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“ste tréavajo se divide en dos partes intimeémente vincu-

La primera de ellas se retiere @ las soluciones senerales
de un sistema &coplado de osciladores y campos electromagnéticos
a2l consiguiente analisis de las excitaciones creade&s por una
perticula carzada. psta parte del trabsajo tiens su origen en un
(1)(2)

importénte trahajo de K.lermi , en el cu2l este autor
estudid la perdida de energf{a de una particula cargade rdpida
cepvica ¢ la ionizacidn del meterial a traves del cuil estée
rasando. Tomérndo en cuenta la modificacion que la polarizacion
del medio introduce en los campos de la particula, Fermi encon-
tro aue esta perdida tiene dos contribuciones. n primer lugar
wia contribucidn que, cuando la absorcion tiende & cero, permée-
nece finita & medida que la distancia desde la& trajectoria de
l1¢ particula tiende a infinito, y representa energis perdida
en excitar el medio por un mecanismo que no era immediatamente
aparente en la teoria de Fermi.

£l tratamiento de Fermi era clasico, el medio fue tra-
tado como un conjunto de osciladores distribuidos sobre todo
el espacio, de una unica frecuencia de resonancia en el rango
visible del espectro. )

¢n un posterior trabajo Aage Bohr ? dijo que, desde el

punto de vista macroscdpico, la perdide de energia de la parti-

cula "parece tomar lugar "en dos modos esencialmente diferentes.
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Fara distinguir entre estos dos mecanismos, pensd que seria
conveniente separar los céampos electrom@gneticos producidos
en la substancia por la particula en una parte transversal
( es decir de divergencia nula ), y una parte longitudinal
( es decir irrotational ). L& pdrte transversal deberia dar
cuentad de la parte radiativa de las perdidas, mientras que,
la parte longitudinal corresponderia a oscilaciones dejaass en
"la estela" de la particula.

sl tratamiento de 4 .Bohr era tambien clasico pero
sus conclusiones fueron obtenidas razonando desde un punto de
vista microscopico, y sin dar expresiones explicitas que las
substanciasen,

lespues de estos dos importantes trabajos un conside-
rable estfuerzo tue dedicado a la investigacion del efecto
vilerenkov asi como a8l problem@ general de las excitaciones
creadas por particulas cargadas, ya sed desde el punto de vista

) (4)(5)(6)(7)(2)(9)

clasico o desde el punto de visté& cuantico .

Sin embargo, y dentro de lo que es conocidoc por el pre-
sente autor, ningun analisis sistematico partiendo de primeros
principios de las soluciones clasicas de un sistema acoplado de
osciladores y campos electromagnéticos, y su vinculo con los
resultados de Fermi y las conclusiones de s ,.,Bohr, a&si ccmo con
algunos problemas mas particulares, ha sido llevado @ céabo,

A pesar de que no muchos resultados nuevos pueden espe-
rarse de tal investigacion, el presente tréabajo ha sido motivado

por el deseo de dar un tratamiento unitic&do y una comprehension //
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mas profund& ae los mecenismos de excitacion de un medio
infinito, & traves de la demostracion explicita de la natura-
leza y propriedades de los campos longitudinales y transversales
creados por la particula, asi como sus respectivas contribuciones
a las perdidas ae energia de la particula.

Esta primera parte del tregbajo sizue el siruiente es-
gueme, =1 modelo utilizado, asi como sus ventejes y limitacio-
nes, es discutido en el #1 . Un breve resumen de propriedades
bien conocidas del sistema &coplado de osciladores y campos
electromégnéticos es aado, que sirve &simismo pare estcoviecer
La notacion y couceptlos & utilizarse en el resto del presente
Tranajo.

sn 4 2 el sistema acoplado 1nhomogeneo para uné tuente
~eneral externa, con dependencia espacio-temporal, se analize
VvV separa en partes transversales y longitudineles, Una corta
disgresion sobre la equivalencia de posibles metodos de sepa-
récidn apérece en el # 3 .

Zn f L4 se trata ael caso particular en el cuzl la ex-
citacion de 1L0s osciladores es producida por una carga puntual
en movimiento. La&s soluciones longitudinales se estudian en

primero de ellos encontramos las expresiones

’,...’

A5y 6 . in e
explicitas para Los camnpos longitudinales., bn el segundo se
da su interpretacion t{sica, valores en casos limites y com-

portamiento @sintdtico. e muestra que, en general, las solucio-

nes longritudinales tienen dos contribuciones intimamente //
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relecionadas : a) un campo gue pucde pensarse como dando un
apentallamiento de l2 carga y b) una onda que identificamos
como un& ondé de plasma de osciladores. Fn principio la Gltima
contribucion corresponde @ la perte oscilante predicha por
h.Bohr, a pesar de que sus propriedades no scn ex&éctamente

las mismas,

Las soluciones transversiles se dan en el : 7. istas
soluciones aparecen como diferencias entre l&és soluciones
totales ( soluciones de Fermi ) y las soluciones lengituaina-
les encontradas en el # 5. Las propriedades de los campos to-
tales y transversdles se analizan en el # 8. Se reveen alsunos re-
sultados bien conocidos concerniente & los campos de radiacion
de Cherenkov de manera a proveer una base pera los célculos
posteriores.

En el j 9 las soluciones toteles son evaluadas por
integracion en el plano complejo de la frecuencia de manera a
mostrar la naturaleza de las diferentes contribuciones, su de-
pendencia espacio-temporal y su relacidén con las soluciones
longitudinales.

Se muestra que, en el limite v¢c (es decir cuando
no se consideran los efectos de retardo), solo dos contribucio-
nes intimemente ligadas existen: el apantallamiento vy la onda
de plasma de osciladores. &n este c&so emb&és contribuciones
son longitudinales. Cuando se tienen en cuenta efectos de re-

tardo estas dos contribuciones quedan, & peser de cue 1l& primera//
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va no es de tipe longitudinal, mientras que aparecen ademés

los campos de radi&acidn de Cherenkov. El apantallamiento de

la particula se hace menos importante & medida que la velocidad
aumenta y, en efecto, cambia de caracter en el umbral del
efecto de saturacion predicho por la teoria de Fermi.

Finalmente, el tema de las perdidas de energia vy su
seperacion en diferentes modos se trata en el 7 10, mientras aue
el # 11 da un resumen de resultados y conclusiones.

Zn la sezunda parte del trabajo se estudian las analc-iss
entre las respuestas de un unico oscilador y de un medio dis-
persivo representado por el modelo de osciladores de un& Ynica
frecuencia, & los campos de una part{cula cargada en movimiento.

Dentro de lo que es conocido por el presente autor, la
respuesta de un oscilador a la fuerza ejercide por una particula
carzada en movimiento, fue analizada por primera vez por
N.Bohr (1) , su interes en esa oportunidad siendo principel -
mente la energia transferida al oscilador y el posterior cal-
culo de la pérdida de energia de una carga movi€ndose & traves
del medio. £l presente trabajo retoma el mismo probleme pero
analizadc desde un diferente punto de vista, y aunque esta co-
nectado con el problema de las perdidas de energia, habiendo
tenido por otra parte su origen en el intento de comprender
el mecanismo responsable de una parte de la perdida de energis

(2)

como dada por la teoria de Fermi » ¥ un2 pocsterior interpre-
(3)
tacion del mecanismo de esta perdida por & .Bohr , su fin es //
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eativliar ol comporbamiento cinemdlico del onctlador vy osu ve

Jscion con 1as perturbaciones creédas por und c8rgd en movi-

miento en un medio dispersivo, For comp@racion de este compor-

tamiento con las soluciones del sistem& acoplado de un con-
junto de osciladores y campos electromagnéticos, en presencia
de una cargé externa en movimiento, se muestra:

a) Como las propriedades asociadas & la respuesta del sistema
acoplado surgen claramente de la respuesta de un unico
oscilador.

b) Como 1la interaccidn entre los osciladores afecta esta
respuesta,

Z1 esquema general de esta parte del trab&jo es el si-

1

guiente: en el # 1 las soluciones correspondientes &l oscilador

se presentan y analizan; # 2 trata de las soluciones del siste-

me accplado v sus propriedades, mientras que finalmente el = 3

se dedica & una discusion y comparacion de resultados.

SN o FR
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ON THE SOLUTIONS OF THE COUPLED SYSTEM
OF OSCILLATORS ANb ELECTROMAGNETIC FIELDS

RXCITED BY AN EXTERNAL CHARGE.

J.G. de VOOGHT ,
Institut de Phyasique, Physique Théorique,
Université de Li&ge - Sart Tilman, Liige,
Belgium.

ABSTRACT :

A.syatamacic study of the longitudinal, transverse and total golutions of a
coupled system of oscillators and alectromagnecicﬁrin the presence of an
external point charge is carried out. The space-time dependence of the
solutions as well as their values in specific cases and asymptotic behaviour
are analyzed. It is shown that in general the longitudinal fields show two
well defined contributions : a) a symmetric field surrounding the particle
and carried convectively which {s interpreted as a scresning field. b) an
excitation defined in principle in a whole semiespace and identified with

an oscillator plasma wave which corresponds to the excitation predieted in

A. Bohr's microscopic theory of energy loss although showing somewhat different
properties. The transverse solutions appear as differances between the fields

given in Fermi's macroscopic theory of energy losses and the longitudinal

Permanent address : Centro Atomico Bariloche - San Carlos de Bavriloche -
Rio Negro - Argentina.
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solutions. Using methods of complex variable theory it is shown how we can
separate the total perturbations created by the particle in a medium
represented by oscillators into three intimately related contributions :
screening, oscillator plasma excitation, Cherenkov radiation. The space~time
configuration of these fields as well as their relation to the longitudinal
solutions and their evolu.tion for different ranges of the veloeity of the
-particle is given. The problem of the energy loss associated to the creation

of the plasma wave is treated.
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INTRODUCTION ¢

(1)(2)

fast charged particle due to the ionisation of the material through which
it is passing. Taking into account the change in the electric field of
the particle due to the polerization of the medium, he found that this
energy losa had two oontributions. Firstly, a contribution which for

In a pioneering work Permi studied the loss of energy of a

vanishing obsorption remained finite as distance from the trajectory of
the particle tended to infinite, and that could he identified withva loss
due to Cherenkov rodiation. Secondly, a contribution which due to an
exponentiel dependence on distance from the trajectory tended to zero

as that distance tended to infinite, and represented energy lost in
exciting the medium by a mechanism which was not irmediately apparent in
Fermi's theory,

Fermi's treatment was olassical, the medium being treated as &
collection of oscillators distributed over all spaos, of one single
resonance frequency in the visible range of the spectrum.

In a subsequent paper Asge Bohr (3) said that, from the macroscopic
point of view, the energy loss of the particle "appeors to take place®
in two essentinlly different modes. In order to distinguish between these
two mechanisms, he thought it convenient to separate the electromagnetic
fields produced by the particle in the substance into a transverse
(i.e. divergence free) part, and a longitudinal (i.e. irrotational) part.
The transverse part would account for the radiation part of the loss,
vhile the longitudinal part would correspond to oscillations left in
"the woke® of .the particle.

A. Bohr's treantment was also classical although his conclusions
were derived by reasoning from a microscopic point of view, and without

giving explicit expressions to substantiate them.
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After those two important works & considerable amount of effort
"~ has been devoted to the investigation of Cherenkov effect as well as to
the general subject of excitations created by charged particles,; either

(4)(5)(6)(7)(8)(9)

However, as far as the present author knows, no systematic analysis

fronm a classical or a quantum mechanicel point of view.

gtarting from first principles of the classical solutions of a coupled
systom of oscillators and electromognetic fields and their relation to
Perni's results and Aoge Bohr's conclusions, as well as to some more
particular problems, has been carried out.

Although not many new results may be expected from such an inves-
ticetion, the present work has been stimulated by the desire to provide
a unified trentment cnd a deeper understonding of the mechaniams of
excitation of an infinite medium by showing explicitly the nature and
properties of the longitudinal and tronsverse fielde created by the
particle, as well an their respective contributions to the energy loss
of the particle.

The outline of the work is as follows. The nodel used as well ae
its advantages ond limitations are discussed in § 1. A brief review of
well knowm properties of the coupled system of oscillators and electro-
nogmetic fields is given, which also serves to establish the notation
to be used throughout tha present paper.

In § 2 the inhomogeneous coupled system for a generul space and
tine dependent external source is analyzed and separated into transverse
ond longitudin:l parts. A short digression on the equivalence of possible
methods of sernration appears in paragraph § 3.

Paragrarh § 4 deals with the particuler case in whioh the exoi-
totion of the osoillatbre is produced by a moving point charge. The
longitudinal sclutions are studied in paragraphs Q 5 and U 6. In the
" first of them ve find the oxplicit expressions for the longitudinal



fields. In the second one we give their physical interpretotion; values
in limiting cases and asymptotic behaviour. It is showm that, in general,
the longitudinel solutions have two intimately related contributions :

a) a field which may be thought of as providing a screening of the

cherge, and b) a wave vhich we identify as an osoillator plasna wave.

In principle the latter contribution' corresponds to the oscillating

part predicted by A. Bohr, although its properties are somewhat different.

The transverse solutions are given in 4§ 7. These solutions appear
as differonces between the total (Fermi’s solutions) and the longifudinal
solutions found in § 5. The properties of the transverse and total fields
are anolyzed in parsgraph § 8. Some well known resulis concerning
Cherenkov radiation fields are reviewed in order %o provide a background
for later developments.

In parcgraph § 9 the total solutions are evaluated by integration
in the complex frequency plane so As to show the nature of thelr different
contributions, their space~time dependence and their reiation to the
longitudinal solutions.

It is shown that, in the 1imit when V& € (i.e. when reterdetion
effects are not considered), only two intimately related contributions
exist s the screening and the oscillaotor plasms wave. In this case both
contributiona are longitudinal. When retardation cffects are taken into
account thess two contributions remnin, although the former one no longer
of o longitudinal type, vhile in addition we have the Cherenkov radiation
fields. The screening of the particle becomes less imporiont as its
velocity increases and in fact changes its charaoter at the onset of the
saturantion effect predicted by Fermils theorys

' Finelly, the subject of cneriyy losses end its separation into
different nodes is trented in paragraph § 10, while § 11 gives o summary

of results and conclusions.



§ 1. = THE HO:OGENEOUS COUPLED SYSTHI.

The homogeneous coupled system (no external souroes) of oscillators

ond electromegnetic ﬂélds is given for o non magnetio nmedium by ¢

- L LA 1.1
VB = V.d =0 (/H-.—:;A) s
= __4 908
V"E.,“"’"E Sc 1.4
7 dF . OE
B = %% LA = 1.5
VxB == 3¢ <t
L .
whera :?%‘:L‘WNQ » N = N° of oscillators per unit 1.6

w .
i volune.

As is well known this set of equations is the basis of Lorentz's
theory of dispersion. The first of these equations describes the pola=~
rization P per unit volunme due to the presence of sufficiently densely
packed oscillotors subject to an external force -I:J’*o

"It muct be cmphasized thot this repreaen.te & phenomenologicel
systen of equations which cannot be derived without the help of addition-
al hypothesis from first principles. In order to account for olementary

electrostatic phenomena we rust equate the external force acting on the
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ogeillators with the Lorentz expression s

£ _ g UL P
ET=E+3x L 17

- ' .
vhere & = Average mocroscopic valus of the elsotric field.

Introducing scelar and vector potentials

A
e d @ - L é:ﬁ: e +4 = \Y4 ﬁ%
Eﬁ“ e 4 cake 2 é - R 1.8
the system may te written i
) 2 2 é \
WP =L (qadd- Lo
‘Eiw e 47 ( <odk ) 149

ur JF,
[]“é’-_-,-.m < ot 1,10

-E_’](p = 4T div B

1.1

Together with the Lorentz condition

Le® ¢

V‘Jﬁ. + < db 1,12

wvhere novw @
1,13

~ is the proper frequency of the oscillators corrested fov the coupling
vith the electromagnetic field.
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Sone commenits are pertinent concerning this system. Firstly, the
description of the medium by a polarization per unit volume assumes
impliéitly that the system will be applied to the description of pheno- -
mens. connected with excitations of long wavelength (i.e. greater than
atomic dimensions). Seoondly, the present work is conoerned with the
response of an infinite medium, i.e. no boundary effects such as tron-
sition radiation, or surface excitation, which would require a genera~
lizatibn of the present results will be considered.

Thirdly, no anharnonic effecis are taken into cccount and this is
obvious fron the form of the equations which give the basio system.

In view of all this, it mey be argued that the model assuned of
oscillators of only one resonance frequency without even taking into
account absorption effects is very idealized. However, it has the distinct
advantage of showing clearly the nature of the excitations produced by
the éharged particle as well as the changes produced in the fields by the

.inclusion of dispersion effects. This would be extremely difficult if we
wera to consider a more ronlistic model.

~ As such, the results that will be derived,; mey apply just as well

to gases, liquids or solidss to the cese of an infrored resonance (ionio
orystals), or to a resonance in the visible range of the spectrum {(elec-
tronic motions), being in fact nothing more than the characteristic res-
ponse of any system which as a first approximatioh may be represented by
" classical oscillators.

The results will also be valid in the limit when the proper
frequency of the oscillators tends to zero (classical electron gas) and,
as will be seen further on, are equivalent to some derived by Bohm and
Pines @Qﬂnﬂ in their oollective description of electron interactions in

the limit when random motions nay be neglected.




The solutions of the systen nay be found by o Fourier acnalysis

in espace and time where the transformetion is delined by :

i (R.x-wt)

F(b*:):é’;)z' F(h wye  dkdw

, -+ -
Given a certain vector field F (X, t), sepnrated into transverse and

longitudinal paris ¢

F(X k) = Fp (X ’»‘) + Ee(X,b) s
such thet s

VE((x,B)# 0 , VxE (x,8=0 e
V.E (X,0)=0 , ¥xE (x8) # O 117

It is essily proved that the Fourier spectral amplitudes of the different
poerts will satisfy the conditions 3

and s‘th (B“" L) where @ F (Rw) e(‘!&w)%
_(E@.‘“)}fz) k. 1,19
= =
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for
These properties suggest the method to be cmployed ‘separating

the total system into a tronsverse and a longitudinal subsystem.

Equations (1.10), (1.11) are not independent since they ars
connected by the Lorentz condition, therefore, in order to effect the
separation, it is sufficient to deal with only two of equatiohs 1.9,
1:10; 1.11 at o time. Bearing this in mind and using 1.18, 1.19, we
obtain for the spectral amplitudes already separated s

- Transverse subsystem
- o <

.'(w,’,uwz—)&(gw) - :t:_?n_:: %ée(ﬁw)zo

1.20
T 4 wE (t{u +'( "—') UQ!\’) © 1421
C
vhere the condition for the existence of a solution is
‘*kz’z;”:’f(A*L)“-“‘@'&(w) )
P 0l wt ct 1022

and éi(&ﬁ) representa the dieleotric constont of the medium as given

by our model.

Longitudinal subsysten 3

. (w:.‘_‘uﬁ)k 'P(hw __.-.-___....( ‘\.k (#(kw .{.l%ﬁ,A (hw))

Y e

(heg)oaus TILEED
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Together with the condition :

iR AR -2 P(kW)=0

The condition for the existenoe of solutions with spectral amplitudes
different from zero is either s

4 2
lk)lz "0:'4' ‘}L = k‘)F

1.26

or é(‘”) =0 » 1,27

both conditions are equivalent.
Thereforas, in the absence of boundnries, the most generel solution

" of the homogeneous system will be given by expressions of the form ¢

AxH | __{Adﬁ“ A |

i(ﬁﬁ){ Pr(xt) +Be (XF) ﬁ
| L (R.x-wE)
Tant | 1P (w)
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end s

I3 1 ;(%Lﬁi
Sxt)=L || d(w) 8 (wwh) e

@'

~wt
)oifk dw

1.29

The transverse part of the contributions to the vector fields will
be given by a superposition of plane waves 3

Bl g tBxe®

A s y

~a b

1630

where the relation between & ond %) is defined by the dispersion
relation (1.22).
The longitudinzal part of the solutions is glven, after intesration

over the frequencies, by a superposition of waves ¢
Pole) ]  k i(Rx*Wpt)
4551 (R) S R 1,31
L(RX EWpb)
(#>(.EE.) ~ & 1432
with a group velocity

=%~ m="°

i.e. they cannot carry energy. The longitudinal part of the coupled system

describes an gscillator plasme. In all the future work we shall call WP 9

as defined by equationsg(1.26), the osecillator plasma frequency.

1(1.13)
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If from the longitudina.i fields we define a displacement vector s

_ a/»\
L etd H L
Dy =B rimR =gt purly

It can be proved by using equations 1.23, 1.24, 1.25 and integrating over
the frequencies, that the spectral asmplitudes in }&» space of the longitu-
dinal displacenent vector satiafy the condition 1

;VB'W'P&(E"’):O — vgt(&,&):o 1.35

Ve infer from this result that, since by definition .P‘..L is irrotational,
the displacement veotor asssociated to the plasma solutions is null, It
should be noted that the magnetic fiocld for our case of an infinite distri-
bution of oscillators and non mogmetic medium will always be transverse.

In summary we may say t The homogeneous coupled system admits two
types of solutions @

1) Longitudinal solutions which correspond to an oscillator plasma

exclitation of a fixed frequency wPa

2) Transverse solutions which correspond to nechanical and electro-

magnetic waves whose possible range is determined by the disper=-

sion relation (1.22).
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The properties of these solutions ars clearly shown by the well
knowvn (l«.), KC) diagron 3 /

\'

ke

where the upper and lower brancheo represent mechanic and slectromagnstio
trensverse solutions, wheresas the horizontal line at W‘P corresponds bo
longitudinel solutions. Horizontal line at L!J’o corresponds o transverse
and longitudinal solutions of the uhooupled oscillator plasma. This line,
together with the straight line W= h(‘, ¢ Tepresents the solutions of
the uncoupled system. Region from l)s to M)é corresponds to the nos
trcnsmission zone.

Ve should hear in mind +that in all rigorousness the range of
allowed wave vectors for the validity of the model assumed should vun
from O to a certain hma,x in order to satisfy the condition on the wave.

lengths of possible excitations.,



Therefore o solution by Fourier series with a more or less arbi-
trarily imposed cut-off would be more appropriate than the use of Fourier
integrals. However, the use of the latter method in the present problem
does not represent a great source of error, whereas the former would

represent an undue refinement for our present purposes.
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§ 2, - THE INHOMOGENEOUS COUPLED SYSTERl.

In order to study possible mechenisms of excitation of the coupled
system we shall considexr now its solution in the presence of space and
time-dependent external sources. Writing in terms of scalar and veotor
potentials the system is now defined by

o 2 Wy 4 0A
PewiBel (- qaad -4 t)
2.1
__umy _ur ob
OA/A=- ‘g‘i C 3t
2.2
O =- 4T § + 4T div P
2.3
Together with the Lorentz ocondition 1
| L 9P _
VA+*c3e=" 2.4

and the equation of charge oonservation @
Vn 3 + -'é-t § —_— O 205

where g and J are functions of space and time not specified for the
monent.

We shall assume in what follows that the current may be separated
into & transverse and a longitudinal part, i.e. @

ACLENRCOIY IRCT N



where each part has the properties already indicated in § 1.
In this ocase the eguation of charge conservation will be separated

into the two subsidiery conditions s

o 5?

V.j); + ét =0 -
V.jt—:o 2.8

carrying out a Fourler cnalysis of the system and separating into trans-
verse and longitudinal components, we find the following expressions for
the spectral amplitudes of the fields given as a funstion of the sources :

Ci)(k k)) _ 4 g(&”)
- K- W) & (W)

2.9

A (kw)~ __U_.)__ g \U k _LHT Z (k‘&))
g T
C k(k L%)é(w} ©(k-w ) (w)
{kw Un it(ww o
C 2
(k-Le(w)
C
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Pl =42 (€(w)-4)

- ot (E'*.“ﬁ.jé(m)"
k{ 2,13
Ei(iiw)::—- Al g( w)ih
o E(w) k
2,14
: b (k
E, (k) =210 089
~ c* R - s )
< Ou) 2,15

R x é (kW)
(E’, Z&.(‘O\) 2,16

B (kw) = 4T ¢
= C

‘}l

where & ("‘)) = 1+ e

and scalar and vector potentials satiafy the conditlons

L., (kw) ~ Lo §(&W) =0

and the spectral amplitudes of the sources

. _' 2,17
LR Je(kw)=0

4. 2,18
B _ R -.—-
A A\‘S.. .E‘.Q,( R W) - A d’j(""‘w) =0 2,19

LA (kw)=0 2,20
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A brief glance at the previous expressions shows that the spectral
amplitudes for the longitudinal fields (as well as that for the scalar
potential) always have 4/@3(»0) which is the factor responsible for

the plasma waves, whereas those for the transverse fields always have the
2 t ) '
factor 1/ k- %&(WB which is responsible for the appearance of

radiation fields.

Expressions (2.9) to (2.16) are completely general. However, one
should not be misled into believing that the previous equations will
provide a neat separation of the two types of excitation for every
possible source. Using these equations it is possible; for example, to
treat highly idealized sources (e.g. sudden changas in either a charge
density or in a solenoidal current, satisfying either equation (2,.7) or
(2.8), which do produce one definite type of excitation. But, a moving
point charge as a source of both types of excitation, does not allow such
a neat separation due to the existence of field components, not irmediately
related to either the radiation field or the plasma wave,
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§ 3., = A COIINT ON THE :ETHOD OF SHPARATION IZPLOYED.

Before applying the previous results to & particular case, it is
worthvhile noting thaet the method we have used to separate the inhono-
peneous coupled system is not the only possible one. The sepavation may
also bé carried out through direct comparison of the solutions of the
system in Lorentz gauge and Coulomb gauge. '

In this last gauge the system is given by @

(c)
3P wrP - ‘7?- — (c)___,Laﬁh
m*’ m—qﬁ<W¢ < Jdt ) 301
o .P a(t)((-)
[\@qzzﬂ_ w4 _ um gt:: %hQsL A
ua Cé» c 9t + c At
3.2
V?"(p(‘”:_wg L ym div P
303
tozether with the equation of charge conservetion and :
()
V.A =0 304

where the superindex (C) indicates that we are now dealing with potentials
in Coulomb gauge.

Still asswuing that the current mey be separated into

§ = ot de
—na, i
and cerrying out = Fourier analysis of the system we obtain @
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&é‘z £ (w)

<D(C)(:§; ‘«)) _

3.5

A w) U,\T 4 (&w)
o Qa- -—-E.(u)) g

Therefore s

A(C)(_&i_w) = A, (g w)

3.7

vhile 1t is easily proved that s
A (rw =Alkw) -—ef’cb;w?
_ 4T 4,(&w)
< (&—%)8(“’) 3.8

wvhere A(&w) is the spectré.l amplituds for the totel vector poten-
tial in Lorentz gouge.

The expressions for the eleotric field, polarization and magnetic
induction separated into transverse and longitudinal parts, remain
obviously the same, being now :

( -
Ek W=t R ¢ (hw)«-ik@)(kw) -&—LQAC(&_W)
s ARy [l
349
g . (<) : '
EfrW= {0 AW = L WA (Rw)
R Pty pve
< C = 3,10

B (ew) = agxg%g__m: L&xﬁt(&.m)

.11

and corresponding expressions for the polarization.
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We conclude from these results that the separation into transverse
and longitudinal parts by using vectorial properties of the partial waves,
is essentially equivalent to separating from the total fields the

instantaneous port. This will be seen more clearly further on.



§ 4. - LIOVING CHARGE AS A SOURCE,

Vie shall consider now the case in whioh the excitation of the
oscillators is produced by a moving chargpﬁparticlea

Ve shall assume that the velocity of the particle remains constont,
that is, we implicitly admit the existence of an external agent vhich
vill compensate the losses due to collisions, radiation reaction, etc...
The oharge and current densities to be introduced in the inhomogeneous

gysten are in this case 1@

3 (x,8) = € o(x-\E)

4.1
J(xE) = ey §(x-V¥) .

whose speotral;nm:es in a Fourier analysis are @
(&) =2 0(Ry -Ww) s
Jlew) == § (v -w)

end separating the current into longitudinel and transverse parts we obtain

i) B ke BeX gy ) £

P o~ac
Asa

KA kR R 2T &k

4.5



Expressions 2.9 to 2.16 together with 4.3, 4.5 and 4.6 give the separated
-gpectral amplitudes of the fields created by the moving charged particle.
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§ 5. = LONGITUDINAL FIELDS OF THE CilARGED PARTICLE,

Ve shall assume for simplicity that the particle is moving in the
positive -dirsction of the Z axis ond that at t = O the particle crosses
the origin of coordinates. Due to the synimetry of the problem the inie~
grations are carried out in cylindrical coordinates (g, 2 ,‘f‘). Therefore
the Fourier integrals for any one of the fields will be given ty

P> (k- wk)

F(Lb)-——‘——g {fn(gw)e - A’k
@)
26 ; hnd (kfﬁw\?.i.kéauwt)
A ‘{,X@, die |, oUQ r—(m»e -
(am*
oo m® ° 5.1

where for reasons of convenience we have assumed the position vasotor of
!
the observation point contained in the plane  (X,2), i.c. ‘f = 0,

All integrals present singularities. Ve shall adopt &s general
method of dealing with the singularities :

1°) Assume that the oscillators have a small absorption term. The

aquation of notion of the oscillators would be in this case 3

~ 1
Prypewil w(wcb <.3t> )
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m-ﬂd ‘N JURC IS
E(w)= A + ‘ =
W, - W= LwY (et L) = wa
2.

. 2
_ (wale)-wp

oy

(Weie) - 0y

203

where we have neglected quadratic terms in Y » and foxr brevity have
written .\fi: & ,€ a positive infinitesimal.

2°) Once performed the integration, find the limit for €'t;end.ing
to zero. This method is justified by the well known result that a complex
dielectric constant with the sign corresponding to a damping of the
osoillators in time will assure the correct causal behaviour of the
gsolution. Taking these considerations into account we find after

integration

2-vE >0 "
T . kg 228
S F)LRE) o F dhs 5.4

2 2 N T _lkcz-vk)
ec (!RS’{—L:L J"(kﬁ) = d‘&f -+
v ) 'g: 4 @.E
S v2 \Q§ 2wk
o9 ,, 2 2 - é(l;
ec 4 [ ( S,+-u3%(5)5°(k?§3 L (U\f
- v : k}g +~g_)1£ 2
VL
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v, Qg Y
o« v )
P &7 \ Re J.(Rgg) Cksca.-ve)dk 5.6
R, s
Q g 4 ¢__%-
V 5%
?es _ ey g ke Ja(Rged -kscz-vb)dk
hry \;3 _5_@:% K
Ve s
Ei,=e \ K;(kﬁ,%) J.(Ry) v kg (2= )dk
L Res e S
v | 5.3
Eg - - ki(l{g‘% -;{:-;)Ia(hgg) e kg(z-’v‘:)d’k
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5.4%

Wkere:
J, (%) Qud K, (x) are He Bessel and wodifled Beassel

'.'Fum:-\';ous of’ ordler V) and:

(5‘.-..' “ﬁ-—\f%;}-
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§ 6. ~ PHYSICAL INTERPRETATION OF THI LONGITUDINAL SOLUTIONS,

LIiOTING CASES, ASYIPTOTIC BLHAVIOUR.

The longitudinal solutions are divided in two groups, i.e. for
Z-vk 2 O , oorresponding to the fields in front and behind the
partiole. It can be easily proved that the given solutions satisfy the
Lorentz condition.

The integrals appearing in expressions 5.4 to 5.17 vannot be
eveluated in closed form. Nevertheless, it is possible to understand
their physical meoning by studying the limiting values in oertain
speoial oases. For instance 13

Sealar potential ¢

E-Vt>0 From equation (5.4) we obtain @
’Mn ct)( ek) = 1
§ esb V €l+ z* 601

k3
where 651: = _31; y is the statioc dielectrio constant as given by
our nodel. 7
And 3

QMCP( Eh)" “—xf——— ¢(§ ) 6.2
V)—bO : 4 V/Cz ng g-vt )2' A V/C_z' .

( V’/c'-
In this limit 4) is the Lorentz transform of the potential measured in
a reference system at rest with the particle, i.e. the Lienard Wiechert

sealar potential.
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z-vt<co

The limits of the second term of the solution (5.11) are similar to
those of the previous case.
The first term of the solution may be written 3

2 gom (Ro2-Wpk :
dPo,c(faf:):.- Zei’_ (ujz w"' ) K.,(k’r Va-v/cz 3)

We
6.38a

where ¢ ‘QF = .‘f)._f- 6.3b
\

This contribution to the gscalar potential is a cylindrical wave propa-

goting in the & direction, with an amplitude which depends oh the

density of oscillators and the velooity of the particle, its physiocal

neening will be clear when we analyze the analogous term of the longitu-

dinal polarization and the electrio field.

Nevertheless, we can already see that this part of the solution
corresponds to a weve congtructed by the particlo with a propagation
vector,ELF, whioch is a funciion of the density of oscillators and the
velocity of the particle.

It is easily seen that :
b & =0

V) >0 e 54

On the other hand, taking into aocount the asymptotic behaviour of the
modified Bessel funotions :

~ AT =% foe X4
K,,(X)—-\JZX e ) s
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we have, given a fixed distanoe § from the trajectory

Q~m<§> -'o

V.% Q vse 606

In all rigorousness the limit V - O means
kP—-) oo L. €, >\P-—°>O

and this takes us beyond the range of validity of the model we have
used. Since the velocity of the particle cannot be higher than the velo-
city of light in wvacuum C , there must also be a mihimum value for ko o
Therefore the possible values of RP lie in the ronge :

wf K k? ' > k?mag such that A win 2D
Myn :
atomic dimensions.
This, of course, assuming that within that range of velocities of the
particle it is possible to speak independently of the longitudinal fields.
However, the conclusion on the possible values of k? remains the same in

the case of the total fields i.e. in the prescnce of radiation fields.

Longitudinel vector potentinl.
Fron equations (5.5), (5.6), (5.12), (5.13), it can be casily seen

that !Am A

Voo 7 6.7

On the other hand, the limiting value of Ag‘ when the density of
oscillators tends to zerd(V)—io) i8 not what at first sight might be
expected, i.e. it is not tphe Lorentz transform of the scalar potential

in 2 reference system at rest with the particle. What does have the correct
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transformotion properties in the limit -‘9-—’9 O , is the total vector poten-
tial. It can be shown using the expressions already given that ¢

o Akw) = bon A (1) + i A (k) = 2 b b (W)

Y0 \1->o ‘7—-)0 - Yo
6.8

and integrating this last expression we do obtain the vector potential
corresponding to & charge noving in vacuum, i.e. the L.W. potential.

Longd tudinal Polaorization ..E?. .-

o onalyze the longitudinal polarization, equations (5.7), (5.8),
(5.14), (5:15), we separate it into two parts :

P .~-P + P

T ol "M""“F | 6.9

ool wp the contri-
bution to the polarization due to the_ integral. It is ea,sily seen from

vhere I@ox indicates the oscillating term, and P

the solutions

?/m—P-o LM‘\.P =0

g0 e 950 Ther 6,10
While K
?ﬁm PC = e 6’5?"4 <
Vao Zexp MU £, [_Zz + iz]-*/z. 6011
i Pi e Eg-4 N 6012

Vo §ex? -

HT &g LEZ+§L
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where

Et — A v*
E. l»o‘};

6.13

This result is valid for Z2 20
In this limit the oscillators behave like a cohtinuous medium of
dielectric constant Est . This last result may also be writiten ¢
?A’GM P - A Egc-A D

Vpo ‘W“‘L exp - e

Un E ¢k 6,14

whexe 5 is the displacement vector of a charge at rest in suoh a medium.
Therefore, in the limit V — O the contribution to the polarization due %o
the integrals is a contribution of Coulomb type, equal to the polarization
created by a real charge g in a medium of & = Ege -

For large values of the crguments of the modified Bessel funotions,

the ozcillating term of the solutions moy be written as follows :

P el ot (Rpz-wpk) {/T— -Re$
62 oo™ AT VE ( P Zkfs e 6,15

X ~eT s (Rpz-wpb) | p” S

$4 T T e 2k?§ 6.16

where hF" has already been defined and hp? >> 1.

This part of the solution is a real polarization wave with an
amplitude which, in this approximation, decreases exponentially with
increasing distance from the trajectory.
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The mean range of thoses waves is given by ¢

__V
§mwuq'l» | 6.17

i.e. proportionsl to the veloclity of the particle, and deoreasing
(through LUP ), with an inoreasing density of oscillators. Thase waves
have a group velocity 1

Jw
3r é R; v 6.18

i.e. equal to the velocity of the particle. It can also be seen from
(6,15) and (6.16) that @

MPt =0

Vo Osc 6.19

For reasons which will become apparent further on, we shall call this
part of the solutions the Plasmn waves.

The results for the electric field are completely analogous to
those obtained for the polarization. Thus, from equations (5.9), (5.10),
(5:16)5 (5:17), vriting s

=Y

ve find thot, in the limit )+ O , Egmf, becomes the Coulomb field
in vacuum of a ‘moving particle in the approximation V& C, while in
the limit V-2 0 we obtain the Coulomb field of a particle at rest in &
medium of £ = 6_ st On the other hand, the oscillating term vanishes
in both limits.

g—

—-——

= &

—
A

Lose + E-Qexr 6,20
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By straichtforward derivation taking due account of the equations
satisfied by the Bessel functions J v and nodified Bessecl funotions Ky
it can be shown that the ourl of Ee(gt) as given by equations (5.7).
(5.8), (5.14), (5.15) [(5.9), (5.10), (5:16), (5.17)] vahishes identi-
cally over all space. The solutions have singularities at the position of
the particle for B Lexp ( E u,‘,) s and on the 2 " axis behind
the particle for :E' Lric ( E tw.)‘ Therefore the solutions we have
obtained are pure longitudinal solutions.

LONGITUDINAL DISPLACEIINT VECTOR,-
We shall now define a longlitudinal displacement veotor by the usual

expression 3

Dy(nt) = E (k) + u4m P (2k)

6.21

or as a function of the spectr::l amplitudes 3
D (Rw) = £ (Rw) + 4T Ry (Ew) 6,22

Using expressions (2.12), (2.14) and (443), we find ¢

D (k)= 23X F
Sl S 103' 6.23

This spectral amplitude can be integrated exactly with the following
results

D — e z-vE
QZ [G.Z.-—V&)L+§L]3/l 6.24 |

Do S

vy e %

6025

e
-
t
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Therefore the longitudinal displacement vector we have defined is suoh
that it satisfies the equation 3

V.Dy=umef(n-yt) = 21 §(5) & (z-vF)

5

and consequently may be defined in terms of o potenticl

De=-getdy -

vhere 3 @ - € 6.28
y(z.-%-)’u- ﬁl‘

From a physical point of view D corresponds to the instantemecous
4

o end

6026

Coulomb field carried convectively by the real charge e.

The potentiel § ] does not oorrespond to &fo CF (6.2) whioch
we have already analyzed, but to that one which results from integrating
the spectral amplitude of the potential in Coulomb gauge (3.5) in the
limit y—» O  .This nay be easily seen by direct comparison of (3.5) and
(6.23).

From the previous results it is quite olear that the longitudinal
displacement vector does not depend on the properties of the medium and
vhat is more important, it does not present the tylindricel wave part.

A brief glance at the solutions forEc and ,_E::_ ¢ (507 t0 5,10 and
5.14 t0 5.17) shows that, from a formal point of view we may also write 3

D, =D

E = Blee ¥ ey 6.29
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where : Qgcxnglaxr-{'qrfﬁwez”?%@Q 6.30
oy w o 6.31
wQusc =5Quc +L‘"«~v’-ass = O ?

This last expression is in egreement with the faot that the oylindrical
waves must be ldentified with ogcillator plasma waves, and therefore have

a2 nmull displacement vector at a frequenoy corresponding to a zei‘o of £ ( W)
lioreover, the faet that the displacement vector associated to this part

of the solutions vahishes, implies that the sources corresponding to

[—

k. vee , E-Qm. (ioeov.gto“, V.ﬁ!me ) are not in the real
charge. This is precisely the characteristic feature of the plasma. waves.
The seme conclusion has been reached by A. Bohr G )9 although by &
different line of reasoning.

It is interesting to notice that despite the faot that we cammot
carry out the integrations f°r§£zxp and EL‘—'P (5:7 to 5,10 and
5.14 to 5.17), the displacement vector :P“g glves us the means to study
the general behaviour of these contributions and thelr relative importance.
Since the expresgion for 2 ) is known exaotly, it oan be seen from the
analysis of the solutions that the approximate behaviour of thet part of
the longitudinal pdla.riza.tion and the electric field depending on the
integrals, is the following @
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The relative importance of ng\, and -E axp is a function of

i

the proper frequency of the oscillators and their density.
In summary we may say ¢ v

The longitudinal polprization and electric fields created by & woving

charge in a medium repreéénted by oscillators, have contributions of two

different types @

a) o symmetricel field carried convectively by the particle, of Coulombd
nature. The source for these fields is in the particle. The polaxrization
asgocioted to this contribution aots producing a screening of the real
charge.

b) a oylindrical wave, defined in all the semispace behind the particle
bound by the plane 2Z = Vt=0, with o frequency equal to the plasma
frequency UJP » ond a group velocity equal to the velocity of the
particle. This wave is an excitation constructed by the particle which
tends to disappenx vhen V - 0 , although strictly speaking a proper
understonding of what happens in this limit requires a quantun treatment.
‘I'hé source for this contribution is not in the recl charge.

Thie part of the fields corresponds to the longitudinn.ll part prediocted
by A. Bohr ( 3 ) » although in 21l rigorousness it cannot be said %o
be left "in the wake" of the particle. This is an excitation which,
as already mentioned, cppears in principle in a whole senispace
although its importenoe decreases exponentially with the distance g
from the path of the \particle.

It is important to\notice that the soreening and the plasna wave

are not independent of ‘eagh other. The intimate relation between the two

fields can be understood ii\we compare the present results with the

response of an oscillatoy to “tho fgr??e"’ ’exei'ted by a moving charged particle.

The details of this calcu]iation ill be puliliighed in o separate paper “4),

\
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£ 7. = TRANSVERSE SOLUTIONS,

From the analysis of 2.11, 2.13, 2.15, 2.16 and 4.4, 4.5, 4.6, it
hecomes obvious that the result of integrating the transverse épectral
amplitudes oannot be anything else than the difference between the
solutions of the total inhomogeneous coupled system (2.1, 2.2, 2.3) and
the longitudinal fields that we have already found. The integration is
carried out in cylindrical coordinates. The singularities appsaxring in
the integrals are dealt with by assuming as in the case of the longltu-
dinal fields the existence of an absorption term and therefore repihacing
éi(td) in the spectral amplitudes by expression 5.3, and after the

 integration finding the limit vhen the-absorption tends to zero. We obtein 3

oD

Eo— ldwd A KW Mi“’(%fb)
BeEm| e Y S - Eug
To1

where _

= W w CLw(E-t)
iyt ) e v (R a

it L w(E _k
£, = & otw(xi__L__)wKo(l\(w)g)e s E,
2T v NG EW)

o 12

2
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=" ;{gw
7.3
> 2 Lw(E-t)
Pooe law T A K (Lg) € - Py
S~ up W- W o
- o(z-H
Pep= e dw 1 {A..!.;wle(A(w)g)@ ~
= LZH)’V’; - Wp c
~ Tte
75
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. !:)

D, = 2 ldw (1- L€ () w Ko (Al w)g)e & _

€ (z-vt)
[{Z-Vk)"-&- 3"_']3/& ToT

Where K, o.,t;e the modified Bessel Functions and:

j\(w ,“3.. ;. = 6((») 7.8

The transverse solutions, except for the magnetic induction, are given
by two terms ¢ -
- the first term corresponds to the total fields whose éxpressions for
i.", Jid (3) and P were already given by Fermi
- the second term gives the longitudinal fields that we have already
found.
The total fields are given as integrals over all the frequency speotrum.
The function J\ (LU) requires some discussion. For low velocities of the
particle (V(Cﬁré‘ t) there may be a zone from (O = 0 to a oertain
W=We  , vwhere j\(w))o
This frequency ronge diminishes as the velooity of the pa,rticle inoreases.
From We - We , A(W) varies in the range O)j\_ UJ)> oo
From We - W = oo s it remcins always positive. Ve define the
critical frequency wc, a8 the frequency at which, in this range of
velocities, _j\? (L!)) changés sign and remains finite, i.e. @
N(we) =0
As is well known this is precisely the frequency at which Cherenkov

rodiation beging, since for :
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w>We , “é(w):i—f—)
C We

A
\%

i.s. the phase velocity of a light wave u'w is smaller than the

velocity of the particle.
For the ocase we are oonsidering of cscillators of only one resonance

frequenoy this condition may only be fulfilled in the range @

This is clearly seen in the approximate diagram of & (w) :

E(W)A
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Taking intoc account the expression for 6 (W) we may also write wc

as :
L
LUE. (A - -\L‘;_&st')

A... _Ez 749

.w'l.

¢ =

. MW a6

j\_(w)__:/i w{w We (A \I/C)

Vw\-Uo

7410

It ehould be noticed that for sufficiently high velooities (V.) ,\r—- ) 3 UL)C
may become purs maginary. sk

Tor the moment and unless otherwise staoted we shall cssume that the
velocity of the porticle is such that We is reals

If we assume the existence of a small absorption term in the oscillators,
i.e. &(W) is replaced by (5.3), .A-(\U) moy also be written s

At <[4 (SRt L (v

vi [ wisiwy - w2}

f:.fv {(w“e -~ We %(“‘%)“’ (we)

(W«!»LC,) ~ Wk

T-11
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where we have neglected quadratic terms in K and have replaced 3

8 =2€ ’ &€ positive infinitesinal, wc remains unchenged. In
what follows .A. will be used in either ome of the three forms given
(is@0 ToBy T.10 or T.11).

It becomes apparent while integrating the kﬁ voriable, that
expressions 7.1 to 7.7 ave valid provided Re S\ (W,€)> 0 in all the
range of frequencies. In order to fulfill this éondition we must take
J\. (W, &) in the fourth quadrant for positive frequencies, while for

the negative frequenoies it follows from (7.11) s

j\(.u),é) = /\.*(w.é)

T.12
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§ 8. - PROPERTIES OF THE TRANSVERSE AND TOTAL FIELDS. ASYMPTOTIC

BEHAVIOUR.

While in the case of the longitudinal solutions it has been
possible to separate completely their contribution, such a neat sepa-
ration cannot be effected for the transverse fields. This is due partly
to the physical impliocations of the separation as shown in paragraph (3),
partly to the nature of the source. Nevertheless, even if not as satis-
factorily as in the case of the longlitudingl fields, the difference be-
tveen the toicl fields and longitudinal fields do give the trandverse
contribution.

One‘ﬁny now pose the question of whether it is possible to ;dentify
the longitudinal part as originating Iln a definite zone of the frequency
spectrum or, in other words, carry out a classification of the spectrum
in terms of longitudinel and transverse contributions. In fact; and
acoording to A. Bohr (3), the contribution fron W¢-»Ws should yield
a purely transverse field.

However, the vectorial properties of the fields do not provide a
propexr basis for the classification of the spectrum, siﬁce the partial
vaves in all the frequenoy range have properties oharnoteristio of both
types of fields. A consistent olassification of the speotrum moy best
be acoomplished in terms of radiation part (which is not necessarily
transverse in the sense we have used),soreening part and plasma contri~
bution. In order to see it we shall now analyze the displacement vector,
whose longitudinal part has a particularly simple expression, by using
the conventional approach. In the next paragraph we shall carry out an
analysis of the different contributions by a method vhich provides a
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olearer understonding of their character. Taking into aocount the
conditions .A.(UJ) must satisfy as stated in the previous paragraph,
and the equations defining the modified Bessel functions in terms of the

Henkel functions ¢

M:\

T a
‘—iL V 1' H(z)

. A Wy
Kv(z)é.-"lzl e H(ze'?) = 6 (ze %)

we may separate the solutions for the transverse displacement vector as

a sum of integrals over different frequency ranges, writing 3

\ LW(E_t) - 3 Lw(Z_F)
Dt :%XWAK,.(Af)Q } %deGH4(gg)& < —

1,0y | I

€

oY a2

[(Z-vl:)"+ ¢ ]3/"
th.:.-.g‘-{‘.gd.w_& Ko(/\,g) ei,w(%‘k) e \aw 9: 'HN(SG-) Q{.w(%—f
T w £ \aw &5 Ho |

1,6, v I

o e(@-vE) 6.3
[{Z-Vt)ﬁ— gz. ]3/2.
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vhere the integration ranges are defined by the following disgram ¢

Y 1L T
————-——-aw;<———-—3>1< ;»;{:. .
' i {
S R
-Wp b)) ~We 0]
Chevenkov
Zone

and :

)y = WAVE & )-n
6-(“.’)-_ V'VC_‘- (W)y-4

In the present form of equations (7.1) to (7.7), it is not at all obvious
wvhich are the space regions where the different contributions may be
observéd. Therefore we nust assume that, in principle, equations (8.2)
and (8.3). are valid for 2-vk 20 '

Taking the curl and the divergence of (8.2), (8.3) we obtain for the
contributions in the different ranges :

UxD = - fdu Tl () w HS' (gow) ¢
~I zc"n

vaiﬁ O

(£-¢)

8.5
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(&-¢)

et
1,0,V

!

. . } "_,o
VD g g o= &5 |0 Mt w €l Ky (Aaig) ¢

K7.I) = () 8.6

rml'my‘\’

The curl. of the partial waves is different from O in all the frequency
range, exception made of the points () = LOP s W=W¢ . The first
point corresponds to the longitudinal solutions for which Qe(wp)-‘: o
The second one is a trivial case without meaning in the present context.
Therefore, zones I, III, IV have transverse contributions. In all
frequency ranges the divergence vanishes as a direct consequence 6f the
equations satisfied by the Bessel functions, but without additional
cclculations nothing cen be said about the behaviour for g = 0,
Z-YE = 0. Despite this fact it is obvious there must be at least a
singularity at the position of the particle which we cannot see at first
pight how is going to manifest itself through the partial waves.
However, some more information can be obtained if we analyze the
well knowmn (8) asymptotic behaviour of the partial waves. Ve have for
instance :

Zone 1T - Cherenkov zone

For O“(L\)) # 0O and g sufficiently large the asymptotic
expressions of the Hankel functions are the following

(a) \ g_!.ﬁ_'_._fi .
Hv(%):i \"‘%eb( z q,} SV('Z'L.%’)}

(-T( g2 2T )



where 3
(¥, 1) (v, 2) ‘

Sv(@) = A x = ki
and 3

(V,0) = A

(U= %) (4vi3) ..., (4 V- (2m-a)*)
w'm) = 2m
2°7 m!
FQ"’ Wl = A, 2, 3,... ~ 8.7

In first order of approximation the portial waves in this zone may be

written ¢

. : t
~ W -—E.. ...G_:.-. ‘L(§G‘+%E~w ) -
Dﬁgw%g“‘\!’vzng e €

8.8

8.9

That is, the integral over the Cherenkov zone is for large distances from
the trajectory a superposition of waves with wave vector E:' 8

N R LT
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the engle formed by &‘wa with the 2 s¥is being the Cherenkov angle @

Cos S

V Fé(m 8411

In an (w,kc ) diagram the frequenoy range in which thess waves may
exist is given by 3

These waves satisfy the condition 3

Qf;‘)(‘“)-&w:O

8,12

)
Despilte this result D Za 11 (N) ie not a transverse field aoccording to
the conditions we bhave imposed sinoce s

vxp;’;(m # 0

DY ()= Vm 'eg(fa'mw%aﬂm:) e"ig
e 2vg 1 2% ¢ |
#O 8,13
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This does not mean to say that there is a contradiction with equations
(8+5). What was proved there is that for emoh frequency (and g’ it 0,

Z = V¥t 0) the divergence of the exact solutione vanisheg.

Taking the asymptotic expressions of the Hankel function in first oxder
of apprcximaticp is completely analogous to taking the radiation part of
the fields of an elactric dipole in vacuum. In the case of the dipole the
fields may be separated into three different paris according to their

(@4{) dependense. In the case of the filelds orested in the medium by
the moving charge there is an infinite number of such zones.

-I% can be easily shown taking the asymptotio expressicns of the Hankel
funotions up to the seocond order, that ;Q;E(N) may be separated in itwo
parts ¢

D_(w)~ D) + D% (w)
ol | ~~ T A

B.14

The first one oorresponds %o the expressions already given, (8.8), (8.9),
and the second one is a veator whioh is not normal t°.Eiur Their behaviour
with respect to the divergence is also similar te that of & dipole (100
the divsrgence of I)“)(“J) is compensated by part of the divergence of
I)Eg(ﬁQ) Jo As we go to higher orders of approximation of the Hmnkel
funotlons the successive contributions becone more longitudinal, while

their relative importance ihcreases as we get nearer the trxajectory.

Zones I, III, IV.~

The agymptotic expressions for the modified Bessel funciions in
the first order of approximation ere @
T -%

-
= ~7 SO AT
isl= g ¢ 0.1
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Using this expressior the fivst terms of (8,2), (8.3) may be written s

D

D o Do e AW - Ag i (Eet)
x,ﬂ’,wg I,EI,WS vV ng

Do~ DY (w) _ el N {w) 0" J\(u)g’ e} w(E -t)

im,

e — TwmE, ) ’\)E?F“:S’

8s16

Thus, the contribution to the fields given by the integrals in the regions
I, III, IV, correspond in this approximation to a superposition of wavee
with an amplitude which shows an exponential dependence on distanoe

from the trajectory, and a phase velooity equal to the velocity of the
particle. While these oontributions have transverse components, they
correspond to fields "stuck" to the charge and therefore must be oonnested
in a way which is not apparent from the present form of the equations to
the screening of the particle which was found when studying the longitu-
dinal solutions. We shall return to this point in the next parugraph.

From the preceding resulte it becomes evident that it is not
pcossible to divide the frequency spectrum into zones yielding ftransverse
fields or longitudinal fields (except for the contribution at W= LU?
whioh nmust correspond to the plasma waves), every zone being a mixture
of both types of fields. While the Cherenkov fields, as an approximation,
noy be considered as transverss in A. Bohr's sense for ? - o0 , this is
not true neer the trajeotory where they show large longitudinal components.
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lloreover, a proper desoription of the perturbations oreated by the
pariicle snould not negleot the intimaie relation between the inree types
of fields which cnly get sorted out as we move away from ths pextidle in

(14),

different dirsctions. See also

Idmit of the Transverse Displacement Veotor for ? — Qg

It is interesting to notice that (7.6) and (7.7) may be integrated
exactly in the limit when the density of oscillators tends to O. What we

have called the itragnsverse displacement veotor becomes in this limit s

9,{% Dt: = € %(4...\{%:) - & ¥

pve ) [@TVE)L+ §’2’("~V‘/c‘)]3/2’ l:(awv E - sl-]%a

b Dy = o BB U=VTD) o (220D
1=¢ L(z VER e (1) } L(z.-v(,) v 1%
A 8017

That is, the difference between the vacuum elestric fields of a noving
charge calculated through the Limnard Wieohert potentials and +the instan-

waneous field. Thies is a olear exemple of the conclusions we arrived at in

§ 3.
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§ 9. = EVALUATION OF THE INTEGRAL OVER THE FREQUENCIES FOR THE TOTAL FIELDS.

Ve shall evaluate now the totael solutlons in order to show olearly
the nature of the different contributions to the fields oreated by the
- particle in the medium, as well as their relation to the longitudinal
solutions that we have oaloulated. We shall only o¢msider the Z component
of the eleotrio fleld, sinoe this is sufficient for our purposes. We
recall that as a funotion of real W , ./\(w €) gefined by (7.11)
must be ohosen in such a way that @

e N(we)>O Fo" &€§>0

and ¢ _/\_(UJG) j\‘(we)

for nll the range of frequencies.
Taking this into acoount, the first right hand term of equation {7.2),

(Fermi's solution), may be written
o0

i & 2w ( - L YiwK, (was)

Zz €20 T'V cr E(we)

L%’-( z-vt)

9e1

The integrations will be carried out by analytio continuation in the
complex fraquency plane. The singulerities of the integrand are
1°) Pole of 4 for W = w? - L&

E(wse)
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2°) The modified Bessel function k:V is a function of a funotion of W
As such it will show the singularities of the argument and the singula-
rities proper of the Ky . The singularities of the arvgument j\.(w,é)g
in the complex (U plane are the Branching points of the function

J\(UL&) s

t W -Le

il

W=+t We-LtE

Due to the existence of the absorption term, the out and the pole appear
in the lower half plane. The singularity proper of the modified Besssl
function is a branching poinf for ¢+ W = 0.

The integrations will be oarried out in the first and fourth quadrants
and the paths of integration are defined according to the following

diagram -

x
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The detoils of this rather interssting oaloulation will be published
separately. In the present papser we shall confine ourselves to the astual
- results and their physical interpretation.

Ve shall assums in the first place

(S
A- L & >0 1.0, Wy real

We  defined by equation (7.9).
We distinguish two different oases

1°) 2=Vt DO

The integration path is around a guarter oircle oentered at the origin
of radius T — O, the positive inmaginary axis, and a quarter oircle of
radius R - ©@ , in the sense presoribed in the diagram. We obtain in
the limit V0 , R~ 00 and € -0 @

Engi‘: QRCI'&

k+wo/v’- | k} kv \J& k+“’r/v'-§)e‘
k+wf/v C.‘ C R+wipe
9.2
‘valid for :
‘§ fi-ve £ 0
z-vk # O  and og%g%

Rfz-vi |
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In this expression the quantity under the radiocal sign in the argument
of the Bessel funotion is always positive for wc real.
R is a new variable of integration with the dimensions of a wave

vector.

2°)Z2-Vt <0

The integration is along a quarter circle af radius =0 centered at
the origin, the negative imaginary axis, a quarter cirole of radius

R -©90 , and around the singularities in the pressribed sense, taking dus

account of the contributions round the branching poihts themselves.

In the limit ¥ - 0, R ~S9 , there ars only three non vanishing coentrie

butions. That is s

9.3
where
Es= 2 Re IS J )z-vtj
TLBewiAr VL k\[ v R+ WAe ]
= GU(( 7'+w7%/\;z. C )k ° ¢ kl'%“w: "g
9.4
EF,ZR,;I%
2e ek (W We rz_vt
= 28 K (5Eg) e F YO

9.5



Thease two results given in the limit& — O.
The third oont;'ibution Ec!\. is glven by the intégral around the outs

Writing for W) along the out 3

] .

w = w'-s-iw": w-1e

946
we obtein s
ZR@. i (L, +I )
6—90
' w.-&é ¥
_ ’)m.__.. o> \U'l.w ( w-\.e w _V? )X
QRQ 50’ V" d.w (—C—i— w‘l.'.UJ? z w:a. ng
w‘_.,l‘.é e
i
x 0 9a7

where I is the modified Bessel function. This expression is exact. The
asymptotio expression of the modified Bessel funotion lv (Z) for la.rge
values of |Z| is given by 1

s Q’E .LHL‘A Few . A
(E)‘.""mi | 5E’+ f) ez ST

- v

9.8

which is our case due to the existence of & »0. Making use of this last
equation and the definitions of ./\.(w) and - G ( w) s we obtain for the
B,y ocontribution in the asymptotic approximation :
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Eq, = 2Re ¥ (T, +14)

W,
~ 2t iw(ﬁ_%\)w (o (Tl + Yz -wt - T
T VE ct Efw :

i, V2 oo

9.9

G‘(W) positive and real in all the integration range. The expressions
given for £~ , Ep ama E are valid for @
5 P cl

ﬂ"‘”‘" + O owd 04 S ¢E
2
2-Vt £ O

Disoussion of Results 3

The fields oreated by the noving charged particle bave contributions
of three different types. The first of them corresponds to the oontribu-

tions given by (9.2) and (9.4), which represent a symmetric soreening of
the charges The final integrations cannot be carried out in closed form,

but nevertheless the physiocal meaning of these fields cen be made clear
by the study of certain limiting cases. For example @

Limit for C -»O0

i E‘qr.-engz Rewhr g T, (k)

2
(>0 A k 4_{0;/\!1.

_le ?w&)
0 C

2,10
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This represents a pursly longitudinal field and in fact is is identical

to the longitudinal field E aE (5.9) that we have already snalized.

Limit for V - O.

L % _kz
b €, ek To(kp)€ o2 B
V-»o 5$t E‘SL‘ [EL+TL] /Z,.

9.1

That is, the Z componant of the Coulomb field oreated by a charge at
rest in a medium of dieleoctrio constant E ske

Limit for V - C.

The evaluation of this limit ocannot he cexrried out in the same way because
for a velocity higher than a certain value the branching . point (A)C bacomes
pure immgyinary snd the charaoter o.f the solutions changes. This case will
be treated further on.

The behaviour of E 5 in the limiting oases is similaxr to that corres-
ponding to E1 except for an obvious ohange in sign.

1'«.:1 and E5 are carried convectively by the pertiocle. They exist in front

of 1t and behind it, and in faot, must correspond to that part of the
fields which, in the case of the displacement vector and in the asymptotic
approximation, was given by (8.16).

The second contribution is given by Ep (9.5). It represents the plasms
excitation that wve have already sesn, defined in all the semispace behind
the particle and vahishing in the ?A*M » Finally B

V3O oh? (9:9)s represents
the Cherenkoy radiation field.
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This field is defined for Z -~ Vt{0, and represente an outgoing field
éxisting behind the particle, each of its frequency components forming
with the trajectory the angle charzoteristie of Cherenkov radiation.
When the velocity of the partiocle tends to zerc we have @

We
-QA’M& We = W, L€, S A => o
Vo e

Thereforae in this limit the Cherenkov fields and as seen previously the
plasma excitation also, vanish. We are left only with contributions E1
-and B. which give in this case the Couiomb field of a particle at rest

5 ‘ |
in a medium of dielectrio constant & = & "

Vhen the density of osoillators tends to zero we have @
QM wc -— wd
70
and thus the Cherenkov fields (9.9) disappear. Since the plasma excitation

(9.5) also disappears in this limit, we are left once again with contri-
butions E, and E. which become in this case s '

5
y -vE
i €, = e (1-v7) |dk k To (R TV €) -R@EvE)
s o
_#Z=vt 2

=0 h—V‘/C" — e ,

evang

- 2
z-vt )’;_ e 'L&“«}-g“}?’
=AM

and a simlilar result for ES'
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That is, the fields of a moving charge in vacuum either as sesn from a
reference system in whioh the oharge is at rest or from a reference system
in whioh the charge is moving with a velocity V, result which is in
egreement with the Lorentz trensformation lawas for eleotromagnetic fields.
The results in the present paragraph have so far been given under the
assumption wc, real. |

The oritical freqﬁmoy wc is a function of -3

-a) The propertiss of the medium (and also the model sssumed) through &a $°

b) The velooity of the inoident particle.

For a velooity V satisfying the cendition @

V>C/ﬁi-:t

the oritioal frequency beocomes :

Ve a0
: -1

VA-WC"

Therefore the branching points of ju.w,e) oorresponding to the
oritiocal frequency move over to the imaginary axis.

The integration of equation (9.1) is carried out as in the previous case,
the paths of integration being now defined by the following diagram @



where the same notation previously employed has been used to designate

“the different parte of the integration oircuits.

Taking dus aocount of the phase relationa whioh must be satisfied by -

,/\,(UJ E) we find 3

a) The plasma excitation is given by the same equation (9:5).

b) The.Cherenkov fields are also given by (9.7) or (9.9) except for the
' faot that the emitted fraquemcies range now from O — ‘J), .

o) The charge soreening is now given by ¢ |

Z-vE>0
k k{- mo/\l !_ V4 k ‘HUP/V )

'Rc
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0 L : QV
—_e\dkk kewi/y .,.“i.l ] k 4_\!;%+wi/vl'(i. 0 kig !
- | _RH\J?/VI ctMe\" T CRewfyt )1

ke

where ¢ k c = -Q{—/Q'

i.e. ths range of integration is not the same os in the pm_vwvs c25e
or, in other words, the esreening starts losing the components of longer
woavelength. .

Since v-:)ook°= %: o %& = <O , it is oclear that the oharge
screening tends to disappear for ultrarelativistio velocitiqa, and we are
"left only with the Cherenkov fields and the plasma axoitation/ Vie have
‘analyzed only one component of the fields, and have seen that the
oharaoter of the fields is essentially determined by the singularities

of the integrands in the complex frequency plane. Since all the firs{ terms
of equations (7.1) to (7.7) giving the total fields present the same type
of singularities, except for B (ﬁ’) and D which have no pole for the
plasma frequency (i.e. no plasma excitation), we oconolude that our results
must remain qualitotively the sams for all the different components vhether
we speak of eleotromagnetic fields br polarization. The distribution of
fields surrounding the particle may be represented schematioally by the
following diagrams 13

1) VSCAE
at@c we have 3 C/mec.:':.u'c:: G ‘?-'»4.

7. Vm)




o

In this range of velocities the wavevector .‘3’ e agsooiated to the

partial wave of frequency U.)c_ is parallel to the wavevector )‘i’ P
sorresponding to the plasma waves.

M ¥
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2°) V>C‘/E‘$t.

This corresponds to the oase Uoc,inmginaxy. The emitted frequencies range
from W= We — W =0

w hssc
=0
For %k6=0

In this range of velocities the soreening tends to disappear, all the
wavefronts move backwards but the plasme waves are still defined in all
the semispace behind the particles
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It is worth noting that most of the oonolusions we have arrived at
ooncerning the symmetrio fields .surrounding the particle and the plasma
excitation, can all be seen to have -th‘eir origin in the ordinary response
of one s:j.ngle osoillator to the field of a moving oharged pértiole, as is

shown in a separate paper (14).
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§ 10. - ENERGY LOSS OF THE CHARGED PARTICLE. SEPABATION INTO T-T

ARD L-T HODES,

The work done upon the eleatrons has aleo been oaloulated by
Sohdnberg 45). However, the main interest of the preseht paragraph is
to show, by using a different method the conneotion between Fermi's
result and A. Bohr's oonolusions., In order to establish this comparison,
we shall oaloulate the emsrgy lost by the oharged particle applying
Ferni's method. That is t the enexrgy lost by the particle per unit time
at distences greater than a certain ? is given by t};e' flux of
 Poynting's veotor through a oylinder of radius 5’ and infinite length
enclosing the trajectory. As in Fermi's paper the present olassiocal theory
"1l be assuned to be volid for { larger than a certain 9 i~ e

Therefora 1

_ﬂ-g . d.g '-..:C?YE i), de

de 2
10.1
and the loss per unit path ¢
_dW _ ¢ (b xH) dz
dz  av | | 10,2
Separating the eleotrio field into T and L parts we may write
U S(t: ) de + (e ) de
d& ZV N : g - ‘ 1043

__dWee  dWee

| - ————————- ——

dz = dz
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(724)

_ N
Using the expressions already given for the fields equations (7.2) (7.3),
we obtain 3

- E&jéiig - - C:? X.EE.t H Gii&

Az 2v_w f

i.e o o oo

dWee eg 14 jolw gdw‘ 4N iw{
”df"zvaﬂ‘j Ew,_w , (E(w> C")

w4 )g C *
(f\(w)g’)f\(w)\( (e E -{-——-S—XELEH?dz—

)
< - 1004
et L(Ww )5
_ &f dzlotwjdw' iw K (\ lg)A(w)K (/\(w’)g
T VT E(w)

—va -0 ~09 10,5

where for reasons of simplioity we have set t = O (partiole at the origin
of poordinates). The first right hand term of equation 10.4 corresponds to
Fermi's expression for the energy loss.
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We may write then the T-T energy lose as @

_ dWee - d Weeams + dWte
dz dz dz 10,6

where after exact analytical integration

 dWeew & {1 €9 ¥ W (g
Vzg(__ _..___._.)wdw 5:7 —V‘FK»(:V ) (‘:ﬁ)

dz

This gives the total emergy loss as ocalculated by Fermi in the limit
when the absorption tends to zero, written in our notation: As is well

. known the first term of equation (10.7) corresponds to the energy lost as
Cherenkov radiation. The second term corresponds to energy whioh remains
stored in the medium.
We shall prove now that this energy which is lost in ‘exciting the
oscillators is given, exoept for a small term, by ( d.W!,t)

dZ

ENERGY LOSS DUE TO THE L~T :IODE

. | . ’
_From equation (10.5), integrating over 2 and &) , and taking into

account the properties of A(N), we obtain
_dle K, (N(we¢)
oLz VT X ) (w) ( §

= ef 2R \dw | New) Ky (Nw)¢)
=4 Zﬁﬁm»&()<( 9) ¢

10.8
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In this case the singularities of Ko and K,' have no bearing on the results.
We integrate along the upper border of the out. However, we must deal with
the singulaxdty coming from 6(‘4))@ Instead of assuming the existence of
the absorption term and the limiting process, we shall deform the inte-
gration path by -the introduction in the upper border of the real axis

of a semicivecle of radius r — 0, centered at the point .w:-w? ; and
therefore raeplacing 1 ‘

S.‘f’..m — P.v.row . j...du)

o -]

L

Equation (10.8) may %hen be written

e

dz W o Ew

_2 Re T R(“ﬁ’!’)
10.9

Outside the Cherenkov zone the first right hand term becomes pure imaginary
i.e. except for the pole there is no contribution outside that range..le
obtain then after evaluation of the residue :

| Wa .
CiVV&t — fng :Z}Q;'S.oh*) :éiﬁi; _ Eél ¥ v n
dz Ty o, € (w) K*’( v @) Nw) KAU\(\U)@

1980 We 1 (wp
+ L 2K () Ka(528)

10,10



In the range of integration i

/\(w)_—__LG‘(w)—_—- E,(w =

!

Taking into account the defining relations for the modified Bessel
functions and the Hankel funotions

K (2) T gt (5 ot Ty _ T o5 V(ze .,.r:>
v( )':._2..6 -Hv(z.e z.)z:_ > 4
1011

and 1 'H(:)(E) = J,(2)- v Ny (2) 10412

we obtain from equation (10.10) after taking the real part s

___.__—-—-—._._—-—_"-—-——-—_-——__

dz 4z d 2z
wo
ﬂgm WOl (06) T, (%)
Ve ) E(w) v
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Thig axpression is exact. It gives the emergy loss of the I=T mode o8

the sum of two contributions 3

2) o contribution provided by the integral in the Cherenkov zone. This
contributioﬁ has its origin in the longlitudirnel part of the fields,
which as we have seen, is prasent even in the radiation ranges

b) a contribution which is a funstion of the plasma fraquency, the
distansce from the trajestory and the dehaity of oscillators. This
coniribution is the same as the second term in Fexmi’se axpression for
the energy lossg.

It should be noticed that this contribution is due to a coupling of the

iransverse mode of the magnetic field with the purely longitudinal fieid

due to the plasma excltation @ ‘ '

E 2 e (0p) . Hy (Wp)

Ir. the case of the homogeneous coupled system (no exferhal shargej, the
1ongitudinallsolutions (plasma solutions) cannot combine with the trans-
verse solutions (magnetic field) to produse a net flow of energy through
their associated Poynting's wvestor.

APPROXTMATE CALCULATION OF L T CONTRIBUTION TO THE ENERGY LOSE 1IN THE
CHERENKOV ZONE. '

~ VWe shall estimate now the importance of the first right hand term
of equation (10.13). From the analysis of the integrand in the first term
" of this equation, it is immediately evident that, except for - %“-—: Q

(which is outside the rangs of validity of our formalas), there ars no

singularitiss in the interval of integration.
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We distinguish two oases 1

1t ocase : small values of the arguments of the Bessel funciions i.e.

small distances.

In thiz approximation 3

Kc‘(x> ~ E/VL .g:‘... ; O %« A ; Y= Euler conshaunt
‘ b X -

= X ) X< 4 10014

X
31 GO~ r@\z 7

Using this expresaion we obtain 3

: ) Wo . |
,,.OLWU:N@ m(vl A Y WL

B w A,
d?‘; Lévl. Ct é(l«))) 2 . g}, wﬁ-g& 10,15
T oW -fg;Z

vaiid for s

o< gk, Tlgxt

This axpression is formally very similar to the first term of the equation
glving Permi's total energy loss, although there is a dependenoa on ?
-which dosg not exist in Ferni’s result. This represents a vary small part
of the #otal energy loss in the Cherenkov range.

Note ¢ It is worth while mentioning that, if the approximstion of small

oepenen

arguments hed been carried out in equation (10.10), we obtain 3
. Y
Z50 chaf\/%‘r’(v)(%} , Re Vo

and

Ko (X8) =2



Tnaerafore 3 (0
‘ dWqe

Az
since vthe integral beccmes pure imaginary. However, this i3 dus %0 The

approxination used. The contribution is emall, but i%¥ exisis.

2nd ocnse 3 lLarge values of the argumerts. The asymptotic approximetiocns

ave in this case @

’J:(G’@ o 7z m(@’@w%ﬁ") , 0% >> 4

Wﬁ—g’
K fwe) v 4l TV @ Wesy A
<\"\ ‘ggwg v (10, 16)

using these axpressions in the first tern of (10.13) we obiain @
We
M

AW s 2\ W (A %5 ot (T§ =%
G_E: \/l | .Ei(ud%g ((;L éi( ) {L - (; §D >
’ 10:.17

The LT contribution to the energy loss in the Chersnkov vange shows in

this approximetion an exponential deorease with distancs irom the Hrajectory.

APPROXIMATE CALCULATION OF THE T T CONTRIBUTTION TO THE ENERGY L0SS

Vie give the axpression in the approximation of small amguments only.

‘The enexgy loss due to the T=T mode exolusively is given by equation {10.6).

' Using equaticns (10.7), (10,13) and (10.15), we obtain s
Wo

dWee L oen{ L 1 Her L

B N WYV o M.

0.% V21 T\ E(w) ooyt vrwe?

W vE

From this result we conclude that very near ithe trajegiory the energy loss
—— - ‘&ﬂ .

in the Chersnkov zone is almost completsly transverse.
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§ 11, - SUINARY OF RESULTS AND CONCLUSIONS

In the abaence of boundaries the homogeneous coupled system admits
two types of molutions eorresponding to Hwo possible excitatione of the
systeric In the case of the transverse excitations these may be produced
by a light wave. But for the longitudinal exoitations it is always
neceseary to have a time dependent sourse. The present work has baen
basically the classical study of a moving oharged particle as a souroce
of both types of exocitations. In order to achieve this end we have
- separated the system expressed inltislly in Lorentz geuge into nraunsverss
and longitudinal parts, and have shown by oomparison with the corrsesponding
expressions in Coulomb gauge fhat the method of separation wxe have smployed
is essentially equivalent to isolating the instantaneous Coulomb contri-
bution from the toital system.

We have analyzed in detnil the properties and physical interpre-
tation of the iongitudinal solutions and have seen that in general they
show twc well defined oontributions i
a) a field surrounding the particle and carried convectively which we

have identified as a soreening field,

b) an oscillator plasma wave. Part (b) represents a wave constrocted by
the particle, with a group velooity equal to the velocity of the
porticle and a linited range of possible wave vectors. This port
corresponds to the oseillating part predicted by A. Bohr, although
contrary %o his belief this exoltation is not left "in the wake". of
the parficle, being in principle the exsitation of a whole semispace

although in fact, due to its exponential behaviour, it is only
important near the trajéctory.



The transverse solutions have appeared as a differencs between
Fermi’s solution and the purely longitudinai solutionas. The separation
ie not as olear-out as might hsve been expeoted due to the resence of
spurious ‘ransverse or longitucinal compcnents in either tha screening
paxrt of the fields or the radietion fields respectively. This represenie
a minor contradiction with A. Bohr’s oonclusions who assumed the
radiation part should be divergence free. By evaluating the total fields
. by analytic continuation in the complex frequenocy plane, with suitable
paths of integration, a deepsr insight into the nature of the pertur-

. bations oreated by the moving charge has been obtained. We have found

that, in genersl, the fields may be separated in a oconsistent way, into
- four different oontributions (for E, T) as shown in diagrem (1) and (2) @

:‘huA ’ *:Ymk"
Ky 0.) 2-vtyo
Weesde
id.) )
ey ¥ Wp/ R

4

by E-VE(a:
e VS-S
(4) VY ! /Vé_sr o (23 ¥> =

&) a contribution carried conveotively by the particle and existing in
from of it, which for very low velocities, coincides with the longi-
tudinal solutions}
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b) & similar contribution behind the particles
o) the Chersukov fieldsg

d) o plasma excitation.

For D and B (H) %his lest contzibution does not eximt. For . V2 !;f‘g;é,

the contributions given by (A) and (b) change and Hend to d..sappear :'or

¥ -» o It shou3d be noted that thie change in The character of “he

sorsaning begins @t the onset of the saturation effeet pred oted by

Ferri's theory (V= C’/‘!E:&" ) The interpresation of the total solutions

thet we have given differs from the usual soluiions in the -ase € =k,

(whish ox be obtained by the exact analytical integration of the first

right-haad terms of (7.1), (7.2) for exsmple), in thet neither ‘he
sorsening nor the excitation aras taken socount of in the la:ct onaes.
Ths energy loss of the particle as caloulated by Ferm' . is given

by “wo tarms, one whioh corresponde %o Cherenkov loss and the other whioh

represents cnargy lost to the medium. By oalculating the flix of

Poynting's vecitor associated to the purely longitudinal solutions ard

the tranarerse magnetio field, we have seen that there is ai enorgy loss

asscolatad to the L-T mode given by two contributions {10:1%) s

a) A loss given by an integral in the Chersnkov zone whose crigin lies in
the longliudinal part of the radiation fields. This %exm, oalouleted
in the approximation of small arguments, i.a. very near she rajestory,
is shown %o be very small compared to the first term of Fermi'e
expression {10.7). For large distances it shows a wave-1:ke behaviour
whose importance deoreasss with an exponential factor.

b) & term identical to the second term of Fermi ‘s expression, which
represants the energy delivered to the oscillators (and is stored in
them), and is due to a coupling of the purely longitudin.l electric
f4eld associated to the plasma exocitatlon with the purely transverse
magnetioc field. This term is in agreement with A. Bohr's prediciions.
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So far all the results apply to the problem of the cxcita;ions created
in an ensemble of oscillators by an external source. However, in the
limit whan Ws becomes vanishingly small the initial homogeneous system
may be thought of as describing a classical electron gas, i.e. a smeared
out negative charge distribution over a positiva background.(In all
rigour we should say w'. - O , since when the electrons are not
bound to fixed positions g*:: g » Where g is the average macro-

(13)

scopic valua . Formally this does not change our conclusions, but

nevertheless it should be kept in mind). In this limit :

‘o 2 4T Net <
wP——? 7 = vy _:SZ_T,

i.a. the usual electron plasma frequency. There is an obvious change in
the dispersion relations which become : _

for transverse excitation : w*= chl + -Szl?

for longitudinal excitation : ot = JZ}F

The resulting system would represent a very poor approximation to
physical reality if we try to describe with it the perturbations and
energy loss of an external particla whose velocity is comparable to the
average thermal velocity of the electrons in an electron gas. However,

in the case of a relativistic particle traversing the electron gas,

the error incurred in using the present results in the limit Wo >0 >
which is equivalent to neglecting random thermal motions of the electronms,
should be very small.

Some modifications appear in our results when we try to describe
with them a clailical electron gas : a) The longitudinal solutions
rexain as they are, i.a. from a physical point of view there is still
a screening and an excitation. b) In the total fields as evaluated in
§ 9, the Cherenkov part of the fields disappears in agreement with well
known results, but we are left with the general screening and the
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excitation created by the charged particle. ;) The first term of
equation 10.7 vanishes, and the energy loss is givan exclusively by
the second term, a result which was found by A. Bohr, while in
equation 10.13 this energy loss is proved to be that given to create
the purely longitudinal excitation. It is interesting to notice that
the results concerning the mechanism of creation of the excitation and
the energy loss are quite similar to those derived by D. Pines and

D. Bohm(lo) (11) (12) although by a far more complete treatment.
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ANALOGIES BETWEEN THE RESPONSES OF AN OSCILLATOR

AND A DISPERSIVE MEDIUM TO THE FIELDS OF A MOVING POINT CHARGE.

3.G. de VOOGHT,
Institut de Physique - Thysique Théorique,
Université de Li&ge - Sart Tiiman - Ligge,

Belgium,

ABSTRACT :

It is shown how the essential features of the perturbations created in
& dispersive medium by an external charge (namely screening, excitation
and their respective behaviour in different velocity ranges), can be seen

to have their origin in the ordinary response of one singie oscillator
to the fields of a moving point charge.

*  permanent addrees : Centro Atomieco Bariloche -~ San Carlos de Bariloche -
Rio Negro - Argentina.



IHTRODYCTION

- As fav as the praseant author knows the response of an oscillatsry
to the foree exerted by a moving chargéipazticle vas snelyzed for the fivst
gime by N. BOHRgE)B his imtersst in that opportumity beimg mainly in the
sneypy transferred to the oscillator aznd in the subsegquent caleulation of
the energy loss of a charge moving through a mediuwm. The pressnt work cekes
up the seme problem buz anslyzed from e differvent point of view, and slthough
it is couneetaed with the problam of energy losses, having in faet had iga
origin in the attempt to understand the mechanism responsible for part of
ths enszgy loss ae given by E. Pevmi’s ths@EyQZ)
pretation of the mechanish of this loss by A. BOHR(3>9 ite aim ie teo study

and a subsequent fnter-

tha cisematical behaviocur of the oscillator snd its relatien with the periur—

vations erested by a moving chavge in a dispersive medium. By compaving this

bahaviour with the solutions of a coupled eystem of 2a enseubla of vselllators

end elactromagnetic fields, in tha presence of an axternal moving chargs, it

is shown 3

a) how the propartiss sssoeiated to the response of the coupled systemw can
be cleavly seen to arise from the characteristic veeponse of opme 3ingle
oseillator,

») how the interascticn bstween the oseillators affects that respomnse.

The outiine of the present werk is as follows : in § | the solutions corres-

ponding to the oscillator are given and analyzed; § 2 dsals with the

solutiong of the coupled system end their properties, whila €inally 4 3 is

davotad ¢o 8 discussion and comparisen of results.
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§ !. OSCILLATOR SOLUTIONS.

The fields of a charged vparticle moving with a constant velocity
V in the direction of the Z axis, expressed in terms of the present position
of the particlse, are given by the well known expressions :

Eeze (2-2')(4=V7c)
[§~ "'?Ef) 4~ ¢:2- A V(éiz) :E W

Es= e g (h=Ver)
[(z 2') +§2‘(4~V%.}

(2)

-

B = x5
P i c
. ',
where (z, g ) and (3 ,? )designatc. in cylindrical coordinstas, the

obgervation peint and the present position of the particle respectively.
We shall make the foliowing simplifying assumptions :

a) The force acting om the oseillator ie practically constant within a region
covering the possibie displacements of the bound charge, and therefore
may be approximated by the force acting ae the point g==j;) Z = 0, tsken
a8 the mean position of the eleciron. For 3 sufficiently large
compared to atomic dimensions thie approximation is valid.

b) We neglect magnetic effects, that is, the force acting on the oscillator
is assumed to be dus to the electrie field only.
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As shown in £ig.{}) the time ecaie is fixed so that the particle crosses
the origin of coordinates ¢ C=0.

The motion of the oscillator is decomposed into ite components parvaliel
and normal to the trajeetory, the corresponding equations being zhe
following :

. z’a.
ZeV2rWiE=8E, - & vk (1-V7e) —
wL Wi [\,’ZE‘L-{” ?L(A@vz’&)j 7 2

(3>

S, (A=)
YO 4+ Wi - e,
S-é- § 5 W S VA [v%& (A_\%a)]%b

(&)

where 2(&) andlﬂg‘(e ) designate the displacement of the bound charge from
ies equilibrium position, and the damping tevrm is introduced with zhe sole
aim of fixing incegrsction paths. Solutions are given in the 1limi¢ ‘;’—-a» <.
The use if the damping term is equivalent to assuming as initial eonditions
for the osszillator :

z’:é’-‘:o > g:é‘:o : F°V L= -oco

The inieial stom is neutral, and will be zuzmed into a dipols by the actica
of the particle. The eaquations of motion are soived by a Fourier analysis
in time.
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(3)
mmw {6}
= cwk
k) = clw
?C ) ﬁ?g (w)e, (7

rveplacing these exprsssions in eq.(3) and (4) and performing the integrations

wa obtain @
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vhere KV are the modified Bessel functions. The integration of these
expressions will be performed by analytiec eontinuation in the cemplex
frequency plane. The singularities of the integrands of eq.(8) and (9) ave
the brenching point of the K\; for W=0 and, neglecting quadratic terms
in § , the pole for W= W, — &.-g-

The integration paths will be defined as follows (fig. 2).

For negative times ve integrate along the positive imaginary axis and a
quarter circle of radius R-p00 , FPor positive times the integration is
along the negative imaginary axis and a quarter circle of radius R-peco ,
taking due account of the singularitiss. There is no contribution due to
the branching point itself., For t end’ g,h-V'/(} different from O,
integrals 12 and I& vanish for R —p @0 Thereforc the only non vanishing
contributions are those given by IB for ¢ < 0, and IS’ 5 for € > 0.
Making use of the defining equations of the modified Bessel functions and
Hankel functions : '

' Iy z) B
K/(®=1 ST CTAR P L T e

(10}
H‘:’(z-.).__._ Je(2) + LN, (3)
H‘:’(%) = Ju@) - ¢ Nv(@
ve obta‘in in the limi&»g-b 0, and in tha cases VNC ) v «C:

a) VMC
E<O ¢

Position of the partiecle 2’ = V{: = - vV !%‘ <O

(1)
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'=VvE >0
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In theee exprassiens K is & new integratiom variable with the dimensions

of a wave vector, which appears through the integration in the complex

£requency plans.
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In hoth cases (Vru C ,V«¢ ), the solutione show the same characteristie
behaviour : before the particle crosses a plama normal o the trajectory

at the point Z = 0O, tha responsa of the oscillater is am incroasing distension.
When tha perticle crosses this plane, an oscillating wotion of frequency UJ;
starts avound an equilibrium position varying in time, which in fact corress
ponds €o a gradual restitution of the equilibrium posicion of the electron
to i1te initial state.

The integrals sppearing in the solutioms cammnot be carried out amalyticelly.
Naevartheless it can be ssen that the comtribution given by these terms
vanishes for ¢—» X 0 . If we extrapoiate the solutions ocbtained to values
of € = 0 we cbtain (in the case Y~ C for example) :

a) for the g componsnt

i (k) = bow 8 &)

E—s a0 ~ltl— -0 (20)

b) for the & component 3

&wzm- - (1-¥ier) ““Wg
S (-ve) K (s )= Yo | 20

(28)
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Therefore, it i¢ raasonable to assuma that, at a certain point of cgordimates
?: fa » Z 5 0, thg displecoment of the eclectron as a funetiom of time, im
the 3 aud Z directions, will have the following qualitative behaviour

@Figo 3)9

From equaticns (12) to (15) it ean easily bs seem that, in the limit
V— C, the contributions te the displacement of the bound eharga given by
ths integral terms vamish. Whereas for the oseillating part of the meotion,
using the appromimate ewpressioms of the modified Bsssel funections :

Ko’(z‘) 21{ ?A’L -’%‘—
12 for |21< 4

(22}

K,(28) o A—
Z

we obtala for &> O ¢
bin 2(6) 5 b %(A—sz)m(wﬁt) 2 -0

ypo 0S¢ V->C ' K%g@‘!h\l%ﬁ

(23)

2
lim @) 2 _2& g4, (k)
Y. C ‘ose gmvwog :
’ (24)
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Thezefore, in this 1imiz, and within the framework of the assumptions
introduced 2t the begimming, theve is oo previous distension of the sselillator
and the response of the bound eslectren tends to be an oseillating motion ia
thes dirsetion only, which we way represent schematically as follows

(Pig. &).

This is in agreamant with the faet that, im the ilimie V-» C, the fields of

the particle temd to behave like a plane wave, and thus its effect on the
oseillator 1s that of a sudden pulse &t ¢ = 0, ir & direction normal to the
trajeetory.
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§ 2. THE INHOMOGENECUS COUPLED SYSTEM.

& coupled system of oscillators and electromagnetic fields exeited by
an exnternsl point charge moving with a constant veleecity, may be reprasented

by the following sst of equatioms :

A Ny
éP (25)
__HT oy §(x~vE) - UF Oix
DA@’” c:.e'”“” (’""""") c ot
(26}
O =-ure §(x-VE) + 47 div B,
| 127
gogathsr with the defining equatiens for the fields :
A
E =-aqud m.i.é:':: B-.:-VXA”
- Cy‘ ¢ C 8t o (28)

snd the Lorentz condition @

Q-

_L_._Q. =0
VAT T

(29) ~



z 1 ‘
whera 3 . UIrNe N = RB® oseillators

- A per unit volume (30)

& = mass of the bound
chavrgaes
ead 3
WE = Wo
= o “"““
° (31)

is the propar frequemey of the oscillatovs corvected for tha coupling

vith the slectromagnetic fleld (i.e. the Lorents @@Tﬂxeion).';?r@pr@a@n@s
the polarization par umit volume due to the prassnee of sufficiently denssly
packsed oseillators, For an infimite medium (i.e. no boundaries), and im che
absence of external sourcas, the system admits two types of soluticms s

2) lomgitudinal plane wave solutions of frequ@ney 3

Wp = wi‘-z-'?"

(32)

which corvespond to an oscillater plasma,

b) tremsvarse plane wave solutions satisfying the digpersion relation :

(A-}- ‘7 )..,, & (w)

{33)

whers éi(bﬁ) zepresents the dieleetric econstant of the medium ae given
by the model. '
A move detalled study of this system is givean in a separate pap@rqé), whare
it is alse shown that, for a partiecls moving along the positive direction of |
the Z auls and crossing the origin of coordinates at
t = 0, the longitudinal solutions for ths polarizstion are the following :
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(37)
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The total solutions for the polarization of the coupled system {i.e.
without separation into transveree and longltuvdinmal parts), given as
integrals over all che frequency spectrum are the following

‘7 : 5 _get)oH 0
el L g B

(38)

-

1 ——— 3

" " tuff-4)
@(ﬁ’*’?“@%ﬁ; dwwz_w} -ew) K [Jf-get)s)e

(39)

The properties of these sclutions, physical interpretation and asymptotie
exprassions are fully discussed im the above msnitioned paper. We summarize

the coneclusions which are relevent im the present context.

3°) The lomgitudinal solutions show two well defined contributioms :

8) & symmetrical scresning field surrounding the pavtiecle in ite motion,

given by @q.(354), (35) and the second terms of eq. (36), (37). b) a wavs

given by the first terms of eq. (36), (37), defined in all the semiespace
behind the partiecle bouad by the plane normal to the trajectory and containiug

the particle., Due to thea exponestial bshaviour of the modified Bsssel functions

for large values of the erguments, this wave has a mean range givem by 3 T
uwauuu{
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Thic excitation shows typical oscillator plﬁﬁma behavicur, and corresponds
to ths longlitudinal oselllations predieted by A. BOHR@), aithough they

cannot be sald to be left "ia the wake" of the particlae. As shywn in(“,
the ereation by the partiele of this part of the fied is respomsible for
(2)

ona of the eontributions to the energy loss as given by Fermi’s theoxry ' ’.

2°) The cotal solutions givem by eq. (38), (39), correspond to Fexrmi’s

@mpfc@ai@nsgz) for the polavization wricten in our motation. In their present
form it is not at all obvious which are its properties. However, by performing
gn integraticn in the complex frequency plane with suitasble paths of inte-

(4 thet the polarization and electromagnacic
fields solutions of equations (23) to (29), have three distinct comtributions
a) a symmatric screening field defined in fromt end behind the particie;

gration it is possible to show

b) a plaeme excitation defimed in gll the zemiespace behind the particle;

e) the Cherenkev flelds. The configuration of these fields changes according
to whethsr V ‘%%:t » where 63&: is the static dielectric constant as
given by the’' present medel., This evolution may be represented schematically
by the following disgrams (Fig. S). ‘

For V{Cﬁ s the Cherenkov wavefronts corresponding o frequencies from

Woe ww0sa certain chresghold frequeney O < We < We , and Cherenkow
angles varying in the range T2 90 20 » together with the sereening
field and the plasms wave, oceupy in prineiple the whole scmiespazz behind
the partiele, although their relative importance is a fumction of the
distance frem the trajectory.

For V> C/{Fé:; , the Cherenkov wavefronts corresponding to frequencies
 from UQQ' €o O fold backwards into a eone, and the screening begins
2o disappea;f and disappears completely in the limit¢ V-—pC, However, (lLe
plesma wave still remains defined in front of the come. Our present task
is now to try to undesrstand these apparentily contradictory results in the
1ight of what' wa know about the response of the single esecillator.



§ 3. DISCUSSION OF THE SOLUTIONS.

The seclutions of the squations of motion of the osciliator bear & striking
similevity to those eorrespondimg to the polavizatiom of the coupled system.
This is quite avident for the solutions of the osciliator in the ease ¥« C
(eqe. 16 o 19), and the soluticns for the longitudimal polarization (eq. 34
to 37). However we must bsar im mind that the solutions we have found for
the eseclllater are mot the complete solutiom of the problem eince we are not
teking acecunt of the radiaticn field ercatéd by the oseillator and les .
reaction on the moving charge and on itself. Thie radiation field witch
sultable corrections due to the intsractiom among the oseillators is what
afterwards must give rise to the Charenkov radiestien fields. Navertheless,
the solutions as they are, ars sufficient for ocur prasent purposes, and
the sssumptions taken &s a basls (l.e. neglect of the magnetie term im the
foicce actinmg on the oseillator and comstant veloeity of the particle) put
the solutions on the same degree of approximation es those for the coupled
system.

The mechenieom of generation of the plasma exelitation becomes now clear. Let
us assume that the particle is moving among an ensemble of oseillators which
de not interact batweer themsslves. Within the appresimatien VLC che
action of the flslde may be considered to be instantanesus. As the parciecle
moves alomg the Z exis, the oscillacers plaeced on a plame normal to the
trajectory and containing the partiecle become exeited. This exeitation of

one plane, when cowbimed with the response of the oseillators placed om
neighbouring perallel planes alrveady evessed by the parziele gives wies te
the formation of a wave. The Coulemb fleld of the particle produces the
excitation, or, to be more precise, the chamge in diveetion of the force acting
on the oscillator, even 1f this change is gradual.Sinee we assumz no inmter=
action between the oseillators, the polarization per uvnit volums would simply
be given by 3
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Using for 55(5),§’(E) the expressions given by eg. (18}, (19%, for exemple,
end teking into account the definiticn of ¥7L, we cbtein 3

Pty =€ e (wit) K, ( Wae ) —
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ANE e kvt
e\ kJ(R§)e  dk
Ury® l/z«*_ wr:/\lz_ (62)
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2.
Hrve ) k4 wa/v?

if we compave these expressions with these given for the loangitudinmal pola=

rizaticn of the coupled system eg. (36), (37), it iz jmmadiately evident that,
except for the trivial change in the ccordingtes of the observation poink, the
interaction batween the cscillators snd the electromagnetic field sppesrs
through tha changs of

f . ! 2 !
'wfo — "L)O — b\:)i:: 21/[,002-‘}”% 2
(&)
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Furthermore, i can be ssen that, the seresning sppsaring in the longitu-
dinal soluticns of the polavizatien is a direct coasaquence of the initial
distension of the individual oeseiliators and the gradual retura of their
squilibriva posicions to their originmal stcate.

let us congider now the solutions of the oscillator in the case VN C
The total polarization, eq. (38) and (39), is given by integrais over ail
the frequency spactrum. Therefore, in osrdsr to esteblish a c@mpairiéom wich
the seoiutions of the csciliator we must work with eq. (8) and (9). If, as
in the previsss cass, we consider an ensemblie of cscillatovrs without any
interactcion, and wa defins a polarizacion per umit voluma as givem by
aq. (40), (&1), we obtain using equations (8) and (9) :

oJ

Pode | 9> i"‘ﬁ%wK,(M — So)ﬁ_iu}t

@V wlplwd-wl € vic
45}
R-- ho T 10l V’“K (1ef s ) it
@myvty lu+uo5 Wt
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A brief comparison of these expressions with eq. (38) amd (39) shows®
2) The intarsction betwean the oseillators appeaxe as in the previcus case,
1.6, through the change of L)o - We l»d?

**as already noted, the term img sppearing in the denominators of (45),
(46) defines integrntion paths. An analogous term must also be intro-
duced in (38), (39) to deal with the singularities appesring in these
expressions.
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b) As already mentionad at the beginning of this ceetion, eq/ (8) and (9)
correspond te the response of the cscillator to the field of the chavge,
but do not give account of the radiation field generated by the oseillator
onze exczited. In order to do so, the system which is impliecit in equations
(3) and (&) :

(o
_-(n) (o) A éA
7‘+Kr+u) L =€eE §W¢"? }.
OA = -4 ey §x-YE)

D ¢(0\ - L{,]T Q 8 (ﬁ_ib)

(47)
muet be supplemented by the equatiens :
OAY = _4F o ©
s C
007 = +ure dw 1T
(48)

E(") E( )+ c(') L
changing che force acting om the cseillator from QW — € S_m ~en |

and finding afterwards the simultensous selutions of (47) end (48). However,
this is completely equivalent, onee we have teken intc aecoumt ths Lovents
corvaction, te what is domas im eg. (25) to (27) when we imetrcduce the
densities of curvent and pelarizecion as sources. The iaggg&g&igm of the
fields 8o created by the ensemble of oseillators, with thevelectromaguetic

fields, brings sbout a change in the veloeity of propegstion of light signals

therxaby changing :
V/\._Vt/c}. —_— A...Vz/c} & (w)
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This entalls as a divect consequence tha possibilicy for the veloeity of

the partieie of becoming larger than the veloeity of light in the madium,

in a certain froquemey vange, which as is well known, is tha origin of the
Cherenkov effact. Daspite tha fact that egq. (38), (39), inelude the affect

of the fields generated by the oseillatore themselves, éhey gtill rvetain two
comzon chavaeteristies with eq. (45), (46), ov for that matter, with eq. (8),
(9). As mentioned in § 2, the integration of eq. (38) and (39) in the complex
frequency plane by a method which is altogather equivalent ¢o the sne used

26 obtain che solutions of the oscillators, shews that, the scvaening and

the sxcication thareby obtained are cleerly duc to the distemsion snd axeitation
of the oseillator ae given by aq. (12) to {15), once the effacks of Che
inceraceion of the oseillators and the change in the valoecity of propagaciom
of 1light signals ave takan into aceount. Thus it is now pessible e waderscand
why in the 1imie V C the sereening part of che tstal figlds disappaar while
the plasma wave still remains. However a new feature arises. Equations ((&},
{13) and (18), (19) show that, the intveduction of velativistic effects

(i.e, ratavdatioa), changes the ampiitude of tche exeitation thwough the
introduction of a dependence om A.-Vsé} (and powers of), im such & way that,
in the limit Ve-30C, there is an osecillating motion in the 3’ direztion
oaly, The corvesponding effect dees not appeer on integration of eq. (38),
{39), This ie due ¢o the faet that the plasma wave as eaiculated from thess
iast two aquations, appears &8 a pole feor Uu=h)§> , for which

'VA__VkéléL — ﬁ_ , thevefore cancelling vetavrdation effecks. Wa
conelude from this result thet, sven when relativistic effects are taken

ingte azegunt, &he plasma waves appear a8 1f they were generated by the
instaatansous Coulomb flelds. This also mesns that im the limit V-»C the
plasma wavas will have components not only novmal to zhe trajectory, as im
the case of the vseillator, but also parallel to it.
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