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Spectroscop ic factors fo r  the one-body strlpplng and pickup reactions on 2»8pb are analyzed 
wlthin the particle-vibration-coupling model that was developed in the first paper o f this se ­
r ie s . The calculation o f the transfer amplitudes is perform ed up to th ird -ord er perturbation 
theory. A com parlson  with recent experimental data is carried  out.

I. IN TRO D U CT IO N

In the last few years It has becom e m ore appar- 
ent that realizations of concepta such as c losed - 
shell or single-particle states are nowhere found 
in the Periodic Table, in the sense of the extreme 
single-particle description.* This has been the 
outcome of im provem ents in the experimental 
techniques resulting from  the new accelerators. 
Both one-particle stripping and pickup reactions 
have been m ost useful in learning about the d is- 
tribution of single-particle strength as well as 
about ground-state correlations or , as usually 
called in these kinds of experim ents, “ core ex c i- 
tations.”  Good exam ples o f the above statements 
are provided by the system atic experimental in- 
formation^ obtained on the f.,,^ nuclei; in particu­
la r, on the Ca isotopes. The interpretation of the 

^Qata is  usually sim pler for double-closed-shell 
targets (such as “°Ca or ^®Ca).

Definite theoretical problem s have to be solved 
before the experimental cro ss  sections can be in- 
terpreted as single-particle  strengths. The three 
most important problem s are:
(1) The extraction o f spectroscopic factors from 
the measured c ro ss  sections. This is custom arily 
done in the distorted-wave Born approximation

. H(DWBA), using the separation-energy prescrip - 
* '’ tion to calcúlate the radial form  factor. Although 

the DWBA seem s to be a rather successful way of 
extracting spectroscopic Information from  nuclear 
reactions, the separation-energy prescription has 
little justification and may introduce considerable 
uncertainty in the spectroscopic factor associated 
with weak transitions.
(2) The extraction, through the spectroscopic fa c ­

tors, of quantitative Information on both the single- 
particle states and their admixtures with more 
complicated states (usually called nonpickup or 
nonstripping components). For this one needs a 
good description o f the final excited states in the 
odd nucleus, which depend on the description of 
the low -lying collective states o f the closed-shell 
system. These states are not necessarily  in the 
system iVg. If pairing modes are considered, they 
would include states of the A^o±2 nuclei. It is  easy 
to see that this problem im plies a requirement of 
self-consistency. At the same tim e, the m odifica- 
tion o f the single-particle states due to their cou- 
pling to the collective states of nucleons im ­
plies that effective transfer operators should be 
used. These operators are related to the reaction 
c ross  sections as the effective energy matrix e le - 
ments are to the energy.
(3) If two-step p rocesses are included,^ the two 
problem s Usted above are intimately related and 
cannot be treated separately.
Some of these problem s have been considered by 
Hamamoto,^ based on the perturbation treatment 
of particle vibration suggested by Mottelson.®

In this paper we present, following Refs. 4 and
5, a system atic way of dealing with problem 2, 
concerning both the final-state wave functions and 
the use of effective transfer operators. Problem 
1 will be discussed elsewhere® using the approach 
presented in the work of Ibarra and Bayman.'^ The 
basis of the model to be used was discussed in an 
earlier paper.® Though the methods described be- 
low apply to any closed -shell system , we concén­
trate our attention on the case of single-neutrón 
stripping and pickup on “ ®Pb.

In Sec. II, the description of the  ̂ states
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given in Reí. 8 is briefly  summarized. In Sec. III, 
the m atrix elem ents of the effective one-nucleon- 
transfer operator are derived. Section IV con - 
tains the results of the calculation and a com pari- 
son with available experimental data.

Other approaches have also been used in order 
to couple partióles and closed -shell vibrations.® 
However, the com parison between the correspond- 
ing results and our predictions is  not easy to p er- 
form , because the main emphasis in most of these 
studies has been on the m odifications of the prop- 
erties of single-particle states.

II. DISCUSSION O F  THE M ODEL

The low -lying states of the A'o* 1 system co r re - 
spond to single-particle (hole) states \ j) .  We use 
the notation |á?) (|i)) for states above (below) the 
Ferm i surface. In the 1 nucleus, the next 
states are tw o-particle -on e-h ole  (2p-lh) states.
To describe them we use a set o f states

(la)

(Ib)

In the N „ - \  system , we sim ilarly represent the 
(2h-lp) states by

|«-2A;^;J.W ) = [/3 /(-2 A )ft /]¿| 0 ), 

|«0A;¿;JM> = [/3/(0A)fiJ¿|0).

(2a)

(2b)

The operator 6 /  creates a particle in a state with 
angular momentum j .  The collective phonons con- 
sidered are of the particle-hole type and of the 
m ultipole-pairing type. The corresponding c re - 
ation operators, ;3/(0A) and iS/(±2A), are defined 
in Appendix A. The label a  is  the transfer quan­
tum number, while A represents the phonon angu­
lar momentum. These operators define, together 
with the particle operators h.  ̂ the ground state

^„(aA)|0) = í . j0 )  = 0 . (3)

The Hamiltonians that couple the odd particle to 
the vibrating core  are

MOA) = - Y E [ ( Q x. ) c„u<?x/  + ^ x, (Q xm' ) cou]
(4)

and

;¡(2A) = -Gx27r(2A + l)

x E [ ( í ’ x /)c c il-P x ,+ í ’ x /(P x ,)co ll) . (5)

Equation (4) represents the coupling Hamiltonian 
between a particle and a surface vibration, and 
Eq. (5) represents the coupling between a particle 
and a pairing vibration. The collective operators 
are equal to

Xp'coll *
(2A+1)*^^

xEA„(0X)[/3/(0Am ) + (-l)^-*^0/(O A -m )] ,
n

(6)

(•Px(i)coH 4TrG {̂2\ + i)1''22v[-'^„(2A)^„^(2Am)

+ ( - l )^ -" A ( -2 A )^ „ ( -2 A -/i ) ] .  (7)

They describe the collective variable in the usual 
m acroscopic description. The quantity A„{a\) is 
the coupling strength. On the other hand, 
and Px;í^ represent the particle degrees of fre e - 
dom and are equal to

Q (2A + 1)*'==

xSAí(feí;A)[/3^(fez;OAM) + (-l)'- ''0 (/fe¿ ;O A -M )], 
k.i

(8)

Xm (2A + l)i'"

(9)

The operators ®^m) create a single parti-
cle-hole  pair (a = 0) or a single tw o-particle (a 
= 2) or two-hole (a> = -2 )  pair. The quantities 

are defined as

=  (10)

The actual calculations are carried  with f x ( r ) - r ^ .  
[See Eq. (39) of Ref. 8.] The basic rjiatrix e le ­
ments [linear in A„(ofA)] o f the Hamiltonians [Eqs. 
(4) and (5)] are given in Appendix A. In what fo l- 
lows we make use of them to calcúlate the single- 
particle stripping and pickup spectroscopic factors 
to the 2p-lh  (lp -2h ) states of the nuclei 
below 4 MeV of excitation. This is  done up to third 
order in the A ’ s. For a m ore detailed discussion 
of the model discussed above, we refer to Ref. 8. 
Explicit expressions are only given for the strip­
ping processes. The modifications for the pickup 
reaction can be easily obtained.

III. C A LC U LA TIO N  O F  TH E EFFECTIVE 
O P E R A T O R

A. First-Order Processes

The first-ord er p rocesses leading to 2p-lh  
States are represented in Fig. 1. If the stripping



E F F E C T I V E  O P E R A T O R S  A N D  T H E  A N A L Y S I S  O F . . . 2391

k
( d . p l ( d , p )  X -------

(a )

( d , p ) X  — (d.p)  X —

( b )

FIG. 1. F irst -o rd er  graphs representing the one-body 
stripping reactions on closed -sh ell nuclei. Graphs (a) 
correspond to the stripping to states having the same 
spin and parity as the slngle-particle  states above the 
Ferm i level. Graphs (b) represent transitions to states 
having the same spin and parity as the single-parity 
states below the Ferm i surface.

reaction introduces a particle in the shell above, 
the particle occupies an empty slngle-particle 
State whlch subsequently decays into a 2p- Ih state 
through a first-ord er  process [Fig. l(a)]. The c o r -  
responding spectroscopic amplitudes are given by

+ + - e ,  +AH/„(OX)’' ' * 1̂/2 9̂/2 *2 ”

(11)

<n2\;Í2;km\b^J\0)

‘ 2 * 9 / 2

The energy differences AW^{aX) measure the

AW„{2X)-

change in energy of tw o-particle, two-hole, or 
particle-hole states induced by the residual inter- 
action in the corresponding (»X) channel consid- 
ered [see Eq. (30) of Ref. 8]. ■

If, however, the particle is  stripped into an o c - 
cupied State, it is  necessary to perturb first the 
vacuum state, since only then it is possible to fill 
the corresponding hole [Fig. l(b)]. In this case, 
the amplitudes are given by

= A „ ( O X ) ( ^ V " ------ ------'\ 2 í + l /  € ,+ £ , - e .

(12)

2e^ - e ,  - 6 ,  -AIV„(2X)-
* 9 / 2  2 ^ 1 / 2  "

The m atrix elements [Eq. (12)] give a measure 
o f how ground-state correlations of the c losed - 
shell system are affected by the presence o f the 
odd particle. In other w ords, they measure the 
rigidity of the closed -shell system . In particular, 
the single-stripping process  to 2p -lh  states hav­
ing the same spin and parity as the Ih states are 
not an ahsolute measure  o f the ground-state c o r ­
relations in the closed  shell, since additional 
types of correlations may exist and yet be unde- 
tected in this specific reaction, provided that the 
presence of the odd particle does not affect such 
correlations.

It has been system atically shown^° that in the 
lowest nonvanishing order, the Hamiltonians [Eqs.
(4) and (5)] yield the same results as the random- 
phase approximation (RPA). The one-body trans- 
fer to 2p -lh  states is  no exception to this state- 
ment. In the RPA we write the correlated  vacuum 
lo) as a product of operators acting on the c losed - 
shell State lOes,

|0)= n  G „(«A )|0)„,
ncc X

G„(2A) = a„2xexp v(k,k^;i,Í2;n2X)[flHk,k^; 2X)^Hi,i^; -2X)]g , (13)

G„(0\)=a^^exp]  ^  r,{kJ,,k,i,;nO\)[l3Hk,i,;OX)fiHk^i^;OX)]Ú.
(*,i, )&(*,!,)

Here a„„x ^^e normalization constants. The coefficients ?7(jiÍ2>Í3-?4>” ®^) ^re determinad by the conditions

/3„(aAM)G„(«A)|0)es = 0 , (14)

which yield the linear equations



(15)

S  v(k^k^; i^i^;n2\)d„(k^k^, 2 A )  =  (2X +  2 X ) ,
*l-*2

S  (1  +  « » , »  6 i , i  k^Í2,nQ\)d„(k,i,; OA) =  (2X +  O X ) .

Using Eq. (13) and some algebra we may show

>̂m ^n(2A)|0)„ -  .  ̂ (1 + S  (̂̂ 1 2̂> * 1*2> ” 2X)[^ 2A)6 ¡ ] J,G„(2A)| O);.,
*2 *1̂ *2

~ (2i + 1)''^ ^  í  S  ^( î^2> *i*2>” 2A)d^(fejfej, 2A)} [^^^(2A)6j ]^G„(2A)|0)„ , (16)
"l'2 *l-*2

which together with Eq. (15) gives

( ?A +1
^  S  (1  + 5 . ^ , ; > ' V „ ( ¿ / 3 , 2 A ) [ 0 / ( 2 A ) 6  ] ' G „ ( 2 A ) | 0 ) „ .

"1*2
Sim ilarly we obtain

6 , / G „ ( 0 A ) | 0 ) „ =  í ^ )  S r f „ ( ¿ f e , O A ) [ 0 / ( O A ) 6 / ] Í . G „ ( O A ) | O ) „ ,
' f n, k

and therefore,

6 i „ ' | 0 ) = S [  n  G „ , ( a ' A ' ) ] 6 i „ ^ G > A ) | 0 ) „
na X (n'a'X')»*(naX)
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/2X +
" S ( '2 7 T t )  “ ^ )(l + 5j )̂*''“ |naAJ,¿w ).

na X '  '
(17)

Using the expressions given in Eq. (5) of Reí. 8 for the coefficients a\), we immediately obtain Eq
(12).

( d , p M -------

>̂2:|Xa >̂2 2̂ ^ 2 /

i ,k| ¡

J >1

\  , < i i x  . {

1 K| k| k,, k|
-1 ( d , p ) x — J (d.p)  X ----- (d.p) X - - J

(a )

FIG. 2. T h ird -ord er graphs representing the one-body stripping reactions on c losed -sh e ll nuclei. These graphs take 
into account se lf-en ergy  p rocesses  In the transferred particle . The dlstincüon between graphs o f fype (a) and (b) Is the 
sam e as in F ig. 1.



B. Third-Order Processes

Since the 2 p -lh  states are mixed by the coupling Hamiltonians [Eqs. (4) and (5)] through second-order 
p rocesses , we trivially obtain some th ird -order contributions by adding to the upper end of the graphs in 
Fig. 1 those graphs corresponding to the interaction between 2p -lh  states (Fig. 6 o f Reí. 8). The resultant 
graphs are given in Figs. 2 and 3. Each of these graphs gives rise  to a possible máximum of i(4  !)=  12 
graphs, corresponding to the permutation o f the order in which the three interactions and the introduction 
o f the particle takes place [the factor | appears because graphs (b) are already obtainable from  graphs (a) 
by a permutation in the time ordering],

Some graphs which may be derived from  those explicitly given are identically zero in the present case. 
This is  due to the fact that, in our case, single-particle states 6 '̂^|0) have different spin and/or parities 
than the single-hole states 6j^|0>. For instance, the graph that can be obtained from  the first of the 
graphs 2(b) by changing the order o f the last two interactions, vanishes. Finally, it is  easy to check that 
each graph in Fig. 2 gives rise  to another five contributions which, in principie, do not vanish. In the ana- 
lytic expression o f the effective one-particle-transfer operator corresponding to each of these contribu­
tions, we have the same num erators with a phase depending on the number of hole Unes. We only give 
here the explicit contribution o f those graphs represented in Fig. 2. Both the energy denominators and the 
phase can be easily obtained in other cases  according to the rules of perturbation theory. For graphs”  
[2(a)],

'   ̂ *1 *2 9̂/2 1̂/2 " ^

{2X + l)A j ‘ (0\)M^(k,k;\) ^ __________(2A + l)A„"(2A)M"(fe,¿;A)

3 E F F E C T I V E  O P E R A T O R S  A N D  T H E  A N A L Y S I S  O F . . .  2393

L).

(18)

\ 1 '  *1 *2 9̂/2 "2

\ Y '  (2A+l)A„^(2X)M^(fe,¿;X)  ̂ y . _________ (2A + l)A„^(OX)M^(fe,fe; X)_________

(19)

In the case of graphs 2(b), the m atrix elem ents of the effective operator are

k,; i,m 0) = -A  (OA,) M(k,i; A,)

____________________ (2A+l)A„^(0A)Af"(g;A)____________________
f ^  "^ 9/2 ■  " ú  ■  " ^ /2  ■  ^  -  6 ,^  +  A  W'„^(OA) -  A  H '„(O A )]

+ _________________________( f20)

(
9 \  +  1

(2A + 1)A„^(2A)M^(¿.¿;A)
á ' i  [^ ^ ^ 9/2 -  " ú  -  " i  -  ^  » 'n ( 2 A )]^ [e ,^  -  e ,  +  A  H^„^(2 A3) -  A  W„{2X)]

Y ___________________________ (2A + l)A„^(0A)M ^(g;A)___________________________
±  ^  S /2 -  -  S /2 -  ^  W ^ n (O A )ñ e , -  -  A  H^„(OA) +  A  ir „^ (2 A ,) ]

(21)



The existence o f the graphs in Fig. 3, or  the existence o í graphs (a), (b), (f), and (g) in Fig. 6 of Ref.
8, is required to take care of the fact that our basic set of states is overcom plete. Since the subset of 
states with a  = 2 is  not overcom plete, there is  only one contribution in Fig. 3 if the final state has a pair- 
ing phonon. Each of the graphs in Fig. 3 gives rise  to 12 different enes (including itself). The m atrix e le - 
ments corresponding to Fig. 3 are
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( 0\ j. 1 \l/2 1

1 / *1 íg/2 <“l/2 "i

/ (2X+l)A„^(0X)j* ^\^M(kJ^;\)M{k'k;\^)M{k'k,;\)

^  (0A ,)-A W ;(0X)][€ . + €, -  e* -  e. -AÍFÍOA)]\n,Kk,k' 2 "2  ̂ * 9̂/2 *2 1̂/2

(2X + DA 2(2X) !  ^ ÍM{k2Í;X)M{i'i;\2)M{i'ki;X) 
Í - Í _ _ 2 j

(22)

(
2A + 1 1

(23)

y /2

(2A + 1)A„=(0A)

n, X. k, k
, [e* '  + -  e , , , ,  -  A lV„(OA)][e, + -  A H^„(OA)][€,, -  + A l^„JOA,) -  A W^„(OA)]

( 2 A + l ) A / ( 2 A ) j '  M m ( V ; ^ ) A Í ( í ' ? ;A , )M ( í ' ! . ;A )____________________________ l Ag )_______
\ , ^ . l 2 S , , - " ' . - " ‘ ' - ^ ” ' " < 2 A ) J l 2 e ,^ ^ ^ - £ ,^ - € , - A ^ ( 2 A ) ] [ € ,^ ^ ^ - e ,^  + e ,_ ^ ^ -e , .+ A H ^ „ ^ (0 A ,) -A R ^ „ (2 A )] ’

^,2A ,; i,m |B^^/|0) = A „ ^ ( 2 A , ) ( | ^ y ' '  ^

(24)

n. X, fc, i

(2A + l)A /(0A)j^ ‘

+ "*,/2 ■ " h  -  ^  ^ ^  ^n(OA)]le, -  + A H'„^(2A3) -  A H^„(OA)] ’

(25)

In addition to the energy diagráms of Fig. 6 of Ref. 8, there exist disconnected self-energy diagrams for 
the partióle and for the phonons. These diagrams are not included in the diagonalization of the effective 
Hamiltonian which is perform ed in Ref. 8, since em pirical single-particle and phonon energies are used 
there. The diagrams corresponding to the inclusión of self-energy processes in the final particle (hole) 
are represented in Fig. 4. (Diagrams corresponding to the inclusión o f self-energy term s in the particle 
that is transferred to the nucleus are given in Fig. 2.) Again the difference in spin and/or parity between 
single-particle and single-hole states reduces the number of total possible time permutations. There are 
only four for diagrams 4(a) and eight for diagrams 4(b). The matrix elements corresponding to Fig. 4(a)
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are

(fi ' k • k m\B ''̂ |0> = -A  (OX )____ (2Ag + 1)̂ ^̂ _________________X̂ )____________________
|ü> + i ) l / 2 ( 2 fc ^ 1 ) [ g  ,  + .  + A W ( O K ) ]

1 2 L f’ i/2 ”2 '

1 y >  A„"(0A)(2X + l)M^(fefe^;X) 1 ^  A„"(2X)(2X + 1)AÍ^(¿¿,; X)
- £ .  + e . - e .  - A H ^ f O X ) ! ^  2 2 ^ '2 ^ í e ,  -£ ^  + € , - £ ,  -Aiy„(OX)P 2 ^ [ 2 e ^  _ e   ̂ aTÍ^„(2X)P ’

n.Kk *9/2 ” 1/2 * '2 " n.X.i *9/2  ̂ *2 n J >
(26)

(^ 2X2; _^|0) A (2X2)

1 A„^(0X)(2X + 1)M^(¿¿,;X) 1 A„^(-2X)(2X + l)M^(;b¿,; X)
) 2 ^ [ e ,  +e¡ - e .  -  e, -  AW^„(OX)f 2 - ¿ - ' [ e . - 2 e .  +e, -  A W (-2X)]2 ( •

n,X , i * 9 / 2  *2 " l / 2  '  n '  /J X, » *  " l / 2  *2 "  '' ’

(27)

The matrix elements corresponding to Fig. 4(b) are

( „ ,0 X , lB,..t|0> = l c . . „  .  c ,  -  . t -  S  -

M  ^  A /(0 » (2 x -t l)M "(it t ,;> ) 1 y ,  A .*(2>)(2>4l)M ’ ( ¡ t . : »  I

(28)

( « , 2X2; *2; JlO) = A„^(2\,) + i)  ̂-  e - V ’̂ -^AW„ (2X )̂1

y -  A„^(0X)(2X + 1)M^(¿¿,;X) _1  ^  A„^(-2X)(2X + l)M^(fe¿,; X)

(29)

Note in Fig. 4 that, when the intermidiate partida  k (hole i) is scattered by the other instead o f being scat- 
tered by the same phonon, the resultant diagrams coincide with those of Fig. 3.

Finally, Fig. 5 includes those diagrams in which self-energy  effects are included in the phonons. P rob- 
ably these diagrams are the most interesting ones of the th ird-order perturbation, since they inciude those 
cases in which, for instance, two bosons of the same a  and X are present in the ground state [Fig. 5 (c)].
It is important to note that the intermediate two-phonon states in graphs 5(c) do not represent the admix­
ture of tw o-particle -tw o-h ole  states in the c loses -sh e ll nuclei, but rather the modification of the admix­
ture predicted by the RPA. Since the RPA overestim ates the ground-state correlations, it is through these 
p rocesses  of including admixtures of dressed phonon in the ground state that the form alism  has the oppor- 
tunity for correcting  itself.

Each graph in Figs. 5(a) and 5(b) gives rise  to 12 additional graphs by tim e-order permutation. The 
corresponding matrix elements are

( » . o x , I B ,  j i o , .  _ A . w x j ( | ^ ) ‘"

X V  __________________________ A„"(0X2)M"(fe¿; X;)_________________ , .

X V  __________A„^(2X,)M^(fefe'.X,)/[6(fe.fe') + l]
^  [AlV (2X2>-Aiy„(2X2)][e, + e , , - 2 e  +AW  ̂ ( 2X2)] ’

fl, ft> k ^ 9 / 2  ^
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n, k, i -  A íT „(O xjjL e,;e,^^- e , + AW „̂ (̂0X3)] 

í » , 2 X . < .  . .™ IB ... .I O , =

^ V  ___________A„==(2A,)M^(fefe'.\,)/[l + 6(fe,fe')|

+ 2£,^,3 + AH^„(2X3)1 ’

(32)

(33)

IV. R ESU LTS O F  TH E  C A LC U LA TIO N

We have used five particle-particle  phonons 
(a  = 2) with A = O, 2, 4, 6, and 8, respectively, and 
a one-particle-hole  phonon with A =3. The single- 
particle and phonon energies and the interaction 
constants A„(aA) [Eqs. (A lia ) and (A llb )]  are the 
same as in Ref. 8. It is  worthwhile to rem em ber 
that all these param eters have been experimental- 
ly determined from  states having either one par­
tióle (hole) or one pairing boson. That is  to say, 
there are no free param eters in the calculation.

We have used here the same mixture o f pertur- 
bation theory and exact diagonalization which is 
discussed in Ref. 8. An effective Hamiltonian is 
constructed between states lEqs. (la ) and (Ib )]. 
This Hamiltonian is  of second order in the inter­
action constants A„(aA). Therefore, som e of the 
th ird -order graphs which appeared in the previous 
discussion must be eliminated in order not to take 
inte account the same p rocesses twice. Quite 
generally, we should omit those graphs in which 
we have a puré state [Eqs. (la ) or (Ib )] (in “̂®Pb) 
at a certain time and another state of our basis

i'
k. '‘i

k '

(d,p) «----- (d.p) « ------ (d.p) X —

(a)

(d ,p )x— k (d,p)x — (d,p)x—

FIG. 3. Third-order graphs representing the one-body 
stripping reactions on closed-shell nuclei. The exis- 
tence of these graphs, at difference with those displayed 
in Fig. 2, is required because of the overcompleteness 
of the 2p-lh basis used. The distinction between graphs 
of type (a) and (b) is the same as in Fig. 1.

set of states in the same nucleus at a later time. 
Most of the graphs represented in Figs. 1 -5  are 
thus eliminated (but not those obtained from  them 
through different time ordering). Let us clarify 
this procedure with an example; If we consider 
the last graph 3(b), we have an intermediate state 
lnOA;fe; which eventually decays into the final 
|w2A2J ¿2,- i¡m) state. Within our procedure, this 
same process  will be carried out as follow s: Once 
the effective Hamiltonian has been diagonalized, 
there will be a state having |«2A2;Í2;íi»*) as the 
main component and In0\;k;i¡m) as an admixture. 
T herefore, the th ird-order p rocess  [Fig. 3(b)] is 
equivalent to a first-ord er p rocess  [Fig. l(b )] pop- 
ulating the (second-order) admixture |nOA; i^m). 
From the 11 remaining graphs which appear as 
vertex permutations of the last graph of Fig. 3(b), 
only one other has to be suppressed, namely the 
one obtained from  the figure by permuting the last 
two interactions.

Both the "“"P b(í,/))“ *>Pb and the "'°Pb(/), d)=“ Pb 
experimental results^^ clearly  indicate that the 
State at 2.15 MeV is  correctly  represented by the 
I120;/>i/2; ¿w ) wave function. Therefore, this is 
a very appropriate case to test our form alism . 
Table I contains the first-o rd er matrix elements 

o í  the effective one-body-transfer operator.
We see that transitions to different states belong- 
ing to our basis set are all o f the same order of 
magnitude, irrespective of the “ collectiv ity”  that 
is carried by the state. A ccording to the previous 
discussion, the first Une of the last column in 
Table I corresponds to the (first-order) last graph 
l(b), while the remaining Unes of the same column 
represent th ird -order contributions 2(b) and 3(b).

In Table II, we com pare the contributions to the 
stripping amplitude of different graphs. In the 
case, th ird-order contributions are down by a fac­
tor of 10 with respect to firs t-o rd er  contributions. 
For the 2 and f  states, however, the conver- 
gence is not so good.

Table in includes our predictions to the low est- 
states with the same spin and parity as the single- 
hole states in ^°°Pb and excitation energy less than 
4 MeV. The experimental spectroscopic factors
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(a)

(d, p )x --

(d , P) X-------
ki

'2

(d, p ) X------

(b)

FIG. 4. T h ird -ord er graphs representing the one-body stripping reactions on c losed -sh e ll nuclei. These graphs take 
into account se lf-en ergy  p rocesses  in the partlcle  (hole) o f the 2 p -lh  final state. The distinction between graphs o f type 
(a) and (b) is  the same as in Fig. 1.

TABLE I. The contribution o f the f ir s t-o rd e r  graphs 
l(b) to the effective one-body stripping transfer m atrix 
elem ents to components v = (n a \ ; j ;  ^m) o f the 5 “  state 
at 2.15^ MeV in “̂®Pb. The second column gives the am­
plitudes of the unperturbed state v in the lowest 5 “  state. 
The third column contains the valúes o f the matrix e le ­
ments d iscussed in Sec. III and displayed in Fig. l(b) 
(first order).

(O  

(d.p)x— (d,p)x- —

FIG. 5. T h ird -ord er graphs representing the one-body 
stripping reactions on c lo sed -sh e ll nuclei. Graphs (a) 
and (b) take into account se lf-en ergy  p rocesses  in the 
phonon o f the 2 p -lh  final state. Graphs (c) correspond 
to the admixture o f two-phonon states in the vacuum 
State. The distinction between graphs of type (a) and (b) 
is  the same as in Fig. 1.

n a h B l OvB I

1 2 0 Pvz -0 .999 - 0.100 0.100
1 2 2 Pin 0.022 -0 .069 -0 .0015
1 2 2 f in 0.034 -0 .081 -0 .0029
1 2 4 ^9/2 0.005 -0 .0 3 3 - 0.0002
1 2 4 f  VI 0.010 -0 .046 -0 .0005
1 0 3 ^6/2 0.024 0.137 0.0028
1 0 3 SH2 0.005 0.142 0.0006

0.099

TABLE II. The contribution o f graphs l(b )-5 (b ) to the 
total one-body stripping spectroscop ic amplitude fo r  the 
transition populating the lowest states with = ^  
and |-" in ^"®Pb. We lis t  the sum {n = l  and 3)
where is  the amplitude of the unperturbed states v 
= (n a X ;j ;J m ) .

(n)p(n)

Graphs 1-
T 1 -2

5-
T

l(b) 0.099 0.168 0.069
2(b) -0 .0 1 5 -0 .0 6 1 -0 .007
3(b) 0.009 0.024 0.009
4(b) -0 .0 1 1 -0 .0 0 9 -0 .004
5(b) 0.010 0.090 0.033

0.092 0.252 0.100
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were obtained with the usual separation-energy 
method, which may be com pletely wrong in this 
case. For instance, in the case of the = i '  state 
of at 2.152 MeV, the single-particle level is 
glven a separation energy of =1.7 MeV instead of 
7.3 MeV corresponding to the position in a rea lis - 
tic well.

The predicted population of the states having an 
a = 2 phonon in the main component is in reason- 
able agreement with the experimental numbers.

However, the predictions for the transitions to 
a = O, X = 3 states is overestimated by a factor of 
10.

Only 7 " states are predicted among the states of 
“̂®Pb having the same spin and parity as the single- 

particle states with an energy below 4 MeV. From 
the discussion in Ref. 8 , it became clear that the 
predicted mixture between the |12 8 ;^j^2; f " * )  state 
and the |103;¿-g/2; t»” ) and |103;¿n/2; 7 "*) states is 
not sufficient to account for the em pirical (t , p )  or

TABLE III. Energies and single-stripping spectroscop ic factors o f those 2 p -lh  states of [reached in the “̂®Pb- 
{d ,p) reaction] having the spin and parity of single-hole states. For each , the fir s t  and second Unes give the excita- 
tion energy (MeV) and the spectroscopic factor, respectively . The remaining lines contain the amplitudes 
o f som e unperturbed states. States up to 4 MeV have been included.

1" -  J - y Theory Experiment

E 2.22 3.57 3.83 2.15
S 0.009 0.008 0.016 0.007® 0 . 0 6 0 . 0 0 5 “̂

a(120; i ) 1.00 0.03 0.01

J^ = l~ Theory Experiment ^

E 2.40 2.98 3.21 3.55 3.79 2.32 3.08
S 0.063 0.000 0.000 0.000 0.002 0.007 0.002

a (122; Py^-, f ) -0 .1 1 5 0.971 - 0.201 0.033 0.016
a (120; |) 0.339 0.237 0.900 -0 .091 -0 .040
a(103; í^a/2; |) 0.910 0.028 -0 .311 0.101 0.038

t tr _  5 -  J - y Theory Experiment ®

E 2.90 2.79 2.98 3.41 3.60 2.46 2.74 2.88
S 0.010 0.006 0.004 0.024 0.001 0.001 0.003 0.001

a(122; p y i i  y ) 0.045 -0 .142 0.987 0.023 -0 ,039
« ( 120; / s / j ;  |.) 0.221 0.957 0.120 0.107 -0 .0 8 8
a(103; |.) 0.961 -0 .2 0 8 -0 .071 0.011 0.028

2 Theory

E 2.64 3.22 3.25 3.56 3.79
S 0.013 0.0003 0.002 0.0000 0.0001

“ (124; p¡y¡; j ) -0 .077 40.995 0.049 -0 .007 0.005
ailOSi I ) 0.943 -0 .064 0.102 0.017 0.009

Theory

E 2.49 3.21 3.42 3.56 3.79
S 0.001 0.001 0.009 0.0000 0.0001

“ (124; />i/2; y ) 0.039 0.993 0.104 0.033 0.005
«(103; g,n-, |) 0.993 0.035 -0 .0 1 8 -0 .051 -0 .0 2 7

Theory

E 3.83
S 0.005

a (120; » i3/ 2;

*N. Stein and D. Kovar, prívate com munication. The measured cross  sections have an e rro r  of 10%. However, the 
spectroscop ic factor may ca rry  a much la rger uncertainty associated with its derivation through the DWBA.

*’G. J. Igo, P . D. B arnes, E . R . Flynn, and D. D. Arm strong, Phys. Rev. 177, 1831 (1969).
•̂ C. E llegaard and P. Vedelsby, Phys. Letters 26B, 155 (1968).
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TABLE IV. Transitions to 2 p -lh  o f states having = ̂ ~ and excitad in the reaction ^°*Pb(d,^).

Theory Experiment ®

E 3.22 3.32 3.47 3.85 3.06 ■ 3.56 3.72
S 0.17 0.001 0.30 0.002 0.10 0.05 0.05

«(128; Í1/2Í f ) 0.065 0.987 0.141 -0 .0 1 0
a(103; |) 0.698 0.057 -0 .7 1 2 0.027
a(103; iii/2; 0.711 -0 .1 4 5 0.687 0.006

®N. Stein and D. Kovar, prívate com munication. (See com ments in Ref. a , Table III.)

{p,d) c ro ss  sections to the 3.56- and 3.72-M eV 
states in (the corresponding theoretical en- 
erg ies  are 3.32 and 3.47 MeV, respectively). The 
(d,p) data (Table IV) confirm s this difficulty of 
the model.

The pickup reaction d)“ ''Pb leading to
lp -2h  states in “̂''Pb may obviously be treated 
within the same coupling schem e. The correspond­
ing results are summarized in Tables V and VI. 
Some of the predicted cro ss  sections have been 
identified experimentally and our results are in 
reasonable agreement with the em pirical numbers. 
It is  apparent from  Tables V and VI that a larger 
number of states is  expected to be populated by 
the pickup reaction below 5 MeV. Although many 
states have been seen /^  to our knowledge, spin, 
parities, and spectroscopic factors are not yet 
available.

V . CON CLU SION S

In this paper we have attempted to explain the 
one-body transfer transitions that are forbldden 
within the fram ework of a puré independent-parti- 
c le  model, by the coupling between partióles and 
phonons. Our calculation yields spectroscop ic fac­
tors. The com parison of these with the experim en­
tal numbers is handicapped by the approximations 
involved in the usual DWBA (such as separation- 
energy procedure and the neglect of inelastic p ro - 
cesses). Until a m ore careful treatment of these 
effects is  done, we can only expect an agreement 
in the order of magnitude. This is indeed the case 
for  the results shown in Tables III-VI.
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A PPEN D IX A

The multipole particle-hole  and pairing Hamil- 
tonians are

//(2X) = -Gx7r(2X + l ) i ; P x / í ’ xM.
u

H (Qx)
¿  IS

(Al)

(A2)

where Qx¡¿ and P  are defined in Eqs. (8) and 
(9). The collective and noncollective operators are

/3„^(2Xm)= S  d„{k,k^;2K)^\k,k¿2Ky.)

- ( - 1 ) ^ ' "  E  ,
*1- >2

(A3a)

(A3b)

(A4)

= (A5a)

^ (*1*2» “ 2a. m) “  ( j  ^ 5 1̂/2 li > (A5b)

0^(^¿;OXm) = ( 6 /& í) Í .  (A6)

The coefficients ax) are determined by the
linearization equations

[H(a\), nH a\)]=W „{aX )p\a\ ), (A7)

and are equal to

i ( k  k - 2 x ) -

(A8a)

j  /j- j . ^ n ( 2 X )  M ( í j ¿ 2 ; X )

2X) -  (Y76JI72 £  ,H/„(2X)

(A8b)



2400 D.  R.  B E S  A N D  R.  A.  B R O G L I A

TABLE V . Transitions corresponding to the reactíon 2“®Pb(/> ,d) to lp -2h  states of having the spin and parity of 
the sing le-particle  states and predicted excitation energy below 5 MeV.

Theory Experiment “

E 2.76 3.23 3.54 3.77 4.35 4.76 2.74
S 0.11 0.01 0.13 0.09 0.0005 0.005 0.052

a a - 20; ^ 9/2; f ) 0.975 0.126 -0 .0 7 4 -0 .1 5 9 -0 .0 0 4 0.010
a(103; / 5/2J f ) -0 .1 4 7 0.974 0.029 -0 .1 3 5 0.077 0.015
a (l -2 0 ; 1,1/ 2; |> -0 .0 0 2 -0 .0 9 4  0.872 -0 .4 7 9 -0 .0 0 7 0.016
<*(103; P y a  j ) 0.163 0.128 0.477 0.829 0.063 -0 .0 2 4

rlT 11 +
= J

E 3.27 3.57 3.61 4.37 4.45
S 0.27 0.0000 0.0000 0.015 0.0001

a a 0 3 ; / s / j ; 0.921 0.04 -0 .3 7 0 -0 .0 9 0 0.033
0 (1 -22 ; » ) 0.054 0.967 0.247 0.006 0.000
a (l -2 0 ; 0.376 -0 .2 4 9  0.892 0.036 -0 .0 1 0

E 4.17 4.31
S 0.09 0.12

<2(1-20; ü) 0.939 -0 .3 4 4
a(103; i , 3/2; f ) 0.314 0.938

E 2.67 3.26 3.56 3.75 4.37 8.47
S 0.07 0.04 0.03 0.02 0.007 0.004

o (103 ;/> i/ 2; f ) 0.961 0.042 0.128 0.199 +0.098 0.043
a(103; f ¡ , 2; |) -0 .1 0 2 0.965 0.167 0.118 +0.037 0.093
a ( l - 20; ¿ 5/ 2; 4 ) -0 .2 2 3 -0.231 0.722 0.606 +0.061 0.044
a(103; P 3/2; 0.088 -0.002  0.652 -0 .728 -0 .081 -0.039

Theory Experiment *

E 3.43 4.49 4.76 4.88 3.29
S 0.02 0.0000 0.04 0.02 0.10

<2(103; / v 2 ;  |) 0.945 0.194 0.095 -0 .1 8 7
o ( l -2 4 ; g ^ 2i -0 .1 8 2 0.963 -0 .1 8 4 0.036

E 2.73 3.28 3.59 3.62 4.38 4.46
S 0.06 0.06 0.04 0.03 0.003 0.0003

a(103; Pi/2’  "f) 0.977 +0.132 -0 .1 3 4 0.053 -0 .1 0 6 0.033
<2(103; f^ ,2i i ) -0 .1 9 4 0.889 -0 .3 9 0 0.071 -0 .0 5 9 0.064
0 (1-22 ; |) 0.037 0.305 0.776 0.550 0.012 -0.010

E 3.27 3.97 4.45 4.68
S 0.008 0.05 0.003 0.03

0(103; f y 2-, |) 0.934 0.295 -0 .1 6 5 0.023
«(103 ; P in ; i ) -0 .3 2 7 0.890 -0 .1 5 1 0.228
0(1 -24 ; g ,i2i |) 0.122 0.116 0.923 0.343

®S. M . Smith, P . G. R oos, C. M oazed, and A. M. Bernstein, to be published. The e r ro r  in the absolute c ro s s  s e c -  
tions is  C oncem ing the possib le e rro r  of the spectrscop ic factors see Table III.
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TABLE VI. E nergies and spectroscop ic factors c o r r e -  
sponding to the reaction exciting l p - 2h of

states having the spin and parity o f  the single-hole 
states and predicted excitation energy below 5 MeV.

j  (j j  . I _ ______X)2A) -  (Y76JT72 £  ,

(A9a)

Theory Experiments ■

E
S

“ (103; 113/ 2; y)

E
S

E
S

a ( l - 2 2 ;
a ( l - 2 2 ; f )
a ( l - 20; ¡2)

4.67
2.61
0.997

<2(103,• Í13/2; -|)

4.52
0.8

4.22
0.99
1.00

Theory

3.62 4,34 4.46
0.35 0.01 0.06
0.99 -0 .0 1 0  0.020
0.011 0.999 -0 .0 3 2
0.021 0.032 0.999

®S. M . Smith, P . G. R oos , C . M oazed, and A . M. 
B em stetn , to be published. The e r ro r  in the absolute 
c r o s s  sections is  «10% . Concem ing the possible e rro r  
o f the spectroscop ic factors see Table m .

d (k k ■ -2X ) -

(A9b)

M {k i; X)

„(¿fe;O X)=A„(O x)
M {k i; X) 

E ,i^ W „{O X )-

(AlOa)

(A 10b)

From the normalization condition 

S  ax)  -  E  aX) = 1 ,
h h  •>3-’4

we obtain the coupling strengths A that appear in 
h (a X ) [see Eqs. (6 )-(9 )]. They are equal to

a ( ± 2x) = / 2L y  y - _ J m ( ¿ ¿ ¿ x ) L ( - v =

A„(0X) = \M(ki-, X) j + =

(A lia ) 

(A l Ib)

‘ W ork perform ed under the auspices o f the U. S.
A tom ic Energy Com m ission.
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