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It is shown, in the framework of a schematic model, that the nuclear field theory (based on the particle-vibration
coupling), is a systematic method to eliminate the spurious states occurring in the descriptions of a many-body sys-
tem which are based on the concept of elementary modes of excitation.

In a previous note [1] the perturbation theory
rules for evaluating all the coupling and anharmonicity
effects involved when superposing particles and pho-
nons were given. There are, however, situations where
a full diagonalization is called for, as in the isolation
of a spurious state. In the present note we study a gen-
eralization of the model considered in [1] in order to
illustrate the application of the nuclear field theory to
such situations.

The model considered consists of a number, 22, of
single particle levels in which particles interact pair-
wise by means of a ‘“‘monopole” force

H=Hsp +Hs 1)
where
) Q
Hsp =3 & em(azz,lam,l - a:n,—lam,—l)’ (2)
m=1
and
H, = —VA*4, 3)
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with
(94
4% = 20 - @)

The interaction strength is given by the constant V
and the energy to excite a particle from the state (m,
—1) to its paired level (m, 1) is €,,,. The vacuum state
|0} is taken to be the S2-particle configuration with all
the (m, —1) states filled and all the (m, 1) states empty.
The enrergy of the i-th phonon is determined by the

RPA dispersion relation (cf. rule (IV) of ref. [1])
Q

1 1

—_— = i=1,2,.,9Q). s

m=1 em — Wi | 4 ( ) )

The eigenfunction corresponding to the different
modes is

A
In;=1)= ?5,—'—, @l 1@y _110). (6)

The particle-vibration coupling constant is given by

Aj=n;=1Hyylm,1;m',—1)

E 1

[ m (em - wi)z
where |n; = 1) denotes a state containing one phonon,
while Im, 1; m, =1} is the eigenstate of a particle-hole
excitation.

—112 @)
:' 8(m,m’),
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Fig. 1(a) Lower order contributions to the energy matrix ele-
ment between the basis states |n; = 1; m, 1). The dotted line
stands for the model bare interaction (cf. eq. (8)). The quan-
tity X (E) is the matrix element iterated to all orders in 1/52.
The framed equation is the secular equation of the problem,
and is equivalent to the dispersion relation (11).

The other interaction to be included according to
ref. [1] is the four-point vertex which has the value

{m,1;m',—1|H;p \m", 1;m™, 1)
(8)
=_Vé(m,m)sm",m".

The single-particle energies to be used in calculating
the different graphs are %em , because the Hartree-
Fock contribution of H;,, is zero (rule (IV) of ref.
(.

Similarly to H;g,, the “inelastic operator” a,*n’l ,

@y, ) has two different matrix elements, namely

A
= 11a5, 18,1100 = 2 ©)

and
(m',1;m", ~1la}, 1a,, _110)=8(m,m')6(m’,m").(10)

In what follows we discuss the simplest system dis-
playing spurious states, namely the system comprising
an odd particle in the orbit (m, 1), in addition to a
single phonon excitation of the vacuum?. If we dis-
place the zero point energy to %em, the unperturbed
energy of the basis state |n; = 1;m, 1) is w;.

The lower order corrections to this energy which
do not contain bubbles (cf. rule (1II). ref. [1]) are
drawn in fig. 1(a). Iterating these processes to infinite
order we obtain the secular equation displayed in the
same figure and which is equivalent to the dispersion
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Fig. 1(b) Graphical solution of the dispersion relation (11),
for the case 2 = 4. The function F(E) = Z; A,z/(w,- - E) is dis-
played as a continuous thick line while the parallel lines E

— €y, — V have been drawn as thin continuous lines intersect-
ing the ordinate axis at —(e,; + V). The intersections between
the two functions give the eigenvalues of the secular equation.
For each value of €y, there are 2 + 1 roots, the root at E= ¢y,
being double.

relation

a2 42
F(E)=l§ o =E ey - V. (11)

w;

There is one equation for each single-particle level be-
cause the monopole force cannot change the m-state
of the odd particle. The relation (11) can be solved

¥ According to rule (1) of ref. [1], initial and final states may
involve both collective modes and particle modes, but not
any particle configuration that can be replaced by a combi-
nation of collective modes. The exclusion of the states
Im,1;m’,1;m', —1) eliminates most of the double counting
of two-particle, one-hole states. The 2 “proper’”’ states of
the form |n; = 1; m, 1) are allowed. However, there are only
Q-1 two-particle, one-hole states in which the odd-particle
is in the state (m, 1). Therefore, a spurious state remains in
the spectrum based on elementary modes of excitation.



Volume 64B, number 1

graphically as shown in fig. 1(b). The energy E = ¢,,, is

always a root of (11), in fact a double root since

dF(E) _ A
[ dE Lze ”Zi)(wi——em)z—1 (12

and the line £ — ¢,, — V is at 45°. The remaining in-
tersections of this line and the function F(E) give rise
to §2 — 1 additional roots whose energy agrees with
the physical eigenvalues obtained from the exact solu-
tion of the model. We denote these roots (gm) and
the amplitudes of the basis states in the diagonalized
eigenvectors are given by

A;
1:m,1)=—-N, ——> (13)

£ E(qm]n.:
igm i m g, — Eqm

where N is the normalization of the state and is de-
termmed by [2]
1 = {gmigm)
30X (E)
=27 (5@' i')—[ - } )s-r Eam (14)
. ot ’ iqmsigm
1, aE E:Eqm
U (w—Eqm)

where Xy is the matrix appearing in the secular equa-
tion and glven in fig. 1(a). For £ m the factor
multiplying Vg 2 is zero (cf. eq. Zl 2)) Thete are thus
only 2 — 1 states (for given m) that have a finite nor-
malization.

The above results can be illuminated from a some-
what different point of view, in terms of the non-
orthogonality and over-completeness of the basis
states (n; = 1; m, 1) when expanded in terms of two
particle-one hole components. Thus we obtain the
overlap matrix

Zip(em)={n;=1;m,1iny =1;m, 1)
B (15)
m'#m (€ — W€y — wy)
A A

=8¢, 1) - (e — W€y — W)’

Because of the non-orthogonality of the basis, the
eigenvalues of the system are determined by the rela-
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tion |Z(E) (H — E)| = 0. This is fulfilled for |H — E|
= 0 which yields the £ — 1 physical roots, as well as
for |Z(E)| = 0 which occurs for the spurious root £,
=€,, of (11).

In order to illustrate the use of the eigenvectors ob-
tained above by diagonalization, we shall calculate the
transition matrix elements for single particle transfer
and inelastic scattering leading to the states (gm). One
first calculates the amplitude for the transition to a
basis component (n; = 1;m, 1) including only those
graphs in which all intermediate states are excluded
from appearing as initial or final states by the rule IV
of ref. [1]. This exclusion reflects the fact that the
diagonalization procedure has included all interaction
effects that link these allowed states. The final ampli-
tude for the transition to the state (gm) is obtained
by summing the amplitudes to (n; = 1, m, 1) each
weighted by the amplitude &, given by eq. (13).

Inelastic scattering. The lower order contributions
to the “inelastic scattermg process are displayed in
fig. 2(a). For m # m’ only the phonon part of the op-
erator ay, 1 @, _; (i.e. graph (a) in fig. 2(a) gives a
contribution. It is equal to

(gmlay, 1@y _1Im, 1)

(16)
- Aitigm =N Eom = €m
i €m' — Wi quqm_em’

and agrees with the exact result. For m = m’ the differ-
ent contributions of fig. 2(a) give, when summed to all
orders,

(qmlafn,lam’_l Im, 1)

Es,qm

as expected. In fact, the matrix element (17) meas-
ures the amount of the “Pauli principle violating” com-
ponent |m, 1; m, —1; m, 1) that appears in the physical
state (gm).

The inelastic sum rule

+Z)g,qm Migm =0 (17

:13 Kqmlaty @y _ylm, D12 =1-8(m,m"),  (18)

is obtained from (16) and (17) and again reproduces
the exact result. It expresses the completeness of the
states (gm).

One particle transfer. The lower order contribu-
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Fig. 2(a) Lower order contributions to the inelastic process
induced by a:n,l @m,-1- The iteration of the different contri-
butions to all orders in 1/ gives as result the transition ma-
trix element Mgy,

tions to the one-particle transfer amplitude between
the state |n; = 1> and the state |gm) are displayed in
fig. 2(b). They can be summed up to all orders of 1/£2,
the result being equal to

(qmla, yin;=1)= ZIJ Emq 18G, ) = Ty, 1")]

(19)
E._ —¢€

qm m
)@~ &)

=N_. A
qgm- i (Eqm
This quantity is zero for the spurious roots (i.e. Eqm
=¢€,,,) and agrees with the exact result for the £ — 1
remaining physical roots. The one-particle transfer
sum rule is given by

A}
— (20)

2’
(em - wi)

22 Kgmia}, (\n; =112 =1 -
q

which is also the exact answer.

32

PHYSICS LETTERS

30 August 1976

c o cd?
|
i.
|
- Y=
8(,i" I
Wi~ €m qm_ ‘m)
- n,_ AiAyf
d= Eqm+‘m Tqm(|.| ) z C§d (Wi_lm) (Eq"‘_ ‘m_v)

Fig. 2(b) Lower order contributions to the one-particle trans-
fer reaction induced by a;',,,l . The result of iterating the dif-
ferent contributions to all orders in 1/£2 is equal to Tgm(ii").

Based on the above empirical evidence it is our be-
lief that the rules formulated in [1] represent a gener-
al prescription for evaluating all coupling and anhar-
monicity effects involved when superimposing par-
ticles and phonons, also when the solution of the
physical system requires a diagonalization. However,
in most situations where the nuclear field theory will
be applied, the problem admits a perturbation treat-
ment.

Discussions with A. Bohr, P.F. Bortignon and G.G.
Dussel are gratefully acknowledged.
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