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The nuclear field theory (NFT) is presented here with particular emphasis 
on its foundations. The following points are discusséd: i) the equivalence 
between puré fermion and NFT operators (including the Hamiltonian), ü) 
the results from an exactly soluble example, iii) the appropriate expansión 
parameter and the convergence of the corresponding perturbation series and 
iv) the extensión to deíormed systems. This is accomplished through the 

derivation of both the deformed Hamiltonian (superfluid case) and of the 
perturbational treatment appropriate for deformed basis.

§ 1. Elementary modes of excitation

They represent a generalization of the cbncept of the normal modes of 
vibrations in a classical system. Thus, they provide a basis fór expressing 
the complicated excitations that can be produced in the neighbourhood of a 
given equilibrium configuration. In addition to this practica! purpose of economy 
in expressing the complícate spectra in terms of relatively few building blócks, 
the study of the elementary modes is important because the deeper properties 
of the system are reflected in the nature of .these building blocks.

The concept of elementary modes wás introduced in Fermi systems by 
Landau.“ Their importance in nuclear physics has been specially stressed by 
the Copenhagen School.*’

The mathematics of the elementary modes is simple. Let us assume that 
it is possible to recast the many-body Hamiltonian (including a two-body term) 
as a summation of Hamiltonians H /  corresponding to separate dégrees of 
freedom.

2  H /  . (1)
O-

The energy of the states (for at any rate, of the most important states 
in order to determine'the physical response of the system to external probes) 
has the form
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where e, are the eigenyalues of H„'. The eigenstates of the total system 
are

(3)

Here n„ = 0 or 1 in the case of fermions and w, =  0 ,1,2, ••• in the case of 
bosons. The operator T’/  creates an excitation with quantum number ff, when 
acting on the state |0> (the vacuum of all the excitatioiis G). Additivity 
features similar to (2) hold also for transition matrix elements.

With the help of experimental probes which couple weakly to the nucleus 
(i.e., in such a way that the system can be expressed in terms of the properties 
of the excitation in the absence of probes) it has been possible to identify 
the elementary modes which are listed in Table I. As an example, Fig. 1 
représents the known states belonging to the family of neutrón monopole 
pairing modes in the Pb región. Similarly, Table II contains the Information

12 I-
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Fig. 1. The many-phonon neutrón pairing spectrum around *” Pb (Ref. 17)). The energies 
predi cted by the pairing vibration modal are displayed as dotted horizontal Unes 
while the experimental valúes are drawn as continuous lines. The harmonic quantum 
numbers (n„ w«) are indicated for each level. A schematic representation of the 
many-particle rnany-hóle structure of the State is also given. The transitions pre- 
dicted by the model are indicated in units of r  and a. The corresponding experi­
mental numbers are also given together with their errors above each level. The 
dotted Une between the states (0,0) and (2,1) indicates that the *'”Pb(/>, í) *°'Pb 
reaction to the three-phonon states in *“‘Pb was carried out and an upper limit of 
0.03r for corresponding cross section was determinad.



concerning the single-neutrón degree of freedom in the same región. From 
Fig. 1 and Table II we conclude that (at least) the collective pairing modes 
and the fermion modes coexist in the Pb región. Our aim is to describe the 
collective and single-particle degrees of freedom on an equal footing. Sub- 
sequently, the residual couplings should. be treated through a perturbative 
expansión (N FT).
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Table I. Elementary modes of excitatiop in nuclei (Ref. 3)). The rotations 
have been excluded since they do not satisfy the addititivity criteria.

mode formalism specific excitation mechanism 
experiment

single-particle motion a 'iv), a(v) single-particle addition or remoVal

density oscillations
shape
isospin
others

{a'a)

inelastic scattering

pair vibrations a 'U W U ') two-particle transfer

nucleonic excitation 
“ (33) resonance” 
hyper nuclei

a.'a,
(c.Vi)

pión scattering 
{Kic) exchange

Table II. Single-neutrón states in the región around Pb’“*. The ex-
citation energies E  in the residual nucleus, the transferred angular 
momentum 41 and the spectroscopic factors S  are given for P b"‘ 
id ,p )  Pb*" reactions and JS<3 MeV (Ref. 46)). The validity of the 
independen! particle model becomes established by the fact that 
there are transitions with spectroscopic factors S  cióse to the sum 
rule valué 1, while all others 5  almost vanish. Moreover, there is 
a biunivocal correspondence between the states with 5 ~ 1  and those 
predicted by realistic central potentials (last column).

E  (MeV) l S Shell model configuration

0 4 0.83 2¡/,/i
0.779 6 0.86 líii/i
1.424 7 ■ 0.58 Ijit/t
1.565 ? 0.98 3d»/í
2.033 0 0.98 4íi/í
2.152 1 0.007
2.319 1 0.007
2.464 3 0.001
2.493 4 1.05 2g,/i
2.537 2 1.09 3A/«
2.592 5 0.018
2.738 3 0.003
2.866 3 0.001



“The central theme is the dialectic between classical macroscopic pictures 
and the microscopic quantal structures that emerge as soon as one expresses 
those pictures in terms of the motions of neutfons and protons that move in 
quantized orbits exhibiting shell structure”.*’

§ 2 .  Feynman’s diagrama and the graphical perturbative 
derivatiofa of the NFT •

In quantum mechanics, we déal with the amplitudes to get from the 
initial S t a t e  at time t  to the final State at time t ' . A  great advantagé of these 
amplitudes (Green’s functions) is that a useful and elegant graphical pertur- 
bation theory is obtained from them. Each diagram is as precise ás an equation 
and, in addition, i t  represents the detailed evolution of the system.*’ In the 
following, we reviéw some known results obtained through this technique. 
For more details see, for instance, Refs. 4) and 5).

The above-mentioned amplitudes, for the one-particle case, are

GC/',í : í ' - í) = < 0 |T K ( O « ;W } |0 > .  (1)

where T  orders the operators aj. ( í ') , a /  (í) in a time sequence that increases 
from right to left. Introducing a complete set of states |a>, |r> of the system 
with one particle more and less than the ground State, respectively, Eq. (1) 
reads

GU'J-, a. - .

r

For a system of independent fermions, 10> represents a Slater determinant. 
Therefore, the one-body Green’s function describes the propagation of a particle 
above the Fermi level if í ' > í  and of a hole below the Fermi level if í '< Z . 
Assuming a representation which diagonalizes the Hamiltonian,

G (J'j J> t' — t) =  Go (j, t '  — i) ^i¡'.

Using the same formalism, we describe the propagation of a particle-hole
pair

t ' - t y  =<fi\T{a\,{ t ')a j{t ')a).(^t)a j.m \O y
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*’ Moreover, it can even be beautiful.



+  E  iO\a\.aAnyinWi,aj\Oyd{t-t ')  , (4)
n

which in the case of a free propagator simplifies to /

G^g u r ,  j " f ;  [ (1 - « , )  nj,d i t '  - 1)

+ ( 1  -  «^0 0 ( ^ - í ')

= - S , ^ 8 y ¡ .G ,U , t ' - t ) G ,U ' , t - t ' ) .  <5)

A non-interacting particle-hole State behaves like a free phonon, since 
one may distinguish between them only through their correlations and inter- 
actions with other partjcles or holes (i.e., in cases in which they are nót 
free). Therefore, we may infer the expression for the propagator of a free- 
boson from (5) :

í ' -  í) (6)

If we have a more complicated problem (such as a problem of interacting 
partióles) the propagator may be written as a sum over all the alternative 
ways in which the partióles can go from the initiaí to the final states. For 
instance, in the case of a particle-hole pair:
i) The particle-hole pair may not be scattered at all (Eq. ( 5 ) ) . /

ii) The particle-hole pair may be scattered once

X p r G o ( r ,r - í ) G .( i ' , / - r ) G o O ' , í ' - r ) G .O ‘' , r - 0 .  (7)

iii) The particle-hole pair may be scattered twice

ia.h
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X d x ' d t G ,  i r ,  r  - 1) G . t  -  r )  G„ { j , ,  t '  -  r )

x G o O -„ r - r ') G .O ’, í ' - r ' ) G . , 0 - ' , T ' - 0 .  (8)

iv) etc.
In the propagation of a particle-hole pair, let us consider only those 

diagrams in which a particle-hole pair is created and annihilated without inter­
acting with other lines of the diagram. Thus, diagrams 2 (a), (b) ánd (c) 
belong to this subset, while 2 (d) does not. This whole subsét of diagrams 
is taken into account in the Bethe-Salpeter equatión;

G p .o -/, ^ G f w r ,  r r M ' - i )

- i  S  < j J ' ’ \ v \ r j , y
JajJb
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Fig. 2. Diagrams representing the propagation of a particle-hole 
pair in lowest orders of perturbation theory.

X J  d v G f l  U a j» , j " j ’  \ V - t )  Gph { j j \  j J t ; t ' - x ) . (9)

■as can be seen by iteration. Using (4) and (5) and Fourier transforming, 
the following equations must be satisfied by the a^iplitudes at
the poles corresponding to the energies W„:

<n \a;a,.\Oy  =   ̂ E  < r j" \ V \ j r y < n W r a A O y .

(10)
This can be cast into the familiar matrix equation

A  B
- S  ~ A =  W

Y (11)

where

(A) =  ( e , - e i ) S a k i ) ,  {k'i')) +<^k'i\V\ki'y; (B) = ii ' i \V \k k 'y  . (12)

The amplitudes are

X in ,  ki) = <n\a,^aAOy-, Y{n, ki) = <« |aM |0> . (13)

Here Ct^-ep and e{^ep==Fermi energy. An application of (11) is given in 
Fig. 3.

Thus we have learned which diagrams have been taken into account in 
the replacement of “dressed” particle-hole states by phonons. Indeed, in this 
replacement an infinite subset of diagrams have been summed up. But this 
also implies that many others have been neglected. If more than a particle 
and a hole line would be present in the initial state, and each pair of particle- 
hole lines gives rise to a boson, we are neglecting interactions between fermion
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Fig. 3. The response function corresppnding to the octupole modes in Pb*” . The calcu- 
lation has b e ^  made using the experimentally known single-proton and single-neutrón 
levels in Bi” *, Pb“ *, Tl“ '  and Pb” '. In the upper part, the B(£3) valúes for exciting 
partícle-hole states are given in siitgle-particle units. Only transitions with an 
intensity larger than 0.2 are indicated. An effective charge of l.lSe for protons and 
0.13í for neutrons has been used in order to take into account polarizátion effects 
associated with the =3 modes. The lower part of the £gure represents the re­
sponse function for the RPA normal modes. The same renormalized charges have 
been used. The coupling strength of the residual octupole interaction has been fixed 
so that the lowest 3" state lies at 2.62 MeV. The B(E3) valué corresponding to the 
collective state is 31B,p in agreement with the experimental valué 39B,¡,. For both the 
upper and lower figure, the energy weighted sum rule is S« W»S(£3, n) =325B.p MeV.

lines belonging to different pairs. In particular, we are violating the Pauli 
principie, which is taken into account provided that for a given diagrama those 
obtained by interchanging the erid points of the fermion line are also con- 
sidered.

Unlike the propagation cónsidered in (4), where ti = t¡ and tt — U, we 
consider now the propagation of two fermion lines in a given Feynman dia- 
gram, such that the two lines appear and disappear at different vertices. The 
propagation of the two lines yields the Green’s function

GO'iA, ÚU) =  <01T{4. (í.)a¡^{t,)a), ( í , ) ( Q } |0> . (14)

If í i> í 2 > í j > í 4  (for instance), the zero and first prder contributions to the 
propagator are
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— Go 0*1; Í4 — íj) Gt ( j t ; í¡—í¡) j , / , ,

G® =  -í'< ÍíÍ4 |V '|iJ ,>  drGoUt, Í2-r)G oO 'i, r-t,)GoU», ■c-t»)G^{jt, h - v ) . 

(15)

Fig. 4. Correspondence between the Feynman diagrammatic expansión of the prop- 
agator in the puré fermion treatment (left) with the Feynman diagrams associated 
with the same propagator in the NFT (right) (Ref. 9)).

Among the second order contributions, we consider the one in which there 
is a particle-hole pair propagating between r  and r '  (Fig. 4). There are also 
higher-order contributions in which this intermediate particle-hole pair is scat- 
tered an arbitrary number of times by the interaction. The propagation be­
tween r  and r '  is given by the Green’s function (4)

¿rrfr'G oO ’í, í 2 - r ' )S G < '> = -  H  i j J \ V \ j J ' X r h \ V \ j ' ' h y
»S:2 Ji'i’i" '

X G.O'i, r ' - íi)G p iU t h ,  j J i ; r ' - r )G » (ij , r - h ) G ,Ui, h - r ) .  
(16)

By replacing (4) and (13) into (16), we obtain

2  G<“> =  -  J d r d r ' G o U z ,  h - t ' ) G . {h ,  x ' - t , ) G „ (i,, r - h ) G ,(>„ t , - r )

X 2  ( i J . ; n) A U J i ; n) (r ' -  r)n

where

Ji'
(18)

In (18) the restriction is made that there should be one particle and



one hole present ¡n each pair (jj').
The partial summation in (17) corresponds to replace the original fermion 

Hamiltonian by another Hamiltonian in which extra collective degrees of free- 
dom are included. The factor within curly brackets in (17) has the same 
time-reversal properties as the propagator of a free phonon with energy W* 
(Eq. (6 )).. The summation over n accounts for all the diagrams in which 
a particle and a hole line mutually interact v number of times (v>2) . The 
propagation of each mode n is represented by a wavy line. The question 
■wrhether a wavy line corresponds to the propagation of a true phonon or of 
a particle-hole pair is irrelevant, since there is no way to distinguish between 
them; to investigate this difference, another fermion line has to interact with 
either the particle or the hole line. However, we have assumed that both 
the particle-hole pair and the phonon propagate without interacting with any 
other line of the diagram between their creation and annihilation.

The Crossing of a wavy line with another line of the diagram (either a 
fermion line or another wavy line) corresponds to an even number of crossings 
between fermion lines. Therefore, it does not introduce any extra minus sign, 
as the Crossing between two fermion lines does. This is a further evidence 
of the identical behavior of the propagators of a boson and a particle-hole 
pair.

The factors A(jaj„; n) represent the amplitude for the creation and an­
nihilation of a phonon ñ and a single fermion transition from the State jV to 
the State ja (Fig. 4). They should thus be considered as the strength of the 
particle-phonon interaction. However, these vertices do not exhaust the éffects 
of the two-bódy residual interaction. In fact, the four-point vertices still give 
a contribution through G‘” . We thus justify the replacement of the fermion 
Hamiltonian by the nuclear field Hamiltonian introduced in Ref. 6), namely,

=  2] S ja /a j  = ,
i n

+  a ) r „ a ’y.ay,]. (19)

The exact results*’ of the fermion Hamiltonian are reproduced by (19), 
provided the following rules are followed:
1) The couplings are allowed to act in all orders to generate the diííerent 
diagrams of perturbation theory. All vertices of the fermion two-body inter-
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*’ These results appear as a consequence of the fact that both the original fermion Hamil* 
tonian H = H ,p+ H n  and the NFT Hamiltonian H / (plus rules 1)~4)) yield the same 
Green’s functions.



action and of the particle-vibration interaction have to be included, and all 
time permutations of these vertices in a given diagram have to be taken into 
account.
2) The internal lines of diagrams are restricted by the exclusión of diagrams 
in which a particle-hole pair is created and subsequently annihilated without 
having participated in the meantime in the interaction with another lines 
(bubles). This rijle is due to the fact that all the diagrams with this feature 
have been replaced by diagrams in which phonons propagate. Because of this 
rule, only a diagrammatic treatment appears to be feasible.
3) The energies and coupling constants of the phonon field are determined 
by the energies W„ and amplitudes X ( n , j f ) ,  Y ( n , j f )  of the perturbed prop- 
agator of a particle-hole pair. The simplest method to obtain these quantities 
is through the RPA (Eqs. (1 1 )~ (1 3 )) . However, we may also use more 
complicated irreducible vertex parts and, consequently, generalize the concept 
of buble.”
4) The collective and fermion degrees of freedom are mutually orthogonal

[^ „ ^ a ;]  =  [ A , a ; ] = o ,  m

and they interact only through (19) plus the restriction 2). In particular, |0> 
is the vacuum state both for fermion and bosons, namely,

/ ’„10> = a»|0> = a / |0 > = 0 . (21)

The equivalence between the field Hamiltonian (19) and the original 
fermion Hamiltonian has thus been established for the internal parts of a 
diagram. The question whether the external lines should be either phonons 
n or the original particle-hole lines (k, l) was empirically answered in Ref. 6) 
in favour of the phonons. We may divide the diagrams in two groups: in 
initial or final states, proper diagrams involve collective modes n and particle 
modes j ,  but not particle-hole configuration that can be replaced by a cpmbi- 
nation of collective modes. For instance, the initial state of the type F  
corresponds to a proper diagram, but a,¡^a],,a{\Oy to an improper one. The 
proof that improper states are not normalizable and thus cannot be used as 
initial or final states is given in Ref. 7).

The interaction of the system with an external field is proportional to 
the one-body operator

Q = ]2<J\Q\r>a/aj,. (22)

10 D. R. Bes

Any fermion diagram that de.scribes the effect of (22) contains two fermion 
lines (Jf) having a common vertex (J\Q\j')> at an instant ío- These two lines 
are included within a section of the total diagram, such that this section joins 
the remaining part of the diagram through the two “external” fermion lines
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Fig. 5. Corfespondence between the Feynman diagrammatic expansión describing the 
effect of an extemal single particle operator Q in the puré fermion treatment (left) 
with the Feynman diagrams associated with the same process'in the NFT (right) 
(Ref. 9)).

(jJt) at the instants ti and ti (íi=^íj), respectively (see Fig. 5). The con- 
tribution of this section to the tiiíie evolution of the system is

G<¡ =  2  < J\Q lJ 'yG (jiti, j i t i ,  jto , j ' t o ) . (23)

In addition to the case of free propagation within the section, let us 
consider those cases in which the 'two lines OJí) llave a common interaction 
vertex at the time t , which is also common to the “internal” particle-hole 
pair, C/Ji). We also assume thát ( j f )  corresponds to a particle-hole pair. 
Applying the same arguments as before, Eq. (23) can be written in terms of 
the usual particle-hole Green’s function Gph which depends on a single time 
difference r  —4:

Gq = — O í IQ I ii>Go Os, t i —ío) Go O'i, to—ti)

X dtG)  Oí, t¡ r) Go (J¡, t  ti) Gpk ; r  — ío). (24)

In order to obtain the field representation of the operator Q, we use also 
in (24) Eqs. (4) and (13) :

G(l= — <Í21QI Íl>Go (^2, ti — ¿o) Go {jl, ío — /l)

- i - í )  J í í rG o ( ij , í í - r )G o ( i , ,  r - í i )

[^(Í2Íi, w)<M|Q|O>e"''^"‘' ”‘">0(r-ío) 

+  ̂ (ÍJ,,«)<O |Q |w >e*"'-‘'- > 0 ( í o - r ) ] ,  (25)
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where

<«IQ|0> = E  K m \ t y x { n , k i )  +<i\Q\kyY{n, kt)-\. (26)

The first term in (25) represents the amplitude for the transition between 
the single-particle states Oiis)- The second term accounts for a whole set of 
diagrama in which an initial particle and an initial hole states successively 
interact.

The coefficients (26) represent the amplitude with which the phonon is 
created or annihilated by the operator Q.

Therefore, in the field formalism, the operator Qf contáins both a fermion 
term Q  and boson term Qi,

Q í = Q  +  Q b ,

i r
Q.=  I]< « IQ |0 > /’„t.+ <0 |Q |n> r„. (27)

We have thus proven the complete equivalence between the fermion Hamil- 
tonian and single-particle operators with the N FT operators (19) and (27). 
This equivalence can be derived for any many-body operator.*’

It is clear, however, that the N FT basis is o.vercomplete. The non-hermiti- 
city of the N FT Hamiltonian (due to the restriction 2)) eliminates the spurioüs 
states from the final results, as seen in § 3.

The same argumenta can be carried over for the situation in which the 
successive interactions take place between two-particle or two-hole lines (pair- 
ing phonons). The set of diagrams in which the two lines interact V number 
of times (v ^2 ) is replaced by a single diagram in which an addition-type or 
removal-type pairing boson is present.

The present derivation of the NFT can be found in Ref. 9). See also 
Refs. 10), 11) and 12). The N FT has also been obtained within the TDA 
and the Wigner-Brillouin perturbation expansión in Ref. 13). In Ref. 13)

(a) (c)

Fig. 6. Puré fermion (a), (b) and corresponding NFT diagrams 
(c), (d) including corrections due to the Pauli principie.



one of the few existing comparisons between the ,NFT and other boson expan- 
sions is made (in this case, with the Dyson boson expansión; see alsó Ref. 14) ) .

In puré fermion Feynman diagrams, intermedíate states are not antisym- 
metrized. The Pauli principie is taken care by jjie eXchange diagrams as in 
Figs. 6 (a) and (b). These two diagrams are part of a series which is summed 
up within NFT, yielding the free particle-phonon propagator (Fig. 6 (c)) and 
diagram 6(d), respectively.

The introduction of diagram 6 (d) by Mottelson’®* was a crucial step in 
developing the NFT. They should not be interpretad as giving rise to a two- 
particle one-hole admixture in the predominantly particle-phonon state, but 
rather as an elimination of Pauli violá(¡ing components in this státe. These 
diagrams include vertices through which a phonon gives rise to a particle-hole 
State. This is consistent with rules 1) and 4) , implying the orthogonality 
of phonon and particle-hole states within the N FT formalism, in spite of 
microscopic origin of the phonons.

§ 3 .  Application to an exactly soluble model

The model*'’’”’ consists of Í2 double degenerate (m, m)  single-particle 
states in which three partióles are coupled through a pairing forcé

m

(1)m m'

There is no Hartree-Fock contributions from H„ to H,p. Here =
The phonon energies (O, and the corresponding particle-vibration coupling 

constants A, are determined through the RPA (TDA) relations

=  (2 e „ - tó v )- \  (2)m

A, = in, = l \H ,\aJa:í,y  = d ^ . ^ [ j : ' { 2 e ^ . - a > ,y y ' ' \  (3)
m*

The Q different frequencies tí>, are also the exact energies of the states 
with M = 0  {M =m -\-m ')  in the two-particle system. Consistently, there are 
no diagrammatic N FT corrections to the one boson states. Since the states 
{m, fñ) are only allowed as intermedíate states (proper diagrams) no over- 
counting of inítial or final states is made in this case. However, for the 
three partícle system, there are also i2 states = 'l;m >  which are allowed 
as proper inítial or final states, but there are only i2 —1 physical states with 
M = m , m  which the odd particle is ín the state m. Therefore, a spurípus 
State exists in the proper spectrum.
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In the present section we isolate this spurious component, which a priori 
has a non-zero projection over all the states (w, =  l ,  wi>.

Ac' 
V m

y .

II ■
Fig. 7. Lowest order contributions to the energy matrix element between 

the basis states !»,=/, m}. The dotted Une stands for the model 
bare interaction (Eq. (1)).

We divide the Hilbert space into particle-phonon states (model space) and 
three-particle states. The unperturbed energy of the states belonging to the 
model space is a),+ e„. Use is made of the Bloch-Horowitz perturbative theory. 
The effective matrix elements between these states are constructed
as in Fig. 7, with

A = - A , A , . / ( E - e J ,  
a = - V / { E - s J ,
£™ = 3g„. (4)

The total valué is

W ,,. (E) =  =  I, m i =  1, m> =  ^  S  =n

The secular equation

\ Ed , , . - W, r { E ) \ = 0  
is equivalent to the dispersión relation

F ^ E ) ^ j : A ; / ( t í > . + e ^ - E )  = £ - e „ - V .

1 — a

(5)

(6)

(7)

The relation (7) can be solved graphically as shown in Fig. 8. With 
some algebra we see that the energy jE,„ = em is always a double root (the 
Une E  = S^— V i s  tangent to F ^(E )  at £  =  £„). The remaining intersections 
of this line and the function F„(E)  give rise to Í2—1 additional roots Eg, 
which agree with the exact results.

The amplitude C,,. of each state |w, =  l ,  m> in the eigenstates lg> are
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Fig. 8. Graphical solution of the dispersión relation (7) for the case J?=4 (Reí. 16)). 
The function F„(£) is displayed as a cpntínuous thick lina while the parallel lines 
E —S»—V  have been drawn as thin continuous lines intersecting the ordinate axis at 
(ím+V). The intersections between the two functions give the eigenvalues of the 
secular equation. For each valué of f» thére are J2 + 1 roots, the roots at E=e„ 
being double.

C,.. =  -  N ,A ,/  (a)„ +  e™ -  JE), 

where the normalization constant Ng is determined by the condition

(8)

i= < 9 k > = I ]
v,v'L

= i : X V  ( « > . + -  í : ,)  * - [  i :  s»  -  G ) ]  *}V . V
=  + (9)

where use has been made of Eq. (7). In particular, the factor multiplying 
Ng’‘ vanishes for Eg = Sm, according to Eq. (7^. There are thus only S  — 1 
states which have a finite renormalizatión. These are the physical eigenstates.

The calculation of both one- and two-body matrix elements for transfer 
operators within the N FT also reproduces the exact matrix elements for



transitions between physical states and vanishes ¡dentically for tídnsitions 
between states such that at least one of them is unphysical.

The two unphysical roots appearing in this example have different origins: 
one is the unphysical linear combination of particle-phonon states (see the 
discussion after Eq. (3 )); another corresponds to the three femion states 
belpnging to the complementary space. From Fig. 7 we see that this inter- 
mediate state has two-particle lines in the same v i  state and thus violates 
the Pauli principie. This spurious solution has appeared as á consequence 
of the Bloch-Horowitz formalism, since this formalism also yields the solutions 
corresponding to the complementary set.

In the previous example, the N FT Hamiltonian has been exactly diago- 
nalized using the Bloch-Horowitz perturbation scheme. In particular, the 
matrix elements between the physical subset of states (proper states) have 
been obtained by summing to all orders of perturbation theory. In most 
situations, these exact summations cannot be carried out. The N FT will still 
be useful if a convenient perturbation scheme can be worked out.

A number of similar examples have appeared in the literature in order 
to verify thé validity of the NFT.'”’*®’''*” Indeed, historically, the N FT  rules 
were discovered through the treatment of these simplified but non-trivial
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§ 4 . Perlurbative application of the NFT

Let me here stress a point which has mislaid both friend and critics of 
the N F T : the Bloch-Horowitz perturbation technique (or, equivalently, the 
Wigner-Brillouin one if we deal with a single state in the physical subspace) 
is by no means indisolubly connected with the NFT. These perturbation 
schemes have been pro ved specially useful in problems which could be exactly 
solved through a summation of all orders of perturbation theory (as in the 
previous case). If we must stay within the lowest orders of perturbation 
theory, they have two important drawbacks;

i) Let US assumé the Wigner-Brillouin case. The inclusión of the exact 
energy in the denominators includes some diagrams of higher order in the 
calculation of a particlar diagram (i.e., those which have at least an inter- 
mediate state equaí to the initial state). In the Rayleigh-Schroedinger formalism, 
they appear with an opppsitive sign to the other diagrams of the same 
(higher) order and in which all intermedíate states are different from the 
ground state. Thus, we are selecting from the higher order contributions a 
subset which generally yields a wrong sign.

ii) Because of the non-linear problem implied by the presence of the 
exact energy in the denominator there are more roots than the dimensión 
of the physical subspace in the Bloch-Horowitz case. In fact, all the energies
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corresponding to the complementary spáce may appear. These are spurious 
states in NFT, as we have seen in the previous example. In actual calcu- 
lations, it is désirable that at least this source of spurious states should be 
eliminated.

In the first place, we must discuss which is the appropriate expansión 
parameter associated with the NFT. This cannot be the . strength of the 
interaction since the two-body vertices have already been summed to all orders 
of perturbation theory in order to obtain the RPA energies and vertices (see 
Figs. 2, 4 and 5).

We note that the boson energies and the particle-hole (or particle-particle) 
energies are of the same order of magnitude, which we take to be G ( l) . 
In this unit, the two-body vertices are of (see Eq. (2) for the
pairing case), where ü  is the total available degeneracy of the fermion space 
that can be used in the construction of the oollective states. Similarly Eq. (3) 
suggests that the particle-phonon coupling vertices are of Let
US assume that the phonons carry an angular momentum Á which is much 
smaller than In the limit  ̂=  0, there is only one independent summátion 
over all the ferrliion lines entering in a given fermion loop, since, for instance, 
any line entering in a particle-phonon vertex completely determines the exit one. 
Thus, each fermion loop yields a contribution of 0(i2) to the total diagraift.

We choose as our expansión parameter. Therefore, a given diagram 
is of O (íG*"'” where np, nA and w, are the number of fermion loops,
particle-phonon vertices and two-body vertices, respectively. For instance.

(d)

Fig. 9. The diagramatic NFT contributions to the pairvaddition phonon- 
phonon interaction. Graph (a) corresponds to while graphs
(b )~ (g ), to the order The same diagrams are obtained for
the case of removal phonons by inverting the sense of single- and 
double-arrowed lines.



the first diagram in Fig. 9 is of the second one of etc.
The convergence of the series in has been tested in the case of

monopole neutrón pairing phonons around Pb“® (see Fig. 9 ) A pairing 
forcé has been exactly diagonalized on a basis of two and four partióles (holes). 
The énergy of the single-particle levels included in the: calculation were taken 
from experiment. The pairing strengths were fixed so as to reproduce the 
experimental correlation energy of the one-phonon cases (1237 keV for the 
addition case and 640 keV for the removal case). The predicted two phonon 
addition state is 267 keV lower than the exact result, while the predicted 
two phonon removal state is 540 keV too low. This last (relatively large) 
quantity is of the same order of the phonon correlation energy, and is a 
consequence of the fact that the removal phonon is in the (pi/i)^ configuration 
during 50% of the time. Problems associated with the convergence may 
thus be expected in this case.

Figure 9(a) displays the diagram of 0(í3~‘), while diagrams ( b )^ ( g )  
correspond to the 0(S2~‘), according to the above classification. The N FT 
results, calculated using Rayleigh-Schroedinger perturbation theory, are displayed 
in Table III. In the removal case, already the contribution accounts for 
90% of the exact valué. The and contributions amount to 8% and 
3% of the contribution. For the addition case the convergence is much 
faster, as expected.

Table III. Results of the diagonalization and of the NFT for the 
interaction energies associated with the two-pair addition (g.s.
(*“ Pb)) and two-pair removal (g.s. ( '“ Pb)) phonons (Ref. 21)).
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JW  (keV)
O r d e r -----------------------------------

II

1/J2 474 262
l/i2* 42 4.3
1/fl* 14 0.4

530 266.7
Exact 540 267

If different configurations of proper states lie cióse to each other and if S2 
is small, we cannot expect that first order perturbation theory could yield 
sufficiéntly good results. This was shown to be the case“’ for four particles 
moving in a j ~ 7 / 2  shell and coupled by a forcé which is parametrized by 
the energies of the different ^-pairing phonons in the two-particle case. One 
also gets the exact results if one adds to infinite order all N FT diagrams.“* 

In such cases one may still use the diagrams of 0(S2~') (Fig. 9 (a)) in 
order to construct the matrix between the different two-phonon states (the 
improper states constitute again the complementary space). We avoid the 
Bloch-Horowitz energy denominators by using instead the difference between
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the energies of the initial and intermedíate states. The validity of this 
prescription,“ * which yields non-hermitian matrices, is derived using the folding- 
diagrams formalism. Even for a small j-shell (J = 7/2) one obtains good results 
(Figs. 10 (a) and (b)). The diagonalization also yields a number of spurious 
states whi'ch have an imaginary norm. Furthermore, the energy of these 
spurious states is very cióse to zero. However, the results are not satifactory 
in Fig. 10 (c). In this case the unperturbed energy of the two A = 2 phonon 
State (physical subspace) lies very cióse to the energy of the X — 0 phonon 
plus two-particle state (complementary space). More work is presently needed 
in order to understand such situations from the point of view of the NFT.

Another point which must be investigated is the convergence of the pertur- 
bation expansión in the neighbourhood of a phase transition.

One of the relatively few applications of the N FT has been carried out 
for the 3/2* states in These two states can be interpreted as a mi;cture
of the octupole phonon coupled to a particle in the At/j state and a proton 
di,i hole created on the ground state of Po““. The N FT calculation predicts 
a mixture of these two configurations which takes into account the underlying 
lack of orthogonality between both states. The calculation reproduces very 
well energies, ínelastic scatteríng and transfer data (Table IV).

Use of the most important N FT diggrams has been made around closed 
shell nuclei also in Refs. 25) and 26) and in well deformed nuclei in Refs. 
27) and 47). An ápplication of the N FT to alpha-decay process is found 
in Ref. 28).

Table IV. The experimental and NFT theoretical valúes of the properties 
of the two lowest 3/2* levels in Bi*" (Ref. 24)). The parameters 
entering in the NFT calculation are experimentally fixed through 
the single-particle and single-phonon spectrum. Application is made 
of the Bloch-Horowitz perturbation theory. Only terms are 
included in the calculation of each matrix element.
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Exp NFT

E  (MeV) 2.49
2.95

2.48
3.07

fi(£3;2.49M eV )
B(£3;2.95M eV) 3 .8+0.8 2.5

ff(í,a;,2.49M eV) 
(T(í,a;2.95M eV)

0 .8+0.3 0.8

§ 5 , A num ber conserving derivalion o f the BCS equations

In this section we study again the problem of partióles moving in a given 
set of single-particle levels and being coupled by a monopole pairing forcé. 
In zero order, the ground state of a system with 277 partióles is represented 
as a superposition of 77 independent monopole pairing bosons while it has an
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additional particle line ¡n the odd systetn with 2/7"+1 particles. This de.scrip- 
tion can be corrected using N FT diagráms, which may be ordered according 
to the power of (see § 4)'. HowéVer, in the • present case it is more
reasonable to use an expansión in two parameters, and II/Q. For an
arbitrary matrix element,

F { Q ~ \  n / Q )  = Y ^ Q - \ n / s y (1)
We will consider the lowest valué of b and we will sum all the series 

in a. Thus, we assume and J7/i? finite.
The Hamiltonian, boson frequencies and particle-phonon interaction vertices 

are given in Eqs. (1) ~  (3) of § 3.
We define the principal series approximation (PSA) as being given by 

those diagrams with the smallest difference between the number óf loop p  
and the number of interñal connections s. These connections may represent 
either an (instantaneous) interaction given by the párticle-particle vertex or 
a (delayed) interaction involving the emission and absorption of a phonon. For 
instance, there is a subset of diagrams in which the difference p —.s vanishes 
for the ground state of an odd system (Fig. 11). The PSA includes those 
diagrams which minimize the exponent of ■O"', if the contributions of the

\

\

\

Diagrams and Dyson eqiutioo deTinint the quasiparticlei within the PSA.

\

E x a m i^  or diagramt not ioduded in the PSA.

♦ X
y  condition for the pairii :um within PSA.

Fig. 11. The graphical perturbation expansión included the 
BCS super-fluid solution (Ref. 29)).



vértices of the external phonons are not counted. This is so because we 
keep n / a  finite, and for each factor thus appearing there is a factor of

due to the presence of 77 external bosons. A PSA diagram is character- 
ized by the fact that it becomes separated into two disconnected diagrams by 
severing it through a connection. All diagrams in the first and the last row 
of Fig. 11 belong to the PSA, while those in the third row do not.

The set of PSA diagrams corresponding to the odd system defines quasi- 
particle excitations, which are represented by a single line with a double 
arrow. The initial and final partióle lines follow a zig-zag path (first row in 
Fig. 11). In each of the vertices of this path, two partióles are created or 
annihilated. Each vertex is conneoted with a part of the diagram which re- 
presents a PSA contribution to the two-particle creation or annihilation ampli- 
tude <JI + l\cJc:¡^\II'y (last row in Fig. 11). This amplitude is also given 
by the residués of the two-partiole Green’s function, if the pairing phonons 
are oonsistently ealculated within the PSA. The renormalized pairing bosons 
are represented by the parallel lines orossed by two arrows. Sinoe these 
bosons may be expressed in terms of the propagation of partióles and quasi- 
particles, the odd system beoomes coupled with the even system. In the 
following, we derive the corresponding equations.

The diagrams in the first row of Fig. 11 are ordered according to the 
number of vertices appearing in the initial and final partióle lines. Con- 
sequently with the previous discussion, each vertex creates or annihilates a 
renormalized phonon as shown in the first member of the equality in the 
seoond row. These processes give rise to a Dyson-type equation for the 
quasiparticles. In this equations, we must also take into account the (implicit) 
propagation of unoonnected bosons,

G (m G. (m; - 1) F a { T ' - T ) +  { T ' ~ T )
X d t d r ' G o { i n \ t ' — t ) G B { v  — T)Gn{m-, v ' — x) 
x G ^ ( T ' - r ' ) G ( m ; í ' - r ) .  (2)

where the single-partióle and single-boson propagators are (Eqs. (3) and (6)
in §2)

Go(m; t) = e - ‘'"‘0(í) ,

Gs(í) = e -“‘'‘0W  . (3)

Here, 2ff denotes the frequenoy of the dressed phonons. The factor 
F n { T ’ — T )  corresponds to the free propagation of II phonons between the 
times T < í  and T '> í ' .  A dressed boson gives rise to a pair of time-reversed 
fermion lines (m, M) in a vertex of renormalized strength This vertex
includes a factor arising from the fact that each vertex on the left-hand
member of the second row in Fig. 11 yields a factor
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m / i n - v V . ^ n \  if n y v ,  (4)

where v  is the number of connected initial or final external bosons.
The quasiparticle propagator is written in the Lehman representation,

G (m ;í)= C /™ ^exp[-¿£„‘“> í]0(O -'^™ *exp[-í£:„<^>í]0(-í), (5)

where

U^ = ia ,m \cJ \Q y ,  y „  =  <r, m k„|0> , (6)

are the amplitudes of the advanced and retarded parts, respectiVely, while 
and denote the corresponding energies.

After Fourier transformation, Eq. (2) becomes equivalent to

U J /  +  V J /  i k - E J ^ ' )  = 1 / ( ¿ -  O  +  [ U J /

+ V J / ( k - E J ^ ^ ) ] J j ‘/ ( k - e J ( k - i - e ^ - 2 f f ) .  (7)

Analiticity at the poles E J ’̂  requires (s = a ,r)

J J / ( E J ‘̂  + e^-2(T) = 1 ,

EJ^^=(T+E^, E ^ = l i e ^ - f f y  + J J r \  (8)

Similarly, the poles at and 2ff — e^ yield the equations

Í/„V (-E™ -  +  <r) -  y„V  (£„  +  -  (T) = 2 - (T) / ,

iE ^+  em—(̂ ) {Em — Cm + ff) = 0 ,  (9)

from which the square of the amplitudes and V,^ is obtained, namely

U J = í l + ( e ^ - ( r ) / E ^ r ‘ ,

V^‘= [ l - ( e ^ - f f ) / E , , r ‘ - . (10)

The graphical equation*’ for the PSA phonons is displayed in the last 
row of Fig. 11.

</7+ 1 1  c j c ^ ^ n y = u j /  {2 a -  -  £„<->) 

= - A M 7 i E ^  + e ^ - f f )  = - A J 2 E ^  , (11)

where use of Eq. (10) has been made. The vertex is given by an equation 
. similar to (3-3)

= ü '  <m, m \H '\n ,  «></7+ l|c „ V |/? >
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*' Note that the intermedíate state now includes the propagation of a particle and a quasi­
particle Une. The propagation of two-quasiparticles would overcount the PSA processes, 
as may be verified through successive iterations.



=  - y </7 +  l |E 'c J c , t | / Z > .  1(12)

Summation over n yields the familiar gap equation, which for a pairing 
forcé (Eq. (1) in §3) with constant matrix elements reads

2 /7 = E '1 /-E ™ . (13)m

In the normalization condition, we must exelude from the interaction 
vertices a factor which was included due to the presenee of 77 external 
pairing bosons

= ' E í l - i e ^ - f f ) / E ^ y 2 n ,  (14)

which is the usual number equation, namely

n = ' E v j .  . (15)

The BCS equations are thus derived*” starting from the N FT basis of 
independent particles and TDA pairing phonons, making in its derivation two 
approximations:

i) The restriction to a certain subset of diagrams, namely, the ones 
belonging to the PSA.

ii) The replacement in Eq. (4).
In the limit of large í¿, (but finite 77/ S )  the PSA diagrams are the only 

ones contributing to an (exact) description of the system. In this limit the 
excitations of the system are defined by the gap and number BCS equations. 
We ha ve leamed, in particular, which particle diagrams are implicitly taken 
into account in the superfluid solution. In this limit it is simpler to use the 
BCS formalism rather than the PSA. However, there are problems associated 
with perturbation theory in deformed basis which are treated in the following 
section.

The extensión of this derivation to the general Nilsson-Bogolubov trans- 
formation has been performed for an arbitrary force.’“

§ 6 . Rotations and the perturbative treatment of 
fermion systems in deformed basis

Attempts to extend the N FT formalisiji to the case of rotations were 
started as soon as the vibrational case was ünderstood. The success of these 
attempts was made plausible by the analogy between the product space of 
intrinsic (fermion) and collective degrees of freedom characteristic both of 
the unified model and of the N FT spaces, by the similarity between the 
Coriolis coupling and the particle-phonon interaction, ?tc. However, all these
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attempts led to failures. This may be explained as folloWs:
The total Hamiltonian of a system of fermions may be written

in two parts H^ + Hiea- We consider the case in which the basic set of states 
(eigenfunctions of iío) is deformed, i.e., [H , L«] = 0  and [JFío, í»»] =^0. where 
L , can be components of the angular momentum, the number of particles, 
etc. Since the inclusión of restores the original symmetry of the problem, 
a perturbative treatment of iíres would imply a perturbative transformation 
from the deformed to the spherical basiá. This cannot exist, since the oppósite 
transformation (from the normal to the deformed básis) is known to be non- 
perturbative. The origin of these difficulties can be traced back to the absence 
of restoring forcé in the angular direction for a freely rotating system, giving 
rise to infrared catastrophes. .

In Reí. 31) a procedure to overcome these difficulties is derived.
As in the previous formulation of the NFT, the present chapter may be 

divided into two sections. In the first subsection 6 .1  a formal derivation is 
made of a Hamiltonian in which both the rotational and the single-particle 
degrees of freedom explicitly appear. In the second section 6. 2, the discussion 
is centered on how to treat this Hamiltonian.

6 .1 .  The philosophy in this section is similar to the one in §§2 and 5: the 
equivalence between a puré fermion Hamiltonian and a Hamiltonian including 
both the fermion and the collective (rotational) degrees of freedom is proven 
by the fact that they yield the same (yacuum) transition amplitude (as given 
in this case by the path-integral formalistn) .

Let US consider a system of interacting fermions described by a set of 
creation and destruction operators b^, where the index m  refers to all 
the quantum numbers that label the independent particle states. The Hamil­
tonian of the system is assumed to commute with the components of the angular 
momentum L , ( b J ,b , ^  so that the Lagrangian L  = — H  is invariant
under a (time-indepéndent) rotational transformation i?(0) which is parametriz- 
ed by the three Eular angles Let us denote

« J  =  « J ( 0 ) = Í ? ( 0 ) ¿ ' J .  (1)

We use the path-integral formulation of Ref. 32). Thus, we consider 
the ground to ground transition amíilitude

^  =  n  J l J í )  (2 )

which may also be written in terms of a path integral in which the rotational 
degrees of freedom are spparated. Two main steps are necessary in order 
to carry out this transformation (c.f. Ref. 33), Appendix A).

(i) Ones uses two expressions for unity
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= n D l M H e . - s „ )  det ( ( 0 ) )  det ( [L„, fl„]pb),

(3)

(4)

where is a constant and we have (consecutively) used the definition of 
Poisson brackets, the linear transformation U  between the cartesian components 
of the angular momentum 7, and the momenta 77̂  which are conjúgate to the 
Euler angles and the constraint implied by Eq. (3).

(ii) One expresses the kinetic fermion term i in terms of the
rotated fields a j ,  á„ and the collective variables 7„

= — (5)
m m V

Therefore one multiplies (2) by (3) and (4) and substitutes (5), thus 
yielding

Z  = I i  Z > [a J ]7 )M D [7 ,]D [ í5 ,]
m,v J

X dXI. -  L ,) • 5 (0, -  0 .) • det ( [L„. e„] pb) ■ det (Í7„„ («i.) )

X exp Í ( 2 j  S / 7 , 9 Í ,  +  í 7 7 ) ¿ í  .
J m V (6)

The determinant of the linear transformation U has the valué sin Thus,

]J det(l/„w(M) =sin i9 ¿ia;d/3íir = ‘¿^ (7)
V

is the usual expressipn for the differential involving Euler angles.
The angular momentum constraint is straightforwardly exponentiated. 

Apart from a normalization constant, one obtains

Z  =  lim n  (B[aJJD[a^]D[I , ]D[J2]
Z)-»0 m,v J

X 5 (í?,- 0 , )  • det([X„, 0J pb)

X e x p [-¿  +  +  •

(8)
The dv(a„^,am) are functions of the fermion fields. They are quite 

arbitrary but for the condition that the determinant of the Poisson bracket 
[ ]pB must not vanish. It is convenient to relate them to the angular vari­
ables conjúgate to the L„. Therefore, the gauge Condition 5(0, —0») fixes
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the position of the intrinsic frame of reference relative to the rotating body 
and eliminates the rotations of the total system as degrees of freedom associ- 
ated with the fermion fields. Since the physical resulta itíust be independent 
of the angular eigenvalues fl„ ,one may construct a wave packet around S, = 0. 
This yields

Z =  lim n  f i)M ^ [« » ] í? [ / .3 J 5 [ f i ]d e t ( [ L „ ,0 „ ]p B )
D -»0 m , v  J

x e x p [ - ¿  +  H  +
J  \ w « 2L) «

The final physical results must be independent of the width A.
In principie, it is possible to choose the d, such that the detCrminant of 

the Poisson brackets equals one (to the order to which the calculation 
is carried). In this case, the determinant in (9) is trivially taken into accounta 
Although this procedure is used in Refs. 35) and 8), it is not the only 
possible one, since the determinant nlay also be exponentiated;

Z =  lim n
D -+0 J»,t> J .

X exp [  -  ¿ J  ( -  f S  -  S  ÍZ-.0. +  H ^  S  ( / .  -  ¿ O  *

+  ̂ E f l / + ‘̂ "ln (det([L „ ,0 .]iB )))¿ í]. (10)

The logarithm in the exponent can be expanded if the 0,- are chosen such 
that the leading order term in the detei'niinant is one. This is a lesser re- 
quirement than the earlier choice of 0,. ,

Therefore we have achieved oiir purpose, since the same vacuum transition 
amplitude can be obtained a) from a Hamiltonian involving only fermion 
degrees of freedom {b j ,  b„) ; and b) from a treatment in which the colleotive 
degrees of freedom (7„ ^,) are expHcitly separated from the fermion variables 
(«m̂ , «m) and in which the constraints are taken into account as additional 
terms in the effective Hamiltonian.

6. 2. Up to a constant, the Hamiltonian H  is equivalent to H '

2D  V '  '  2A

+ F E ( l - d e t ( ¿ [ L „  0 J ) ) 7 « (11)



The following points may be stressed:
1) The Hamiltonian H '  acts on wave functions belonging to the product 
space used in the unified model

{4>v, 0,m) =  í  X,» «m) • (12)

One has in mind an independent-particle basis for the intrinsic states fi.K.n-
2) The quadrupole operators in configuration space are written:

{v = x , y , z  = \,2,2>)
i

(13)

2 8  D. R. Bes

i

The usual choice of intrinsic frame implies that the expectation valúes 5 , 
vanish. On' the contrary, the expectation valúes are assumed to be large, 
at least in the determinantal ground state. Therefore, the operators Qv are 
split into a large constant term Q, and a term Q ,' that has matrix elements 
of the order of single-particle valúes and therefore are of 0 (1 ) (much smaller 
than the <2»’s)- The operators 5, have particle-hole matrix elements and can 
be considered tp be of order since the expectation valúes of are of
order Q,. The same is assumed for the angular momentum components L,. 
Therefore, the expansión parameter is taken to be the inverse of any of 
the three static moments Q„.

Using these general estimates in connection with Eq. (13), the angular 
function 0, can be approximated by

d, = S , /Q , .  (14)

Due to the absence of a restoring forcé in the angular direction, there is no 
contribution from H  to the frequency of the angular oscillation (Goldstone 
boson). On the contrary, the, appearance in the constrained Hamiltonian H '  
oí the three harnionic oscillators

K  = (1/2D) V  +  (1/2 A) 0,* ' (15)

yields oscillations along the three axis of rotation with the (common) frequency

w  = l / ( A D y ' ‘ . (16)

Consequentlyi the spurious states are eliminated from the spectrum as D  
vanishes. Hówever, they must always be used as intermedíate states. The 
limit D ^ O  can only be taken in the final physical results. Moreover, in 
this limit the results must be independent of the parameter A.
3) Using the expression (14) for the angular functions, the determinant 
appearing in the constrained Hamiltonian is

1 +  E  Q / / Q . + S  O (Q -* 0 . (17)



Unlike the constant A, F  is not an arbitrary parameter. Its valué has been 
determined from the conditions that the terms (17) yield the same results as 
the terms appearing in 0 /  if the determinant is sét to be 1 + 0  (Q"’'*). In 
all cases that we have studied so far

y =  - é , ‘/ A . ■ (18)

4) Treatment of the constrained Hamiltcjnian. The original Hamiltonian H  
is written in the rotating frame of referetice, thus defining a single-particle 
(deformed) basis and a residual Hamiltonian actipg amoi\g the Nilsson particles. 
Neither the independent-particle terms, ñor the residual Hamiltonian separately 
have the spherical symmetry of the total H. This step is commoh to most 
treatments of deformed systems. Next, one writes the other contributions to 
the effective Hamiltonian in the representation thus defined.

The Coriolis term J,L ,/Z ) is of 0(Q'^*) and thus not sufHciently small 
from the point of view of the Q-dependence. It is eliminated (as well as the 
rotation term (l/2D)J2v Iv‘) by means of the transformation

T =  (19)
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Only the commutation of H  and T  contributes in Heg to the 0 (1 ) of the 
rotational energy, and the corresponding terms yields the Thouless-Valatin 
moment of inertia.’"' ’'’ However, the aim of the present formalism is to go 
beyond this ord^r.

The resultant Hamiltonian Hgg includes arbitrarily large residual inter- 
actions (£)—>0). These may be conveniently treated within the NFT formalism, 
which also allows to cast the results into a power series in Q"*.
5) Application to the Elliott model:

The S U (3) Elliott model’*’ consists of particles moving in a harmonic 
oscillator shell and coupled through quadrupole forces. This model yields an 
exact rotational spectrum 1(1+1), the excitation energies of the different band- 
heads and quadrupole matrix elements within a rotational band. These physical 
magnitudes are exactly reproduced to the order of the expansión in Q~' to 
which our calculation is made. This is at least an order of magnitude higher 
than the one corresponding to the semiclassical approximation (cranking 
model)

As an example, we calcúlate the matrix elements of the quadrupole 
operator in the ground-state band. After the transformation (19), the X  =  0 
component of the quadrupole operator reads*’

Terms of 0 (Q " ‘) which are not dependeht on angular momentum operatofs are omitted.
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■= z ,-„ («  [2 .+ Q /+ f  ( A %  A )  + 0 ( e - ) ; ,

(20)
where Q ^ =  { Q x  —  Q y )  /  • The expectation valué of (20) in the intrinsic
vacuum states reads

2w D  2 \QQ y  Q J

+  O (Q -0 (21)

which clearly diverges as D~*0. However, we may only expect that the total 
valué of the matrix element converges. Thus, we must add to (21) the 
valué of thp diagram in Fig. 12, namely,

(22)

The sum of (21) and (22) is i) finite and independent of A and ii) contains 
a correction ( =  3) of 0 (Q '°’) and a centrifugal stretching term of 0 (Q ~ ’) :

<<2^<*«>>i*>o=Z?5ro[Q^+3 + (23)
2 vq , Q j y  

We similarly obtain, for Q, =  — (Q* +  Qk)/2,

n - . )  [ á +  (24)

Fig. 12. Diagramatic contribution to the quad- 
rupole operator in the groúnd state band. 
The cross denotes a vertex given by operator
Q/.

The Elliott model does not provide us with a direct check of (23) and 
(24). However, these matrix elements may be verified through the replace- 
ment of both equations m the quadrupole Hamiltonian, yielding

£ = - - ^ ( 2 /  +  Q /+ 2 V T Q .) + ^ 7 ( /  + l)
2 ^

(25)



which is the exact expression for the energy
Rotations in two dimensions have been treated in Refs. 31), 35) and 8). 

The relation between our approach and the Marshalek-Weneser expansión for 
the rotational case®”’'"” as well as illustrative clarifications on the present 
method, have recently been given by M arshalek/“ for the two-dimensional 
case. The two-dimensional pairing rotor has also been treated by Matsuyanagi 
et a l " ’ using modified fermion commutation relations, which include the 
effects of the constraints. For the three-dimensional case see also Refs. 43),
44) and 45).

§ 7v Conclusions

A perturbative scheme has been achieved which treates both vibrational 
and fermion degrees of freedom (or rotational, vibrational and fermion degrees 
of freedom) on an equal footing. The formalism yields exact results, to th^ 
order in which the perturbation is carried out. However, it cannot get across 
a phase transition.
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