our V’eneziano results would iraply 
that the use of sum rules which involve the real part of the amplitude for non- 
forward scattering is not convenient, because of bachground effects, to obtain 
good ñts oí Regge poles. This could perhaps explain the. diíTiculty of iitting 
CMSR for z N  non-forward scaítering (see e.g. Reí. 18). G f course, a quantitative 
comparison with the rriV results cannot be done because oí the lack of a con- 
vincing 7.N Vencziano model. W c may point cut tliat the use of naive r.N  Ve- 
neziaao modcls implies that discrepancy in FESR for imaginary part begins at 
ürst daughter Regge pole because of the presence of at least two baryon trajec- 
tories, i.e., N  and J [see Reí. 19) for details].

Anotlier attitude can be lo think tliat “ global duality” , in FESR sense, is a 
property that a model amplitude must have, at least withia a certain approxima- 
tion. This implies to impose tlie constraints of FESR on tlie Veneziano model, 
the satisfaction of which could allow to determine the weight of the sateUite 
terms tentatively added to tlie fundamental Veneziano block.

A  reason for such an attempt is that the simple Lovelace amplitude Eq. (1 ), 
though predicts correctly tlie gross phenomeiiological features oí r.z scattering, 
íails in rcproducing accurately the most prominent resonauce elastic widths. lu 
fact, scaling the model (1) to agree with the p width, tlie predieted width for 
/° is ~ .085G eV  and for g ~ .040 GeV, to be confronted to the experimental 
valúes .150i . 025 and .1G7±.030 respectively, the last one not being completely 
eJ.astic. [For a general discussiou see Ref. 20) and references therein.] To 
obtain agreement with tliese widtlis, and with the daughters ones, several satel- 
lite terms must be added to Eq. (1 ).” '

The attempt to introduce a satellite witli the FESR constraint has been done 
using, instead of (1 ), the amplitude

.4.‘ = - C - ( l . l )4 - r £ > - (2 ,2 ) ,  (16)

where is tlie previous l.ovelace amplitude and

D  (2, 2) -  (17) .
r  ( 2 - « . - « , )

D " (2,2) is lÍ-j ivlcv_iit satellite for FESR considerations, since it h'r. .'s;'! 
ing Regge behaviour.
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W e found that, cnlculating the FESR analogous to (8'), a valué of y .̂5 
givcs fair agreement betwccn both sidcs cf this sum rule for Re even for, 
c.g., 5c =  3 G eV ’ and /= —1.4 G eV ’ , and avoids the divcrgence for a r (= —1. At 
the same time the discrepancy in the second non-leading term cf the FESR for 
Im .4i‘ corrcsponding to Eq. (5) is strongly reduced for —2 < t< ( )  with this valué 
of y. It is remarkable that the model with j'^ .5  corresponda to clastic widths 
r/o^ .l30G eV  nnd Fg^-OOOGcV olese to the experimental ones. This valué of 
y is in agreement with the model of Ref. 21).

It is clear that a more complete trcatment would require the introduction of 
a larger number of satellites, including non-leading ones, together with several 
constraints based on different orders of approximation of FESR and considering 
the Adler condition. Such a program is in progress, together v/ith a generaÜzation 
to A^-point amplitudes. However, the results shown above already indicate the 
consistency between general fulfilment of FESR and improvement of predictions 
for clastic v/idths in the frame of Veneziano model.
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