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R ecently  th ree detailed phase shift analyses of low-energy jtJY’ scattering  have ap ­
peared, from groups a t Berkeley (•), CERN (2) and Saclay (3). We apply continuous 
m om ent sum rules (4) to  the  above analyses in order to  determ ine the relevant Regge 
contribu tions appearing in  the  A '(~ \ B t~), A l(+> and B <+) am plitudes (5).

A s tudy  of th is  kind, b u t w ith  in teger m om ent sum rules and the old Saclay phases, 
has been perform ed for A /<_) and  fi' ’ by D o le n  et al. (6). Their conclusions were only 
q u alita tiv e ; however, a w ell-established result of th is work is the existence of a q-zero 
in  the  A '<~) am plitude a t t f a — 0.2 (which explains the cross-over phenomenon) and 
ano ther q-zero in the  B' 1 am plitude a t t ^  — 0.6 (which explains th e  dip in ttJV’ 
charge exchange (CEX) differential cross-section). B a r g e r  and P h i l l ip s  (7) have also 
used continuous m om ent sum rules (with CERN phases) for .1,; ' > and _B(+), in order to 
choose between different P , P ' fits to  the high-energy data . Their conclusions, however, 
are n o t satisfactory  as fa r as B <+> is concerned.

Our considerations are s tric tly  q u an tita tiv e  and the ir aim is to predict, w ith  a reason­
able error, th e  high-energy uJV scattering  d a ta  near th e  forw ard direction (f > — 0.4) 
from  the  low-energy phases. The predictions we get are in  good agreem ent w ith the ex ­
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isting high-energy experim ental data . In  A"-~) we find evidence (from th e  CERN phases) 
for a Regge cu t which gives the correct ttJV CEX polarization . In  B (+) a  Regge singularity  
w ith  a  ~  — 0.5, — 1 is found which contribu tes negligibly to  A '<+>. This new singularity  
can explain the  energy behaviour of P(rt+p) +  P(7r- p).

F or the A"--) am plitude th e  following sum rule appears:

— ,,-<v+u i871̂ 2 tj2 — fi2

+ j y  — vl\rl2 Im  exp t)
,  . v  &  s i n ( j i / 2 ) ( a ^ +  y  +  1) 
di'} =  > -----------------------------------------------

T  cos(jrl2)cck <xk+ y + l

where, a t  high energy,

„  1 — exp [— w « J
(2> *<■-■> ~  2  & (*)----------- * •j  sin

Similar form have the  sum rules for vBf~\ v A " 1 ’ and 7?'1 ’.

Results.

1) .1" The th ree phase-shift analyses 
considered agree in predicting  (*) the q to  vanish 
sit t ph — 0.2 and to be negligible thereafter, thus 
suggesting th a t i t  also vanishes a t a =  0. B u t 
there is no agreem ent about w hat rem ains after 
the o disappears. Saclay and Berkeley produce 
a term  w ith a — I , independent of t, which 
can be in terpreted  as a Regge background co n tri­
bution . However, the  CEX  polarization predicted  
( ~ 8 %  a t 5.9 GeV, ~ ( 3 ^ 4 ) %  a t  11.2 GeV) is too 
small and falls down too rapidly w ith the  energy.
Instead, the CERN analysis gives very particu lar 
<p(y)’s of the kind shown in Fig. 1. I t  is no t pos­
sible to  give a n a tu ra l explanation  of these curves in  term s of few Regge poles and 
background. They m ay be fitted  only by a continuous d istribu tion  in  th e  J-p lan e , i.e. 
by a Regge cut. W e have considered a fam ily of cuts w ith  d iscontinuities of expo­
nential shape, param etrized as follows:

Fig . 1. -  C om parison of <f(y) (see eq . (1)) 
for a t  t = ~  0.2 (iso lated  po in ts)
w ith  a  pure exponen tia l c u t co n trib u tio n
(solid line) hav ing  r - 2.:i (see oq. (3)).

(3) '(v, t) =  i  exp . 71 - i — ar 
2

v*e — J 'd a exp
a ccc 

r
exp

i  exp
r [ln  (v exp [1 /t]) — wr/2]

(*) Only th e  CKKN analysis covers th e  com plete in te rv a l from  th e  m ax im um  energy considered 
(1.935 GeV in  th is  case) down to  th resho ld . T he B erkeley analysis covers th e  in te rv a l (490-^-1566) MeV 
and  th e  Saclay analysis th e  in te rv a l (310-^1560) MeV (labo ra to ry  k in e tic  energy of th e p io n ) . I n  o rder 
to  use th e  Berkeley and Saclay phases in  our sum  ru les, we have  filled th e  gap from  th resho ld  to  th e  
m inim um  energy considered w ith  th e  C E R N  phases.
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F o r th e  <p(y)’s under consideration th e  fit gives (assuming ac=  0.58) a r  ss 2.3 in  the 
range — 0.4 <  t <  — 0.2. The (1,, tu rn s  out to  vary  slowly w ith t and to  have a sign op­
posite to  th e  q residue.

In  a  previous analysis (see D e l l a  S e l v a  et al. (4)) of forward tcJV CEX scattering using 
to ta l cross-section d a ta , a second contribu tion  w ith  a — 1 was found besides the o. 
T h is does n o t con trad ic t CERN <p(y)'s, because th e  system  q +  cut, when the  o is dom ­
in an t, adm its a good param etrization  in  term s of the  n and a second pole w ith  a lower a. 
Also the  <p(y) determ ined from  th e  CERN analysis allows a t t =  0 a really good fit of 
th is  k ind, giving a„(0) =  0.58 and  a =  — 1 for the second pole.

Because of th e  zero a t t «« — 0.2 and  the  presence of the  cut, one cannot expect 
a good determ ination  of the  q slope from A " - ’. This param eter has been determ ined 
from  th e

2) B<->. All th ree  low-energy analyses give essentially the same curves for this 
am plitude. F rom  them  it  is clear th a t  the  q is dom inant and vanishes a t t «a — 0.55; 
however i t  is also clear th a t  som ething else ( ~  10% a t  1.9 GeV) is present. We have 
tried  several k inds of fit (q +  background, o r  a', Q -  cut) to  establish the natu re  of 
th is  second contribu tion , b u t no conclusive answer was found. Anyway, the sign of 
th is  contribu tion  is such th a t  th e  polarization (essentially deriving from interference of 
q in > and  cu t in  A ,(~>) is depressed for t ^ — 0.15, and therefore it  has a negli­
gible w eight in  the  CEX  polarization because of the zero of the  q in A ‘(->.

U nfortunately , the  presence of th is second Regge singularity  does not allow a good 
determ ination  of the  q tra jecto ry  from  a d irect inspection of the curves a t each value 
of t. W e note indeed th a t the determ ination  of a is very  sensitive to  the presence of small 
con tribu tions beside the  dom inant one. WTe have preferred to use the fact th a t the t 
behaviour of the  g residue in  Ji{ as determ ined from  the sum rules, strongly suggests 
for i t  a  form  ~  ocg{t) -exp Assuming th is form  and ae(0) =  0.58 one then finds 
«eW  =  (GeV)“2 and b =  1.75 (GeV)“2. The residue has been determ ined from the 
m axim a of the  <p(y), in te rp re ting  them  as pure o m axim a; the error com m itted is likely 
to  be no m ore th a n  (3 -r4 )% .

In  conclusion, we have ob tained the  following param etrization  for the  A '' ' and B' 1 
a m p litu d es:

This param etrization  is valid only up to  — 0. 4 —0.5. Thereafter m any sym ptom s 
ind icate th a t  th e  tru n ca ted  Legendre series becomes a bad approxim ation to the am pli­
tudes and the  investigation  cannot proceed further.

In  Fig. 2 th e  predictions for the  differential cross-section a t 5.9 and 18.2 GeV and 
tor the  polarization  a t  5.9 and 11.2 GeV are com pared w ith the d a ta  of Stirling

ae(t) =  0.58 +  0.961 , 

t =  2.3

t) =  ae(32-exp [2.65i] — 1 2 )ie x p  — v*e —

in (GeV)2 ,

in (GeV)“1 ,

B (_)(j', t) =  ag ■ 185 exp [1.75 t]i exp [— i(n/2) ae]vxe~} in (GeV)“2 .
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et al. (8) and Bonam y et al. (9), respectively. The predicted  po larization  curve shown in 
the F igure is tru ly  depressed for t > — 0.15 by the  not-w ell-determ ined secondary co n tri­
bu tion  in  B 1-'1; th is effect increases approaching t =  0.

0 - 0 .2  -0 .4  0 - 0 .2  - 0 .4  -0 .6

0 -0.1 -0 .2  - 0 .3  0 -0.1 -0 .2  -0 .3  

t[(Ge V/c)2]

Fig. 2. -  Com parison ol rc-p —>■ 7t“n  d ifferen tial cross-section an d  p o lariza tion  ca lcu la ted  from  cq. (1)
w ith  a  sam ple of experim en ta l d a ta  (*•’).

3) A ,l+>, B (+>. F o r A "■* > and _B<+) there is also good agreem ent between the  rp(y) 
derived from  Saclay, Berkeley and  CERN analyses.

B a r g e r  and P h i l l i p s  (7) have already considered these sum  rules and, com paring 
them  w ith  high-energy fits, have concluded th a t  th e y  are well explained by  the  P , P '  
system  of Regge poles. W e should, however, po in t ou t a difficulty one m eets in  draw ing 
th is  conclusion. If  one m akes a two-pole fit to  a t  t =  0, tak ing  oc =  1 for one of

(”) A .  V. S t i r l i n g ,  P. S o n d e r e g g e r ,  J .  K i r z ,  P . F a l k - V a i r a n t ,  O .  G u i s a n ,  C .  B r u n e t o n ,  
P . B o r g e a u d ,  M. Y v e r t ,  J .  P . G u i i x a t t d ,  C .  C a v e r z a s i o  an d  B .  A m b i . a r d : P hys. R ev. L e tt .,  14, 
7 6 3  ( 1 9 6 5 ) .

(») P . B o n a m y , P . B o r g e a u d , C. B r p n e t o n , P . F a l k - V a i r a n t , O .  G u i s a n , P . S o n d e r e g g e r , 
C . C a v e r z a s i o , J .  P . G u i l l a u d , J .  S c h n e i d e r , M . Y v e r t , I .  M a n e l l i , F .  S e r g i a m p i e t r i  a n d  L . V i n - 
c e l l i : Phys. L e tt., 2 3 ,  5 0 1  ( 1 9 6 6 ) ;  a n d  Proc. of the Heidelberg In t .  Conf. on E lem entary Particles ( 1 9 6 7 ) .

35 — I l  Nuovo Cimento A.
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them , a <  0 is ob ta ined  for th e  o ther pole. This cannot reasonably be im puted  to errors, 
because th e  agreem ent betw een the  different phase-shift analyses is, in  th is case, excel­
len t. To re-establish agreem ent w ith  the  P , P ' p ic tu re one has to  in troduce a th ird  pole 
w ith  a ~  — 0.5, — 1 contribu ting  negligibly to  A 'w .

In stead  of enlarging the  already large P , P ' set of param eters, we have preferred 
to  param etrize A"-+) and  £<+> by two Regge cuts w ith  exponential-shape discontinuities 
and  w ith  b ranch  po in ts fixed a t ac=  1. This m eans two param eters to  be ex tracted  
from  each curve a t each value of t  considered, and prediction of the high-energy dif­
feren tial cross-sections and polarization d a ta  becomes possible.

The best fits to  th e  <p(y) curves of A '(+) and  -B(+) are excellent up to  — ¿< 0 .3 ; there­
afte r discrepancies begin to  appear. T he analysis gives

(5)

J/<+>= i  99 exp [3 .01] 

t a =  0.18 — 0.681 

J3<+>= i  143 exp [1.64 i] - 

i , =  0 .77— 1.05 t

B[ln ((v/1.9) exp [I /t*]) — ¿ji/2]

(GeV)“1 

(GeV)2 

(GeV)“1 : 

(GeV)2

Fig . 3 . -  In  th e  upp er figure: com parison of 
Tt-p  an d  it+p e las tic  cross-sections calculated  
from  eq. (5) w ith  th e  d a ta  of I I a r t i n g  et 
oi. (10) a t  12,4 GeV; a) TT_p ; b) Tt+p. In  th e  
lower figure: ¿ [ P ( tt+p ) — P (n-p )] calculated 
from  eq.. (5) (solid curves) is p lo tted  together 
w ith  th e  experim ental d a ta  (n ) for P (tt+p ) and 
— P(rc"p) a t  6 an d  12 GeV/c: c) 6 GoV/c; 

d) 12 GeV/c; o tt- p ; •  Tt+p.

f  [(GeV/c)2]
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The predictions for the  high-energy differential cross-sections of 7t_p and  :r+p are in  good 
agreem ent w ith  the d a ta  of H arting  et al. (10) (see Fig. 3). In  p articu la r the  cross-over 
effect is correctly reproduced. The pred ic tion  for the difference ¿[P (tt+ p)— P(re~p)] 
( ~ I n i o f  7c+p and rr~p polarizations is also satisfactory  (see Fig. 3). As 
to  ¿[P(tc+p) +  P(7t~p)] ( ~  Im  (A."*' l i"  '*)), i t  is predicted  positive in agreem ent w ith  the 
d a ta  of Esterling et al. (12) a t  5.15 GeV and the d a ta  of B orghini et al. (u ) a t  6 and 
10 GeV (13) b u t too large in  m agnitude (a t 10 GeV one gets ~ + 2 0 %  against 
( +  2 ±  5)% ). This means th a t  the  approxim ation of assum ing th e  d iscontinuities of 
the cuts to  have a pure exponential form is too crude. To restore agreem ent between 
the sum rules and the  polarization d a ta  i t  is sufficient to  suppose th a t  in B (+), beside the 
exponential cut, some fu rther singularity  (a pole or a bum p in th e  cu t discontinuity) is 
p resent near oc sk — 0.5, — 1 w ith  a « residue » having th e  sam e sign of th e  exponential 
cu t d iscontinuity  and a weight a t 2 GeV of th e  order of 10% of the  exponential cu t weight.

Conclusion. S tarting  from the  low-energy (below 2 GeV) phase-shift analyses of 
Berkeley, CERN and Saclay, and using continuous m om ent sum  rules, th e  high-energy 
differential cross-sections and polarizations of rrp CEX and tt >p elastic scattering  have 
been predicted up to  m om entum  transfers — < <0 .3 -f0 .4 . The analysis of the  CERN 
phases (which are in contradiction  on th is  po in t w ith  those of Berkeley and Saclay) 
gives the result th a t in the A '<-> am plitude besides the  g a cu t is p resent, w hich is p u t in
evidence by th e  q dynam ical zero a t I « s ...0.2. This cu t correctly  pred ic ts the  ttJV’
CEX polarization. Some weak evidence for the  g choosing nonsense a t a ~  0 is also 
provided. The analysis was no t able to  establish the n a tu re  of the  secondary co n tri­
bution (~  10% of the g a t 2 GeV) found to  bo present in  B (_>.

As to  A l(+> and B t+> the com parison of th e  d a ta  for P(7r+p) +  P (ir-p) w ith  the  
sum rules produces evidence for the  existence in  B i+) of a  Regge singularity  w ith  a ~  

0.5, — 1, which contribu tes negligibly to  A ,<+>. This Regge singularity  can explain 
the features of the high-energy d a ta  for P(tt+p) +  P(rc-p) observed a t present.
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