C. G. BOLLINI C.N.E.A. Biblioteca
1958, Aprile ARCHIVO PUBLICACIONES
Il Nuovo Cimenio NO AN
Serie X, Vol. 8, pag. 39-47 /{ [9Y§

09.56.0Z

On the Quantization of Fermion Fields with Zero Mass.
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Summary. —— The formulation of quantum field theory for massless tensor
fields given in a previous paper, is here extended to fermion fields with
zero mass. The fermion field, which in the Rarita-Schwinger formalism
is represented by a tensor spinor, is here expressed in terms of simple
Dirac spinors. These Dirae spinors are free components of the field and
the usual anticommutation relations are imposed on them. The cor-
responding anticommutation relations of the field components are given.
They are compatible with the supplementary conditions.

1. — Introduction.

In the Rarita-Schwinger formalism (!) the general fermion field is repre-
sented by means of a symmetric tensor-spinor ¥, , . When this field corres-
ponds to massless particles with zero mass, it satisfies the equations

(11) ’y,ua,uylvlwv, =0 ’

(1.2) Vvllpv,mv, =0.

The matrices y, satisfying the relations

(13) y,uyv + ‘}}vyy = 26;11: *

(1) W. Rarira and J. SCHWINGER: Phys. Rev., 60, 61 (1941).
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2 C. G. BOLLINI [40]

It is easily seen that these equations imply.

(1.4) . 0, . =0,
(1.5) . 8, %, , =0.

Vs Vievs

(1.1) is the field equation and (1.2) is the supplementary condition which
reduces to 2s+2 the number of independent components of the tensor-gpinor
¥, - This is the right number of possible orientations of a particle with
spin s+4. The gauge invariance condition reduces further this number to
two (2).

We intend to take (1.2) as constraint equations and so our first aim is the
extraction of the independent components from the field entity (in a covariant
manner). To get this result we are going to use a method for the tensorial

field, already developed in a previous paper (3) (hereafter referred to as I).

2. — Decomposition of the field entity.

We first arbitrarily choose a time-like unit vector: n,n, =—1. Then, let
us define by recurrence the following tensor spinors: (see also I (2.1) (2.2)
(2.3) (2.4))

YO =n, ..nY
1 s

v, =07, ..0,P”
r—1
(2‘1) TX)VT = nv,+, b /'llvs(gpul...vls - Z W:f)vx)
t=0 r=90,1,..,8
(2.2) P, =979, .0, Y™, + (symm.)

Here ¢ =n,0, and 0-! is the inverse operator. « Symm. » means terms ne-
cessary to make symmetric the right hand side of (2.2).

The quantities defined by (2.1) and (2.2), all satisfy (1.1), (1.2).

It can be proved by recurrence that

(2.3) n,  ..n,¥Pr =P

Vrgy * Vyy

(2.4) nvl'{’;:_’._y' =0.

(3) J. S. DE WET: Phys. Rev., 58, 236 (1940).
(®) C. G. BorruiNI: Nuovo Cimento, 8, 1034 (1957).
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[41] ON THE QUANTIZATION OF FERMION FIELDS WITH ZERO MASS 3

The last equation of the recurrence chain is

Vg

Y — 9] Z Yj(t)
which brings the decomposition

(25) z (t)

Wy PpPy
t=0

of the field quantities in s+1 new tensor-spinors satisfying (1.1), (1.2), (2.3)
and (2.4). We are going to prove that each one of this new tensor-spinors
has only one independent component which is a simple spinor (without ten-
sorial index).

3. — Polarization matrices.
In I (Eq. (3.1)) we introduced two derivation operators «,, f, such that
no, =0, np,=0,
«,0, =0, p,0, =0,
“vav:]'? ﬁvﬁvzl’
avﬁv =0.

By means of these operators and the y, matrices, we define now

(3'2) Fv:“v+|6v‘y'a‘y'ﬁi
(3.3)

ViV, vyttt Tt

(From now on, we put y,ox, =y a, ete.).
The I', are commuting matrices:

(3.4) rr,—-rr,=o.
It follows from (3.1) and (3.2) that
(3.5) n I, =0, 0,1, =0.

We also have

(3.6) »[,=0, I =0,

(3

=3
@
=3



4 C. G. BOLLINI (42)
because

vaypf=—yBya,
(3.7)

yaya= ypyf=1.

According to these equations (3.3) defines a symmetric set of matrices
satisfying

If Syl =0,
i o
t ™., =0,
also
(3.9) yol, , =TI, ,v0.
Analogously, putting
(3.10) I,=a,4+8,y By«
and
(3.11) L., =T, ..T,,
we have
00, 1,0, =0,
Loy, =0,
(3.12) o, T =0,

4. - Field co-ordinates.

The tensor-spinors defined by (2.1) are orthogomal to n,, 9, and y,. Be-
canse of this we can put

0= yv, T’IET)V, = y,u(ay o‘vl + ﬁyﬂvl)yl:?..v,
=yoax, 0, +y B8,

(4.1) yaa, ¥ =—y B8P0

VyeVy °
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[}

Then

) S () . . r)
F,u(xvl y,v,...v,_ - a,ulxm Tvlu.v, + ﬁ/l y o y ﬂ ﬁv,gl

Vie?y

. (7} [riry
- “p“vl yIm..m, + ﬂyﬂvly

Py Yy

{r)
UVpevy

I

In the same way we can deduce that

(4.2) Ly o, V7, =¥

ety V" pe iy °
Equivalently, but more symmetrically

(4.3) R A AL B L

Haeee

on account of

7oy (r) . . )
Ivl ’pvlu.v, - “vlijl...vr + V ﬂ y &« ﬂvlylv

¥y

— (r) r)
= ozv“l’vl‘_.‘,r - ocvl,‘[’

PV,

s r)
- 2ari Tvl...v, *

The equation (4.2) allows then to express the tensor spinor ¥, ~— as a
function of one spinor, namely:

(4.4) YO =a, a0,
r . (3]
(4.5) ¥y = LV

(4.5) shows an explicit separation of the tensorial part from l]"’l’_" ot
The tensor-matrix operator I'J’ ~ carries all the subsidiary properties of
¥ . Whereas the purely spinorial part Y gatisfles only the field equation:

1

(4.6) y dPO =0

without any other condition.
The s+1 Dirac spinors ¥ are then free components of the field. (4.5),

(2.2) and (2.5), allow one to express the field entity as a function of these
co-ordinates.
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6 C. G. BOLLINI [44]

When a gauge transformation is made, all but one of these spinors are
changed. The only really free component is ¥, i.e. the completely « trans-
versal » component of ¥, ~ (see I).

Vs

5. — Adjoint components.

The adjoint spinor of ¥ is defined by (%)
W) — T(')*A ,
PO* bheing the transposed conjugate, and A the matrix such that

(5.1) y: =—A4y, 47", A*= A
From (4.6) we deduce
(5.2) Pryx.g = 0.
(In the expressions like (5.2) it is understood that the derivation operator
operates on the left).
With (5.1) equation (5.2) is transformed into
—Y/(T)*Ay'aA_lz—Wy‘aA‘l =0,
ie.
(5.3) Yry-0=0.
(5.3) is the equation adjoint to (4.6).
Applying the star operation to the matrix I',, we have
Iy =a,+B,y* B y*a,
=a,+B,Ay A Ay A7,
=a,+B Ay fyad,
= A(av + ﬁv y.ﬁ '}/'“)A_l ?
I'* = A A1,

(%) J. M. Jaucu and F. RomrLicH: The Theory of Photons and Electrons (Cambridge,
Mass., 1955), p. 53.
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In general

(5.4) s =AF A,

ViPy VyPy

Transposing (4.5) and taking the complex conjugate

¥ g s ge® 4 -1
T.“r"llr =¥ Pﬂr"l‘r =¥ AFMr--MrA ’
— YA -1
v PH1'~~Mr
Putting
™ ginE
lpmu-ﬂr - Tﬂr' .”rA
one has
™ — o
(5.5) lpﬂr--ﬂr =¥YOI Myl ®

The decomposition (2.5) is now transformed into the adjoint decomposition

(5'6) Wvl...v, = i T—c()f.)..v, ?
=0
where
(5.7) o, =¥ A=209""9, .0, P0, + (symm.).

6. — Quantization.

The s+1 spinors ¥ are free co-ordinates satisfying the Dirac equation
(with zero mass). It seems logical then to impose the anticommutation re-
lations:

(6.1) (PO (@), PO@@')} =16" y- 0 D@ —a'),

where we take
" =0 when r =%+
and

8 =" (not necessarily 1).

&" is the « weight » of the r-th free co-ordinate and depends on the way
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in which it appears in the field Lagrangian.

ViV

= F{‘P (@), @)} T

{51‘/(') m)’ ):[](r) } { Yﬂr) SU" )

(62) {g/xr) 9’/(1) ( /)} _ iéﬂ’]‘v

fy- [.t,

Now, with (2.2), we have

(6.3) {S{f;?mm(w), l[/l(’:’)jx(mr)} — i ]1(”
where
o FL'T‘)'"”“ = a_(s_r)a/lrn axtsrul..

Hye e

(46]

(4.5), (5.5) and (6.1) give:

@) I, ,}=

v, =480T,  y-oF, , Dx—a

My

I, .y oDw—a).

11(1‘) ” ,y aD(w — )

u, T (8ymm.) .

From (6.3) and the decompositions (2.5) and (5.6) we obtain

(6.5) ¥, @, @y =i, . .y 0D@—a)
with
(6.6) L igime 2 T,

The anticommutation relations (6.5) are compatible with the supplementary

condition.

7. — Example spin 3.

The decomposition (2,5) is now

y/v _ 84181’1‘[1<0>+Fv¥1(1)’

y/(a) n y/ ):[/(1) —

And the anticommutation relations are

o, ¥, .

v

{Y"’)(x) @W(w’)} =%y 0D — '),
{Y’m SU(”W)} = 1"y -0D(w—a'),

{V (@), P, (@)} =il ,p

oDx —a'),

I, =e87%2,0,+ 1,7,
P,ufv = “y(xv +ﬂ,u13v+ (zluﬂv_ﬂyav) y‘ﬂ Y.
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It is easily seen that the last expression is actually independent of a par-
ticular choice for «, and f§,. In fact

I'\L,=vy,—97%8,8,— 0700,y n+yndy,).

When both sides act on y-¢D(x — z').

RIASSUNTO (*)

Nel presente lavoro si estende ai campi di fermioni di massa nulla la formulazione
della teoria quantistica dei campi di tensori privi di massa. Il campo fermionico che
nel formalismo di Rarita-Schwinger & rappresentato da uno spinore tensoriale & espresso
qui in termini di semplici spinori di Dirac. Tali spinori di Dirac sono componenti libere
del campo e si impongono loro le solite relazioni di anticommutazione. Si danno le
corrispondenti relazioni di anticommutazione delle componenti del campo, che sono
compatibili con le condizioni supplementari.

(*) Traduzione a cura della Redazione.
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