Taylor & Francis
Taylor & Francis Group

Waves in Random and Complex Media

ISSN: 1745-5030 (Print) 1745-5049 (Online) Journal homepage: http://www.tandfonline.com/loi/twrm20

Functional integral approach to the transfer
function of a stochastic scattering channel

Octavio Cabrera & Damian H. Zanette

To cite this article: Octavio Cabrera & Damian H. Zanette (2018): Functional integral approach
to the transfer function of a stochastic scattering channel, Waves in Random and Complex Media,
DOI: 10.1080/17455030.2018.1557353

To link to this article: https://doi.org/10.1080/17455030.2018.1557353

@ Published online: 18 Dec 2018.

N
CJ/ Submit your article to this journal &

||I| Article views: 10

@ View Crossmark data (&'

CrossMark

Full Terms & Conditions of access and use can be found at
http://www.tandfonline.com/action/journalinformation?journalCode=twrm20


http://www.tandfonline.com/action/journalInformation?journalCode=twrm20
http://www.tandfonline.com/loi/twrm20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/17455030.2018.1557353
https://doi.org/10.1080/17455030.2018.1557353
http://www.tandfonline.com/action/authorSubmission?journalCode=twrm20&show=instructions
http://www.tandfonline.com/action/authorSubmission?journalCode=twrm20&show=instructions
http://crossmark.crossref.org/dialog/?doi=10.1080/17455030.2018.1557353&domain=pdf&date_stamp=2018-12-18
http://crossmark.crossref.org/dialog/?doi=10.1080/17455030.2018.1557353&domain=pdf&date_stamp=2018-12-18

WAVES IN RANDOM AND COMPLEX MEDIA Ial)’ Icir & Francis
https://doi.org/10.1080/17455030.2018.1557353 aylor &Francis Group

[ W) Check for updates‘

Functional integral approach to the transfer function of a
stochastic scattering channel

Octavio Cabrera and Damian H. Zanette

Centro Atémico Bariloche and Instituto Balseiro, Comisién Nacional de Energia Atémica and Universidad
Nacional de Cuyo, Consejo Nacional de Investigaciones Cientificas y Técnicas, San Carlos de Bariloche,
Argentina

ABSTRACT ARTICLE HISTORY

We apply the formalism of functional integration to the calculation Received 21 June 2018

of the transfer function of a stochastic scattering channel formed by Accepted 3 December 2018
stationary, non-interacting point scatterers. The channel is described KEYWORDS

through a scattering amplitude density, defined over space, whose Stochastic channel models;
random component is characterized by a functional probability dis- transfer function; radar;
tribution. This random component induces in turn a probability dis- functional integration
tribution for the scattering transfer function, which we compute by

means of functional integration in the case of Gaussian distribu-

tions. Some geometric configurations relevant to radar operation

are worked out, as well as the statistical properties of the transfer

function in the large-frequency limit. Extensions of the formulation

in order to include scattering phase shifts, i.e. complex scattering

amplitudes, and to consider non-Gaussian probability distributions

are outlined.

1. Introduction

In most of its applications, ranging from target detection to terrain characterization, radar
operation is based on comparing emitted and received signals. Reflections at material
objects in the environment modify the original emission, so that differences between emit-
ted and received signals bear information on the position, the state of motion, and the
nature of the scatterers where reflections occurred. Modeling and estimation of the scat-
tering channel embodied by the environment is thus a crucial prerequisite for performance
prediction, and interpretation of radar measurements by means of signal processing. Stan-
dard models for signal propagation and radar cross-section distributions [1,2] are based
on phenomenological considerations derived from both heuristic arguments and empiri-
cal results. First-principle formulations, on the other hand, can be used to construct models
better grounded on physical bases, although they are usually restricted to stylized rep-
resentations of scatterer distributions [3]. Both approaches, in any case, must be able to
account for random ingredients in the scattering channel, whose consideration is virtually
unavoidable when processing radar signals [4,5].
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In this paper, in order to evaluate how stochasticity in the environmental distribution
of radar cross section affects signal transmission, we apply functional integral techniques
to calculate the probability distribution of the transfer function of a scattering channel.
Functional integrals constitute a standard, but very powerful, mathematical tool in the
computation of physical quantities of interest to such areas as quantum field theory, statis-
tical mechanics, and solid-state physics [6-8]. They are based on extending the procedures
of integral calculus to mathematical sets whose elements are functions - instead of the
real or complex variables of ordinary integrals. In our specific case, as explained in detail
in Section 2, the transfer function t(w) that characterizes the scattering channel for each
frequency component in the transmitted signal, can be formally expressed as an integral
involving the distribution of scattering amplitudes over space, p(r), in the form T = J[p].
The integral operator J acts on the set of functions p(r) to yield a function 7 () in a differ-
ent set. Starting from a probability distribution defined on the first set, which represents the
uncertainty that stochastic elements induce in the scattering amplitude distribution p(r),
functional integrals make it possible to calculate the corresponding probability distribution
for 7 (w) in the second set.

In the next section, we define the transfer function of a channel formed by non-
interacting stationary point scatterers arbitrarily distributed over space, and provide an
integral form based on the spatial distribution of scattering amplitudes, separating deter-
ministic and stochastic contributions. Assuming that random ingredients in the environ-
ment determine a probability distribution over the space of scattering amplitude densities,
in Section 3 we apply the functional integral approach to find the corresponding probabil-
ity distribution for the stochastic part of the transfer function. Emphasis is put on a Gaussian
probability distribution for the scattering amplitude density, which can be given a full ana-
lytical solution within the present formulation. In Section 4, we first work out some explicit
examples for the transfer function probability distribution, within different radar config-
urations, and discuss the large-frequency limit in rather generic cases. Then, we outline
extensions of functional integrals to take into account random phase shifts in scattering
events, and to consider non-Gaussian distributions within the steepest-descent approxima-
tion. Finally, conclusions are drawn in Section 5. For the reader’s convenience, we include
an appendix summarizing the basic procedures of functional integral calculus.

2, Transfer function for stationary point scatterers

Consider a signal of amplitude T(t) emitted at position rr and received at position rg. Trans-
mitter and receiver are both assumed to be stationary and isotropic. If propagation occurs
in the presence of N non-interacting stationary point scatterers, the contribution of the
reflections at the scatterers to the received signal amplitude is [2]

N
_ NG
Rs(t) = k; WT@ — ). (1)

Here d(Tk) = |r, — rr| and d;k) = |r, — rg| are the distances from the scatterer k, situated at

position r, respectively to the transmitter and the receiver. The time t;, = (d(Tk) + d,(?k))/c is
the total delay of the echo coming from scatterer k, assuming that the signal velocity is c.
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The factor /0K, where o denotes the radar cross section (RCS) of scatterer k, is the scattering
amplitude associated to that scatterer.

Fourier transforming Equation (1), we obtain the relation between the transmitted signal
and the scattering contribution to the received signal in the frequency domain:

Rs(@) = T(0)T (). (2)
The quantity
N
_ v %k O k) k)
T(w) = ;; d(Tk)dg‘) exp [—I? <dr +dg )] (3)

is the transfer function of the scattering channel. The transfer function is a frequency-by-
frequency characterization of the effect of scatterers on the transmitted signal. This makes
it possible to readily extend the definition of 7(w) in order to include a dependence on
frequency in the RCS: oy — ok (w). The frequency-by-frequency description provided by
the transfer function, moreover, allows us to omit explicit indication of the dependence on
w, as we do in the following to simplify the notation.

We now introduce a scattering amplitude density over space, p(r), formally defined by
the identity

o(r)dr = Z NG (4)
kindr

where the sum in the right-hand side runs over all the scatterers inside the volume element
dr situated at position r. Using this definition, the transfer function can be expressed as the
integral

T, = / p(OH(r) dr = u, + vy, (5)

where

_expl—io(r—rr|+lrm—r)/d
H(r) = T = (1) +ig(0 6)

accounts for the phase change and attenuation of the transmitted signal in the path rr —
r — rg. The subindex p in Equation (5) emphasizes, for future convenience, that this is the
expression for the transfer function of the channel associated with the scattering ampli-
tude density p(r). In the above equations, moreover, we have introduced the complex
decomposition of 7, and H(r) into their real and imaginary parts.

In the integrand of Equation (5), the function H(r) encompasses both geometric and sig-
nal attenuation effects associated with reflection at a scatterer with generic position r, while
the density p(r) captures all the information on the number and physical nature of scatter-
ersinthevolume elementdr. Itis p(r), in fact, which accounts for any random ingredients in
the scattering channel, associated with the distribution and properties of scatterers. Gener-
ally, we can split p(r) into a deterministic and a random component, p(r) = p(r) + pf(r).
As advanced in the introduction, moreover, the first identity in Equation (5) can be written
as t, = Jlpl, where J is a linear integral operator. This entails a homologous separation of
the transfer function into a deterministic and a stochastic component, 7, = 15 + rg, with
DR = J[pPR]. The random density component pf(r) can be statistically characterized by
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specifying a probability distribution over the functional space which contains all the pos-
sible forms that p®(r) can adopt. Through the relation 7} = J[p"], in turn, the probability
distribution for pf induces a probability distribution for rﬁ defined on the corresponding
functional space.

3. Functional integral calculation of the transfer function probability

Starting from the relation t[’f = J[pF], in this section, we use functional integral procedures
to establish the connection between the probability distributions associated with the ran-
dom components of the scattering amplitude density, ,oR(r), and of the transfer function,
r/f. For clarity in the notation, from now on we drop the superindex R, on the understanding
that the following analysis involves the random components only. For brevity, moreover,
we respectively call p-space and t-space the functional spaces containing the random
components of each function.
We assume that the probability distribution over p-space is given by the functional

(7)

The functional F[p] defines the profile of the probability distribution, while the integral in
the denominator stands for its normalization. The notation [ - - - Dp indicates functional
integration over p-space. In Appendix 1, we summarize how this operation is implemented
in practice, as a limit of summations of p(r) over a discrete set of positions r.

The distribution P[7] for the probability that the transfer function adopts a certain value
T = U+ iv in T-space can be expressed as the mean value of the Dirac delta 6(z, — 7) =
8(u, —u)d(v, — v) over p-space, where u, and v, are the real and imaginary parts of 7,
[9]; cf. Equation (5). Namely,

) —u)é — v)F[p]D
Ple] = (5(uy — w3(uy — v, = L2 L})FE;));D/JU) o ®

Using the Fourier representation for the Dirac deltas in the integrand, §(x — u) =
@m)~" [ expliv(x — w)]dv, we write

'I oo oo
Plrl= — / / Z(a, B) expli(au + pv)lda dB, 9)
4n J oo -0

with

J Flplexp (W(p]) Dp
J FlplDp

the characteristic function of the random variable 7 [9]. Here,

Z(a, p) =

Wip]l = —i(au, + Bvy) = —i/p(r)h(r)dr, (11)

with h(r) = af(r) + Bg(r); cf. Equation (6).
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3.1. Gaussian scattering channel

Functional integrals such as those appearing in Equations (7), (8), and (10) can be explicitly
calculated for a handful of integrands only [10]. A solvable case relevant to our problem is
that of a Gaussian profile for the probability distribution in p-space,

1
Flp]l = exp |:—§ // p(OKI,)p(r) drdr/] (12)

where the integrals on r and ¥’ extend over the spatial domain relevant to the scattering
amplitude density of the physical problem under study. This form for F[p] represents a dis-
tribution centered at p(r) = 0. The kernel K(r, ') — whose form must insure that the double
integral in Equation (12) is non-negative for all p(r) — plays the role of an inverse covariance
for the distribution [9], in the sense that the two-point correlation function averaged over
p-space is

(p(p()), =K(r, 1), (13)

with
/ K(r,s)K(s,¥)ds = 8(r —r). (14)
Moreover, K(r,¥') - and, consequently, K(r,¥) - can always be chosen symmetric with
respect to the two variables, K(r,¥') = K(¥', r), as the antisymmetric part does not contribute

to the integral in Equation (12).
Replacing Equation (12) into Equation (10), the characteristic function turns out to be

[exp[Wipl — 1 [] o®K(r, ¥)p(r)drdr'] Dp
[exp[=3 [] oK ¥)p(r)drdr] Dp

Z(a, p) = (15)

The argument of the exponential in the upper integral of this equation is a quadratic func-
tional of p(r), with linear terms coming from W[p] — see Equation (11) — and quadratic
terms coming from the exponent in the Gaussian profile F[p]. The form of this quadratic
functional can be simplified by ‘completing the square’, just as in elementary algebra, with
respect to the variable p. In fact, writing p = 6 + po, with

po(r) = —i / h()K(r,¥) dr, (16)
we get
wipl = 5 [[ pwkeerow) drar
= —% // APIOKX, ¥)p()drdy — %/f h()K(r, ¥)h(r) drdr. (17)
The change of variables p = p — pg is equivalent to a Popov-Faddeev canonical trans-
formation [8], of standard use both in quantum and classical applications of functional

integration [6,7]. It amounts to shifting the origin in p-space to pg, so that Dp = Dp . Con-
sequently, when the right-hand side of Equation (17) is replaced into Equation (15), the
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functional integral of its first term over p-space exactly cancels the denominator in the same
equation. As a result of this cancelation we obtain [6,7]

Z(a, B) = exp [—% f/ h(OK(r, ¥)h(r') dr dr’] . (18)

At this point, all functional integrals have been computed. The calculation of the char-
acteristic function Z(«, 8) from Equation (18) and, subsequently, of P[] from Equation (8)
now involves ordinary integration only. In terms of the variables « and 8, we have

Z(a, B) = exp [—% (Z110? + 281208 + 222,62)] , (19)
where the coefficients in the exponent are
= / f fIOK(r, ¥)F(r) drdr,
Yo = f f(OK(r,¥)g(r)drdr, (20)

In= // gOK(r,r)g(r) drdr’,

which can be arranged as a symmetric matrix ¥ = (g; g; ). Replacing Equation (19) into
Equation (8), the probability distribution for the random component of the transfer function

can be explicitly evaluated, as

Plel= ——— exp [—l (Znu® +28uv + izzvz)i| , 1)
NZEZI 2

in terms of the real and imaginary parts of 7 = u + iv . The coefficients 2,-1- are the elements

of the matrix & = £ 1, and | X | denotes the determinant of . For the Gaussian scattering

channel, P[t] is therefore a bivariate normal distribution on the variables u and v, centered

atu =v = 0and with covariance matrix X. The respective expectation values, variances, and

covariance [9] are

Elul = E[v] =0,
Varlul = X1y, Var[v] = X, (22)
Coviu, v] = Xqo.

Recall that, in general, these variances and covariance depend on the frequency w through
the functions f(r) and g(r) in Equations (20); cf. Equation (6). The quantities in Equations (22)
are to be interpreted as averages over realizations of the random component of the scatter-
ing amplitude density following the Gaussian distribution of Equation (12), which induces
the probability distribution of Equation (21) on t-space.

4. Examples and extensions
4.1. Delta-correlated scattering amplitude densities

The computation of the integrals in Equations (20) generally requires to resort to numeri-
cal techniques. A case where they can be analytically evaluated is that of delta-correlated
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scattering amplitude densities,
K@rv) =kos(r—r), (23)

where ko weights the autocorrelation of p (r); cf. Equation (13). Although this choice may a
priori seem trivial, it already induces nontrivial statistical correlations in the real and imagi-
nary parts of the transfer function. In fact, u and v are both given by the same density p(r)
and are therefore statistically interdependent.

With the kernel given by Equation (23), the elements of the transfer function covariance
matrix read

21 =Ko/f(r)2 dr, X =K0/f(r)g(r) dr, X =Ko/9(r)2 dr. (24)

These integrals can be calculated in a variety of geometrical configurations, as shown in
the following. Generally, however, they yield finite values if the integration domain does
not include the positions of the transmitter and the receiver, rr and rg, where f(r) and g(r)
are singular; cf. Equation (6). These singularities are related to the divergence of the con-
tributions of scatterers infinitely close to those positions [11]. In practice, scatterers in the
immediate vicinity of transmitter and receiver have to be treated separately from our con-
tinuous description of scattering amplitudes. The integrals in Equations (24) therefore must
be calculated by excluding a specified, typically small, domain around rr and r.

4.1.1. Monostatic configuration in three-dimensional space

In a monostatic radar, transmitter and receiver are collocated [12]. For this configuration, we
take rr = rg = 0, so that f(r) = r =2 cos(2wr/c) and g(r) = —r~2 sin(2wr/c). If the relevant
spatial domain is three-dimensional space, with a spherical excluded volume of radius ry
centered at the origin, we find

ZJTKO .
X1 = p (1 +cosx +xsix),
0
27T KQ . .
Y12 = p (—=sinx+xCix), (25)
0
27TKQ .
Yo = (1 —cosx —xsix),
o

withx = 4row/candsix = — [y~ 'sinydy,Cix = — [y~ cosy dy the complementary
sine integral and the cosine integral, respectively. Note that the sum 217 4+ 253 is indepen-
dent of the frequency. This is a general property when the scattering amplitude densities
are delta-correlated. In fact, Equations (24) show that 211 + X5 = ko f [H(r)|? dr, with H(r)
given by Equation (6), whose modulus does not depend on w.

Figure 1 shows the rescaled elements of the covariance matrix, roXjj/2m«o (ij=1,2), as
functions of the rescaled frequency 4rpw/c. Due to the fact that the transfer function is a
real quantity for w = 0, X17(0) is positive, while X1,(0) and X,(0) vanish. For large w, in
turn, the variances X171 and X5, asymptotically approach finite values. Meanwhile %1, goes
to zero: in the large-frequency limit, the real and imaginary parts of © become mutually
uncorrelated. In all cases, the behavior is oscillatory, with period 277 in the rescaled variable.
The amplitude of oscillations decays as w™~'. Note that, since the transfer function gener-
ally decreases with w for large frequencies, the fact that the variances 17 and 35, remain
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Figure 1. Rescaled elements of the covariance matrix, ro X5/ 27 ko (i,j = 1,2), as functions of the rescaled
frequency 4row/c for a monostatic configuration in three-dimensions, with an excluded spherical
volume of radius ro centered at the position of transmitter and receiver.

finite implies that relative fluctuations in the transfer function become larger as @ grows;
cf. Equation (22).

4.1.2. Monostatic configuration in two-dimensional space

When scatterers are coplanar, and transmitter and receiver are located at the same position
and on the same plane as the scatterers, the calculation of X is similar to the three-
dimensional case considered above. Excluding a disk of radius rg centered at the position
of transmitter and received, we get

Tk
Ty = —20 (1+cosx —xsinx +x* Cix),
21,
Tk
2;12:—20(—sinx—xcosx—x2 six), (26)
21,
b4
Ty = Z—KZO (1 —cosx +xsinx — x* Cix),
r
0

with x = 4rpw/c. In spite of the differences between the functional dependences of the
covariance elements given in Equations (25) and (26), their behavior is qualitatively the
same. Even more, the rescaled elements 2r§2;j/n/<0 calculated from Equation (26) have
exactly the same asymptotic values for « — 0 and w — oo as those shown in Figure 1,
and they also oscillate with frequency 27 in the rescaled frequency 4rpw/c. Figure 1, there-
fore, provides a close depiction of the rescaled covariance elements also for the monostatic
two-dimensional configuration.

4.1.3. Bistatic configuration in two-dimensional space
In bistatic configurations, transmitter and received are located at different positions, rr # rg
[12]. The distance between the two points, which we take to be |rr — rg| = 2dj, is called
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baseline of the radar setup. Over two-dimensional space, in this case, the integrals in Equa-
tions (24) can be computed using elliptical coordinates with foci at ¥y and rg. To preserve
the elliptic symmetry of the problem, the excluded integration domain is the interior of an
ellipse of major semi-axis ag (2 do), with the same foci as the coordinate system. Along the
line which passes through the transmitter and received, thus, the distance between the foci
and the inner boundary of the integration domain is ag — dp.

The elements of the covariance matrix turn out to be

T = % [so 4+ 2Ci X — (Cixy + Cix_) cosx — (sixq — six_)sinx],
0
TKo . . . . . .
Y12 = F [—25|X — (Cixy —Cix_)sinx + (sixy +six_) cosx], (27)
0
TKo . . . . . .
Yoy = SR [so — 2Ci X + (Cixy + Cix_) cosx + (sixq — six_)sinx],
0

with so = In[a3/(a3 — d?)], x+ = 4(ap £ do)w/c, X = (x4 —x_)/2 = 4dow/c, and X =
(X+ + x-)/2 = 4apw/c.In contrast with the monostatic cases considered previously, results
for the bistatic configuration do not admit a simple rescaling of the frequency variable, due
to the presence of two mutually independent characteristic lengths, do and ag.

Although the expressions in Equations (27) involve oscillations with different periods in
the variable w, the dominant contribution comes from the factors cos x and sin x, which
oscillate with period 27 in the rescaled frequency 4dpw/c. Moreover, the overall behavior
of the rescaled covariances Zd% Xjj/m ko is similar to the monostatic cases considered above,
with decaying oscillations which converge to a constant value for w — oco: 17, 22 — So
and X1 — 0. Again, the plots in Figure 1 provide a qualitatively correct representation
of the rescaled covariances. The main difference with the monostatic cases is that, now,
the ratio ag/do controls the rate at which oscillations decay as the frequency grows. This is
exemplified in Figure 2 with 211, for three values of ag/dp. In the plot, X is both rescaled
and normalized by its large-frequency limit s.

4.2. The large-frequency limit

Beyond the case of delta-correlated scattering amplitude densities, the results obtained
in Section 4.1 are expected to correctly describe the covariance properties of the transfer
function for sufficiently small frequencies when the two-point density correlation K(r, r'),
Equation (13), decays within some typical distance |r — ¥'| ~ . In fact, for wavelengths
much larger than this distance, A = 2 ¢/w > Ao, local details in the profile of the function
K(r,¥) should be irrelevant to the calculation of the covariances % from Equations (20).

The opposite limit of large frequencies, on the other hand, can be obtained from stan-
dard asymptotic expansions of rapidly oscillating integrals. In particular, we recall that, if
g(t) is a C" function (n > 1) in the interval [g, b], the leading large-w term of the integral
J? exp(—iwt)q(t) dt is [13]

b .
/ exp(—iwt)q(t) dt ~ ! [exp(—iwb)q(b) — exp(—iwa)q(a)] . (28)
a 1)

The integration interval [a, b] can be extended to infinity provided that the right-hand side
of this equation returns a well defined value. This approximation can be used to obtain the
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Figure 2. Rescaled and normalized covariance matrix, ro X11/27 koS0, as a function of the rescaled fre-
quency 4dow/¢ for a bistatic configuration in three-dimensions and three values of the ratio ag/dy, as
indicated by the labels. The distances dy and ag are, respectively, half the radar baseline and the major
semi-axis of the excluded ellipse around transmitter and receiver.

dominant large-frequency behavior of ¥;; for a broad class of correlation functions K(r, )
(note, however, that the expansion does not apply to the delta-like correlation considered
in Section 4.1, because of its non-differentiability).

For the sake of concreteness, we exemplify the use of the large-w approximation for
two-point density correlations of the form K(r,¥'’) = K(|r — ¥'|), which only depend on the
distance between the two points: [r — ¥'| = +/r2 + r2 — 2rr’ cos 6, with 6 the angle formed
by rand r'. In three-dimensional monostatic configurations with an excluded spherical vol-
ume of radius ro around the position of transmitter and receiver, Equation (28) makes it
possible to compute

7T2C2/K 7T2C2/K JTZCZ/K

Y~ 707 (1 —cosx), Zip~ — 707 sinx, X~

5 (1 + cosx), (29)
[

with x = 4rpw/c, and

1
I = / k[rov/2( = )] dy. (30)
-1

We see that the leading large-w contribution to X;; decreases as w~2. This decay is mod-
ulated by oscillations of period 27 in the rescaled frequency 4rpw/c, exactly the same
as in the oscillations found for delta-correlated densities in the monostatic two- and
three-dimensional configurations considered in Section 4.1.

The integral I in Equation (30) encompasses all the information referred to the scatter-
ing amplitude density correlation, in particular, the dependence on a correlation length. To
illustrate this, we report the explicit form of I for three choices of K(|r — r'|) = K(n) with dif-
ferent decays in n — respectively, Gaussian, exponential, and Lorentzian - all of them within
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Figure 3. Rescaled integral I /Ko, Equation (30), as a function of the rescaled correlation length A /rp,
for the three correlation kernels of Equations (31).

a typical distance A:

i 2 /9,2 2 2”(2)
K(n) = Koexp(—n“/21%) : Ix = Kor—2 1—exp vk
0
_ Al A A 2rg (31)
Kn) =Koexp(—=n/A): Ik=K—|——|2+—)exp|——F ]|,
ro Lro ro A

i -1 A 4r,
K =Ko (1+n%/2%) " ¢ Ik =Ko=—1In (1 _|__°).
2rg A

Curves in Figure 3 show the rescaled integral I /Ky as a function of the rescaled correlation
length A/ry for the three kernels of Equations (31). We see that, in spite of their diverse
functional forms, their overall behavior is the same. In particular, all of them start at zero for
A = 0 and grow monotonically, at different rates, toward lx = 2K, for large A. This large-A
limit, in fact, readily derives from Equation (30) if K(n) is assumed to become increasingly
flat as A increases.

4.3. Scattering phase shifts

As it stands in Equation (3), the transfer function 7 (w) does not take into account the pos-
sibility that the transmitted signal is shifted in phase at each scattering event. This effect
can be incorporated to our description by adding a complex phase to the scattering ampli-
tude, Vox(w) — ok (w) expligg(w)], where ¢y (w) is the frequency-dependent phase shift
introduced by scatterer k. In turn, when defining the scattering amplitude density through
Equation (4), the scattering phase shift induces the appearance of a phase in the den-
sity, p(r) — p(r) explig(r)] . Thus, the scattering amplitude density becomes a complex
quantity.

A convenient way to consider a complex random component of scattering amplitude
density within the present formulation consists in splitting o (r) into its real and imaginary
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part or, alternatively, in using p(r) and its complex conjugate p*(r) as two independent
quantities [6]. In both cases, functional integration has now to be performed over two
functional variables. In terms of p(r) and p*(r), the most general form for a Gaussian-like
probability distribution profile over functional space, corresponding to Equation (12), reads

_ 1 « Krr)y k) [ o) /
Flp, p ]—exp{ 2// [o()  p*(0] [k(“/) K*(r,r/)} [p*(r,)] drdr}, (32)

where the integrand is computed as an ordinary matrix product. The result of this product
is a real function if K(r,¥") and k(r, t’) are, respectively, complex and real.
The corresponding characteristic function,

[ Flp, p*1exp (Wipl) Dp Dp*

[ Flp, p*1Dp Dp* 53

Z(a, B) =

involves now double functional integrals, although W/[p] is still a function of p(r) only.
Each double integral can be factorized into two independent integrals by means of a lin-
ear change of functional variables (p, p*) — (p1, p2) such that, in the new variables, the
matrix in the integrand of Equation (32) is diagonal. With this transformation, in fact, the
probability distribution profile becomes

1
Flp1, p2] = exp {—5 / f [o1 (K1 (6, ¥) p1(F) + p2 (K2 (x, 1) 2 () ] dfdr’}

= File1lFalp2l, (34)

where K; (r,¥') and Ky (r, ') are the diagonal elements of the transformed matrix. We have,
moreover, p(r) = [[Ci(r,¥)p1(r) + Co(r,¥)p2(r)1dr’ , where the functions C;(r,¥') and
Co(r, ¥) are elements of the functional matrix that defines the change of variables. Taking
into account Equation (11), we can write

Wip] = —i f / h(®) [Cr ()1 (F) + Co(r ¥ pa(r) | drdr = Wilpr] + Walpal.  (35)

Finally, replacing Equations (34) and (35) into (33) yields

[ Filpilexp(Wi[pm]) D1 [ Falp2l exp(Walp2]) Doz
J Filo11Dpq [ Falp21 Dp2

= Zi(a, B)2a(«, B), (36)

Z(a, B) =

where Z;(«, 8) and Z>(«, B) have the same form as Z(«, B) for the case of real p(r),
Equation (10). From this point on, the calculation can proceed exactly as described in
Section 3.1.
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4.4. Steepest-descent method for non-Gaussian channels

In ordinary integration, the steepest-descent (or stationary phase [14]) approximation
applies to integrals of the form

" (Xmax) |

1 2t A 1
Ia = / q(x) exp [me} dx~ Y “D”—q(xmax) exp [zpwmax)] (37)

where A is a small parameter, and the sum runs over the points xmax at which p(x) attains
local maxima. For A — 0, in fact, /5 is dominated by the integrand evaluated at those
points. The approximated identity in the rightmost part of Equation (37) is obtained by
expanding p(x) up to order (x — xmax)?> around each maximum, and integrating the expo-
nential exp(p/A) as if it were a narrow Gaussian, an approximation that improves as A
decreases.

The steepest-descent approximation can be straightforwardly applied to the calculation
of functional integrals when they are calculated as a limit of multiple ordinary integrals (see
Appendix 1). The method makes it possible to consider integrands for which, unlike the
Gaussian distributions dealt with above, exact integration is not possible [6]. Here, we illus-
trate the results of the approximation for a scattering amplitude probability distribution
with a generic exponential profile

1
Flp] = exp |:K / Rlp] dr:|, (38)

where R(p) is a real-valued function. Note that, taking R(p) = —(A /2)p? , we recover the
Gaussian distribution for delta-correlated densities considered in Section 4.1. For A — 0,
Flp] represents a profile increasingly concentrated around the maxima off Rlp(r)]dr.

Following the steps outlined in Appendix 1 to compute the functional integrals in the
numerator and the denominator of the characteristic function, Equation (10), and applying
the steepest-descend approximation, we find

meax Z(Pmax) EXP [_ipmax f h(r) dr]
meax Z(pmax)

Z(a, p) = , (39)
with Z(pmax) = 1/4/IR” (Pmax)], and where pmax are the points at which R(p) attains its max-
ima. Note that the dependence on A in the approximated result of Equation (37) disappears
in Z(«, B), as it is canceled between numerator and denominator.

The integral in Equation (39) can be explicitly computed in a variety of cases. Here, as
an example, we consider the two-dimensional monostatic configuration with an excluded
domain of radius rp around the collocated transmitter and receiver, already analyzed in
Section 4.1.2. In this situation, we get

D e Z(Pmax) €Xp [27ipmax (aCix — Bsix)]
meax Z(pmax)

Z(a, B) = ) (40)
with x = 2rpw/c. From Equation (9), the resulting probability density for the transfer func-
tion turns out to be

meax Z(pmax)8 (U + 277 pmaxCi X)8 (v — 27 PmaxSi X)

Plc] =
] meax Z(pmax)

(41)
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5. Conclusion

Functional integrals have been applied in the past to a variety of problems related to wave
transport through random media [15-17]. In contrast with applications where integra-
tion is performed over propagation paths - i.e. in the path-integral version of the same
formulation - we have here employed this method to evaluate how randomness in the
scattering amplitude density of an environmental transmission channel translates into
stochastic properties for the corresponding transfer function, which characterizes the ratio
between received and transmitted signals in a given radar configuration. In this applica-
tion, thus, functional integration occurs over the space of scattering amplitude densities
and, ultimately, determines a probability distribution over the space of transfer functions.

Because of the possibility of obtaining exact results, we have focused the attention
on Gaussian scattering channels, where probability over the scattering amplitude density
space is normally distributed around some deterministic function. We have applied this
exact result to some radar configurations of practical interest, including monostatic and
bistatic geometries. The large-frequency limit for the statistical properties of the transfer
function has also been studied, and extensions to consider complex scattering amplitudes
- taking into account scattering phase shifts - and non-Gaussian channels have been out-
lined. Beyond situations of the kind presented here as illustrative examples, the use of this
formulation in more realistic cases would require to resort to numerical techniques.

By no means do these applications exhaust the use of functional integrals for character-
ization of stochastic factors relevant to radar operation. Calculations of transfer functions
in the presence of multiple scattering [18], as well as of other quantities routinely used in
radar signal processing — such as, for instance, ambiguity functions [1] - fit within the class
of problems that can be dealt with using the same techniques.
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Appendix 1. Basic procedures of functional integration

Operationally, itis convenient to conceive functional integration as a limit of multiple integration over
the values that the functions p(r) of a certain functional space (called p-space in the main text) can
adopt when evaluated at different points r [7,19]. For the sake of concreteness, we assume that the
variable r identifies the points of the real d-dimensional space R? (examples in Sections 4.1 and 4.2
correspond tod = 2 and 3). Let us now consider a hypercubic lattice in R9, with lattice constant ¢, such
that each unit cell has volume 9. Let r,, be the point at the center of a generic cell n, and p, = p(rp)
the value that one of the functions belonging to p-space adopts on that point. Functional integration
over p-space is defined in terms of ordinary integration over the set of variables p,, as

T dpn
fD”—JL”%/“'/EIM@' (A

The integration measure . (¢) is chosen ad hoc, depending on the kind of problem being dealt with.
Within our particular applications, the choice of i (¢) is irrelevant, because in the calculation of the
probability distribution for the transfer function, Equation (8), the integration measure cancels as
probabilities are normalized; see also Equation (10).

As an illustration of how Equation (A1) works in a concrete calculation, we explicitly compute the
functional integral [ F[p]Dp for the Gaussian profile of Equation (12). Over the d-dimensional lattice,
the kernel K(r, ¥') transforms into a definite non-negative symmetric matrix K = {K,m}, and the inte-
grals in the right-hand side of Equation (12) reduce to sums over the indexes n and m. Thus, according
to Equation (A1), we have

/F[ Dp = i / / e K, don (A2)
Y /O—ELmO o eXp|— 5 ;pn nmPm 1:[

p(e)

It is useful to express the double summation in the integrand of this equation in the base of coordi-
nates p, that diagonalize the matrix K, Zn'm pnkompm =, K,,,é,z,, where K, are the eigenvalues of
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K. In this way, in fact, the exponential splits into factors, each of them depending on one of the vari-
ables 5,. Moreover, the change of variables p, — /6y, is a unitary rotation, so that [ [, dpn, = [, d/6n .
Assuming that the functions p (r) adopt values over the whole real axis, the integral over each variable
On can be immediately computed, yielding

. 1 2 X 1 \/Zn/ed
FlplDp = | 2= lim — , A3
/[p] P eToUu(e) T 'i"omn ;) (3)

where |K| is the determinant of K. In applications where this functional integral is relevant, it is custom-
ary to choose a measure p(¢€) which insures that the limit in Equation (A3) is well defined, specifically,
w(e) = +/2m/€9. In that limit, in fact, |K| becomes a property of the kernel K(r,r’) and is therefore
independent of €. With the above choice of u(¢), we finally have

/exp [—% // oMK, ) p(r) drdr’] Dp = \/% (A4)
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