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\  variational method similar to the one used for the Ising model is applied to the Hamiltonian Z (2) lattice gauge

evidence in favor of the first-order nature of the transition in contrast to what occurs for the two-dimensional model.

I. INTRODUCTION

The Z (N )  gauge m odels, the center of the SU (N) 
theories, seem to be crucia l fo r the quark-con- 
finement prob lem . 1 They are also of great in ter- 
est fo r being the sim plest gauge theories obtained 
from  the well-known Ising m odel , 2 and are con- 
nected with spin-glass models3 and the tw o-d i- 
mensional m elting theory . 4

The Ising models show second-order phase 
transitions characterized by the appearance o f a 
nonvanishing local order param eter, the magnet­
izaron . The properties of both phases can be 
described in the Hamiltonian form alism  by p er- 
turbative calculations starting from  the extrem e 
ground states . 5 The actual valúes of the cr itica l 
coupling constant may be obtained using the r e -  
norm alization group through d ifferent versions 
o f b lock-spin techniques . 6 The general features 
o f the phase transition, though with less accurate 
valúes o f the c r it ica l param eters, can also be 
obtained with sim pler variational methods o f the 
m ean-field type . 7

Going to the lattice gauge theories, m ean-field 
arguments suggest the existence o f firs t-o rd e r 
transitions8 based on the abrupt appearance of a 
local order param eter. However, the proof that 
the ground state o f a gauge theory must be gauge 
invariant9 forbids the existence o f nonvanishing 
expectation valúes o f gauge-dependent operators.
It is therefore necessary to consider a nonlocal 
gauge-invariant order param eter, i.e ., the W ilson 
loop in tegra l . 10 Again, perturbative calculations 
show the existence of two phases characterized 
by the loop-area or loop-perim eter behavior . 5

The requirement of gauge invariance of the 
ground state considerably com plicates the block- 
spin calculations. Using these techniques the 
Hamiltonian Z  (2) gauge model in two spatial d i- 
mensions has been analyzed 1 1  showing a second- 
order phase transition, as expected since t-his m o­
del is dual to the Ising model with transverse field

in two dimensions.
Regarding the Z ( 2) model in three spatial d i­

mensions, Monte C ario  calculations 1 2  have indi- 
cated the appearance of features characteristic of 
f irs t-o rd e r  transitions, which disappear in the 
two-dimensional model. In contrast a renorm al- 
ization-group method 13 fo r the Hamiltonian model 
shows for the three-dim ensional case a second- 
order transition too. The same result em erges 
from  the renorm alization-group treatment in the 
Lagrangian fo rm a lism . 14

The purpose of this work is to analyze the Ham­
iltonian Z { 2) gauge model in three spatial dim en­
sions using the sim plest technique to demónstrate 
the features of the phase transition, i.e ., a va r ia ­
tional method of the m ean-field type. Though one 
cannot expect a very  accurate description of the 
c r it ica l phenomenon, one may hope in this way 
to distinguish between a fir s t -  and a second-or- 
der phase transition.

In Sec. II we reca ll the properties o f this v a r ­
iational method applied to the Hamiltonian Ising 
model with transverse fie ld  in one spatial d i­
mensión to show its usefulness in understanding 
the phase transition and its lim itations regarding 
the c r it ica l coupling constant compared to the 
exact valué.

In Sec. III we apply the variational method to 
the 2 ( 2 ) gauge model with the requirement of 
gauge invariance of the ground state. Introducing 
the W ilson loop integral as a criterion  fo r the 
phase characterization  it turns out that, exploiting 
the self-dual property of Z ( 2 ) in three spatial d i­
mensions, this nonlocal param eter changes from  
an exp (-loop  area ) to an exp (-loop  p erim eter) 
behavior when the coupling constant increases.

Because of numerical complications, it is not 
possible to consider exactly a system with a too 
large number of s ites . T h ere fo re , in S ec . IV 
the variational method is expressed in the form  
of an analogous c lass ica l three-dim ensional 
Ising model which allows the use of high- and low -
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temperature expansions extrapolated by means 
o f Padé approximants. It is possible to appreciate 
the fir s t-o rd e r  nature o f the transition in the 
three-d im ensional case through a discontinuity 
of the variational param eter which appears when 
the coupling constant crosses a valué in quite good 
agreem ent with that expected by self-duality.
When the same method is applied to the tw o-d i- 
mensional model one may s t ill define a phase 
transition but without discontinuity of the va r ia ­
tional param eter consistently with its second-or- 
der nature . 15

A  few concluding rem arks are contained in Sec. 
V.

n. HAMILTONIAN IS1NG MODEL IN ONE DIMENSION

We start analyzing this well-known case with 
the variational method. The Hamiltonian in term s 
o f Pau li m atrices

= - £  - X  ^  a3 (n)<T3 (n + 1) (1)
n n

is se lf-dua l s ince, defining according to F ig . 1 

51(ñ) = cr3(n)<Js(n+ 1), cr3(ñ)= £  a^ m ), (2)
m *  n

we obtain 

H  = H/\

= “ £  (3)
ñ "

showing that the phase transition must occur at 
the sym m etry point X = 1.

I f  we make the m ean-field assumption that a ll 
spins behave in the same way and w rite  the ground 
state as7

Le =TT /2
U — -*

* > = £
cos¿ 9 

sin| 9

the energy

E ( 6 ) = ( e \ H \  0 ) = - N s(sin0+X cos 2 0)

(4)

(5)

has two minima: ( i ) c o s 0 =O, E ^ - N / ,  ( i i )  siné?
= 1/2X, E 2= -JVs(X+ 1 /4X), where N s is the number 
o f s ites.

For X< j  the second solution is im possible and 
the ground state is given by F ig. 2(a). F or A> i  
the second solution has lower energy and co rre s -  
ponds to the doubly degenerate ground state of

( a )

9 = arcsin 1 / 2 X

\ \

( b )

FIG. 2. Ising variational ground states. (a) Nondegen- 
erate state for A< 1 .; (b) doubly degenerate state for
X > f

Fig. 2(b).
The order param eter is

Í 0 , fo r X<£

(e o s 6, fo rX > ¿

where the upper degenerate state has been taken 
fo r X>^. The c r it ica l point occurs at X=£ where 
the magnetization is continuous, showing that 
the transition is o f second order. Com parison o f 
the variational magnetization with the perturbative 
expression 5 ((T3)pert= 1 -  1/8X2 is good fo r  X> 1.

I f we now consider the variational method with 
the dual variab les, defining the ground state of 
H , Eq. (3 ), in term s o f an angle 6 as in Eq. (4), 
the transition occurs at sin0 = X /2 = l. Th is means 
that the c r it ica l point is not uniquely predicted by 
the variational method. The second-order char- 
acter o f the transition is evident because o f the 
continuity of the variational param eter 8 (o r  9) 
through the c r it ica l point, but the order param eter 
expressed in dual variables is nonlocal and reads

<fl|a,(n)|5>=/5
\ ñ<n /

|(sin9)" f o r X < 2  

1 for X> 2

which is not co rrec t fo r fin ite valúes o f X above 
the c r it ica l point.

III. HAMILTONIAN Z (2) MODEL IN THREE SPATIAL 
DIMENSIONS

Defining ct3 and a¡ variab les at each link o f the 
cubic lattice of F ig. 3, the Hamiltonian

FIG. 1. Ising one-dimensional lattice. Crosses denote 
direct sites and open circles denote dual sites.

<Ti-X £  ‘W W i  
linka plaquettes

(6 )
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FIG. 3. Z (2) three-dimensional lattice. Thick solid 
links are those affected by gauge transformation on a 
direct site. Open circles denote dual sites. Thiek dash- 
ed lines show direct links involved in the definition of 
<j3 on the dual link represented by a thick dashed-dotted 
line [see Eq. (7)]. Links on curve r  in plañe 1-3 are 
involved in the Wilson loop calculation [Eq. (9)]. Dual 
links starting from open circles along direction 2 are 
affected by Eq. (10).

is gauge invariant, i.e ., GHG ' 1 = H  with G 
= JJ f . j f f j  where the 6  links em erging from  a par­
ticular site are included.

In the sector of gauge-invariant states the v a r ­
iables on the vertica l links may be chosen ct3 = 1  

and their conjúgate momenta determ ined by 
the condition G = 1. The model turns out to be 
self-dual since defining

&i = (W r3cr3> S3(1) = I U ( 2 ) ,  53(3 )= 1 ,  (7)
«3

as shown in F ig . 3, we may rew rite

H = H / \ = - ^ 2 á l - \ ' l ^ i á 3á3cr359 , ( 8 )

can be calculated alternatively either as the ex- 
pectation valué of the cr3’s along a closed loop,
Eq. (9 ), or as that of the product of the S ,’s co r- 
responding to the dual links perpendicular to a ll 
the d irect plaquettes contained in the loop r ,  Eq.
(10). We shall see that each treatment easily  de­
scribes one of the phases.

Using the d irect variables the gauge-invariant 
ground state w ill be obtained applying the operator 
G any number of tim es on a state | 8 ) of the form  
o f Eq. (4 ), but with product over a ll links instead 
o f s ites. F o r X — 00 one expects 0— 0 so that the 
in terference term s both in the numerator and de- 
nominator of Eq. (9) vanish and

(eos 8)p = exp (P  ln eos 6) , ( ID

where P  is the perim eter of the loop r .
On the other hand the description with dual v a r ­

iables corresponds to applying the dual gauge op­
erator G to | 6 ). The variational angle 8 is now 
expected to vanish for X — 0  so that in this lim it 
the in terference term s in Eq. (10) tend to d is- 
appear leaving as leading contribution

v U ,C r  — -  (s in 0 )A = exp(j4 ln s in f l ) ,
X-* o

(12)

where A  is the area enclosed by r .
We shall see in Sec. IV  that the variational | 0)x 

is not able to reproduce the area law for sm all X 
whereas the dual variab le state | 0 ) x exhibits the 
perim eter behavior fo r large X. Th is better de­
scription of the d irect W ilson loop with the dual 
variational state can be understood by noticing 
that |5\, due to Eq. (7 ), contains overlap of d i­
rect spin states suitable to the study of co rre la - 
tion functions.

where the sum is now on the dual links and p la­
quettes. Th is resu lt is gauge independent.

Since it has been proved9 that the ground state 
must be gauge invariant G | 0)x= | Q)x, we take as 
nonlocal order param eter the expectation valué of 
the gauge-invariant operator given by the product 
of cr3 along a closed loop r  (W ilson loop)

Cr =
x(0 |g.i I 0 X (9)

*<0 I 0 >X

If we use the dual variab les we notice that H is 
invariant under G = II = II u i  ° i  > where
the s ix  links em erging from  a dual site are nor­
mal to the s ix  plaquettes p.

Taking a gauge-invariant ground state G | 0)x 
= |5)x> we may calcúlate the order param eter as

C r = ̂
<01 cr, • • • 0,1 Ó), _  x{5| 0)x

x(0 |0 )x x<0 l 0 >x

Then, as shown in F ig. 3, the order param eter

(10)

IV. ANALOGY OF THE VARIATIONAL Z(2) 
WITH A CLASSICAL ISING MODEL

Starting from  the non-gauge-invariant state
, -i 

eos 28

e>= n (13)

we obtain the gauge-invariant state |0)X = S| 8 ) 
with

s = ¿ n  ( i + g , ) = ¿  n  e  g “ ' u
- U . ) / 2 (14)

where p.s are variables defined on the sites and 
which may take the valúes ±1. Th ere fo re  the 
norm of the ground state may be written as

<0 |0 ) x° c L  J J (s in 0 ) <1 - " i |J2 )/ 2

= (sin  e  n  g«U! « 2 ;
l Ujl I

(15)
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where e ' 28 = s ine and 1  and 2  denote the two sites 
joined by the link l .  Th ere fo re  x(0| 0)x is equiva- 
lent to the partition function o f a c lassica l th ree- 
dim ensional Ising model with the correspondence

X— , | 3 - « ;  X— 0, 0 - 0 .  (16)

In the evaluation of Cr [Eq. (9 )] it is necessary 
that a ll the in terference term s have the same 
valué o f m along the loop, i.e .,  a ll the link spins 
must be nonflipped, giving

Cr = (cos 8)p Lü¿
£  n  .leT

£  n
* «s1 I

(17)

It is c lea r that fo r /3 — «  only the aligned config- 
urations w ill survive and the perim eter law equa- 
tion ( 1 1 ) em erges.

Regarding the calculation of E{8 ),  the plaquette 
term s w ill be analogous to Eq. (17) whereas each 
link term  w ill include

£  (s in 0 ) <<,i “ 2 )« n
V

(18)

1'
With the number o f the links and plaquettes re- 

lated by N, /Np =2 ,1  fo r D  = 2,3 dim ensions, the 
energy per link w ill be

E(9 )  

' N.
= ( e '2 8 (ui » 2 ,i)

+ ^ Y ^ M c°s e )4(5Ui ili2.I6#>, (19)

where < ) indicates the statistica l average.
Using the dual variab les we have again an equi- 

valent c lass ica l system  of spins ¡i with the c o r ­
respondence

X - 0 , ¡3 -= 0 ; x - ° o ; ¡ 3 - 0 , (20)

and the W ilson loop, in the form  o f Eq. (10), is 
given by

Cr = (siné )V lI
\ | €  A /

(21)

where the links l , which are inside the loop r ,  
join  the dual c lassica l spins £ 4  and ¡12. For X — 0 
a ll the dual spins tend to be aligned, the statistical 
average of Eq. (21) tends to 1, and the W ilson 
loop shows the area behavior. Since fo r infinite 
lattices self-duality is exact, the energy É (8 )  
has the same form  o f Eq. (19) with the replacem ent 
X -  1/X.

T o  compute the above expressions we turn now to 
approximate methods16 comparing the th ree- and 
two-dimensional cases.

J

( i)  Low -tem pera tu re  expansions. Including up to four sp in-flip  configurations and letting *  = s in 9 we ob- 
tain

ê28(l-M1u2>l) =
1 + 2x4 -  2xe+ 10xa -  24x10+ 84x12 -  246*14, D = 3

(l+ 2 x :2+4x;4+12x6+24x;8, D =  2 

and s im ila r ly  with up to three spin flips we obtain

(22)

<6 #> =

1 -  4x6 -  20x10+ 30*12 -  14Q*14, D = 3

e»/ \ i - 4 x * - . \ 2 x 6- 3 0 x a, D = 2
(23)

to have the same powers in the link and plaquette term s.
With the above expansions Eqs. (22) and (23) we may calcúlate f ( x ) =  -E (8 )/ N ,  [Eq. (19)]. It is c lea r  that 

f { x )  w ill have a máximum fo r a sm all valué o f x ,  fo r X not too sm all, the región where the expansions in 
Eqs. (22) and (23) are valid.

Regarding the W ilson loop we have

C r _ _ ( ( cose )f,[ 1 --p (* 6+ 5* 10)]> ■D = 3  ( 24

( ( c o s e n i  - P ( x 4 +3x6)], D = 2

confirm ing the perim eter law for large X.
( i i )  H igh -tem perature expansions. Considering up to eight-link closed contributions the expansions in 

powers o fy  =tanh£ are

(1 — 8y 4 -  8 8 y 6, D = 3,
/e -2 0 (UiH2)\ _ <
^  ; ( l - 4 y 4-1 2 y 6-3 6 y a, D = 2 (25)
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and s im ila rly

j i ( l  + y )4( l +  12y3 — 5y4+ 108y5), £> = 3 

ii1(í 2. ie  p + ^ 3  _  5y4+ J2V5 _  6y®+ 16y7) ,  D - 2 .  ̂ ^

With sin0= (1 -tan h 0 )/ (l + tanh/3), Eq. (19) takes the form

(1+ 2\y2 -  8 y 4+ 24Xy5 -  ( 8 8 + 10X)y6 + 216Xy7, D = 3
f {y )  = < (27)

(.1+ \y2 — 4y4 + 4Xy5 — (12+ 5X)y6 + 12Xy7 — (36+ 6 X)v8 + 16Xy9, D = 2 .

From  Eq. (27) one sees that fo r X not too large, f ( y ) has a máximum for sm all y the región where the 
expansión is valid . Th ere fo re , we may suspect that increasing X the absolute máximum jumps from  the 
high-temperature máximum (sm all eos 6) to the low-tem perature one (la rge  eos 8). It is noteworthy, com - 
paring Eqs. (22), (23), and (27), that i f  fo r D =  2 we double the valué of X the low-tem perature máximum 
rem ains almost at the same position as fo r D  = 3 whereas the high temperature máximum is m ore on the 
right in a eos 6 plot. Then it is conceivable that in the two-dimensional case the high-temperature m áxi­
mum disappears when the low-tem perature one appears with a continuous change in agreement with the 
second-order transition of its dual Ising model.

W e notice that the d irect variable variational model fa ils  to predict the area behavior of the W ilson loop 
for sm all valúes of X. In fact for large square loops we obtain

C r —  2yp/2 [ l+ 4 y 2 + 2 ( 0 - 1 ) ^ ] ,  (28)
6 -»0

i.e ., again a perim eter law. One must rem ark that the phase transition is s t ill described by the discon- 
tinuities of the derivatives o f the minimum of E(S )  with respect to X.

( i i i )  Expansions with dual variables f o r  D = 3. For ¡3 — 00 the W ilson loop equation (21) in the two-spin- 
flip  lim it takes the form

C r ív. (s in 0 )A[ l  + £A sin 4 0(1 + sin 2 6 ) ] ,  (29)
&-* «o

whereas fo r ¡3 — 0 since

Y .  XI H  eh ^ “2>? = (cos^y''1 E  XI (! -  Ai/^tanhíj) ü  (1+ jLLj|U2tanhj3),
1 ni FeA ¡' l ni Te a i*

the s ix-link  closed path approximation gives

C r ~  1 -  2P tanh4/3(l + 16 tanh2/3). (30)
l -o

T h ere fo re , as anticipated in S ec . III, the use 
of the dual variational state | Ó)x allows one to 
describe the passage o f the d irect W ilson loop 
from  an area law fo r sm all X to a perim eter be­
havior fo r large X. Th is is due to the fact that 
| Ó)x overlaps the d irec t individual spin states. It 
is c lear that, sym m etrica lly , the analysis of the 
phase transition is co rrec tly  described by the 
d irect state | 0)x examining the dual W ilson loop 
(á3 • ■ ■ a3). One has to note that, though the adopted 
order param eter may be partia lly  in conflict with 
the variational treatment as indicated also in Sec. 
II, both | 0)x and ¡ 0)x are able to describe the 
phase transition looking at the derivatives of the 
minimum of the energy with respect to X. For 
the fo rm er, Eq. (19) is in order with D =  3 and 
fo r the latter, one sim ply rep laces X—l/X. The 
result regarding the nature of the phase transition

I-------------------------------------------------------------------------

w ill be the same.
(iv) Num erica l results. Because of the equiva- 

lence of our variational treatment with a classica l 
Ising model one expeets the above low - and high- 
temperature expansions to be valid at each side 
of its c r itica l point, i.e ., cos20^O.83 and cos20 

0.58 for U =  2 and D = 3, respectively.
Looking at Eqs. (22), (23), and (27) one sees 

that higher powers o í x  have been included inthe 
low-tem perature expansión fo r D =  3 in com pari- 
son to the high-temperature series . The reason 
is that for this case the valué o f x near the Ising 
c r it ica l point is la rger than the corresponding 
valué o f y , at variance with the D  = 2 case where 
both valúes are s im ilar. This demonstrates that, 
as shown in F igs. 4 and 5, the convergence of all 
series  is fast except fo r the low-tem perature e x ­
pansión for ü  = 3 between x  =* 0.5 and the Ising 
c r it ica l point. So, whereas for D = 2 Fig. 4 indi- 
cates that no minimum o f/ appears, for D =  3 
F ig. 5 shows a minimum between the regions of 
convergence of the high- and low-tem perature ex-
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FIG. 4. Convergence of low-temperature (right) and 
high-temperature (left) expansión for D = 2 and X = 2.2. 
Complete series Eqs. (22), (23), and (27) are represent- 
ed by solid lines, dropping 24xs and 16Ay8 by dashed 
lines, omitting -30x8 and -(36 + 6A)y8 by dashed-dotted 
lines, and neglecting 12X6 and 1 2 X317 by dashed-double- 
dotted lines.

pansions fo r  the chosen valué o f A. T o  im prove 
the convergence of the latter we have used d ia­
gonal Padé approximants obtaining in this way 
smooth matching fo r a ll cases cióse to the Ising 
c r it ica l point.

W e may s im ila r ly  analyze the curve / fo r all 
valúes o f the variational param eter 6 and the 
coupling A as represented in F igs. 6  and 7 for 
D = 2 and 3, respective ly . These curves are ca l- 
culated taking the average of the expansions with 
or without the last term  except for the low -tem ­
perature D = 3 case where the (7 ,7 ) Padé approxi- 
mant, almost coincident with the ( 6 , 6 ) one, is 
considered. The important feature of F igs. 6  and 
7, stable against the addition o f high-power co r- 
rec tion s , is that fo r a range o f A there is a m in i- 
mum between two maxima fo r D  = 3 which does

FIG. 5. Convergence of low-temperature (right) and 
high-temperature (left) expansions for D = 3 and A = l .  
Complete series Eqs. (22), (23), and (27) are represent­
ed by solid lines, dropping x14 and y7 terms by dashed 
lines, omitting x12 and y6 terms by dashed-dotted lines, 
and neglecting *10 and y 5 terms by dashed-double-dotted 
line. Dotted-double-dashed line indicates the Padé (7,7) 
approximant for the low-temperature expansión.

FIG. 6 . D = 2 variational energy. /  = —E/Nl is calculated 
using the average of solid and dashed curves of Fig. 4. 
The numbers on the curves denote the valúes of A and 
the full dots the maxima of / .  From A = 2.2 to A = 2.3 
there is a plateau suggesting a continuous shift of /max.

not appear fo r D -  2.
For D =  2 it is seen that by increasing A the m áxi­

mum f mu o f/ (cos 2 0 ) moves quickly from  eos 0= 0  

to a valué cióse to that o f the c r it ic a l Ising m o­
del fo r low valúes o f A. The valué o f f mu remains 
at the point o f intersection o f both expansionsupto 
A 2.22 when the máximum starts moving con- 
tinuously in the low-tem perature región. Th is is 
in agreem ent with a second-order transition since,

FIG. 7. D = 3 variational energy. /  is calculated using 
the average of solid and dashed curves (left) and Padé 
approximants (right) of Fig. 5. The small horizontal 
segments in correspondence to the maxima indícate the 
perturbative valúes according to Eq. (31). From A = 0.9 
to A = l ,  /mlx jumps discontinuously to the right.
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as shown in Fig. 8 , the plot o f/ max(X) appears to 
be the unión at the c r it ica l point of two curves 
presenting, within the precisión  of the series  in 
that región, a discontinuity in the second d eriva - 
tive. The c r it ica l valué of X should be compared 
with the result Xc =* 3.28 obtained by renorm al- 
ization-group analysis . 1 1 , 1 3  On the other hand the 
variational approach g ives fo r the dual tw o-d i- 
mensional Ising model with transverse fie ld  a 
cr itica l point Xc = 4 instead of Xc ^  3 which results 
again from  the renorm alization group . 15

For D = 3 there is a c lea r qualitative d ifference. 
For low valúes of X there is a single máximum of 

/ is the high-temperature región which reaches 
the c lass ica l Ising c r it ica l point, but for increas- 
ing X a second máximum appears in the low -tem - 
perature zone. Beyond X -  0.94 the latter becomes 
the absolute máximum and the corresponding v a r ­
iational param eter cos20 jumps discontinuously 
from  -0.6 to ~0.9. Th is characterizes a f ir s t -o r -  
der transition in agreement with the result of 
Ref. 12. Obviously the same conclusión can be 
drawn from  F ig. 9 where it is seen that the firs t 
derivative o f /max(X) is discontinuous. Since for 
D = 3 the model is self-dual, the analysis using 
dual variables gives the same result with a c r i ­
tica l valué of X again ~1.

Regarding the W ilson loop fo r D = 3, Eq. (24) 
gives a c lea r perim eter law for X> Xc when the 
valué o f x  corresponding to/m¡u is inserted. For 
X<XC the high-temperature expression Eq. (28) 
does not reproduce the expected area law. On the 
other hand, the dual variab le calculation fo r X<XC 
[Eq. (29)] gives a neat area behavior, whereas

FIG. 8 . D = 2 maxima of /  and first derivative with 
respect to the coupling constant. The full dot denotes 
the point where a discontinuity in the second derivative 
is apparent. Precise determination is obscured by un- 
certainty o f/max for 2.2<X<2.3.

FIG. 9. D = 3 maxima of /  and first derivative with 
respect to the coupling constant. The discontinuity in 
dfmix/d\ shows the first-order character of the transi­
tion.

FIG. 10. D = 3 Wilson loop. The direct variable expan­
sión Cr , Eq. (24), is shown on the right of A = 0.94 and 
the dual variable calculation Cr on the left. The solid, 
dashed, and dashed-dotted curves correspond to valúes 
of P - 8 , 16, 32 ( A - 4,16,64), respectively. The curves 
for .4=16 and 64, not shown on the left, are in excellent 
agreement with an area law. The full dots represent 
Eq. (30) for P = 8 .
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fo r  X>XC the valúes predicted by Eq. (30) are in 
reasonable agreem ent with those obtained from  
the d irec t variab le  expression  Eq. (24). These 
features are shown in F ig. 10, indicating that the 
dual variational states g ive a better description 
of the d irec t W ilson  loop.

F inally, we wish to rem ark that the agreement 
o f the energy obtained with the variational method 
and that calculated with perturbative expansions 
is excellen t. The fo rm er corresponds to the max­
ima o í f ( x )  shown in F ig . 7 and the latter is 5

( - Í - I x ^ - ^ X S  X<1
• p̂ert _ *
N, <

(31)
\> 1  .

Only for 0 .8<X<0.94 £ „ert, which converges 
qu ick ly , is s ligh tly higher than /max giving further 
support to the existence of a minimum for /.

V. CONCLUSIONS

W e b r ie fly  sum m arize the achievements of our 
variational method in the analysis o f the H am il­
tonian Z  (2) gauge model.

(i ) From  the requirem ent o f gauge invariance 
o f the ground state we show the equivalence with 
a c lass ica l Ising model.

( i i )  Low - and high-tem perature expansions a l- 
low one to evalúate the variational energy. For 
three spatial dimensions the variational param eter 
shows a discontinuous change fo r a c r it ica l valué 
o f the coupling constant giving evidence fo r a 
firs t-o rd e r  transition in agreem ent with Ref. 12. 
For two spatial dimensions the variational pa­
ram eter changes continuously, but it is apparent 
that the second deriva tive  o f the variational en er­
gy with respect to the coupling constant is d is ­
continuous fo r a c r it ica l point. Th is is in agree­
ment with the second-order transition which is 
known to appear in its dual model, the Ising model

with transverse fie ld .
( i i i )  The phase transition fo r D  = 3 is character- 

ized by the change o f the nonlocal order para­
m eter, the W ilson loop, from  an area behavior 
(e lec tr ic  confining phase) to a perim eter one 
(e lec tr ic  fre e  phase). Th is follows from  the use 
o f the dual variational ground state because of 
the overlapping of d irect spin states contained in 
it.

(iv ) For D =  3 the variational treatment with d i­
rect variab les predicts a c r it ica l valué o f the 
coupling constant hc — 0.94 compared to the sym - 
m etry point X = 1 and, fo r D  = 2, Xc ^2 .22  to b e  
compared with the valué 3.28 resulting from  re -  
norm alization-group analysis . 1 1 ’ 13

(v ) The variational energy turns out to be in 
good agreement with the perturbative expansions.

Having shown that the variational method is 
able to demónstrate the nature o f the phase tran­
sition of the Hamiltonian Z  (2) model with a quan- 
titative accuracy fo r  the three-dim ensional case, 
we hope to genera lize  it to Z ( N )  to corroborate 
the three-phase diagram  suggested by severa l 
authors17 fo r su fficiently large N . It would also 
be interesting to investígate why the renorm aliza - 
tion-group methods fa il to pred ict the firs t-o rd e r  
transition in the three-dim ensional Hamiltonian 
Z ( 2) model.

Note added. A fte r  the completion of the present 
work we received  a report by Cardy and Ham ber18 

where s im ila r conclusions regarding the fir s t -  
order transition of the three-dim ensional case 
are obtained using overlapping variational ground 
states, and another by D rouffe9 where the same 
result is reached through strong-coupling expan­
sions.
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