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PLASTEF: A CODE FOR THE NUMERICAL SIMULATION OF THERMOELASTOPLASTIC
BEHAVIOUR OF MATERIALS USING THE FINITE ELEMENT METHOD
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A general code for solving two-dimensional thermo-elastoplastic problems in geometries of arbitrary shape using the
finite element method, is presented. The initial stress incremental procedure was adopted, for given histories of load and

temperature. Some classical applications are included.

1. Introduction

A general code whose purpose is to simulate the
thermo-elastoplastic behaviour of materials using the
finite element method is presented. Technological
problems of arbitrary shape can be solved for plane
stress and strain, or symmetry of revolution, for given
histories of loads and temperatures, and for any strain-
hardening law. Spontaneous unloadings on any point
of the material are automatically taken into considera-
tion.

A review of some of the publications preceeding
this paper is presented in references [1] to [19]. We
have followed more closely the line of Zienkiewicz
and co-workers [3—5]. The program is based on the
incremental method of initial stresses and for each
increment of load, stresses satisfying the equilibrium
conditions are stored. The Levy—Mises—Prandtl—
Reuss equations were adopted [20].

The code was intensively tested and some of the
classical problems solved are included in the last sec-
tion.

2. Usual expressions of the theory of plasticity

This classical theory for isotropic materials with
isotropic strain hardening [20] has been frequently
reformulated for computational purposes [1—4,

13—17,21] and also extended to cover a wide class of
problems related to plasticity [5].

We now give a brief review of the fundamental
expressions used in the program and refer the reader
for details to the above mentioned literature.

Let p(s), & (s), T(s) be the given histories of exter-
nal loads and temperatures parametrized with s. (p(s)
is the volume load, F(s) the surface load, and 7(s) the
temperature spatial distribution). For each value of the
parameter s we shall have in each point of the material,
displacements, strains and stresses noted by u, €(s)
and 0;i(s). A dot over a symbol will mean derivation
with respect to s.

Let F(J3,J3, k) be the yield function for isotropic
materials, where J, and J3 are the invariants:

_ 1.1 1 RN U A |
Jy=3040y,  J3=0ij0jx0k ¢y
where: a}]- = 04 — %okk is the deviatoric of the stress
tensor, and

K= K(foi,-de,"i)

is the strain hardening parameter depending on the
plastic work. (e} is plastic part the strain tensor).

The rate of plastic strain satisfies the usual flow
rule:

. oF

P = N\
€,, "?\.,_aaij ? (2
(A = proportionality factor).
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In the particular case of the Levy—Mises—Prandti—

Reuss theory the above expression take the form [20]:

Ty, Iy, k) =+/37, —K(fﬁ?)za_{{(f@)’

- (3)
with .
T =+/30};0; = @[(01; —022)? + (035 — 033)?
+ (033 — 011)% + 6(0%; + 033 + 0%1)] @)
and

®=IPeP, P=0. (5)

H(J deP )is the equivalent stress/plastic strain curve of
the conventional uniaxial test.

The final expression is [2]:
. o;clékl)

8 i€ — MO
AL if
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Gij =2G (eij + 1—:_3— (6)

where v = Poisson coefficient, G = shear modulus, § =
35%(1 + H'[3G), H': slope of the curve H, and

F(oy, 1, 044, %) <0
0,if

or ¥<0
u= oy, K, 05, R) = {F?O )
L,if

and F=0.

Introducing now the more convenient vector nota-
tion:

6111 in
€22 G2
€= €33 6= 033 (8)
€12’ Oy2{ °’
€13 023
€23 O3t

eq. (6) may be rewritten as [2,1]:

&=D%®(¢—£%), 9)

if the thermal strain €% are included, being the elastic

constant independent of the temperature [12—15],
where

DP = p + uDP! (10)
is the elasto-plastic matrix {1,2,3], and
D! = _E_

1+p
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(12)

& is Yourig’é modulus).

3. Finite element discretization

For the finite elements discretization of the two-
dimensional continuum, we designate:
U = vector of nodal displacements,
U* = vector of nodal displacements of the element e,
and
u = displacements field within the element e.
The usual linear relation [4] hold

u=NU¢ ¢€=8Bl* (13)

where N is the matrix of shape functions, and B is the
matrix relating the vector of nodal displacements with
the strain vector.

The standard application of the virtual work prin-
ciple to the discretized problem (Galerkin method)
leads to the following non-linear system of algebraic
equations for the nodal displacements rate, making
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use of eq. (9):
AU=R, (14)

where

A, k6,8, 0)=" 23" {fBTDePde
e

e

- kNNTdo} , (15)
A

R="23" {fNTi)dv+fNT‘7.do +fBTD°pé9dv} s
€ e A e

and (16)
"$'" = the general assembly starting from the ele-
¢ ment contributions,

e =an element,

BT = the transpose of the matrix B,

k = the coefficient of the elastic boundary reac-
tion,

A = the side of the element “e” where boundary
contributions exist,

dv = an element of volume, and

do = an element of arc.

4. Iterative resolution of the non-linear algebraic equa-
tions

With the aim of obtaining the expressions correspond-

ing to the “initial stress method” (Newton—Raphson
algorithm with constant slope [4]), we reformulate
the preceeding equations using eqgs. (10) and (13):

AU=R, (17

A=" ! (BTDYBdv — [ANTNdo}| , 18
Ze; {f ) { o} (18)

e

ﬁ(G,K,6,k5m=R'+R"(0,K, é,k,m, (19)
R="2 { [NTpdv + [NTFdo + [ BTDe'a'f’du] :
¢ le by e (20)

R0, Kk, 6,0, 0)=~" 2J " BTty 1)
e
e

Gini = HDPI(E — €9) ,

where the non-linear part of the rigidity matrix A has

(initial stresses) (22)

been shifted to the right hand side of eq. (17).

The iterative process consists on doing succesive
trials on the initial stresses d 5 in egs. (21), (22). The
generic iteration / may be written as

AU =R, U'=A-1R!, (23)

Ri=R +R", (24)

RY=—" 20" [T, (25)
€ e

=IO - ) =g et (26)

6:':—-1 = Dep(éi— l‘__ “:6)' _ &i—l , (27)

Wl =ple,k,6" &Y. (28)

The algorithm may be acceldrated if instead of eq.
(26) we use.
dini = wol "+l (26"
being « an acceleration factor.

In practice the equations are solved in an incremen-
tal manner according to the prescribed histories of
loads and temperature. We replace in eqs. (23)—(28)
é, 6’diﬂi’ 6[3 etc., hy

n
$0= 20 ASy, As,=éAs,
m=1

A6p =64y, Gy, = Oinilsy , (29)

o, = &As, , etc.
ignoring the common divisor s,,.

The iterative algorithm egs. (23)—(28) may begin
@ = 0) with:

o0

(- =6,
Fini, ‘cmi,,_] = Oiniy,_ ¢

(Gini, = 0)

il‘lio -
T T TR (30)

where the index o> means the limit when i — oo, or in
the program, the last iteration of the former load incre-
ment.

We can rewrite eq. (23—28) in a more compact and
usual form [4,5]. For simplicity it is assumed that the
second member R is only a function of the unknown
vector U. Then we put:

AU = Ri = R(U' Yy, (23)
V(X)=AX — R(X), W) =0. (31)

Making the difference of two. consecutive iterations
we finally obtain, by means of eqgs. (23"), (31), (24)-
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Q7):
AU = A71ART = A 1=t (32)
where:

i=1=y(i-1y=Ri~1 _ Ri= _AR!

Y ”fBTcﬁdu,
e
€

AU'= U7 - U1 ARV = RE - RIT

(33)
(34)

The nonlinear algebraic systems, eqs. (14) or (31),
are discontinuous because of the factor u given by eq.
amn.

The iterations are stopped when the residual stresses
of each element reach conveniently small values.

The adopted criterium was that, for each element,

n—i

ol I< 5H( 2 As—g,) , ' (35)
m=1

where the norm involved is the maximum absolute
value of the components of 6. The usual values of §
range between 0.015 and 0.005.

Once the accepted converge of the iterations is
reached for the load step n, one proceeds to store the
values Ae,,, AU, satisfying the equilibrium conditions,
the plastic strain Ag), or:

3 Ol
A= 2 S0+ 1136)

and the equivalent increment of plastic strain A€}. Then
the plasticity laws are satisfied within the error intro-
duced by the residual stress different from zero. In this
direction, preference has been given to the well estab-
lished equilibrium conditions rather than the empirical
laws of plasticity. The errors are better controlled by
restriction (35), and for this reason such a criterion
was adopted instead of the usual ones [3—5, 10, etc.].
The finite increments procedure introduces addi-
tional difficulties. The more important ones are 1)
when an element enters in plasticity the increment is
in general not entirely elastic nor plastic; 2) the dis-
cretized interpretation of eq. (9) originates some
departures of the yield surface F = 0. Then, two types
of corrections are implemented in the program:
1) a-correction The total increment of stress and
strains of an element entering in plasticity is decom-
posed in purely elastic and elasto-plastic parts. The

(36)

proportionality factor ¢ of the first one is obtained as
a positive root of the second degree equation:

0=Flon_1+ alDelAElmKn——l) =6, a'DeIAsfa
n—1

_H(El AT;;,) : (7)

For the elements which were in plasticity and are
not unloaded in the present increment, & becomes zero.
2) Bcorrection The elasto-plastic increment of stresses

Ac®? = (1 — o) DPAE,

is.corrected to stay in the yield surface, by the factor:
- n—t ______ -3
H( 2 Al + Aeb )

m=1

(6 + Ac®P) ’

g = (38)

¢ =6,_,; +a'D%Ac/,

in the following way:

Ac®®" =f(c” + Ac*P) —a” . (39)

The residual stresses are now given by the expression

ol =fa* + AdP) — (6,1 + Adl) = Ac®®" — Adly .

(40)

The appropriate formulation for the cases of plane

stress, plane strain and symmetry of revolution was

made in the usual manner.

The elasto-plastic matrix is evaluated for ¢ =6’
and

n—1
#(Z a3).
m=1

5. Description of the code

The fundamental steps of the program are the fol-
lowing:
a) Evaluate the first yield limit for loads and tempera-
tures.
b) Evaluate incremental load and incremental tempera-
ture distribution according to the respective histories.
¢) Solve the thermo-elastic incremental problem eq.
(41) with initial stresses.
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d) For each element make the a-adjustment, evaluate
the elasto-plastic matrix, make the -adjustment and
calculate stresses.

e) Store residual stresses.

f) If the residual stresses are not small enough, go to c).
g) Store incremental stresses Agy, plastic strains Agf,
displacements AU, and Ag}.

h) Print results of the load step .

i) If the histories of loads and temperature are not
concluded, go to b).

j) END.

At each step of the load, the thermal strains Aé?
are calculated with the temperature distributions ob-
tained with the auxiliary code “CUARM” [22], and
the incremental thermo-elastic problem, eq. (17),

AAU= AR (a1)

is solved with some of the routines of the “ELASTEF”
code [23] for general two-dimensional elastic problems.
The factorjzation method of Cholesky is employed.
The program actually uses triangular elements with
linear functions, to cover a general plane domain which
can also be multiply connected. It has a total high
speed memory requirement of about 100 Kbytes and
it also needs disks auxiliary storage. This capacity *
permits triangular nets of about 300 elements and 200
nodes. A problem of this size takes nearly 50 seconds
for each iteration (steps c) to f)) excluding thermal
calculations.

6. Some solved examples and discussion

With the purpose of testing the code’s performance,
some classical examples were solved and the results
compared with those obtained by different authors.

6.1. Perforated plate in tension

This is a suitable example for testing numerical
models and compare their predictions with the careful
experimental work of Theocaris and Marketos {24].
This has been done in several papers and we take advan-
tage of such fact including also our results.

In fig. 1 the dimension of the specimen, applied

* The program was implemented in the IBM/360—Mod. 44 of
the Centro de Computos, Centro Atémico Bariloche, CNEA.
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Fig. 1. Perforated plate. Dimensions of the specimen. .

loads and the coordinate axis employed are shown.
For symmetry reasons, only the shaded region of the
figure was used in the calculations.
The material is the aluminium alloy 578 whose
strain—stress curve is exhibited in fig. 2. The modulus
of elasticity is £ = 7000 kg/mm, being the adopted

Poisson ratio v = Q.3.

For comparative purposes, two types of results are
presented: the first one obtained with the real (round-
ed) curve of the material as indicated in fig. 2 (from
[24]) with an elastic limit strain of 0.02% (a tenth of
the usual convention) and the second ones with a bilin-
ear (sharp) approximation of this curve, also indicated

28 L T v Ll T 1 T T T T T v*_‘
24.3
= e / .
€ 20l 4 Bilinear approximation J
3
S
1%
N 7
vy 122 L
P ..
w
X 8} E
@
4}
o i L 1 i i A 1 - oY | ul L
9 1 2z 3 4 5 6 7 8 9 10 11 fext0”
STRAIN

Fig. 2. Strain—stress curve in pure tension for Aluminium

Alloy 578.
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Fig. 3. Perforated plate. Maximum strain at point of first yield vs. mean stress at the section y = 0 {non-dimensional magnitudes).

in the figure, with a yield stress limit of 24.3 kg/mm,
and a slope at the plastic region for the strain-equiv-

differences, sometimes non-negligible in particular for
the development of plastic enclaves, are shown in figs.

alent stress curve of A’ = 225 kg/mm?2. The originated 3t06.
8. T T 1 T v I T T T i
Y
\\ O————=C~ Theocaris & Marketos (1964) (experimental)
‘\ Load Step: V. Applied Stress: 11.42 kg/mm”.
\
10 \‘\
AN =T ccent work  (tnitial Stress).
N\ O =C 2
* D Load Step: 4. Applied Stress: 11,42 kg/mm”.
\\ ‘\\ 0 real (rowdad) Strain - Stress Curve.
A\ ‘\\ {  Bilinear approximation of the Strain - Stress c.
\2\ N
. TR A S & Yagawa et al (1975) (Superposition Technique) .
N 2
N ™ Load Step: 20. Applied Stress: 11.48 kg/ mm”,
NNy
~,
s o Ny .
\\~\&“ \\
Tl O
L
N
\‘““A.:‘ .
aoas l? J | 1 | | | 1 | !
0. 0.6 0.65 07 0.75 08 0.85 .9 .0
x/(L/2) at " y=O.

Fig. 4. €y, strain distribution at the smaliest section (v =0 for
numerical model.

step load 4, Comparison with experimental results and with other
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Theocaris & Marketos (1964) (Experimental) = .
Load step: V.- Applied Stress: 11.42 kg/ ﬂ-m2

Load step: 20. Applied Stress: 11.48 kg/mnz.

a0, STRESS AT y.0 ( kg/mm?).

.
S
!

PLASTIC ENCLAVES:

O-—-0  pecent work_ (Initial Stress)
Q== Load step: 4. Applied stress: 11.42 kg/ m.
O Real {rourded) Strain - Stress curve.
0 Bilinear Approximation of the Strain - Stress curwe.
15. —
[oeeooed  Yagamna et al (1975) (Superposition Techniaue) .

0.65

x/(L/2) AT y=0.

Fig. 5. oy stress distribution at the smallest section (y = 0) for step load 4. Comparison with experimental results and with other

numerical model.

In fig. 3, a plot of the maximum strain at point of
first yield vs. mean stress at the section y = 0 (homo-
geneous magnitudes) is presented. This curve previ-
ously used by other authors, allows for comparing
different results but in our opinion has the disadvan-
tage that this maximum strain is a rather delicate
parameter, difficult to obtain in the numerical models
because the strong strain gradient in this zone makes
its value dependent on the local mesh size.

We observe that in general the numerical models
predict a curve somewhat lower (less “‘rigid”’) than tye
experimental one, with the exception of the points of
Yagawa et al. [8] whose model fit specially well the
value of the strain just in the maximum deformation
region (see fig. 4).

Our calculations were made in five load increments
essentially coincident with those of Theocaris and
Marketos [24], and some of those of Yagawa et al.,
[8]. For load step 4 (applied stress: 11.42 kg/mm),
figs. 4 and S show a detailed comparison of the y-strain
and y-stress distribution in section y = 0, with the
experimental values [24] and disposable numerical

results [8]. The agreement is very satisfactory except
for €, in the left region; this automatically gives rise
to some departures in fig. 3. The different plastic

- enclaves predicted at this stage are also indicated in

fig. 5.

Finally, in fig. 6 we compare the plastic enclaves
presented in the previous references with those obtained
with our code. As was previously noted, this pattern
is sensible to the adopted form of the strain—stress
curve, near the vertex. The mesh used was that of ref.
[3]- It consists of 149 triangular elements and 94
nodal points. In both cases studied the iterations were
stopped with a bound & = 0.005. Each iteration takes
about 23 seconds. For the first load cycles, convergence
was usually reached in 3 to 15 iterations. Near the
collapse it was obviously slower.

6.2. V-notched tension specimen
In this example a numerical simulation of a tension

test for a V-notched specimen is presented. The dimen-
sions are indicated in fig. 7. The material is supposed
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YAGAWA et al. TEOCARIS & MARKETOS.

(SUPERPOSITION TECHNIQUE ). I (EXPERIMENTAL).

- —— e — e

PRESENT WORK. PRESENT WORK.

(INITIAL STRESS) (INITIAL STRESS)

Real (roundad) stress - sirain aurve Bilinear approx. of stregs-strain
curve.

Fig. 6. Progressive yielding at perforated plate. Comparison of different results.
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Fig. 7. Load — deflexion curve for a V-notched specimen.

to be elastic — perfectly plastic with yield stress ¥ =
30 kg/mm?, Young’s modulus £ = 20 000 kg/mm? and
Poisson’s ratio v = 0.3.

In fig. 7 a comparison is made of our results with

those of Yamada et al. [2] for the load-deflexion curve.

The deflexion considered is that of point C over the
symmetry x-axis.

The correspondence is excellent except for: a) the
initial yield point, and b) the final collapse stages. Case
a) is to be expected because the elasticity theory pre-
dicts that for sharp notches, yielding is initiated near
the notch root by the first application of load. For the
finite element discretized continuum, this is then
highly dependent on the mesh size near the root [2].
The agreement ceases to be satisfactory in the delicate
stages near the collapse, b). A more rigid behaviour is
seen in our resolution of the problem (see the compa-
rable points of equal load in fig. 7). This was also ob-
served when comparing both plastic enclave patterns,
which nevertheless exhibit an acceptable qualitative
agreement. ’

" Variable load increments were used. At stage 19 no
convergence was reached indicating the collapse of the
specimen. Our predicted collapse load P, then ranges
between the values Py g = 724.87 kg and P9 = 734.50
kg, in correct agreement with that predicted by Yamada
et al., coincident with the last value.

The mesh consisted of 300 triangular elements and
171 nodal points. The iterations were stopped with a
bound § = 0.01. Each iteration takes about 43 seconds.

6.3. Simply supported rectangular beam

A simply supported and uniformly loaded rectan-
gular beam (fig. 8) is now studied in the elastoplastic
domain, and the results compared with those of ref.
[11] and the usual solution of the beam theory, for
elastic — perfectly plastic materials and small /I ratios.
According to such theory, the problem is only depen-
dent on the overload parameter m = ¢/q. (g = uni-
formly distributed load; g = load producing the first
yield) and the ratio f/f, of the maximum deflexion
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0.0 ] ] | | |
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Fig. 8. Overload vs. relative maximum deflexion

for a given load ¢ to the maximum deflexion for the
limit load g,. The predicted collapse of the beam cor-
responds tom = 1.5.

Three numerical experiences were made for different
values of the ratio 4/l (1/4, 1/6 and 1/10). It is ob-
served (fig. 8) that the results do not coincide. This

£k

for a simply supported, uniformly loaded beam.

feature certainly originates on the deformation caused
by the tangential forces whose influence, strongly
dependent on the previous ratio (ref. [24], Vol. I, p.
164), is not taken into consideration in the above
mentioned theory. For example, the errors introduced
for such ratios A/ in the elastic range are respectively
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19.5%, 8.67% and 3.12% for a Poisson coefficient v =
0.3. Of course the right comparison should be made
for 1j1 = 1/10.

The mesh used is that of ref. [11], and consists of
256 elements and 153 nodal points. It was deformed
horizontally to be adapted to the cases studied. The
iterations were concluded for a bound § = 0.005.

7. Conclusions

An efficient code for the resolution of two-dimen-
sional thermo-elastoplastic problems for general strain-
hardening rules has been described, and, through some
of the most representative solved examples, its satis-
factory performance has been shown.

A good agreement is observed in comparison with
the predictions of other numerical models and also
with theoretical and experimental results, within accep-
table bounds of error from a technological point of
view. : ,

The code does not require great storage capacity,
nor large running time for solving standard problems
accurately.

It can easily extended to permit elastic reaction
boundaries, histories of imposed displacements, unho-
mogeneous plastic properties, etc.
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