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A tim e o p tim al co n tro l betw een tw o s ta tio n ary  p ow er s ta te s  o f  a tion  to  the final State w ithou t overshoot. T he results o b ta in ed  by 
nuclear reac to r  has been o b ta in ed  w ith a  d ig ita l C om puter m eans o f  a  dig ita l sim u la tion  are  given. 
using  a  sim ple a lgo rithm , w hich provides a  sm oo th  approx im a-

1. Introduction
Several authors have applied modern theories of 

optimal control to nuclear reactors, and particularly, 
have used the minimum time criterion. Among these 
authors there are some who have used Pontryagin’s 
M áximum Principie, along which we intend to present 
our work.

The fundam ental problem is the following: on the 
basis of the above mentioned principie, obtain a simple 
minimum time control for changing the power level in a 
nuclear reactor between two critical states. This is done 
by using a digital Computer which takes sampled 
inform ation from the reactor, processes it according to 
a program , and applies the results to  the controlled 
process by means of an adequate signal.

The model of the reactor will be considered a s 1,2)
d n
—  =  Ápn, 
di

( 1)

with

2. Time optimal control
As we are interested in modifying the velocity of 

the reactivity variation in order to obtain an optimum 
behaviour, we analyze the following system3):

d n . d p
—  = -  Apn,  —  =  u. 
di d t

(2)

Considering the characteristics of the reactor that 
will be controlled, we adopt the following limitations:

dp 
dt

=  0.35

<  u0 =  0.0125 $/s.

A = 1  ¡T, T = l / k tB, / =  I / ? ÍM¡,
where
T  : period,

number of neutrons in one generation 
eff ’ num ber o f neutrons in the preceding generation ’ 

[¡i : fraction of delayed neutrons per group,
: decay constant o f preceding group, 

p : reactivity, 
n : neutronic flux.

First, the optimum trajectory in the space state will 
be calculated for the desired power change and then, 
by means o f a digital control based on the error between 
the measured and the required power, the system will 
tend to follow this trajectory.

A t last, some experimental results obtained by 
means o f a digital simulation o f the system will be 
given.

This means that the control región is closed, and that 
there is a restricted state variable.

The present analysis corresponds to an increase in 
power, though similar considerations can be made for a 
decrease.

The Ham iltonian for eqs (2) is

H  =  \¡/! ).pn + \¡J2 u ■

Calling u *  the time optimal control, and maximizing 
the expression above as a function of the variable u 
[Pontryagin’s Principie4)], we have

u* =  w0 sg i¡/2,

where sg x  =  1, if x  > 0; sg x  =  0, if x =  0; sg x =  — 1, 
if x <  0.

The adjoint variables verify the following equations:

# 1  _ 5H
át 8n

(# 2  _ 8H
dt dp

=  — i/fjAn,



so that. from the first equations of eqs (2) and (3) we 
obtain

i//! m =  constant .

Fiom  these expressions we derive that iA2(0  varies 
in a monotonous form, changing its sign only once at 
the most, and this is the reason why optimal control is 
4-«o or — u0 with only one change.

With the limitations imposed before, reactivity 
cannot exceed a prefixed valué. Now we add the condi- 
tion that the system must reach its final power without 
overshoot.

According to this, the useful región of the State space, 
as indicated in fig. 1, is limited by right lines p = p max 
and n = nr.

It can be demonstrated that in this región the optimal 
trajectory will be the one indicated in fig. 1, which will 
be as follows: with máximum velocity until reaching the 
p max boundary, evolution at constant reactivity 
P —Pmax> and then with máximum negative velocity 
until reaching the final State. Segment AB (that lies on 
the boundary) and points A and B (where the tiajec- 
tory enters and leaves the boundary) satisfy the condi- 
tions established in ref. 4 for the restricted state space, 
as can be seen following a similar process as that of 
refs 5 and 6.

3. Digital control
Using digital control we shall try to follow the 

optimal trajectory obtained in the last paragraph. This 
will be done analyzing each section of the curve.

Between points n0 and A, the máximum velocity w0 
is used. Between A and B p  =  pmaxmust be m aintained; 
this is obtained making

e =  1 -  p / p max (4)

£m ax

Fig. 1. T im e op tim al tra jec to ry  in restric ted  s ta te  space.
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and as a first approxim ation we can consider control u 
as the following function

u = u0 sg £ . (5)

From  point B the control variable should take the 
valué — «o, but as the control is digital it is improbable 
that this will occur at exactly that point. So, to avoid 
inconveniences (overshoot, or that the system should 
end up in a different point to that which we desire), B 
was changed to a point B' (fig. 2) such that when chang­
ing the control in B', the most it will do is end up in B 
through p =  pmax.

Clearly, from eq. (1) with A =  0.0917), we see that 
calling B =  (p0, x ,)  and B' =  (p0, x ’¡), we obtain

=  x¡ exp( —0.091 pm¡¡xAz),

where x ( t )  = n(t) /nr (normalized variable), and Ax = 
=  sampling period.

Giving p max different valúes in the preceding expres- 
sion we obtain a curve that, togetherw ith the curve of 
velocity — m0, determines a región within which the 
program  will order the change of u while the system 
evolves with p =  pmax. From  these conditions we obtain 
x[ = 0.60.

If starting from B' we use the máximum negative 
velocity to annul the reactivity, the system ends up at a 
lower power level than the expected one. But if 
simultaneously we use

T nr
(6)

as an algorithm 8) and maintain eq. (5) as control, the 
system tends to follow trajectories with e =  0. These 
trajectories, which are right lines in the state space, 
intersect the axis at nr.

í t  can be seen, that a control of the type given in 
eq. (5) produces limit cycles around the final state; this 
makes it necessary to introduce a proportional zone to 
avoid them (fig. 3).

Summarizing: in order 10 obtain our original objec- 
tive with a digital control we use the expression (6)

U

Uo

í m a x\
- Lío

&

Fig. 2. C o n tro l change zone. Fig. 3. C o n tro l based  in the  detected  erro r.



for error and also a proportional zone for control 
indicated in fig. 3.

As expression (6) uses the variable T  and as the 
accessible variable of the reactor is n we can calcúlate 
T  as an approxim ation to the expression

T  =  n
d n 
di

given by

T  =
i ( n 4 + n0) 

-K «4-«o  )IAx
= 2 A t

X ,  +  x 0

Fig. 4. B lock d iag ram  o f  sim ulated  co n tro l system . 
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£>max = 10%
J-Lo - 0 0 2 5  d o l ía r /2  sec.
A b  ~ 2 sec.

We will now analyze the behaviour of this system. 
With model (1), expression (7) is reduced to

7 '=  1 ¡Xp, (9)

so that eq. (6) determines right lines in the State space, 
expressed by

(7)

(8)

T0p +  x =  1, (10)

where «4 is the present valué, and n0 is the valué of the 
sample taken four intervals before.

The control program  in each sampling reads n, 
calculates T  and determines the error. Consequently 
the simulated system diagram is the one shown in fig. 4.

using the same /. as before.
The system tends to follow these trajectories in the 

ideal case. In fig. 5 we have represented these right 
lines with zero error, and the real trajectories for diffe- 
rent T0 taking £max =  10% as an example.

It can be observed that the smaller the valué of T0, 
the greater the difference between the right line and the 
real trajectory. This is so, because the variation of x for 
the same power Ievel in a given sampling interval is 
greater for larger valúes o f p.

Several tests have been made with different valúes of 
£max between 20% and 1%, and it could be seen that for 
valúes of less than 8% the system started to oscillate 
when used with non-saturated pulses (fig. 6). Empirically 
it can be obtained that the period of the oscillations is 
constant ( 8 z1t ) and that the máximum amplitude is 
approximately 2 u0 when the control is bang-bang.

In the next paragraph these oscillations will be 
analyzed and the gain determined.

0.1 0 2  0.3 04 0.5 0 6  [do lla r ]

Fig. 5. R eal tra jec to ries and  nu il-e rro r righ t lines in State space 
for different To-

T r a j e c t o r i e s  for-.
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Fig. 6. T ra jec to ries fo r different em



Evolution at constant reactivity is obtained modi- 
fying the control program according to eq. (4), so that 
the algorithm will be reduced to

Z » - l  =

T

At point B' it must satisfy 

T<— +  x\  ■ 
T

•1 >  e„

( 1 1 )

(12)

with T  =  1 l/p max and x[ = 0.60.
This indicates that T0 and emax must be determined so 

that the system will not oscillate in the neighborhood 
of the final State.

4. Limit cycles
Experimentally it has been verified that with bang- 

bang control the system always produces a limit cycle 
o f period M t  for any valué of T0 (fig. 7). The ampli­
tudes of these cycles are approximately constant too 
for any valué of T0 .

These oscillations occur in zones where the system 
should maintain a constant reactivity: either when 
P =  Pmax (see section 3), or when p = 0 in the final 
state, i.e. when the control is not saturated.

If  now we assume that the limit cycle is symmetric in 
respect to the right Une parallel to axis p which passes 
through (0, 1), we obtain Ax  = 0.0183 (fig. 8).

At this point we can determine the non-saturated 
control zone in the state space. As an approximation, 
the right lines parallel to the com m utation one are

w i t h  d i f f e r e r t  x j

Fig. 9. T ra jec to ries  ob ta in ed  using  th e  co n tro l a lgo rithm  
described.
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Fig. 8. S a tu ra ted  and n o n -sa tu ra ted  zones o f  the  con tro l pulse.
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Fig. 10. V aria tions o f  norm alized  pow er an d  reactiv ity  as a 
function  o f  tim e.



draw n9). The equation for the com m utation line is

^ p  + x =  1,
T

and the parallel ones which pass through ( ± 2 A p max, 1) 
are

T
Y  p + x  =  1 ± e maí.

The following condition must also be verified:

"pj" T0 2 A pm.dx < £max ■ (13)

From  eqs (12) and (13) we obtain  T0 =  15 and £max =  
=  7% as lim it valúes.

With these valúes the oscilla tions on  the p = pmax and 
at the desired equilibrium  State disappear.

In fig. 9 the trajectory followed by the system for 
g =  10% and T0 =  15 can be observed. It can be seen 
that when the system leaves x [ , it develops a maximum-

velocity trajectory (optimal), and in the neighborhood 
of the final state follows the corresponding right line, 
w ithout oscillations or overshoot.

Fig. 10 shows the variations of normalized power and 
reactivity as a function of time.

References
!) L. E. W eaver, R eactor dynam ics and  control (A m erican  

E lsevier, N ew  Y ork , 1968).
2) S. F u k u to m i, p ríva te  com m unication .
3) R. R. M ohler, Los A lam os Scientific L ab o ra to ry  R eport 

L A -3257-M S (1965).
4) L. S. P o n try ag in , V. G . B oltyanskii, R. V. G am krelidze  and  

E. F. M ischenko, The m athem atical theory o f  optim al pro- 
cesses (W iley-In terscience Publ., N ew  Y ork , 1962).

5) K. M o n ta , J. N ucí. Sci. T echn . 3 (1966) 227.
6) K . M o n ta  an d  S. F u k u to m i, in Sem inar on  the  A p p lica tion  o f  

on-line Com puters to  nuclear rea c to rs  (S andefjo rd , 1968) 
pap er O LC -8.

7) M. A . Schultz, C ontrol o f  nuclear reactors and  power p lants  
(M cG raw -H ill, N ew  Y ork , 1961).

8) Y. T ak ah ash i, S. T ak am atsu  and  K . M o n ta , T o sh ib a  Rev. 
(Spring  1966) p. 5.

9) W. L. N elson , T rans . A S M E  83 (1961) 65.


