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Sum m ary. —  The formulation of quantum field theory for massless tensor 
ftelds given in a previous paper, is here extended to fermion fields with. 
zero mass. The fermion field, which in the Rarita-Schwinger formalism  
is represented by a tensor spinor, is here expressed in terms of simple 
Dirac spinors. These Dirac spinors are free components of the field and 
the usual anticommutation relations are imposed on them. The cor- 
responding anticommutation relations of the field components are given. 
They are compatible with the supplementary conditions.

1. -  Introduction.

In the Rarita-Schwinger formalism (x) the general fermion field is repre­
sented by  means of a symmetric tensor-spinor ^ . When tliis field corres- 
ponds to massless partióles with zero mass, it satisfies the equations

(1.1)

(1 .2 )

The matrices y satisfying the relations

(1.3) Y„Vv + VrYn =  2<V •

(*) W .  R a r i t a  a n d  J. S c h w i n g e r : Phys. Rev., 60, 61  (1 9 4 1 ) .
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It  is easily seen that these equations imply.

(1.4)

(1.5)

(1.1) is the ñeld equation and (1.2) is the supplementary condition which 
reduces to 2s—2 the number of independent components of the tensor-spinor 
lFVí r>. This is the right number of possible orientations of a partióle with 
spin s + | . The gauge invariance condition reduces further this number to 
tw o (2).

W e intend to take (1.2) as constraint equations and so our first aim is the 
extraction of the independent components from the ñeld entity (in a covariant 
manner). To get this result we are going to use a method for the tensorial 
ñeld, already developed in a previous paper (3) (hereafter referred to as I).

2. -  Decomposition of the field entity.

W e ñrst arbitrarily choose a time-like unit vector: nn^ =  — 1. Then, let 
us deñne by  recurrence the following tensor spinors: (see also I (2.1) (2.2)

Here 0 =  nvdv and 0_1 is the inverse operator. « Symm. » means terms ne- 
cessary to make symmetric the right hand side of (2.2).

The quantities defined by (2.1) and (2.2), all satisfy (1.1), (1.2).
It  can be proved by recurrence that

r-1

r =  0 , 1 ,..., s.

(2.2) =  0 - <s- r’0Vr+i... +  (symm.)

(2.4)

(2.3)

(2) J. S. D e W e t :  Phys. Rev., 58, 236 (1940).
(3) C .  G. B o l l i n i :  N u o v o  Cimento, 6, 1034 (1957).



[4 1 ] ON THE QUANTIZATION OF FERMION FIELDS W ITH  ZEEO MASS a

The last equation of the recurrence chain is

s - l
l£As> __  I f f  ___ V

which brings the decomposition

(2.5) XU V  (7/<í)
V ___V- .¿L  ■* ■».Vi-.-Vg jLm Vl ...Vs

í  =  0

of the field quantities in s + 1  new tensor-spinors satisfying (1.1), (1.2), (2.3) 
and (2.4). W e are going to prove that each one of this new tensor-spinors 
has only one independent component which is a simple spinor (without ten- 
sorial index).

3. -  Polarization matrices.

In I (Eq. (3.1)) we introduced two derivation operators a„, ftr such that

(3.1)

nvocv =  0 , nvp„ =  0 , 

« A  =  0  > P v Sv =  0  >

« A  =  1 > P A  =  1 »

By means of these operators and the y matrices, we define now

(3.2)

(3.3)

F v =  » r +  P r V X V P  ,

(From now on, we put yíi« /í =  y « ,  etc.). 
The r  are commnting matrices:

(3.4) r r — r r = o.n v v ju

It follows from (3.1) and (3.2) that

(3.5) nj'v =  0 » dvr v =  0 •

W e ais o have

(3.6) yvrv = o, rvrv = o,



because

(3.7)
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y X y f i  =  — y P y a ,  

y a  y a  =  y  {} y  ¡J =  1 .

According to these equations (3.3) defines a sym m etric set of 
satisfying

(3.8)

also

(3.9)

Analogously, putting

(3.10) 

and

(3.11) 

we liave

= 0 >

Yvrri...,r =  o , 
= 0 ,

n » r , , . » r  = 0 ’

Y ^ r Vl..,r =  r v̂ , ry d .  

r v =  xv~T fivy f i y a

r = r r-*• Vx. . .v r t'j • • • J v r ?

K j \ . . . Vr =  o ,

r Vl...vrYv, = 0 , 

dv f ri..,r = o ,  

n,A ,~ v r = 0 >

7 - 9 A...vr = r Ví.,.Vry d  .

4. -  Field co-ordinates.

The tensor-spinors defined by  (2.1) are orthogonal to nv, dv and 
canse of this we can put

(3.12)

(4.1)

0 = Y , V t . fr= Y ¿ % « , í +  W ' P “ ..*r 

=  Y ' + Y'  

Y - * « ,1' P Z . r , = - Y - P P , Y Z * r -

matrices

Yv Be-

O
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Then

+ fs* v - * Y - M , v z . r 

=  ^ « . ^ Í U  +  M ^ Í U

_  U/<r)
H Vv ..v T

In the same way we can deduce that

(4.2) r  a ... a =  W(r)
'  '  H l - P r  *1 V , 1  v v . . v r  / I I , . . . / i r

Equivalently, but more symmetrically

(4.3) 2 ~rr  r  w {r) = w m
' '  l h - 1 ' r ' 1  V , -  r  » i - V r -1 I H - I ' r

on account of

T \ T :U  =  « ^ I U  +  r P

=  « , n u + ^ i u

=  2 a 7/(r) „ .J». v , . . . v r

The equation (4.2) allows then to expresa the tensor spinor as a
function of one spinor, namely:

(4-4) ^  a , X U >

(4-5) n U  =  r ^ T r)-

(4.5) shows an explicit separation of the tensorial part from 
The tensor-matrix operator 7 carries all the subsidiary properties of 

HĴ  u , whereas the purely spinorial part 'l,tr) satisfies only the ñeld equation:

(4.6) y d W (r)= 0

without any other condition.
The s +  l  Dirac spinors ¥ lr> are then free components of the ñeld. (4.5),

(2.2) and (2.5), allow one to express the ñeld entity as a function of these 
co-ordinates.
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W hen a gauge transformation is made, all but one of these spinors are 
changed. The only really free component is W<s\ i.e. the com pletely « trans­
versal » component of lI/v¡v (see I).

5. -  Adjoint components.

The adjoint spinor of Wír} is deñned by (4)

ip(» =  i }

¥ in* being the transposed conjúgate, and A the matrix such that

(5.1) y * = - Ay/tA - \  A * = A  

From (4.6) we deduce

(5.2) W[r)*y*-d =  0 .

(In the expressions like (5.2) it is understood that the derivation operator 
operates on the left).

W ith (5.1) equation (5.2) is transformed into

— Wir)*A y ■ d A - 1 =  — <pMyd A - 1 =  0 ,

i.e.

(5.3) r > r a =  o .

(5.3) is the equation adjoint to (4.6).
Applying the star operation to the matrix / ’ ,, we have

r * = xv +  Pry*-P

=  a„ +  PVA y  fSA~1A ya.  A - 1 ,

=  xv +  PvA v P  y o c A - 1 ,

=  M<xv +  Pv y P  ycc)A~1 , 

r* =  A r vA~i .

(4) J. M. Jatjch and F. R o h b lich : The Theory of Photons and Electrons (Cambridge, 
Mass., 1955), p. 53.



In general

(5-4) r l . Pr =  A r Vi...VrA - K

Transposing (4.5) and taking the com plex conjúgate

17/ ( 1- ) *  ___  I T / i n *  p *  ___  l l j  r ) *  A  r *  A - 1l — Y  JLl JL ,
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Putting

iT/(r) _  «/<*•)* A
P v - M r  f ¿ i - ( * r

one lias

(5-5) ñ u  =  .

The decomposition (2.5) is now transformed into the adjoint decomposition

(5 .6) « p , =  2  n u ,
<-=0

where

(5.7) 3™ .,, =  W ' ; * A  =  0 - (s- r)0Vr+i. . . +  (symm.) .

6. -  Quantization.

The s +  1 spinors ¥ {r) are free co-ordinates satisfying the Dirac equation 
(with zero mass). It  seems logical then to impose the anticommutation re- 
lations:

(6.1) { ^ ( x ) ,  W^\x')} =  id"' y ■ dD(x - x ' ) ,

where we take

(5rr =  0 when r #  r'

and

SrT =  e(r) (not necessarily 1).

eM is the « w eigh t» of the r-th free co-ordinate and dependa on the way



in whicli it appears in the field Lagrangian. (4.5), (5.5) and (6.1) give:

5 T , r( * ') }  j F V ) / ^ . .  J  =

= S*V)}íVv = w r ^ y - d r , ^ ,  d (x - ^ )  ,
<6-2 ) { * % ’ .,> )>  W u *  (®')} =  iórr'r th...,J\..,rY ^ D ( x  -  x') .

Now, with (2.2), we liave

(6-3) W . . . , » ,  * & ) } =  -  * ' ) ,
where

<6-4) r Z , ,  =  -  ^ A , . , .  +  <sym m -) •

From (6.3) and tlie decompositions (2.5) and (5.6) we obtain

(6-5) {^ ...„ .(® ), ^ ....v .í* ')} =  i A , . . ^ r v.,. y ■ -  * ')
with

(6.6) r = y  en,rw f (i> .
Í  =  'J

The anticommutation relations (6.5) are compatible with the supplementary 
condition.

7. -  Example spin §.
The decomposition (2,5) is now

Wv = d-ldvw™ + rvww,
W w = n vW v -, ~  a.v¥ v .

And the anticommutation relations are

{ W {,\x), ¥^(x') }  =  iemy d D ( x - x ' )  ,

{Wm(x), W™(x')} =  iewy d D ( x  — x') ,

= i r ^ vy d D ( x - x ' ) ,

A r = e m d -2ZlA  +  £<l>rA >
F A V  =z X „Xv +  PpPv +  K P v  — P ^ y - P v * .
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It  is easily seen that the last expression is actually independent of a par­
ticular clioice for ocv and ftv. In fact

r „rv = yvy„ — 3'29,A — +  y n ^ y j  •

When both sides act on y d D ( x  — x').
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R I A S S U N T O  ( * )

Nel presente lavoro si estende ai campi di fermioni di massa milla la formulazione 
della teoría quantistica dei eampi di tensori privi di massa. II campo fermionico che 
nel formalismo di Earita-Scliwinger é rappresentato da uno spinore tensoriale é espresso 
qui in termini di semplici spinori di Dirac. Tali spinori di Dirac sono componenti libere 
del campo e si impongono loro le solite relazioni di anticommutazione. Si danno le 
corrispondenti relazioni di anticommutazione delle componenti del campo, che sono 
compatibili con le condizioni supplementari.

(*) T raduzxone o  cura  della Ticdazionr.
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