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tíste trabajo se divide en dos partes intimamente vincu­

ladas .

La primera de ellas se refiere a las soluciones generales

ae un sistema acoplado de osciladores y campos electromagnéticos

y al consiguiente analisis de las excitaciones creadas por una

partícula cargada. Esta parte del trabajo tiene su origen en un
(1) (2 )

importante trabajo de tí.Fermi , en el cual este autor

estudió la perdida de energía de una particula cargada ra'pida 

cecicia ¿ i ó. ionizacio'n del material a trave's del cual esta 

pasando. Tomando en cuenta la modificación que la polarización 

del medio introduce en los campos de la particula, Fermi encon­

tró aue esta perdida tiene dos contribuciones. ín primer lugar 

ana contribución que, cuando la absorcio'n tiende a cero, perma­

nece finita a medida que la distancia desde la trajectoria de 

la partícula tiende a infinito, y representa energía perdida 

en excitar el medio por un mecanismo que no era immediatamente 

aparente en la teoría de Fermi.

£1 tratamiento de Fermi era clasico, el medio fue tra­

tado como un conjunto de osciladores distribuidos sobre todo 

el espacio, de una única frecuencia de resonancia en el rango 

visible del espectro.

tín un posterior trabajo Aage Bohr dijo que, desde el 

punto de vista macroscópico, la perdida de energía de la partí­

cula ''parece tomar lugar "en dos modos esencialmente diferentes.
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Para distinguir entre estos dos mecanismos, pensó que sería 

conveniente separar los c&mpos electromagnéticos producidos 

en la substancia por la partícula en una parte transversal 

( es decir de divergencia nula ), y una parte longitudinal 

( es decir irrotational ). La parte transversal debería dar 

cuenta de la parte radiativa de las perdidas, mientras que, 

la parte longitudinal correspondería a oscilaciones dejadas en 

"la estela" de la partícula.

■i,l tratamiento de A.Bohr era también clasico pero 

sus conclusiones fueron obtenidas razonando desde un punto de 

vista microsco'pico, y sin dar expresiones explícitas que las 

substanciasen.

Despues de estos dos importantes trabajos un conside­

rable esfuerzo fue dedicado a la investigacio'n del efecto 

Liiierenkov asi como al problema general de las excitaciones

creadas por partículas cargadas, ya sea desde el punto de vista

(4)(5)(6)(7)(tf)(9) 
clasico o desde el punto de vista cuántico .

Sin embargo, y dentro de lo que es conocido por el pre­

sente autor, ningún analisis sistemático partiendo de primeros 

principios de las soluciones clasicas de un sistema acoplado de 

osciladores y campos electromagnéticos, y su vínculo con los 

resultados de Fermi y las conclusiones de A.Bohr, asi como con 

algunos problemas mas particulares, ha sido llevado a cabo.

A pesar de que no muchos resultados nuevos pueden espe­

rarse de tal investigación, el presente trabajo ha sido motivauo 

por el deseo de dar un tratamiento unificado y una comprehension //
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mas profunda ae los mecanismos de excitación de un medio 

infinito, a través de la demostración explícita de la natura­

leza y propriedades de los campos longitudinales y transversales 

creados por la partícula, asi como sus respectivas contribuciones 

a las perdidas ae energía de la partícula.

Esta primera parte del trabajo sigue el siguiente es­

quema. ¿1 moüelo utilizado, asi como sus ventajas y limitacio­

nes, es discutido en el z/1 . Un breve resumen de propriedad.es 

bien conocidas del sistema acoplado de osciladores y campos 

electromagnéticos es aaao, que sirve asimismo para estc-olecer 

ia noLacion y conceptos a utilizarse en el resto del presente 

traoajo.

'ín // 2 el sistema acopiado inhomogéneo para una fuente 

general externa, con dependencia espacio-temporal, se analiza 

y separa en partes transversales y longitudinales. Una corta 

disgresion sobre la equivalencia de posibles métodos de sepa­

ración aparece en el jf 3 •

Sn .p U se trata ael caso particular en el cual la ex­

citación ae los osciladores es producida por una carga puntual 

en movimiento. Las soluciones longitudinales se estudian en 

ir 5 y ;/ 6 . ¿n el primero ae ellos encontramos las expresiones 

explícitas para ios campos longituainales. En el segundo se 

da su interpretación física, valores en casos límites y com­

portamiento asintótico. ¿e muestra que, en general, las solucio­

nes longitudinales tienen dos contribuciones intimamente //
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relacionsdas : a ) un campo que puede pensarse como dando un 

&p&nt&llamiento de la carga y b) una onda que identificamos 

como una onda de plasma de osciladores, fin principio la última 

contribución corresponde a la parte oscilante predicha por 

A.Bohr, a pesar de que sus propriedades no sen exactamente 

las m i s m a s 0

Las soluciones transversales se dan en el 7. ¿stas 

soluciones aparecen como diferencias entre las soluciones 

totales ( soluciones de Fermi ) y las soluciones longitudina­

les encontradas en el $ 5» Las propriedades de los campos t o ­

tales y transversales se analizan en el ff B , Se reveen algunos r e ­

sultados bien conocidos concerniente a los campos de radiación 

de Cherenkov de manera a proveer una base para los cálculos 

posteriores.

En el it 9 las soluciones totales son evaluadas por 

integración en el plano complejo de la frecuencia de manera a 

mostrar la naturaleza de las diferentes contribuciones, su d e ­

pendencia espacio-temporal y su relación con las soluciones 

longitudinales.

Se muestra que, en el limite v «  c (es decir cuando 

no se consideran los efectos de retardo), solo dos contribucio­

nes intimamente ligadas existen: el apantallamiento y la onda 

de plasma de osciladores. En este caso ambas contribuciones 

son longitudinales. Guando se tienen en cuenta efectos de re­

tardo estas dos contribuciones quedan, a pesar de oue la primera//
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ya no es de tipo longitudinal, mientras que aparecen ademas 

los campos de radiación de Cherenkov. £1 apantallamiento de 

la partícula se hace menos importante a medida que la velocidad 

aumenta y, en efecto, cambia de caracter en el umbral del 

efecto de saturación predicho por la teoria de Fermi.

Finalmente, el tema de las perdidas de energía y su 

separación en diferentes modos se trata en el / 10, mientres aue 

el 4 11 da un resumen de resultados y conclusiones.

¿Jn la segunda parte del trabajo se estudian las analc^íss 

entre las respuestas de un único oscilador y de un medio dis­

persivo representado por el modelo de osciladores de una única 

frecuencia, a los campos de una partícula cargada en movimiento.

Dentro de lo que es conocido por el presente autor, la 

respuesta de un oscilador a la fuerza ejercida por una partícula 

cargada en movimiento, fue analizada por primera vez por 

N.Bohr (1) , su ínteres en esa oportunidad siendo principal­

mente la energía transferida al oscilador y el posterior cal­

culo de la pérdida de energía de una carga moviéndose a través 

del medio. ¡£1 presente trabajo retoma el mismo problema pero 

analizado desde un diferente punto de vista, y aunque esta co­

nectado con el problema de las perdidas de energía, habiendo 

tenido por otra parte su origen en el intento de comprender

el mecanismo responsable de una parte de la perdida de energía
(2 )

como dada por la teoría de Fermi , y una posterior interpre-

(3)
tacion del mecanismo de esta perdida por H.Bohr su fin es //
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lición ron 1 p ,«s perturbaciones nrpPri»s t'or unf> carrea un movi­

miento en un medio dispersivo. Por comparación de este compor­

tamiento con las soluciones del sistema acoplado do un con­

junto de osciladores y campos electromagnéticos, en presencia 

de una carga externa en movimiento, se muestra:

a) Gomo las propriedades asociadas a la respuesta del sistema 

acoplado surgen claramente de la respuesta de un único 

oscilador.

b) Como la interacción entre los osciladores afecta esta 

respuesta.

21 esquema general de esta parte del trabajo es el si­

guiente: en el ü 1 las soluciones correspondientes al oscilador 

se presentan y analizan; // 2 trata de las soluciones del siste­

ma acoplado y sus propriedades, mientras que finalmente el ^ 3 

se dedica a una discusión y comparación de resultados.

-VI-

0



-VII-

To A. and T.



-VIII-

C O N T ^ T S  

part I

Introduction

,/ 1. The homogeneous coupled system.

>j 2. The inhomogeneous coupled system.

// 3. h  comment on the method of separation 

employed.

4. Moving charge as a source.

# 5 .  Longitudinal fields of the charged 

partiele.

4 6. Physical interpretation of the longitudinal 

solutions, limiting cases, asymptotic 

behaviour. 

f 7. Transverse solutions.

;f 8. Properties of the transverse and total 

fields, asymptotic behaviour. 

r 9. Svaluation of the integral ©ver the fre- 

quencies for the total fields. 

it 10. tínergy loss of the charged particle, sepa­

ration into T-T and L-T modes.

/ 11. Summary of results and conclusions.

Referenees Part I

1 . 2

1.5

1.15

1.19

1. 22

1.24

1.26

1.36

1 .42

1.51

I . 6 5

1.73

1.79

Part II 

Introduction

,f 1. Oscillator solutions

11.1

11.2



11.11

-IX-

# 2 . The inhomogeneous coupled system.

§ 3. Disoussion of the solutions. XI.22

References part II. 11.23 

Diagrams

-1 1 .2 6



ON THE SOLUTIONS OF THE COUPLED SYSTEM 

OF OSCILLATORS AND ELECTROMAGNETIC FIELDS 

SXCXTED BY AN EXTERNAL CHARGE.
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ABSTRACT :

A systematic study of th® longitudinal, transveras and total solutions of a 

coupled system of oseillators and electromagnetic^ in the presence of an 

external point charge is carried out. The space-time dependenee of £h« 

solutions as well as their valúes in specific cases and asymptotic behaviour 

ar© analyxed. It is shown that in general the longitudinal fields show two 

well defined contributions : a) a ayunastrie field surrounding the particle 

and carried convectively which ¿s interpretad as a screening field. b) an 

excitation defined in principie in a whole semiespas© and identified with 

an oseillator plasma wave which corresponda to the excitation predicted in 

A. Bohr's microscopio theory of energy loss although showing somewhat diffarene 

properties. The transverae solutions appear as differences between the fields 

given in Fermi's macroseopic theory of energy loases and the longitudinal
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I . t .

solutions. Using methods of eompless variable theory it is shown how we ean 

separate the total perturbations created by the partióle in a médium 

representad by oscillators into three intimately related contributions : 

seraening, oseillator plasma excitation, Cherenkov radiation. The space-tim® 

configura&ion of these fields as well as their relation to the longitudinal 

solutions and their evolu^tion for different ranges of the veloeity of the 

partióle is given. The problem of the energy loss associated to the creation 

of the plasma wave is treated.
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INTRODUCTION *

In a pioneering work Fermi studied tiie loas of energy of a

fast chax’ged partióle due to tha ionisation of the naterial through v/hich 

it is paasing. Taking into account the ohange in the electric field of 

the partióle due to the polarization of the nediun, he found that this 

energy losa had tv/o contributions. Firstly, a oontribution v/hich for 

vanishing absorption remained finite aa distanoe from the trajeetory of 

the partióle tended to infinite» and that oould he identified with a losa 

due to Cherenkov radiation. Secondly, a oontribution which due to an 

exponential dependence on distanoe from the trajeetory tended to zero 

as that distanoe tended to infinite¡¡ and representad energy lost in 

exciting the médium by a nechanism which v/a3 not inmediately apparent in 

Ferai’s theory»

Ferrnis s treatment was olassical, the médium being treated as a

colleotion of oscillators distributed over all spaoe, of one single

resonanoe frequenoy in the visible range of the spectrum»
(3)

In a oubsequent paper Aage Bohr said that, from the macroscoplo 

point of views the energy losa of the partióle "appears to take place” 

in two essentially different modes. In order to distinguiah betv/een these 

tv/o nechanisms, he thought it convenient to separate the eleotromagnetic 

fields produced by the partióle in the substanoe into a transverse 

(ioe<> divergence free) part» and a longitudinal (i«e. irrotational) parto 

The transverso part would aocount for the radiation part of the loss5 

while the longitudinal part would correspond to oacillations left in 

"the wake” of the partióle.

Ao Bohr9 a treatment was also olassical although his conclusions 

T/ere derived by reasoning fron a microscopio point of view, and without 

giving explicit expressions to substantiate them.
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After those tv/o important works a considerable aaount of effort

has been devoted to the investigation of Cherenkov effaot as well a3 to

the general subject of exoitations created by charged particlesj either
(4)(5)(6)(7)(8)(9)

fron a classioal or a quantum mechanical point of view.

However, as far as the preoent author knowsj no ay3tenatic analysis 

starting fron first principies of the classioal solutions of a ooupled 

syston of osoillators and electromagnetic fields and their relation to 

Fermi3 a results and Aage Bohr8 s conolusions, as well as to some more 

particular problema, has been carried out»

Although not -aany new results may be expected fron suoh an inves- 

tigation» the present work has been stinulated by the desire to provide 

a unified treatment and a deeper understanding of the mechaniams of 

exoitation of an infinite nediura by shúwing explicitly the nature and 

propertieo of the longitudinal and transverso fields created by the 

partióle, as well an their respective contributions to the energy loss 

of the partióle.

The outlinfi of the work is as follows. The nodel used as well as 

its advantages and limitations are discussed in § 1. A brief reviev; of 

well known prope rties of the coupled cysteia of oooillatora and electro» 

nagnotic fields io given, whlch also serves to establish the notation 

to be used throiighout tha present paper.

In § 2 the inhonogoneous coupled system for a general space and 

tiñe dependent extemal source is analyzed and separated into transversa 

and longitudinal parts. A 3hort digression on the equivalenoe of possible 

methods of sepiration appears in paragraph § 3»

Paragra^h § 4 deais with the particular case in whioh the exoi­

tation of the osoillatore is produoed by a raoving point charge» The 

longitudinal solutions are 3tudied in paragraphs lj 5 and )) 6» In the 

first of them re find the explicit expressions for the longitudinal
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fields. In the second one we give thair physical interpretationp valúes 

in limiting cases and asymptotio behaviour» It is shcwn that, in generalp 

the longitudinal solutions have two intimately related contributions *

a) a field v/hioh may be thought of as providing a screening of the 

choree, and b) a \rave which we identify as an osoillator plasma wave»

In principie the latter contribution corresponda to the oscillating 

part predicted by A. Bohr¡> although. its propertiea are sonewhat different» 

The transverso solutions aro given in § 7* Theae solutions appear 

as differonoes between the total (Femi9s solutions) and the longitudinal 

solutions found in § 5» The properties of the transverso and total fields 

are analyzed in paragraph § 8. Some well knovm results conceming 

Cherenkov radiation fields are reviewed in order to provide a baokground 

for later developments.

In paragraph § 9 the total solutions are evaluated by integration 

in the complax frequeney plañe 3o a3 to show the nature of their different 

oontributions, their space-tine dependence and their reíation to the 

longitudinal solutions»

It is shown that, in the limit when V «  C (i.e. when retardation 

effeets are not considerad), only two intimately related oontributions 

exist t the screening and the osoillator plasma wave. In this case both 

oontributions are longitudinal. When retardation affeets are taken into 

account theaa two contributions renain, although the former one no longer 

of a longitudinal type, while in addition we have the Cherenkov radiation 

fields o The screening of the partióle becones le'ss important as ita 

velocity increases and in faot changas its charaoter at the onset of the 

satura tion éffeot predicted by F e m i 5 s theory*

Finally, the subjact of energy loases and its separation into 

different nodes is troated in paragraph § 10» while 11 gives a sunmary 

of resulte and oonolusions.
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§ 1. - THE HOIIOGENBOÜS COUPLED SY3TEU.

The honogeneous ooupled system (no axtemal souroes) of osoillators 

and eleotromagnetic fields is given for a non magnetio médium by t

'*-p ' y *

V . E  =  - H T T 7 . 2 ,

V. ~ ° ( fus  A)

V x  t  as ~
C  £  fc

- o  4 »  L A ¿ J É L
V x ] L =  c "  J é  c  T t "

1o1  

1 a2

1.3

1.4

1.5

where s *9 ~  , N = N° of osoillators par unlt 106

volume.

As is well known this set of equations is the basis of Lorentzc s 

theory of dispersión. The first of these equations describes the pola- 

rization P per unit volune due to the presence of sufficicntly densely 

packed osoillators oubject to an extemal forcé E »

It nuct be Gaphasized that this represente a phenomenologioal 

ayaten of equations which cannot be derived without the help of addition- 

al hypothesis from first principies» In order to account for olenentary 

electrostatic phenonena we nust equate the extemal forcé acting on the
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oscillators vdth the Lorentz expreasion s

£ #  _  E  +  k £  P
3  1o *

where E = Áverage niQcroscopíc valúa of the eleotrio field»

Introáucing scalar and vector potentials

> B = Ü  =  V . A

the system noy be v/ritten t

1 o 9

□  a UfT ¿ P

■ “ C. ¿ t

□ (j> _  4TT cW

ToGether with the Lorentz condi tion t

V A  +  j _  á ¿ s 
V ~  C  ¿  fc-

v/hero nov/

1o10

1.11

'i 012

lo 13

is the proper frequeney of the oscillators correotod for the coupling 

with the electromagnetic fieldo

I
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Sons consnents are pertinent conoeming this 3ystem. Firatly, the 

deccription of the nediun by a polarization per unit volume assumes 

implicitly that the system v/ill be applied to the description óf pheno- 

mona connected "/ith excitationa of long wavelength (i<.e« greater than 

atonde dinensions)» Seoondly, the present work is conoemed with the 

reoponse of an infinite médium, loe» no boundary effeets such as tran- 

oition radiation, or surface excitation, which would require a genera» 

liza tion of the present results v/ill be conaidered»

Thirdly, no anhamonic effeets are taken into account and this is 

obviou3 fron the foro of the equations which give the basio systemo

In view of all thi3, it nay be argued that the model asouned of 

oscillators of only one resonance frequenoy without even taking into 

account ab3orption effeets is very idealised» However, it has the distinct 

advantage of showing olearly the nature of the excitations produeed by 

the chorged partióle as well as the changos produeed in the fields by the 

inclusión of dispersión effeets. This would be extremely difficult if we 

were to consider a more reali3tic nodel»

As suoh9 the results that will be derived, nay apply just as well 

to gasea, liquida or solidsj to the case of an infrared resonance (ionio 

orystals), or to a resonance in the visible ranga of the spectrum (elec- 

tronic notions), being in fact nothing nore than the oharacteristic res­

ponso of any system which as a first approximatioh nay be represented by 

classical osoillatoreo

The results will also be valid in the limit when the proper 

frequeney of the oscillators tends to zero (classical electrón gas) and, 

as will be soen further on, are equivalent to some derived by Bohn and 

Pines ' ' in their oollective description of electrón interactiona in 

the limit when random motions nay be neglected»



The solutions of the systen nay be found by a Fourier analysis 

in Bpace and tiñe where the tranafomation is defined by i

F ( x , t ) = J _

(?vf

iüÍ-2£.-wfc) »
F(te,>o) £  c L f e d u )

1,14

Given a certain vector field F (Xft), seporated into transverse and 

longitudinal parta t

1.15

such that 8

' • F fc( X , t )  =  0  , 7 x F t U , t > / 0

1.16

1 017

It is eaeily proved that the Fourier apectral amplitudes of the different 

parta v/ill satisfy the oonditions i

k - ,  F f c C f e  , w ) = O r t e r e  ,  x  F  ( & * ) )  x k

p (fe. u>) -  ~F »(k ,wí
 ̂'-i*» > •*** V n̂“

1.18

and k. X F.(h/U>)" 0  -vrhere s =  I S
«v̂ *4. ^ | ,  w w
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These properties suggest the method to be cmployed'separating 

the total system into a transverso and a longitudinal 3ubsystem0

oonnected by the Lorentz condition} therefore, in order to effect the 

separation, it is sufficient to deal with only two of equatiohs 1^9» 

1o10, 1a11 at a time<> Bearing this in raind and using 1»18s 1o19í we 

obtain for the 3pectral amplitudes already separated s

Transverso subcyetem :

Equations (1010), (1 <, 11) are not independent since they are

1*20

1 o21

whore the condition for the existenoe of a solution is

1 o22

and represente the dieleotric oonstant of the médium as given

by our modelo

Longitudinal subsysten 5



Togother with the condition í

Q, 1 °0

The condition for the existenoe of solutions with speotral amplitudes 

different from aero is either s

UJ1 -  u)o +  f  =  W p
1.26

or ¿ C 10) =  O  1o27

both oonditions are equivalente

Therefore5 in the absence of boundnries, the nost general solution 

of the honogensous system will be given by expressions of the forn *

A(xfc) l l -
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and s

< f c ( x t ) = J L
^  ~  (2 ir)1 j

(j) m) ¿ (k) - ̂ f>) t  k  duJ

1.29

The transverse part of tho contributions to the vector fields vri.ll 

be given by a 3uporposition of plañe waves i

c  L  „  £  t  £  ,  k  ~  o  

A , ' --------- - '-Jo

where the relation between and k) is defined by the dispersión 

relation (1 o 22)«

The longitudinal part of the solutions is giveno after integration 

over the frequencies? by a superposition of waves *

A U í ó J  ^

; (fe .x t  u)pt)
<¡>0l )

1031

/%/
1o32

with a group velocity »

¿ 1 0  __ () u)f Q

1o33

i.eo they cannot carry energy. The longitudinal part of the coupled systen 

describes an oseillator pla.saa. In all the fu tare work we shall cali W p  , 

as defined by equationsi(1.26), the oseillator plasma, frequeney.

((1.15)
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If from the longitudinal, fields we define a displaoenent veotor %

\

£  # s  t  +. mr P  ~  -  laio-aL <t — JL -r r t  4-
—  I C ~v' C á ' C c j f c  1 «34

It can he pro ved by using equations 1o23t 1«249 1»25 and integra ting over 

the frequencies, that the speotral amplitudes in fe. space of the longitu­

dinal diBplaoeaent vector aatiafy the condition t

i k  — >  V . D  . ( x  .b ) — o

We infer from this result that, sinoe Ly definition is irrotational9 

the displaoement vector associated to the plasma solutions is nuilo It 

should be noted that the nagnetic field for our oase of an infinite diatri- 

bution of osoillators and non magnetic médium will always be transverse.

In suunary we nay say x The homogeneous coupled system admits two 

type3 of 3olutions t

1) Longitudinal solutions which correapond to an oscillator plasma 

exoitation of a fixed frequenoy ̂ p «

2) Transverse solutions whioh oorrespond to neohanical and electro» 

nagnetic waves whose possible range is determined by the disper­

sión relación (1»22)#



I. 13.

The properties of theae solutions are clearly ahown by the well

known

r/here the upper and lower branoheo represent nechanic and eleotromagnetio

trcnsverse solutions, where^as the horizontal line at corresponda to

longitudinal solutions® Horizontal line at í-O o corresponds to transverse

and longitudinal solutions of the uhooupled osoillator plasma» This Iine9

together with the straight line U)= k C  t represents the solutions of

the uncoupled systemo Región from k)o to U)p corresponde to the no=

trcnsmission zone»

We should hsar in nind that in all rigorousness the range of

allowed wave vsctors for the validity of the nodel assumed should

from 0 to a cortain N  in order to satisfy the condition on the wave-
max

lerigths of possible excitations»
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Therafore a solution by Fourier series with a more or less arbi­

trar! ly impoeed out*»off would be mora appropriate than tha use of Fourior 

íntegra].So Howevar, the use of tha latter nethod in the present problen 

doas not repreaent a great source of error, whereas the formar v/ould 

represent an undue rafinement for our present purpoees»
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§ 2, - THE mOMOGENEOUS COUPLED SYSTSI.

In order to atudy poaaible mechanisms of excitation of th© coupled 

system we ahall eonaider now ita solution in the presenoe of spaoe and 

time-depandent external souroes» Writing in terma of acalar and veotor 

potentiale the system is now defined by t

d A

O  =  -  4TT ^ 4- 4TT dw P_

Together with the Lorentz condition i

T7 /\ 4 . J_ =: O
c éb

2,1

2.2

2.5

2.4

and the equation of charge oonservation t

¿  

é  t
2.5

where ^  and are functions of spaoe and time not specified for the 

momento

We shall aaaume in what follows that the current nay be separated 

into a transversa and a longitudinal part, i.e. t

i ( i t ) =  + i t C 2 L t )  2-6
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vrhere each part has the properties already indicated in § 1®

In this oaee the equatíon of charge oonservation vriLll be separated 

into the two subsídiary oonditions *

v . i  +.^l = o
A t  2°7 

0

á  f c  “  ^  2 . 8

carrying out a Fourier analysis of the system and aaparating into trans­

ver se and longitudinal conponenta, we find the follovdng expressions for 

the spectral amplitudes of the fields given as a funotion of the sources %

1 , 1  V N t T $ ( & . '° )

< p  ( J S .  w )

( £ - £ ) £ ( * )
2o9

A  (  k  10)  =  ^  ü ¿  ----------------------- K .  —  Í Ü L  .

c íf(é-aí)£c»)^ c (£_a¿ )£(■*>)

2,10

P  ( k u , ) _ J , £ ! ± ± .  J i ~ l _  k
1 4 ' A * * .  '  ”  . y I 2 -  ~ W V i

—  I £ ( U J )  ^

2o 1 1

2»12



ü ( f e w )

E ( k w) _  ü£ t  O^  l» >AMi * .

2o13

2o14

2o15

. u i r  . k  X i
B  ( k _ ^ )  = ,  1  —  ~ ~ e

c  2.16

2.

v/here £  (^j « 1 + and the opectral aaplitudee of the souroee

and aoalar and vector potentials satiafy the conditlona í

-  <-w  = °
2«17

2018

i  W  . A . C f e  w )  -  ¿  4 5 ( ^ . w 5 =  °
—  C  2 o 19

2,20



A brief glance at the previous expressions shows that the speotral 

amplitudes for the longitudinal fields (as v/oll as that for the soalar

the plasma waves, whereas those for the transverse fields always have the

radiation fields»

Expressions (2.9) to (2«16) are oorapletely general. However, one 

should not be misled into believing that the previous equations will 

provide a neat separation of the two typos of excitation for every 

possible souroe» Using these equations it is poosibles for example, to 

treat highly idealizad souroes (e.g. sudden changas in either a charge 

densiiy or in a solenoidal current, satisfying either equation (2«,7) or 

(2„8), which do produce one definite type of excitation» But, a moving 

point charge as a souroe of both types of excitation5 does not allow such 

a neat separation due to the existence of field componente, not irmediately 

related to oither the radiation field or the plasma wave»

potential) always have h/fc (w) which is the factor responsable for

factor which is responsible for the appearance of
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§ 5» - a  cámara on t he :,setiiod o f süparation e h p l o y e d.

Before applying the previous results to a particular case, it is 

worthwhile noting that the methocL we have used to aeparate the inhono- 

geii80U3 coupled system is not the only possible one. The separation may 

also "be carried out through direct comparison of the solutions of the 

system in Lorentz gauge and Coulomb gaugeo

In this last gauge the system is given by t

where the superindex (C) indioates that we are now dealing with potentials 

in Coulomb gauge.

Still assuraing that the current nay be separated into s

3.1

3.2

_  41T? 4- 4tT c U v ?

3.3

to^ether with the equation of oharge conservation and s

V. O 3.4

and carrying out a Fourier analysis of the system wa obtain *



i (o,, . a » U is .10) I - 20-
<T) (.fe«0) =  — ------ --------
?  ^  £  t l u , )

3»5

A (c)( k u j )  _  MríT j j t  ̂  !° I_,
r i v* ̂ >»u n « v

C  ( & - % £ ( . * ) )  3.6

A ^ c k i o )  =  A . fcC ^
<VW«»

v/hile it is easily proved that s

C * - )

A  .(.ferw) =  A í t e . " » )  -  A .

3o7

HIT
i , ( l w )(* - — M|

c  (£-*£)£(«•>) 5.8

where A ( ^ ) is the spectral amplitude for the total vector poten» 

tial in Lorentz gauge»

The expressions for the eleotric field, polarization and oagnetic 

induction separatsd into transverso and longitudinal parts, remain 

obviously the same, being now 1

3.10

B  =  U x ^ ' í ^ )  =  i  A fc(¿,u>)

£ * ( * « )  =  ¿ Ü  A <c)( k w )  _  i  w  A , ( i w )

and correaponding expressions for the polarization
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We conclude from these resulta that the separation into transversa 

and longitudinal parts by using vectorial properties of the partial waves, 

is essentially equivalent to separating fron the total fields the 

instantaneous part» This vd.ll be seen nore clearly further on»
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§ 4« - HOVUIG CHARGE AS A SOÜRCE,

Y/e shall consider now the case in whioh the excitation of the

We shall assume that the velocity of the partióle remains constant, 

that is, we implicitly admit the existence of an external agent which 

»'/ill compénsate the loases due to collisions, radiation reaotion, etc... 

The oharge and current densities to he introduced in the inhomogeneous 

system are in this case »

and separating the current into longitudinal and transverso parts we obtain

oscillators is produeed by a raoving charge1* partióle

whose speotral amplitudes in a Fourier analysis are :

4.5



Exprcssions 2„9 to 2.16 together v/ith 4«35 4 «5 and 4«6 give the 3eparated 

gpeotral amplitudes of the fields created by the moving charged partióleo
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§ 5« LONGITUDINAL FIELDS OF THE CilARGED PARTIOLE.

\7e shall assune for simplicity that the partióle is moving in tha 

positive direction of the ¿S axis and that at t ® 0 the partióle croBses 

the origin of coordinates» Due to the symmetry of the problem the inte-
(

grations are carried out in cylindrioal coordinates ( \ ,2 ). Therefore 

the Fourier integráis for any one of the fields vri.ll be given by t

i ( k**"- wt) .
F ( & . w )  e  —  a V  d o

W .  d k .  t . ( Í L w ) &

¿ ( k r^ürt«jn-ks a - w t }

O oo
5=1

where for reasons of convenienoe we have assumed the position veotor of 

the obaervation point contained in the plañe (X,Z), i.o. ^  = 0.

All integráis present singularities. We 3hall adopt as general 

method of dealing vríLth the singularities t

1o) Assume that the oscillators have a small absorption termo The 

equation of notion of the oscillators would be in this case %

P  +  V P  +

5.2
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and

c í , N , I 2- ~  _
6 ( 1* ) ) = . ^  4-------'■--------- —  ------------ ------------

to0l- w l-c«j>í i j L _  ioJ-

—  (^0 4- Í €  )Z~  *ÜP_

(̂l/J 4 l &  )L -  W)
2.
O

5o3

where we have neglected quadratio terms in Y , and for brevity have

wxittan J1 ~  6  9 €. a positiva infinitesimalo
Z  £

2o) Once performed the integration, find the linit for tending

to zero» This method is justified by the wsll known result that a coinplex.

dislectric constant with the sign oorresponding to a damping of the

osoillators in tima will assure the corract causal behaviour of the

solution. Taking these considerations into account we find after

integration t

V b >  O

---------------  .  k  ^

( * ,  +  £  f ) X ( M )  ¡ f ? *  ¿ L  5 . .

L  4- ^
v / M

- ,u> U).v \ T O r<¡) _kc*-vt?
( k ^*- 2, clkj -{-

k p  
"  f £

S . S



«3©
r

_  e c \  ( k \  +  !§ ) I < ( W  p- teK a - ^ >  A h  . i . « a

' i _  V 1 k“, t s í  ’
» v *

e c f  p
4“

IL 4. !¡íl (V 
) v«- I

V  i \¿ . W >  &

“ " ‘ l  t í  . &

p - k , c " ' V
.  1 _ iE e ,  =. £

2 - v t  <  O

Y 1 5 . ? -

r*° 1 -r /u  «\
Pe -  Ü  1 ^ X i O s v  6  c U t

* Hirv*- J  ¿  ., u ¿ .
“  5 y t  £".6

6 l  , e f ^ ? - M e > i g " \

1  J0 £ 4.  «C . 5 .9
)  v x

5) 4 o

< M 6 Í — l ^ W ^ r p f  - K ,  , .
T  v l w P \ v 1 )' f ]  f c . +  S t f

v o > Y
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í £
Y

v  k ? ! — 1

+  ü j t A t S í Í M ^ ---------- t ó .

« , * $  < | 4 i V $ p ‘

. 5 . 4 2

A l -  »  2¿ t c  ™  \  t í l f t  K , ( « t | k f )  _  ü í £  K .

)  V 3  U J . p  /  v  v  v

Y 1 C

4*

¿ c

V

k  ls ~v-b <

£ c  ’  ' “i k .

.  ~ T “  5 - T 7  — :— T ~  ’

+ ^  •! ^  ■*■ ^  f*
5 ,1 3

«  _l?. |Z-vW

? { _  c o l ! j ( s - v b )  K 0f ^ e )  _  i í  í  —  A k J

*  2-irv1 v  W )  Hitv-l i  s L

i  ) V*-

5 .  <4-

p ,  _  _  i £  s *  ^ ( * - <l:) K <  f - M  +  ^  k ^ ^ - -

lr  airv1 v °  w  &
í  )  v L
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E ,  _  ^  c «  Í£(i-vfc-) K .  f ) -  e  t ^

2 ~  v V  v i  i  W ) /  |  k,  -

J v l

5 .1 6

°° t , > 1 . - , .  . _ k l í * v H

E l ; .  í £ í S l « & ( i - A ) k ,  ( f r ) J w W W t ..

> v l  v  v  '  J  £  +  W ¿
O f y í

5 . W

w k e r e  :

Jv(x) dwd. KVC*> d<-6 +U ■fte-ííel <i*¿ P‘«A B«“ í(
f u v a c ^ i o K S  o f  o r * U t r  a . w < L : _____________

J^>*= i f / T T \ ^ >
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§6o ~ FHYSICAL INTERHIETATION OF THE LONGITUDIÍÍAL üOLUTIONS, 

LTiOETING CASES, ASYi.IPTOTIC BEHAVIOUR.

The longitudinal solutions are divided in two groups, i.e. for 

£ ~ V b  ^ O  9 oorreaponding to the fields in front and behind the 

partióla» It oan be eaaily proved that the given aolutions satisíy the 

Lorentz condition.

The intégrala appearing in expreaeions 5®4 to 5» 17 cannot be 

evalúated in closed foro. Nevertheless, it ia poaoible to understand 

their phyaioal meoning by atudying the limiting valúes in oertain 

speoial oasea. For instance t

Scalay potentiol c|)

£-vt>0 Fron equation (5*4) w® obtain t

í f

where t =5 * is the statio dieleotrio constant as given by
U)/

our nodalo

And t

U »  í------■ -------------- =  /  - - e b f f . a n

In this limit (p is the Lorentz tronsform of the potential measured in 

a reference aystem at reat with the partióle, i.e. the Lienard V/ieohert 

scalar potential.
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Y  t  <  O

The limits of the seoond tena of the solution are similar to

those of the previous case»

The first term of the solution oay be written i

This contribution to the acalar potential is a cylindrical wave propa­

ga ting in the Z, direction, with an amplitude whioh dependa oh the 

denaity of oscillators and the velooity of the partióle, its phjrsioal 

meaning will be clear when we analyze the analogous term of the longitu­

dinal polarization and the eleotrio field»

Nevertheless, we can already see that this part of the solution 

corresponda to a wave constructed by the partido with a propagation 

vector , whioh is a function of the denaity of oscillators and the 

velocity of the partióle»

It is eaoily seen that >

On the other hand, taking into aocount the asymptotio bohaviour of the 

modified Bessel funotions :

6o3a

V

6„3b
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we have» given a fixed distanoe ^  from the trajectory t

fvvvv <b r O
V—■> O SC 6.6

In all rigorousnaas the linit V -» 0 means

► 0 0  i . e .  Op
and thiB takes us beyond the rango of validity of the model we have 

usedo Sinoe the velocity of the partióle cannot be higher than the velo- 

oity of light in vacuum G , there nust also be a mihimun valué for &  /» . 

Therefore the possible valúes of lie in the rang© t

k u  < ---- >  „ suoh that X  vv\.V »
C  « >«¡*v

atomic dinensions®

Thisp of course, assuming that within that range of velocities of the

partióle it is possible to speak independently of the longitudinal fields.

However, the conclusión on the possible valúes of l1?» remains the same in
i

the case of the total fields i»e<> in the prescnoe of radiation fields»

Longitudinal veotor potential.

Fron equations (5»5)i (5.6), (5«12), (5«13)* it can be eaoily seen

that 1

w n  A  0 —  o
'/—> O --- l 6.7

On the other hand, the liaiting valué of ^  ¿ when the density of 

osoillators tends to z e r o ^ - > 0 ^  ia not what at first sight might be 

expeoted, i.e. it ia not tfce Lorentz transfom of the scalar potontial 

in a referenoe system at rest with the partióle. What does have the correet
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transforma tion proper ties in the limit O  , is the total vector poten­

tial. It can "be shown ueing the expressions already given that *

A(ku)) — l'nn A 0(ku>) 4. lv%*\_A (kw) =
VJ-^O kj— ^ —$> O C. Vj-$o

6,8

and integrating this last expresaion we do obtain the vector potential 

corresponding to a charge noving in vacuum, i«e» the L«W, potentialo

p
Lon/ritudinal Polarization-ÜL •-

To analyze the longitudinal polarization, equations (5*7)» (5*8), 

(5«14)> (5«15)» we sepárate it into two parts :

T3# =  p t. +  ? i— " "w w  ose 6o9

where indica tes the oscillating term, and the contri-

bu tion to the polarization due to the integral. It is easily seen from 

the solutions :

livA ~P —  O  F .  ~  O

vj_»o losc e*P

While s

5- p e ^
v<a*a. | « zZ  —  ■---------  —  — ......

\/_j,o 2 exp 4Tf ^  J

6o10

6.11

^  "P, „  e £**.-'{ % _ 6o 12
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where

e t i ~ A  =  j f _

£s(r 6.13

This rssult ia valid for i* ^  O  «

In thia limit the oscillators behave like a oohtinuous médium of 

dieleotric oonstant £ st . This last result may al so be v/ritten t

l¿~ P , -  J _  £* " t D
\/-*o M1T d sfc 6,14

where D is tho displaceaont vector of a charge at reet in suoh a médiumo 

Tharefore, in the limit V -> 0 the oontribution to the polarization due to 

the intégrala is a oontribution of Coulomb type, aqual to the polarizatlon 

created by a real- charge £  in a médium of <£ =r <£ •

Por largo valúes of the argumenta of the modified Bassel funotions, 

the oacillating term of the solutions may be v/ritten as follows s

2,-irv1 U  M  "  6-15
i r ~ 1 . - k iPf. Wft) O l —1 g, ^

5 2TIV1 21^»f
60I6

where k p  has already been defined and ú. *

This part of the solution is a real polarization wave with an 

amplitude which» in this approximation, deoreases exponentially with 

inoreasin# distance from the trajeetory.
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The mean rango of thoses waves ia given by t

_  V
v w e . a u  6 o 17

i o q o proportionel to the velooity of the partióle, and deoreasing 

(through UJp ), with an inoreasing denaity of oacillatora. Thase waves 

have a group velooity t

6 . 1 8

■p

i o 61 equal to the velocity of the partida a It can also be seen from 

(6.15) and (6.16) that t

I*» P, = 0
6.19

Por- reasons which will beoone apparent further on, we shall oall this 

part of the solutions the Plasma waves.

The results for the electric field are oompletely analogoua to 

those obtained for the polarization. Thus, from equations (5.9)9 (5o10)¡> 

(5«16), (5o 17) p writing t

4 '  6.20

we find that, in the limit O  , becomes the Coulomb field

in vacuum of a noving partióle in the approximtion V C, while in 

the limit V-&. 0 we obtoin the Coulomb field of a partióle at rest in a 

médium of £.= £ 5^ « On the other hand, the osoillating term vanishes 

in both linits.
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By atraightforward derivation taking due acoount of the equations 

satisfied by the Beasel funotions «Jy and nodified Besasl funotions 

it can be shown that the ourl of as given by equations (!).7)?

(5.8)9 (5.14)9 (5«15) £ (5.9)» (5.10), (5.16), (5»17)J vahishes identi- 

cally over all Gpace. The solutions have singularities at the position of 

the partióle for » 0314 on the ¿  8x18 behind

the partióle for P  . ^ ( £ ,  V  Therefore the solutions we have
* t  r t c  '  / M  t  Ote. •

obtained are puré longitudinal solutions.

LONGITUDINAL PISPLAC¡333TT VECTOR.-

We shall now define a longitudinal displacement veotor by the usual 

expression 1

D t ( r t )  =  e t c r t )  + 6o21

or a8 a fuño tion of the speotr.1 amplitudes *

=  5.22

Ucing expreasiona (2.12), (2.14) and (4*3)» we find e

J2. 6.2J

This spectral amplitude can be integratod exaotly with the following 

results

p - v b f + ^ J

D .  . 1

( 4 - v t  /■+ ^ l J V t

¡i-. 6.24

~  e  7 ,  ..t*- ^ 7 % .  6-25



1.33.

Therefore the longitudinal displaoenent vector we have defined is auoh 

that it satisfies the equation :

V . l)g  •= Mtre ¿ ( i r S C ^ vtr)

and coneequently may be defined in terna of a potential t

D t =  _ < y u ^ L $ t

6o26

6.27

where i yp 6.28

f 1

From a physical point of view ^ corresponda to the instantaneoue 

Coulomb field oarried convectively by the real charge e.

The potential ^  ̂  does not oorrespond to <£> (6.2) whioh

wa have already onalyzed, but to that one v/hich resulta from integrating 

the spectral amplitud® of the potential in Coulomb gauge (3.5) in the 

limit ^-*>0 .This nay be easily seen by direct compariaon of (3» 5) and 

(6.23).

From the previous resulta it is quite olear that the longitudinal 

diaplacement vector does not depend on the properties of the médium and 

v/hat is more important, it does not preaent the 'cylindrical wave part.

A brief glance at the solutions f or and (5.7 to 5» 10 and

5.14 to 5.1 7) shows that, from a formal point of view we moy also write s

D . =  D  , +  £ ,AAÍ. V, v Ote '•«.*í 6,29
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where * $  l «*P =  U x P +  ^  J3t*P ~  -  C% * * L  5  ̂  6e5°

3) s ~  £  § +/(tr P  i •= O  6 °<v»̂  ' Q£C a^. H &«SC 1

This last expresaion is in agreement with the faot that the oylindrical 

waves inuat "be identified with oseillator -plasma wavss» and therefore have 

a nuil displaoement vector at a frequenoy corresponding to a zero of Ó  ( ̂ o) 

Horeover» the faot that the diaplacement vector aoaociated to this part 

of the solutions vahiahes, impliea that the souroes corresponding to 

E i , ? 0 . (i.eoV.E» ,y .P , . ) are not in the real
[ OSC am l ote ^  i 0i¿

charge» This is precisely the characteristio feature of tha plasma wave3»
(3)

The saíne conclusión has been reached by A. Bohr s although by a 

different line of reasoning.

It is Ínteresting to notice that despite the fact that we caraxot 

carry out the integrations for ££ ¿ and P. i typ (5»7 to 5o 10 and

5»14 to 5«17)p the displacement vector gives us the meons to study 

the general behaviour of these contributions and their rolative iaportanoe» 

Since the expression for JD ̂  is known exaotly9 it oan be seen from the 

analysís of the solutions that the approxiinate behaviour of that part of 

the longitudinal polarization and the electric field depending on the 

intégrala, is the follov/ing s
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Tha relative importunee of £  £ and $ 4vp is a function of

the proper frequeney of the oscillators and their density.

In summary we may say *

The longitudinal polarization and electric fields created by a moving 

charge in a médium representad by oscillators} have contributions of two 

different types t

a) a synmetrical field carried convectively by the partióle, of Coulomb

nature. The source for these fields Ib in the partióle. The polarization 

associated to this contribution aots producing a screening of the real 

charge.

b) a oylindrical wave, defined in all the semispace behind the partióle 

bound by the plañe Z - VtsrO, with a frequenoy equal to the plasma 

frequeney UJp , and a group velocity equal to the velooity of the 

partióle. This wave ia an excitation constructed by tha partióle which 

tends to disappear when V -» 0 , although strictly 3peaking a proper 

understnnding of what happens in thi3 lirait requirea a quantum treatment. 

The souroo for thio contribution is not in the real charge.

Thie part of the fields corresponda to the longitudinal part predioted
( 3 )

by A. Bohr v ’» although in all rigorousness it cannot ba said to 

be left "in the wake" of the partióle. This is an excitation which, 

a3 already mentioned, appeara in principie in a whole senispace 

although its importanoe decreases exponentially vd.th the distance ^  

from the path of the «partióle.

It is important to\notice that the soreening and the plasma wave 

are not independent of 'eabli other. The intioate relation betv7een the two 

fields con be understoofi if\wc compare the present results with the

response of an oacillator to\ho forcé- %xerted by a moving charged partióle.
' \ ,  ^ (14)

The details of this calcula tion ̂ mll be puMiahed in a aeparate papar .
\ \ ?■

t
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§ 7. - TRANSVERSE SOLUTIONS.

Fron the analyois of 2.11 s 2.13» 2„15» 2,16 and 4»4» 4«5s 4«6, it 

hecoaes obvious that the reault of integrating the transverso spoctral 

amplitudes oannot be anything else than the difference between the 

solutions of the total inhomogeneous coupled system (2„1, 2,2» 2«3) and 

the longitudinal fields that we have already found. The integration is 

carried out in cylindrical coordinates. The singular!tíes appearing in 

the integráis are dealt with by nssuming as in the case of the longitu­

dinal fields the existence of an absorption t e m  and therefore replacing 

£  ( w j  in the spectral amplitudes by expression 5°3» and after the 

integration finding the limit when the absorption tends to zero» We obtain *

7o 1

w K e v ©  :

7.1 sí

t
* TÍV1 J CL <E(w)

7.2

wll©re :



1TV J, £(w> H a

7.3

P , . . « - ( 1 , ¿ 1 M  K , ( A l » ) j )  P t ,

S (3!F)l v j  W-UJp
—  0 4 »  ^  C

Ó

C

Idlw J l _  h - f s M

(anfv1] lo1- Wlp <• c* 1

I w f e - b )

F ,

Dt
?

* / -7. I \

i .  L  A(w) K„(Am )̂ 
ttv J

7.5
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e (2-vt)
T- 7=7

V/Uere k̂ v a r e  Hi®, m o d i f í e d  B e ss e l  fuinct»ons c^d :

7»8

The transverse solutions» exoept for the nagnetio induction, are given 

by two terms í

- the firat tena corraaponds to the total field3 whose expressions for
—* —* *♦ —♦ (2y
Ej H (B) and P viere already given by F e m i  o

- the seoond tena gives the longitudinal fields that we have already 

found.

The total fields are given as integráis over all the frequeney speotrum.

This frequeney rtrnge diminishes as the velocity of the partióle inoreases»

From W e  _  LÜ * ©o , it renains always positivo. We define the

As is well known this is precisely the frequeney at which Cherenkov 

radiation begina* since for :

some diacuasionq Por low velooities of the 

• be a zone from CO = 0 to a oertain

Prora
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i.e» the phase velocity of a light wave ^ iu is smaller than the 

velocity of the partióle*

Por the oase we are oonsidering of oscillators of only one resonance 

frequenoy thi3 condition may only he fulfilled in the ranga t

(jOc. ^  K,

This íb clearly seen in the approxinate diagraci of £  C ^ )  *

&y>h
+  00
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Taking into account the expresoion for &  ( ^ )  we nay also Tirite

as

A - X Z
Gr­

anel A ( w ) as t

7«9

7*10

It ehould he noticed that for suffioiently high velooities f^T” ■) ) 

raay become pura imginary»

For the moment and unless otherrn.Be stated we shall a3sume that the 

velocity of the partióle ia suoh that is real»

If we assume the existence of a snall absorption tern in the osoillators¡, 

i.e. 6(UJ) is replaoed by (5«3)» A.(Uf) mny also be written s

A ( u ) , o  =  1 1 ü C  j i ( *  -  v f c ) 1
\¡ l  U)*4- ¿wV- U)í S

_ ----------------------------------------------------------- --------------------------- --------------------— — -------------- 1

iQ*- ( l Q /1 _ — A  (^,e)
V1 \

7.11



I. 41.

where we have negleotod quadratic tenas in and have replaced t 

(f = 2 £  , 6  positiva infinitesimal, remains unchanged. In

what follows A  will be used in either one of the three foras given

(íoOo 7o8, 7*^0 or 7* 11)•

It becomes apparent while integrating the ^  variable» that 

expressions 7«1 to 7«7 are valid provided Re A  (tü,{£) 0 in all the 

rango of frequenoiea. In order to fulfill this condi tion we nust take 

A  ( (a ) , C) in the fourth quadrant for positivo frequencies, while for 

the negative frequenoies it follows fron (7»11) *

A  (-•*>, 6 )  =
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§ 8. - EROPEBTIES OF THE THAKSVERSE AND TOTAL FIELDS. ASÍIáPTOTIC 

BEH/LVTOUR.

Y/hile in the oase of the longitudinal solutions it has been 

possible to separata oompletely their contribution, such a neat sepa­

ration cannot be effeoted for the transverso fields. This is due partly 

to the physical implioations of the separation as ahown in paragraph (3), 

partly to the nature of the souroe. Nevertheless, even if not ae satis- 

factorily as in the oase of the longitudinal fields, the differenoe be- 

trreen the total fields and longitudinal fields do give the troaáverse 

contribution.

One moy now pose the question of whether it is possible to identify 

the longitudinal part as originating in a definite zone of the frequanoy 

speotrum or, in other v/ords, carry out a classifioation of the speotrum 

in terms of longitudinal and transversa oontributions. In fact, and 

acoording to A. Bohr the contribution from IÜq, -^U)a should yield 

a purely transverso field»

However, tha vectorial properties of the fields do not provide a 

proper basie for the olassification of the speotrum, since the partial 

waves in all the frequanoy range have properties oharaoteristio of both 

types of fields. A consistent olassification of the speotrum may best 

be acoomplished in terms of radiation part (whioh is not necessarily 

transverso in the sense xre have used^ soreening part and plasma contri» 

bution. In order to see it we shall now analyze the displacement vector, 

v/hose longitudinal part has a particularly simple ex^ression, by using 

the conventional approach. In the next paragraph we shall carry out an 

onalysis of the different contributions by a method which provides a
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olaarer understandlng of their charactar» Taking into aooount the 

conditions A(w) nnist satisfy as stated in the previous paragraph, 

and the equationa defining the raodified Bessel funotions In terms of the 

Hankel funotions í

8,1

we may separate the aolutione for the transverse dicplaceraont vector aB 

a sum of integráis over different frequency rangas, writing i

D fc?=± +  i ^ Í o L u j C ' H c;'(5cr; 

i , m t iv  s

—  8 -2  
]3/¿

[ ( Z - v t f +  f  ] '  

1,18, iv 1

e t e -v f c )  . a.?
\Z . o L l ^ l .
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r/here th© integration ranges are defined by the following diagram s

and :

c r ( W ) =  ü > ' \ / i i £ ( U ) - 4
v  V c l

In the present forrn of equations (7»1) to (7«7)» it is not at all obvious 

which are the spaoe regions v;here the different oontributions may be 

observéd. Therefore we nust assume that, in principie9 equations (802) 

ana (Q«3) are valid for 2 - V t ^  O

Taking the curl and the divergence of (8«2), (6<,3) we obtain for the 

oontributions in the different ranges s

\ c U )  < T ( u »  £ ( « >  w  - h 4 (€<r<ui) i ,  '»
— e  z c 1 ] ’

%

V . D . =  O
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xD ge fcLyj Alw) w £(w) K*(Am ?) í. 
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V.D
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8 0 6

The curl of the partial waves is different from O in all the frequeney 

range, exception nade of the points QJ = U)p , W)sU)¿ . The first 

point corresponda to the longitudinal solutions for whioh 3). ̂ ( ^ p )  —  O  

The second one is a trivial casa v/ithout meaning in the present contexto 

Therafore, zones Is III, IV have transverse contributions. In all 

frequeney ranges the divergence vanishes as a direct consequence óf the 

equations satisfied by the Bessel functions, but v/ithout additional 

calculationó nothing can be said about the behaviour for ^ - O f 

£-\/t — O* Despite this fact it is obvious there rau3t be at least a 

singularity at the position of the partióle v/hich we cannot see at first 

oight how is going to raanifest itself through the partial waveso

Hov/ever, 3ome more informtion can be obtained if we analyze the 

v/ell knovm ^  asymptotio behaviour of the partial waveso We have for 

instance s

Zone II - Cherenkov zone

Por (T(k)) zjz O  and ^ sufficiently large the asymptotio 

expressions of the Hankel func tions are the following i

n r c )  *  y x ?  s ,  ( - z i i ) ;

(„TT < & < 2 ir )
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where ¡

S v c*) =  a  4 - cA H

and i

(v,o) = 1
C  U  V 1 -  1 l )  ( M  V 1 -  3 1 )  • • -  (  M  y l ”  í 2  

(>/, m ) -  ------------------ — ------ --------------- —

z lM
f o r  W -  fi, Z, 8,7

In firot order of approxination the partial waves in this zone may he 

written *

.t----  i(e<r+ - wb) ; ir
d „  ^ d (,)= í - C c I  ¿  { > v V *

V  ? 2 T r e

Al— r »  ¿ ( e c r - t - ^ 2 - u l r )  J t r

8 0 8

8«9

That is, the integral over the Cherenkov zone ia for large distanoes from 

the trajectory a auperposition of waves with wave vector fe. s

8.10
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tha angle formad by with the Z tssd.8 baing tha Cherenkov angla t

8 o 11V f ¿ ( w >

In an ( U )  ,  ^  C } d ia g r a m  the fraquenoy ranga in whioh thasa wavaa ¡noy

axist ia given by t

w A

Thaee rca-ves satisfy the oondition t

8 o 12

(<*)
Eespite this result jj (W ) ie not a transversa field aocording to 

the oonditions we have inpoaed sinos t

X IT- (i» =# O
<vW

7 . x>°'v eu ^<r(w!+̂ l ' wfc) € '1— 2Vf I 2íT?2V<* I 2 I T ?  

7 *  °
8,13
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Thia doas not mean to say that there is a oontradiction with equatlons 

(8o5)« What waa proved there is that for eaoh frequeney (and €  ¿ 0;

Z “ Yt 0)5 the divergence of the exact aoiutione vanisheso 

Taking the asymptotio expressions of the Hankel function in first order 

of apprcximaticn is completely analogous to taking the radiation part of 

the fields of an eleotrio dipole in vacuum. I». the case of the dipole the 

fields may be separated into three diffarent parts aocording to their 

( V p J  dependenoe» In the oase of the fields oreated in the médium by 

the noving charca there is an infinite nuriber of suoh zones o 

It can be eaaily shown taking the asymptotio expressions of the Hankel 

fuñotions up to the seoond order, that may be separated in two

The first one oorreBponds to the expressions already given9 (8e8), (8«9)„ 

and the seoond one is a veotor whioh is not normal to ^  u.» Their behaviour 

with respect to the divergence is also similar to that of a dipole (i»e0

funotions the suocessive contributions beoone more longitudinale while 

their relativa inportanoe ihcraases as we get nearer the trajectoxyo

Zones I} III, IV«~

The ae^/mptotic expressions for the modifled Bessel funotions in 

the first order of approxination are *

parts s

8*14

8S15
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Usíng thís expression the first tema of (8*2), (8.3) raay v/ritten 5

8*16

Thus9 the contribution to the fielda given by the integráis in the regions 

I* III, IV, correspond in this approximation to a suparpoaition of wavee 

v/ith an anplitude whioh shows an exponsntial depandence on diatanoa 

from the trajeotory9 and a pha8e velooity eq.ua! to the velooity of the 

partióle» Y/hile these oontributions have transverae componente5 they 

correspond to fielda MstuckM to the ohargo and therefore muat be oonneoted 

in a way whioh is not apparant from the preoent form of the equations to 

the ocreening of the partióle v/hioh was found v/hen atudying the longitu­

dinal solutions. V7e shall retum to this point in the next paragrapho 

From the preceding resulta it beoomea evident that it is not 

pcssible to divide the frequenoy apectrum into zonea ylelding tranarerse 

fielda or longitudinal fielda (excapt for the oontribution at U) =s 

whioh nust correspond to the plasma waves), eveiy zone being a mixture 

of both typea of fielda. While the Cherenkov fielda9 as an approx±nation¡) 

noy be considerad aa transverso in A» BohrJs aenae for ^ -* *0 this is 

not tru® near the trajeotory where they show large longitudinal componentso
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I.íoreover, a proper desoription of the perturbations o reatad by ths

partióle ahould not negleot tha intímate relation between the tare© types

of fields whioh cnly get sortad out as wa nova away from ths partióle in
(14)

áifferent diraotioas. See aleo •

limit of the Transversa Displaoemsnt Tootor for ^  -» 0»~

It is Ínteresting to notice that (7o6) and (7*7) inay be integrated 

exaotly in the limit when the density of oacillatore tends to 0. 1¡7hát. xm 

have oalled the trqnsverse displacement veotor bocones in this limit s

e
^ { M V c O

IvWv,

O l %

l- n  . t e - v t ) t ^ - v y c 0Um -  e :------- --------- —-
í-¡ *il_\2. . al/i m V ih

--- !------;

(i-v t)1 +• ^ 1

(s-vt)

(%.

te-vt )*>

a.1?

That. is* the differerioe between the vaouum eleotrio fields of a noving 

aha.Tgft calculated through the Liiaiard Wieohert potentials and the instan- 

taneous field. This is a olear example of the conclusions we arrived at

§ 3»
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§ 9 . - BVALUATION QP THE INTEGEAL OWS THE FHEQÜENGIES POR THE TOTAL FIELDS.

We shall evalúate now the total aolutlons in order to show olearly 

the nature of the different oontribu tions to the fields oreated by the 

partióle in the nedium, as well as their relation to the longitudinal 

solutions that we have oaloulated* We shall only oonaider the Z oomponent 

of the eleotrio field» sinoe thie is suffioient for our purposes. We 

raoall that as a funotion of real U )  , A ( U ) , é ^  defined by (7«11) 

ntust be ohosen in such a way that t

"Re A (w ,e )  > O f»' «> o

and i A ( - U).e ) =  A * ( w , é )

for all the range of frequencies»

Taking thia into aooount, the first right hand tena of equation (7«2), 

(Pemi!a solution) ¡> iaay be written t

mOO

F  _  L .  ■*. 2 i ^ U o ( v ! - l - - ) i u ) K 0 ( A M ? ) e

9»1

The integrations will be oarried out by analytio continuation in the

oomplex frequenoy plañe* The singularities of the integrand are t

1») Pola of ’ for tO m + U)p - V S

£ ( W , « )



\

2°) The Etodified Bessel function K y  is a funotion of a fuñotion of u) 

Aa 8U0h it will ahow the singular! ties of the argument and the aingula- 

rities pro par of the • The sincularities of the argument ^

in the oomplex tO plañe are the Branohing points of the function

A(U>,6 ) *
U) —  ± LL>C  -  ú 6.

tÜ t  U)6 - t, €

Due to' the existenoe of the absorption tara, the out and the pole appear 

in the lower half plañe* The singular!ty proper of the modified Baaasl 

function is a branohing point for t U )  = 0.

The integrations vdll be oarried out in the first and fourth quadranta 

and the patha of integration are defined according to the following 

diagram "

1.52.
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The detalla of this rather Ínteresting oaloulation will be published 

separately. In the present papar we shall confine ourselves to the aotual 

resulta and their physical interpretation0 

We shall assume in the firat plaoe s

We diatinguiah two different oaaes *

1o) Z - Vt >  O

The integration path is around a quarter oirole oentered a't the origin 

of radius Y* 0» the positive iáaginary axis, and a quarter oircle of 

radius R -> Ofi „ in the sense presoribed in the diagram. We obtain in 

the limit T-*. 0 9 R -* o© and -* 0 t

C Ü q, defined by equation (7«9)«

oú/•

O

9 o2

valid for :

t and
TT
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In this expression the quantity under the radioal sign in the argument

is a new variable of integration with the dimenaions of a wave 

vector*

2o) Z « Vt <  O

the originp the negative imaginary axLs5 a quarter cirole of rodius 

R , and around the singular!ties in the prescribed sense, taking due 

acoount of the oontributions round the branohing poihts themselvea.

In the limit T  _+ o» H * thero are only threa non vanishing oontri­

butions* That is i

of the Bessel funotion is always positiva for real»

The integration is along a quarter circle af radius O  oentered at

E  z  rs 5  +■ Ejp +* & c w

9°3

whare s

E 5  = 2 'Re I 5
_ jz-wkj

O

9.4

9=5



These two resulta given in the l i m i t é -»0»

The third oontribution Ec^ is given by the integral around the outc 

Writing for U) along the out *

(i) —  U)> 4- Í U ) ; =  U3 -- -C
9,6

we obtain s

c W  =  2 R e  h r n C I « +  I ^€. -*0 

*-U)a~l.é

2 R < V2, M ^ - ^ 7  K M
l e 1 w - iu f /\ ¡

Ulc-ie

* e

Í ü ^ | 2 - V t |

9.T

srhere Iq is the nodified Bessel funotion* Thia expression is exaoto The 

asymptotio expression of the modified Besad funotion ly (z) for large 
valúes of j£j is given by i

(%) - ___ (4 -  Ü Í L d .  4- ••••1 ) F o r  | ^  £ j  <  TT

f T i l  a * '  J

9 c 8

7/hioh is our oase due to the existenoe of <E>0» Making use of this last 

equation and the definitions of -A. (U)j and €T ( 9 we obtain for the 

B clv oontribution in the asymptotio approximation *



E c ,  =  2 - R *  ^ ( 1 , 4 - 1 , )

" ' n  ^  e M ' Y Í 7 ? ^
o

9.9

< r ( w )  positiva and real in all the integration ranga. The erpreesions 

given for t ^/p and 8X0 ^or *

ñ? -zjz. o i ^  0 4 4 ^ r

S - V t  O  i 2

Disoussion of Results *

I. 56o

The fields oreated by the moving charged partióle have oontributions 

of three different types. The first of them corresponda to the oontribu­

tions given by (9»2) and (9»4)j whioh represent a synmetrio soreening of 

the oharfre» The final integrations oannot be oarried out in closed form9 

but nevertheless the physioal neaning of these fields can be made olear 

by the stuáy of oertain liniting oases* Por exaiaple :

Limit for C -»QO

C-*®0 Jo ^  4- UJp/v7'

9o10
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This representa a purely longitudinal field and in faot is is Identio&l 

to the longitudinal field (5 «9) that we have already analized®

Limit for V  -> 0» 

,60

liw _  _é _ 

v -j>o £ st j

dk. k X ( W k * = ^  2=

£ st

9o 11

That is, the Z oomponent of the Coulomb field oreated by a charge at 

rest in a mediun of dieleotrio oonatant j.«

Limit for V C.

The evalúation of this limit oannot he oarried out in the same way because 

for a valooity higher than a certain valué the branching point tÚ q  ̂ beoomes 

puré imaginary and the oharaoter of the solutions changas. This case ttill 

be treated further on»

The behaviour of in the limiting cases is similar to that oorres®

ponding to except for an obvious ohange in sign»

and are carriad convectively by the partióle. They exist in front 

of it and behind it, and in fact5 must correspond to that part of the 

fields which, in the case of the displacement vector and in the asymptotic 

approximation, was given by (8.16).

The second contribution is given by E (9=5)= It representa the plasma
P

excitatlon that we have already seen9 definad in all the semiapace behind

the partióle and vahishing in the M  * Firnlly E , 5 (9<>9)p representa
V—í> O  on

the Cherenkov radiation field.
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This field is definad for Z » Vt^O, and representa an outgoing field 

existing behind the partióle, eaoh of its frequeney components forming 

with the trajeotory the angla oharaoteristio of Cherenkov radiation»

When the velocity of the partióle tends to zero we hava s 

. ,

V ° . w c

Thereforo in this limit the Cherenkov fields and as seen previously the

plasma exoitation also, vanish» We are left only with oontributions

and E,. which cive in this case the Coulomb field of a partióle at rest

in a médium of dieleetrio oonstant £, » £  .»
s t

Y/hen the density of osoillators tends to aero we have t

ivm u)c —  tO q

y - * *

and thus the Cherenkov fields (9»9) disappear. Since the plasma exoitation 

(9o5) also disappears in this limit, we are left once again with contri®

butions E. and E_ whioh become in this case t
1 5

!
O 0

ák k. X  ( k Yüv*? ^) £
kcs-vfc)

1

z-vfc 
fY-vvc**

Vi.
e 1 5 /

9 o 12

and a similar result for E,.»
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That is, the fields of a noving charga in vacuum eithor as sean from a 

referenoe syatem in whioh the oharge is at rest or fwwi a referenoe syetem 

in whioh tha charge is moving with a velocity Vc reault whioh is in 

agreament with the Lorentz transformation laws for eleotromagnatic fields» 

The results in the present paragraph have so far been given under the 

assumption U)c  real«

. The oritioal frequenoy u)c is a funotion of *

a) The propartida of the médium (and also the modal assumad) through

b) The velooity of the inoident partióle«

Por a velocity V satisfying the aondition t

oritioal frequenoy move over to the imaginary axis»

The integration of equation (9«1) is oarried out as in the previous oase* 

the paths of integration being now defined by tha following diagram t

the oritioal frequenoy beoomes t

Therefore the branohing points of



where the sacie notation previously omployed has been uaed to designate 

the different parte of the integration oirouitao

Taking due aocount of the phaaé relatione which must be satisfied by

A(W,6) nre f ind *

a) The plasma excitation ia given by the same equation (9»5)«

b) The Cherenkov fields are aleo given by (9«7) or (9«9) except for the 

faot that tie emitted fraquenoiee range now from 0 -* ,

o) The charge screening is now given by t

Z - v t > o

V k + W f / v 1

v l \ T  ( u l | T 7 1 ^ h



2 - v t  < 0
1,68.

5

where : k 6 ,  Y

i «a» tha ranga of integra tion is not the same as in the p^2Ví©U¡g 6<gs% 

or, in other ’.vords, the a^reening starts losing the componente of longer 

wavelengtho ..

Sino® t ^ W1 - °° , it is olear that the oharge
V4«o \f-poO ^

screenihg tanda to disappear for ultrarelativistió velooities« and we are 

left only with the Cherenkov fields and the plasma axoitatlon^A/e have 

analyzed only one oomponent of the fields» and have seen that the 

oharaoter of the fields is essentially determinad by the singular!ties 

of the intagrande in the oomplex frequenoy planeo Sinoe all the first tenas 

of equations (7.1) to (7.7) giving the total fields preaent the same type 

of singular!ties» exoept for B (lí) and 33 whioh have no pola for the 

plasm frequenoy (i.e. no plasma excitation), we ocmolude that our reBults 

crust rernin qualitatively the same for all the different componente whether 

we apeak of eleotromagnatic fields or polarization» The dlstribution of 

fields surrounding the partióle noy be representad Bohematioally by the 

following diagrams a

1") v < c /{£7,

at we have z

sh

U)/« we have t C/&& Q  c ~  — —■
V



**>3 |U)<

U),

=  O

k f „ J Ó É _

r V

In this range of velooitiee the wavevector assooiated to the

partial wave of frequeney U) ia paxallel to the wavevector fe.  ̂

oorreaponding to the plasma wavee.
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Thla corresponde to the oaae imaglnaryo The emitted írequenoiea range 

from U) ~  lO o — 0 = 0

X. 63.

wavefronta nove baoksraxds but the plasma wavea are stlll defined in all 

the aemiapaoe behind the partióle»
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It is worth noting that most of the oonolusions we have arrived at

oonoeming the symaetrio fie Ida .surrounding the partióle and the plasma

exoitation, can all he seen to have their origin in the ordinary responso

of one single osoillator to the field of a moving oharged partióle, as is
(14)shown in a separate paper .

f
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§ 10. - ENERGY LOSS OP THE CHÁRGED PARTIOLE. SEPAHATION INTO T-T 

AND L-T í.lODESo

The vrork dona upon the eleatrons has aleo been oaloulated by 
(5)

Sohonberg '. However, the main interest of the present paragraph is 

to show» by using a different methód the oonneotion between Fernji's 

result and A. Bohr's oonolusions» In order to establish this oooparieon, 

vía shall oaloulate the enargy lost by the charged partióle applying 

Feroi's method. That is * the enargy lost by the partióle per unit time 

at distences greater than a oertain ^ is given by the flux of 

Poynting’s vector througha oylindar of radius ^  and infinite length 

enclosing the trajee tory. As in Fenai's paper the present olassioal theory 

will be assumed to be volid for J  largar than a oertain 

Therefora i

10.1

and the loss per unit path t 

,oO

10.2
04

Separatin# the eleotrio field into T and L parta we may write »

_  =  ( ( i U  *■£$- í ( e  ) <*£
A i  IV r  >  2V ju ~ e -~ '-

— o*» —  w  0

_  d W t f e  ¿ . W i b
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(7:2a)

V *
Using the expresaiona already given for the fields equationa (7«2) (7«3)»

we obtain i

_  o L W t t ____c_f

d i  ~  2V
E t -  Hi„ 4 . a

V ?

ii6c
©o f  OO fOO

b _  £  ^ í cLs \ cluj 1 sA-uj' f-

< U  2 ^ \ ]  I I  v
00 _C*J

i______ v l U w .

£(w)

.00

K , ( A ( u í ) ^ t l(u>+U))v |  ■ + - \ £ ie H f d a r

— OO

.04

¿ M t b ___ £ 1 ^ e 1i H y c^ íí =

ol "£

10»4

¿ V
.Z ©*>

•OO t 09 r ®0

_ £ L _ \ d l ' í « U >  

2,V3TTX l J J
¿ u y  i ü L  K „ ^ | ^ )  A(w'j K , ( A ( W ) ^ V

_r 00 - *<? - «a»
10o5

urhere for reaaonB of simplioity we have set t • O (partióle at the origin 

of coordinatea)» The first right hand term of equation 10»4 corresponde to 

Fenol*s expression for the energy losso



may write then the T«T energy lose as i

_  A W t t  _  _  < l W Fe„M , +  d W t b

dL I  í i  A'* 10.6
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where after exaat analytical integration t

á W ü i í ! = i í f ( v i _ i _ ' ) u ) d lu 4 - £ I T ^ f K . t ^ K X v ^ )

v M ^ c 1 6 M '  v  V  V )  10t7

Thia gives the total energy losa as oalculated by FernA in the limit 

when the absorption tends to zero» writtsn in our notátioná As is wall 

khown the first tarm of equation (10«7) corresponde to the energy lost as 

Cherenkov radiation. The aeoond t e m  oorresponds to energy whioh remains 

stored in the médium.

We shall prove now that this energy which is lost in exciting the 

oscillators is given» exoept for a snall term» by

A *  /

ENERGY LOSS JÜB TO THE L~T IIOPE

From equation (10.5)» integrating ovar Z and U V  » and taking into 

aocount the properties of A(w), we obtain :

=  ( L  i “L  K . ( ® e ) A * W K , ( A V > > 5 )

■ ¿í V 1 »  £ ( w )  V  >
— oo

= í í  A * ( " )  K « ( A * ( u » e )

VlTÍ J, £(w) v-

10..8
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In this oaae the singular!tiea of and have no bearing on the resultaQ 

Wq integrate along the upper border of the out. However9 we muat deal with 

the B in g u la r ity  ooming from Instead of asauming the exiatenoe of

the absorption torm and the limiting prooess, we ahall defoxró the inte­

gration path by the introduction in the upper border of the real axis 

of a semioirole of radius r -* 0, oentered at the point # and

therefore re p la o in g  t

...» dúo — P *P.V.(*••• clu) -4*

Equation (10*8) may «shen be wrltton :

Od

_ á ü k  s  £ l  Z K e ■Rv.ídio í í l  K . ( ^ f ) a V )  K , ( a V ) 5 )

U z  vlTT J0 V v ) '

2  R e  T T i ' R t W f . )

10o9

Outside the Cherenkov zone the first right hand term becomea puré imaginary

i.e. except for the pole there is no oontribution outside that rango. . Y/e

obtain then after evaluation of the reaidue :

' 2. r U)0

^ = 1 1  Z R e l d u j i W .  K o ( ^ - 0 A % )  K « ( A * ( W ) 0  +
i -b TTV1 1, £(u>) v v v  >

c

10*10
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In the range of integration t

A ( w )  =  -  = -

Taking into aooount the defining relations for the modified Bessel 

funotions and the Hankel funotions t

. v £ ¿  (,\ • IT ' -V'ILí. tZ)

K V ( * ) = 1 Ü ¿ 1 =  1 + ! , . ( * «■  ;
2

10.11

we obtain from equation (10.10) after taking the real part t

. d W l t  dWÍfc d. W t e

o U  d i  < L i

=  é i ( L ^ 1  K o ( m p ) x c < t ? )  +

«*»c
10,15
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This axpression is exacto It gives the energy los8 of the L-T moda aa 

the sum of two contributiona $

a) a oontribution provided by the integral in the CherenkoT ssoneo This 

oontribution has its origin in the longitudinal part of the fields5 

whioh as v / q  have eaen¡, is prsaent even in the radiation rangas

b) a oontribution whioh is a fuño tion of the plasma frequenoy, the 

disianoe from the trajeotory and the density of osoillatore» This 

oontribution is the same as the second term in Permi’e expression for 

the energy loss0

It should be noticed that this oontribution is due to a ooupling of the 

transverso node of the magnatic field with the purely longitudinal field 

due to the plasma excitation t

In the oase of the hooogeneous ooupled system (no externa! oharge) e the

verse solutions (roagnetic field) to produce a net flow of energy t'hrough 

their assooiated Poynting’s vector0

AFPR0XH.1A.TE CALCüIATION OF L T OONTRIBUTION TO THE ENERGY LOSS JS THE 

CBE8ENK0V Z0NEo

We shall estimate now the importanoe of tha first right hand term 

of equation (10.13)» From the analysis of the integxand in the first term 

of this equation,, it is immediately evident that5 exoept for O

(whioh is outside tha ranga of validity of our formulas), there are no 

singularitiss in the interval of integration0

longitudinal solutions (plasma solutions) oannot combine with the trans-
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We distinguisn two casas i

Ist case t sisal! valúes of the argumenta of the Bessel fiuisisions ioe9

email distanoeSc 

In thi3 approximation *

10,14T  J __ A. -  _* , x «  1
l C )  T K ' 2  2

Using this expression we obtain t

J  ^ c t  € { * ) '  V L I 2* \kff* 10.15

valid for s

LÚ

V
This axpreasíon is formally very similar to the first tena of the ©quation 

giving Fermi8 s total energy 1o8B9 although there is a dependeno© on ^ 

whioh does not oxist in Perni9 3 result. This represente a very email part 

of the total energy loss in the Cherenko'-r range o

Note ? It is worth while mentioning thatc if th© approxiniation of email
c^aaota

argumenta hcá. been carried out in equaiion (10.10)5 we obtain 8

5  - * o  K v ( 5 )  J L  T ( V )  (Jj~j } " R e  NÍ > «

and 1
# „ \  . „ _ í _  

A *



Tiaersfort, s

sinoe the integral becomes puré imaginary» However? this íz due to the 

approxination used» The contribution ia email& but it exisfcs*

2nd oase 8 Large valúes of the argumenta The asymptotio approxiraa,tierna

using’ thsse exprasaions in tha first térra of (l0d3) we obtain t

The L-T oontribution to the energy losa in the Cherankov range shows te 

this approximation an axponential daoreaae with dietaños from the trajeotorjo

A PPRÜXIMA.TE CALffOIATION OF THE T T OOÍNTRIBÜTION TO THE ENERGY LOSS

We gíve the axpresaion in the approxiraation of small argumenta only°

The energy loss due to ths T~T raode exoluaively is given by equation (1006)» 

Ü3in¿? equations (10.7)» (10*13) and (10„15)9 we obtain 8

From this result we conolude that vary near the tra.leotory the anergy loss 

i a ths Ohsrankov zone is alnoat oonpletaly transversa-.

are in thia case s

10 ,1 9
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§ 11. - SULÜ.1ART OF RESULTS AND CONCLUSIONS

In the abaenoe of boundaries the homogeneous couple! system admits 

two tjpas of solutions oorresponding to two poaaible excitatione of the 

syatem» In the oase of the transversa exoitations these oay be produced 

by a light wave<> 3ut for the longitudinal exoitations it la always 

neceseary to have a time dependent souraa* The present work has been 

basioally the olaasioal study of a moving oharged partióle as a souroe 

of both typea of exoitations« In order to achiave this end «76 have 

separated the aystem expressed initially in Lorentz gauge into transversa 

and longitudinal parte» and have shown by oompariaon with the corresponding 

expressions in Coulomb gauge that the msthod of separation m  flava employea 

is essentially equivalent to isolating the instantaneous Coulomb oontri­

bution from the total system»

We have analyzed in detn.il the propertiea and physioal interpre» 

tation of the longitudinal solutions and have seen that in general, they 

show two well defined oontributions %

a) a field 3urrounding the partióle and oarried conveotively whioh we 

have identified as a soreening field¡,

b) an oscillator plasma wave. Part (b) represente a wave oonstructsd by 

the partióle0 with a group velooity equal to the velocity of the 

partióle and a linited range of possible wave vectora» This part 

corresponda to the oscillating part predicted by A» Bohr, although 

contrary to his belief this exoitation is not left "in the ?rake" of 

the partióle, being in principie the exoitation of a whole semispaoe

although in faot» due to its exponential behaviour, it is only 

important near the trajéotory»
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The transverso solutions have appeared as a difiéranos- 'between 

Fermi6 s solution and the purely longitudinal solutions» The separation 

ie not as oloar-out as might have been expeoted due to the <resenoe of 

spurious transverso or longitudinal oompcnents in ai the r t.h V  screening 

part of the fields or the radie.tion fielda raspeotively» This represente 

a minor contradi©tion with A. Bohr’s oonclusions rmo assumed the 

radiaticn port should be divergence fres. By emluatin^ the total fields 

by analytic oontinuation in the ccmplex frequenoy plañe, with suitabl© 

paths of integration9 a deeper insight into the nature of the pertur­

ba tions craated by tha moving charge has been obtained» We have found 

that9 in general9 tha fields may be separated in a oonsiater.t way„ into 

f3W  difforent oontributions (for E, P) as shown in dlagram (1) and (2) ¡

a) a contribution oarried conveotively by the partióle and existing in 

frota of it* which for very low velocities, coincides with the longi­

tudinal solutions;



b) a similar oontribution behind the partida?

o) the Chersnkov fieldsf 

d) a plasnsa excitation»

Por B and B (2) this last coatíibution does not asisto For V }
the oontributions given by f&) and (b) ohange and tend to d: sappear ;?or

7 -» C* Xt should be notad that thie ohange in ¿he oharaotor of '.he

aorcaning begine at. the onset of the saturation effeot pred: otad by

Ferci5 s theory (V * c/íéTi- )0 The intarpretation of the total Solutions

that w q  have given differs from the usual solucione in the « ase

(whí 3h oa¡i be obtained by. tha exact analytical integratior of the fi'rst.

rigbt-hand t e m a  of (7ol), (7«2) for exampla)5 in that naither ¡;he

sorf©ning ñor the exoitation ara taken ¿vacount of in the lart oneso

Tha energy loas of the partióle as oaloulated by Perm:.:de given 

by ;wo t9:sn85 one whioh oorreapondE to Cherenkov loas and tha oiher whioh 

representa enargy lost to the mediumo By oalcuiating tha flioc of 

Poyntingeí3 vector aasociatad to the purely longitudinal aolntions and 

the tranarerse ¡nagnetio fieldg wa have sean that there is suí energy los» 

aascoiatad to the L=T moda given by two oontrlbutions (10o15) 8

a) A losa given by an integral in the Gherankov zone whose crigin lies in 

the longitudinal part of the radiation fields» This. t e m r oaloulated 

in tha approxixaation of small argumente, ioOo very near -.he tra.jaotory9 

is ahown to be very small comparad to the first tera of Ferni'e 

expression (10«7)« Por large distanoes it shows a wave~l:.ke behaviour 

whoee impórtanos deoreasea with an sxponential factor»

b) A iera identical to the seoond tena of Fermi9 s expressioK, whioh 

represante the energy daliverad to the osoillators (and is etored in 

them)0 and is due to a coupling of tha purely longitudinal aleo trio 

field associated to the plasma exoitation with the purely transversa 

nagnetio field. This term is in agreement with A» Bohr8 e prediotionao
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So far all the resulta apply to the problem of the excitación» created 

in an ensemble of oscillators by an external source. However, in the 

limit whan U3Q becomes vanishingly small the initial homogeneous «ystem 

may be thought of as describing a classieal electrón gas, i.e. a smeared 

out negative charge di«tribution over a positiva background.(In all 

rigour we should say —*> O  , since when the electrons are not 

bound to fixed pos i tion* E  E  , where ^  is the average macro** 

scopic v a l ú a . Formally this does not change our conclusions, but 

nevertheleas it should be kept in mind). In this limit :

1 0 1P  w * • _  M TTN e.*- _  S lh >

i.a. the usual electrón plasma frequency. There is an obvious change in

the dispersión relations which become s

for transverse excita tion : k G  +  -Si f

for longitudinal excitation t LO2- —

The resulting system vould repreaent a very poor approximation to 

physical reality if we try to describe with it the perturbations and 

energy loss of an external partida whose velocity is comparable to the 

average thermal velocity of the electrons in an electrón gas. However, 

in the case of a relativistic particle traversing the electrón gas, 

the error incurred in using the present results in the limit 10» 

which is equivalent to neglecting random thermal motions of the electrons, 

should be very small.

Some modifications appear in our results when we try to describe 

with them a claasical electrón gas : a) The longitudinal solutions 

remain as they are, i.a. from a physical point of view there is still 

a screening and an excitation. b) In the total fields as evaluated in 

I 9, the Ch'erenkov part of the fields disappears in agreement with well 

known results, but we are left with the general screening and the
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excita tion created by the ch&rged partida, c) The first term of 

equation 10.7 vaniohes, and the energy losa is givoa axclusively by 

the second term, a result which vas found by A. Bohr, while in 

equation 10.13 this energy losa is proved to be that given to create 

the purely longitudinal exoitation. It is interesting to notiee that 

the results concerning the mechanism of creation of the exoitation and 

the energy loss are quite similar to those derived by D. Pines and 

D. Bohm^10  ̂ although by a far more complete treatment.
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Á® S&v as 6 ti® psraseat mthot knsws febs raspeas® ©f &n oscillseor 

£© feh® fcree ®s©s?£ed by a mo^img eharga^partiele wag saalysed for tha first
f s \

g£as® by N„ BOHR * his i»£«r©s£ ia Sha£ ©pposrtwaiey b@ÍBg mainly ia Sha

®a@fgy te®E8f©rffeá £© eh® ©seillatos' asá ia eka suhsaquant ealeuiafeioa ©£

Sha aaa^gy les® ©f a eharga mmíng eteoegh a asdiisa,, The p's&a&nt wrark eakss

up Sha serna pff@bl®m bise analygad ímm © differaafc poi&t of viewt aad alfch@agfo

i£ is soEa§g(í®á wi£h £ha psoblsa ©f saergy loss®s9 haviog ia £ae£ liad íés

oeigisa Ib 6h© acasape t@ «sadaesearad (she aaaefcaaissi i?® aparas ib 1® foir ■¡?si?e e£
(2%

£hs saasgy loss as given by E. Pereá8 g gheesy sad a eubsequant issteí*=
Í3}

pirafcaSi®® q2 Sha msshasism of ¡£hi® l©$s by A» BOHR^ * 9 i£s a£m ie S© ©ewdy 

tha eiasffiaEieal bahavíossr of the ©seillatoi? ©ad its yelafeiom wifcfe eh@ pasr&iM?” 

vagioae ©saatad by & tsmlng ehasg© ia a dispeEsiv® ss®dl?ssio By eeaspaziag Shis 

bahavioffiff with t£h« s©1?j6í©bs of a eouplsd system of aa ansatcbla ®f ©esillafeoire 

aad alaeerosmagaatfcic fieidgp ia tha pseganea of an axtaraal mswíag afeaí?̂  9 ie 

is shmm s

a) how tha prapartias assoeiatad So tha raspeas® ©f tha eoúplsá sysSssa g*a 

b® elaasly esa» t© arisa fg'ssn tha eharaefeasristie rasponea of ©a# «iagla 

©aeillate^o

b) how tha iat@s?ssti©a batwaea tha ®j§6Íllat©£§ .affeefeg that respes#®»

The ©«afilia® ®f th® psrasant weífk is m  follows ; in § S £h@ ssoltatiaiag 

paadisg t& tha oseillaSor ara givaa m & aaalysed; § 2 daalg ííi£h gh®

S0l«í£i@a@ of sha emiplad gyalam and ehair p£,©p®r£i@8¡) whila finaliy I 3 i» 

davoesd So a diasussioa aad compmxlmn of resulea.

INTR0DUCTI01!
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§ S. OSCILLÁTOR SOLUTIONS.

The fields of a charged partid® moving with a «o e s tan£ veloeity

V in th® direetion of the Z axia, expressed in tenas of the prasent pssítioa 

of the partida, are given by the vell krnswa expressions :

E _  e.
( z - v f ±  f -  {A-'tfc) ] V i

r  * . ( K - f / c ? )

?  “  ^  r,— ,,v  < «

y

wher® ( M >  and desígnate, in eylindrical coordinaos, the

abservation point and the present position of the partid© respeetiv®ly„

Ws shall raake the follewiag simplifying aesuoptions :

a) The fore© acting ea the oseillator i* practieally conatant within a región 

eoveriag the posslbla displasements of the bound charge, and therefore 

oay be appfosiaatfid by the forcé ac&ing at the point j  Z 8 O, taken
as the asean poaitiea of the electrón. For ^  suffieiently large 

compared to atomic dimensión» this approxination is valid. 

h) We nsgleet magnetie effeets, that is, the forcé acting on the oseillator 

i§ &'sswwd to be du© to the electric field only.
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As shown in fig.(l) tha time geale is fixed so that the partiel© esroese© 

£h© origin ef ©oordinates t  «  O  .

The motion of the oseillator is deeossposed into ¿ts componente parallel 

and aortnml to the tíajeetosy, th® eossreapoading equations being the 

following ;

á  +  r á  +  u C z - j L e ,
W L

é z V t  ^/c>)

**” ¡ v i fci +- ^ - ( a - V ^ ) ] ^

C3)

whsE’® 2(fe) asad .f(t) desígnate the displaeeaasnt of the b obstad ehaírgs £:fsm 

¿ge ©qiisilibrÍOT position» and the datnping term is introdraaed with th® solé 

aim of fixing integration pathe»’ Solutions are given in the limit Y-’í’ O  . 

Tha ®8® if the damping (ierra ia equivalent £© sssasaing as iaitial eoaditione 

£@r the oseil latos s

Z = Z- o  , £ =  ̂=—  o

Ths initial atosa is neutral t and will be tsasasd into a dipole by the aetiea 

o£ th® partielee The equa.tions of ssotion as1® solved by a Faisarier aaa&ysxs 

ia tías® o
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Wri£i©g t
_ es? . i.

* í z ( w ) e r ,'w

• o*

.tsú

4 5 Í i, (5)

^ < k )  =  ; p = r j  ^(.w )

—  <S4¿

p ««3

# K l“>c
• •« «su

ÚUjfc
o U ü

C7)

replaeing efoes® ®sqsg,@8®lon8 in ®q.(3) and (4) and performng £he infiegraeione 

w® abeain s

z ( b ) s j L _ í L  v h í ^ M  K o f f O e ) ^ 1' =

i ^ + ^ w r - w . 1- v  1

V,',‘tT ' V + W U Í - l O 1 ' V  1 )a‘

_ t w l r  ((8)

(9)

=  _ J L  Z H t L )  J í S I L  K J Ü I Í m J ? )

' i Z - U u ) ^  ' v  ’ 1

. L w t

i
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where ara the taodified Bessel functions. The integration ©f thes® 

expressions will be perfomed by analytie eontinuation in the cemplex 

frequeney plan®» Th@ singularities of the integrands of @q«(8) and (9) ar© 

Cha brcnehing point of the for U ) s O  and, negleeting quadratic teme

in „ the pole for (4) —  CO^ _  ^  .

The integration paths will be defined as follows (fig. 2).

For. negativo tistes ws integrate along the positiva imaginary axis and a 

quartsr cingle of radius R -#.<&» , For positiva times the integration is 

along tha negativa imaginar? axis and a quarter eircle of radius R , 

taking due «ce®!íiiE of the singtalaritias. Thara is no oontribution due to 

the braaahiag point itself. For "t and' diffarent frosn 0,

integráis and vanish for R -̂ > 00 . Therefora the only non vasaishing 

eontribuatioms are those given by Ij for t <  0, and 1^, for Ej> 0o 

Making asea of ths dafining equations’of the modifiad Bessel funotions and 

Hankel fonéticas :

^ IT: y ̂  t . 1 ̂ / — —  L

K v ( * ) = i L e x  H v ( z e  1

00 )

+ O * )  =  +  i- N » t * >  )
S (11)

H ? < » )  -  J - ' C a ) -  t. N „ ( s >  \

w* obtain in ehe HniS ()-*■ 0. and io Sha easee V ^  y V < <  C. .

a) V  C*

f c < Q  :

Position of tha partiel® 2/ —  Nf b  s  —  V  | ̂  | ^  O



«na

* Aftvy1

d k

k  * - M v f c l  ü.6

£  4* k>oWl

(82)

rt K  I I» ̂ /|í»k  4- k / . W

b  >  O  :

P@8iti@s¡¡ of efe® ipaE^iele =  vfc > o

(13)

(1*)

b 4-

4 ” V H £ *
v*\/1 *

t

„  f e v k

£  4 - t ó 'o V v 1 05)

I



H.7.

2a Efe®@© ©xpfftssieas K is & m<m irafs®§ra£ictE variable with £h@ dirnsasions 

®f a wm® whish appsa^® gfeíeasgh £h«g i®e©gs'a£i©ffi in <£hs eemplex

£g@q^©Egf pisa®»

fe) « c

^  , r  u  j  ( k ?  )e,-k l v t |  

z ( h ) = J L \ á k  *  ° - - i v  -

W V l J - k \ ^

k J A M . ) e - k | v b l

^ ) =  ¿ T ' S
d k

É +  u W

f c > Q  ••

E(fc) =  - ^  ^  ( t ^  ~  

*  k ^ C M O  ^  k v V

m í  \  £  +  w' í / v 1

_  2 e l .Ste*

v w V L

-oo

-i- . ^ _ iak
vn V ,i

- kvt

£  -t- t o ' / M

CS 6)

O?)

08)

09}



n, e.

Ib ho&h eas®e (V^v/C s \ / ^ C  )» solufcien® show eh@ sam® efaaraeSerisfcie 

b«ha^£o?sr s befo?» £hs pareicla eróse®& a plaaa aeroal £© efa® 6rajeeE©ry 

©£ 6h@ p©£®e Z «  0 9 gfaa rasponea ©£ £h@ ©ssillaeer i© an iaereaeing diassasioa. 

Wh®a Sha parsiela er®ss®s £h£s plan®, asi oaeillaeing asoíioa of fraqueney VA)a 

s£ar£g asroamd &¡a equilibrio» pesiéis® ^«sryiag i® eísb$» wfaieh in fase eorres* 

poads £o s gradual raseiSíseio® ©f ®he equilibrium posieioa ©f £h@ ©leeSroa 

£© Íes inicial ©eae®.

The ia£@gralg sppeariag in Sh® g©lti$i@as <e®an©£ b® earried ©asg saalyeieally. 

Nawretsaless ie eaa b® e®«a Ehae efe® e@aSffib«íEÍea givao by efa®g© tmtms 

waaishss for e-^ár®® . If w  ®x£r©p@la£© efo© soltagieas ©beained E@ falsías 

of 6 a 0 w  ©beai® (in eh® <sas® V<vC £©r sasasspl®) s

a) for £b© ^ g<§®p®sa®saf£ :

Ivw. ?(ir) -ss ^  t  )

fe —%» «4*0 — | tj — —0 (20)

b) í m  efe® ¿& ©saponesae %

a o



1.9.

Th<s?(s£®s’@!, ie £s sraasonfifel® to aaswm Sha£» a& a escala point of c©oi?dina£®s 

fa  » 2 °  °» gh® dÍ8pl«e©5a@a£ of £he ®l©e£?©n ®s & f«aae£i©a of fcias®, ia 

6h® &  sai £ ális®@6i©aa9 w£ll h a w  £©ll@wiag quali£e£ive behawioMff 

(Flg/3).

Fsasa @qiuagie¡as (12) so (85) it m u  easily b@ s«@o £ha£* in the liaife 

V-^C„ 6h® @sa£?ibía6i©®s m  feh® displaeemn£ of £h® foojsnd eharga given by 

6h® £a®«gs?al tesas vanish. tifa ©seas f®i? efe® oseillaEiag pa?£ of ah® ssotion,

£fo© agpE'osdmae© ssqprosgioas of ehg ffi®di£i@d B®§©®1 funsgione s

K „ ( 2 )  Sí ^  ~  
u

K  , ( * ) . «  - 4 -
¿r

Por | 'Zr{ <  1 (22)

wa obeaáa £®s 0 ¡

^P2- /. .<2./ \ - f . M  \ 6 9
:— _  =  o!m ^  iÉ (i_v^ .)c« (u i'0t) i t _

v^,c 8“ v-*c " w H  L > 1 ...,

(23)

k * *  ?(*=) ^  „  sew, (w'.fc)

0&& V ü V  UJ0 ^

(24)



Th8ff@£or@s, in sMs Hada, asá wiehisa ígfr® £sm@v&rk of £h© ^ g w p d o ^ s  

£®gs@áMg@d ®g £5u® bsgismiag,, £ts@í?<§ ís m& pzs^íom áísMn.sí©n ©£ £fe@ ^esillaEoí? 

mé Ehs respeass ©f gh® bmsad @l©eí£s?on £©a<á§ £@ be m. sseíllaeieg m@£i«ra ¿a 

gh@ ^ diteeeisn ©nlyB whieb w@ &aj í?@pE,@g.@n£ setaa&sieally as follííws 

CPígo 4)®

This £s ¿n &gs?®®ssa®e wi£h Sha fse£ ebae9 £a eh® limie V-¿> C, Eh@ fields of 

6b® passiel® g@md £© bahasra lik© a piae.® ?ím0®8 aad eh&ss i£s @££©eS ©a Sh® 

oseilieso? is 6fea£ @f a ewdd®® país© 0 O, ie s dis@e£i@a TOsmal £9 £h@ 

£¡?aj@@£@5?y.



S 2» THE INHGMOSENEÜUS C0UFLEB SYSfEM.

A s©5spl©á sysfcsm @f ©geillaÉog’s m.ñ @les£s,®n©gK©Eie fi®lds ©ssei£«d by 

a® ©xfcsrsa&l peine ehasg© snwisg wiefo a e@Es£aa£ t?©l©ei£y¡, may bs mpmemfced 

hy £h® foliewing ss£ ©£ equsÉÍoas :

a A  — 3 §

□ < j > s _ m r e  & ( x . - v . fc) + - 4 i t í U v í L

(23)

C26)

segafch®? w£g!h eh® defiaiag sqw@g£@as f m  efe© fields %

¿ A
• O  =s? v a  X-X

C285

B s V k A ^  
'*«*« (¡ T c  i p  íV**"

®ad L@??®a£g e@adli6£®a t
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«bar* 8 if] ^ ^ N e , 1 h B h® ©seillag©?®

W l aaaifc t oIuk® _
C30)

m s aas® of £h© boisad 
©bargas

©asá 8

.1 z.

C31)

is efe® ps^pas fff©q«j®aey ©£ th@ ©seiHaee^s e©g?ee£@d §®z efe® eoupling 

wigfe £h® elaesranagaatie fielá (i.®. L©g@a£g ecrrecgioa). p r©pr@®sa£s 

£fe® pslasisagioa p@s? «ais w l i »  da©. £© efe® psassae® ©£ §is££iei@a£ly danasly 

¡psskasi ®sei2,la£©ffe» For ata iafiai£® a@di«sa (i.@. a© bwadasri©®)„ aad ia £h* 

abs«a@© @£ @^£araal eourcas» £h@ syggom adíale® m® Eypas ©f solutiva® i 

<&) l©agi£«sdlaal pisa® wav© eofosgions »£ £5?@q*8@aey s

U ) p  s  ¡ ¿ i  +  ^
0 2 )

wh&efe sorasspond to m. ©seillsg©? plasma. 

h ) Sgaas^aís® plaa® wav@ 8©lu£i©a© ga£is£yiag £ba disp©ff®i©a ff©la£i©a :

!f =  ¿ 4- '-j£ —  ) -  £  (w)
c l V  w í - w 1 '' d -  v 03)

*fe®íí© <S^Uí} g©ps®@®a£© £fe® dieleeSíie e®as£aa£ ©f gh@ midisasa ®e given 

fey £fe@ msdtel,

k  m@m á@£ail©d ®mdy of this sys£©sa is g i w a  ia a sepaseag© p a p a ? ^ ,  whsre 

i£ i® alg© sfe®im £fe©£8 f@w a patrie!® s^iag al@ag £to@ posieiwa diff®g£i@a ©£ 

£to@ Z m í e  m á  &smsíag Efe© ©rigia ©f coordiaaeee @e

£ s 09 6fe© i©agi£ssdiaal saliB£Í@a® f@ie 6fe® palarissfci©® efe® £©li<sw£ag s
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1 - Ve y  O Cí® of pastíLel®)

Í.eo W  C V t J

_ k J L i í i Ü _____ ¿ k

o k  +  ^ p / y 2-

S- _  \ - k  ( 2 - v t )

>  J « ( k ? ) e _

0 '. £  +  « 0 > / v l

■R ( p z b ) - l i .  OrS ük(z-vb) K .
5 ¿jjyl V

^  ,, V _ k | 5 - v t |

i1 í k X ( ^ ) e  _ _  _

K. •+■ Wp/\/4TTV J £  i_  m I  A/2»
o

T >l e ( í Z b )  =  _ ± l i' s e w  ^ í ( H - v k )  ( M e p )  4 -  

) ’ airv1 v  .

e f  P  k  I »  U f )  e " k | 2 ' Vt:i o l k  

w l ) l í + . - I O f / v 1



E .

The SoSal §ol«s6Í©ns £©? the polarigagioa of £h® eoapled sysSesi <ic® 0 

'xíthtmt sepagasion ia&© Éyanavers© aad lesigifeadiEal p&?£@), givem as 

iss^ggs’a le  s i l  £h© f?@qm®sy epee-£gm are £h© í©ll©w£»g :

V ( n V ) -± L -  

> (2 irjY
j ( _ L £ ( u ) )  U j |(

e
(2-tífV

7 1
W - U |

Í(í - ^ h ) k

08 )

i J \ ÍÚjf— -1?)

p m t  1

(39)

Ths pieopesfcies o£ ehas® 8@lug£@s&89 phyaieal ineeep?@&a£ion and a*y®pto£ie 

ssspg’assioas m ®  fully disetasssd le £h® above ffl¡§tt£i©ned paper0 lis suaaaasise 

£h® eotaslsasioas whieh ar« sfslsweaS ia 6h@ presenfc sonSexe.

8®) ffoíg loaglSasdigaal solMSlons show two well definsd con££Íbu£¿on@ :

®) a syasas^ical aesísasirag fi©ld surróuading Sha pssrfciel® in i£s m®£ion, 

giwea by ®q.(34)» (35) and £h© «<§e@nd Sems of eq. (36)„ (37)» b) & wav® 

givea by $he firse garas of eq* (36)» (37), defined i» all £he semieapace 

fe*h¿ad (£h« pat?£iel@ b o m d  by £he platas aomal Eo £h© £íajee£©3fy and confcaining 

Efe© pe5?£iel©. Dm® to £he ©xp@a@B£isl beh&viour of £h© modified Bassel funstions 

£m las'g© ^alises of 6h® ffigg(¡sm$sigs9 Sfoi® wave has a mesa | i m  by ; Q zz ^L-

ífetaam



n .  35.

c

This exeitatioa shows Kypieal oseillator pl&assa behaviour» aad corresponda

£© ®h§ l©ag£e«adinai ©geillatioas pr@die£@d by A. BOHR \  although they
ik\

eanaot b® esid t@ fe® l@£t Mia £fa© raka" of the p&sr£Íel®. As shotra in' ,

Sfes ©reatiea by £h® partiel© o£ £hie psr£ of Sha fied is respoasible for
(25

@®s ®f the eoatributioag to fch© energy loss as givea by Fermi a theory' .

2e) total eolutioas giv©a by eq. <38) 9 (39) s eorrespoad to F ® m i 9 s 

®sspe©@s£@a«^ for th® polarisatioa written ia our aotation. Sa their present 

foraa ife i® b ©£ at all obvionas whieh ar@ lea properties. However, by performiag 

®» iategratioa in fefe® eoaspless frequeney plañe with auitable paths of iate- 

gratien it is poasible to s h o w ^  Ehat the polarisatioa and eleetromagnatic 

fields solutioas of equatioas (25) to (29), have three distiaet eontributioae

a) a ayamstrie sereeaiag field defiaed in fromt ®ad behind the partióle;

b) & plssm® esseitatioa defined ia all the sensiespae© behind th© partióle;

a) eh® Chereakov fields. The eoafiguratioa of these fields changa» aeeording 

6o whethsr V > where statie dieleetrie eeastaat as

giv®a by thü'preseat ssodel. This ©volution may be represaated sahematieally 

by the £@lS,@wi»g diagrama (Fig. 5).

For V < C4 ¿ I l : „ th® Chereakov wavefrants correspondiag So frequeaeies freos 

U30 6® a eertaia threshold frequeaey O  <C < 1 0 ©  , and Chereakov 

aagles varyirag ia the raage TT ̂  Oc, ^  O  , togéther with the sereeaiag 

field and £h® plasma w a w s oeeupy ia prineiple the whol® semieepas* behind 

the partiele, although their relativa importaaee is a fuaetion o£ iha 

distaaee frem the trajeetory.

For v x f e  9 the Chereakov wavefroat® eorrespotadiag to freqsaeasi©» 

frosa LOq to O  fold baekwards iato a eoae, aad the sereeaiag begins 

to dieappear aad disappeare eoiapletely ia the limit V —¿.C. However, ihe 

plasma w a w  still remaias defiaed in front of the eone. Our preseat t&sk 

is a@w to try to undsrataad these appareatly eontradietory r©sulte in the 

light of vhat' ws know about the r®spsas@ of th@ aiagls oseillator.



TT, E 6o

S 3. DISCÜ8SI0N 0? TOB 80LDTI0N8.

The 8@l4í.g¿OE,s ©f ghe ©q©ag£@as ©£ asogiosa ©f ghe ©geillator bear & agrikiag 

§£sa£l®rigy g© gh@e@ eosrreepoffldifflg g© ghe p©l®r£gag£@m of £he eeapied sysgem,, 

Th£© ¿@ qu£g@ ©videag for ghe golwgiosag of ghe ©eeillagor in ghe cas® \/« C  

C@q. 5 6 6® S9K solisgioas fer ghe loagigudiaal p@laríg®giom (@q. 34

g® 37)» Hswwer ®sa3£ bear ia ®iad ghsg ghe solugioas hm®. foaad for 

gfo® ©@@£li©g@r M'sm a@g gh@ @©*fflpl®e@ goisagisa @f ghe prafolsm sinse we are n@g 

g®k£s¡ü aseouaag @f gis© rsd£®ei®a field ereaged by eh© ©ssillagor mú les ■ 

r@a@g£@a ©sa efe© ffi@v£ag eharg® m d  ©a igself. Thie raáiagioa field wigh 

amigable eorreegioas due g© ghe iageraegio® «E©ag ghe ©seillsgors is whae 

afgeward® assgg give rise c© ghe Chareakov radiagioa fields. Nâ @r£fei«l®3§D 

ghe g©3,w¡e£©a® as ghey ere» ®r® stsffieieag for ©ar preaeae pjsrp®®eg9 sad 

ghe ag§«pg£@a® eakea es a basi® (i.©» aegleeg of thm asagaegie gena ira £h© 

foree asgiag @a the @seill®g@r aad g@aseaae veloeity of eh® pargiel®} pug 

efe® sofos&ios&s ©a gfee §®sa§ degree ©f «pprosdtaaeioa m  £h©§@ for £h® <á®;ap¿Led 

aysgesao

The sgásiiia ©f g®a@rsgi@a of ghe plasma e&e£gag£@a besotees a®w alear. Lsg 

m  mmm® feSíag ghe pargiele is asevisg aacoag aa easeable of ©seillaeors whieh 

do a©g ¿ageraeg fe@¡£W@®a ghe®s@lve®. Wiehin ghe approstimagioa V^(C ghe 

aeeioá ©£ ghe fields aay be eoasidered go be iasgaagaaessia. As ghe pargiele 

»@v@s al@ag ghe Z m¿£s» ghe ®§e£ll®g@r@ pl&mú oa s plaa^ aorasl go ghe 

grsj@eg@ry ©tad ©o^gsiaiag ghe parg£@le beeoe^ ©sseiged. This esseigagioa o£

@®@ pls®e8 - whea soasbiaed w£gh ghe respoase ©£ ghe o@eillegor@ pleeeá ©a 

saeigfefemariag farsllel pl®a@@ already erossed by ghe pargiele gi^e® risa g@ 

ghe f@sraag£©a @£ a wave. The C©tal©-ab field of ghe pargiel© p r & M & m  ghe 

®ss©£gsg£@aB ©rp go be more pre@í®e9 ghe ehaage £a direegio® of ghe fo^s® assiag 

©a ghe ©ssili&eor» ©vea ££ fehis ehaage is gradssal.Siaee %r@ a© iager^

a@g£@® begweea ghe oeeillagerSí) ghe p@lar£^agi©a per <aaig t o í *  woalá aimply 

fe® giwgta by i



ü. 17.

P*(t) = Nez( t )

O ) ~ N e
<40}

i m

üsisg g@£ Z { y ) } ^  (^) 6he ®sqp?e@e¿OQ£ g£^®a h j  <§q0 (18) e (19^ 8 f©s ®sea^l©¡ 

saá e®k£ag ia£@ a@s®u&£ £h® d@fialei@s of s we eb£aírs s

Drt íio'ot) K » ( ^ ?  ) -  

l i r v l  , «  _ k v t

_  e t  1 k J o ( ^ „ )  e  ¿ k

I4TTV" <42)

P ' ( t )  =  . £ e  s ^ ( b U ) K , ( i 4 0

2 ITV1- v

4

4 ~

e*j

H t t v ' £ j r t O o / V 2*

C43)

If ¥■¡3 ©©apas1© ráh@s<g ©sspírsg sisase %?i£h £he@® giwa Im  £fe© ¿LaagiSísidifislL p¡a>l®” 

g'igtóisa ®f ehs e@wpl®á sys&tia ®q0 {36} t 0 1 )  s i£ ¿s issasdistelf ®mé@sS eha6 

©ss®pS to't títe e;ri^£aS. ebaag© £a éfc«i sess’diaaíes of fihe obser^aeiea p3Íae0 

ia£®3?»eei®a fe@£w®@a gh@ ©geillafcsr® &©á Sha @i®s£r©aagase£e f£@M appsars 

thssagfe Sha «glisag© ©f §

■U)o lü, U) jp ss
° L



I.Í8.

F<aff£ham©s,a* is can be seen £ha(£s &h© se?s«ai»g sppsasiag in the longitu­

dinal soluciona of fch© polariaatien is a direet esasaquenee of eh@ inifcial 

dÍ8&SESÍ@n of th® iaáividual 08e&ilsSo?s and £b,e gradual tatusa of eheir 

squiHbffitsa posigions t& thais1 ©rigiaai s£ae®.

Th* total poIaffisadLom, ®q. (38) and (39)» is given by ia£«grela ove? «11 

th® fgequaasy spaetoj®. Th«ff©f©s®g in osdas £o esfcabliah a eoaspaffison wiah 

the solaeieag @f th@ ©aeillet©!? m  ®asS %r«s& wifch @q. (8) amá (9). 2fs as 

¿n th© p m w i m a  & & m , wa «©asidas? as @Q@@at&l@ of ©seillato^s wifihojsf? aay 

iafeasaefcis®* and w© defin© a polarisa&ioa pas asalt voluzss as g¿v@n by 

@q. (40)» <*I), we obtain using equationa (8) aad (9) i

a) Th© iatasaetiom betwaea fcfa© oseillator® appaars as in the paviotas «ase*

(46) defines integración paths. An analogous term must also be intro- 
duced in (38), (39) to deal with the singular!ties appearing in th©ae 
expressions.

_  Cu)fc

m }

u w t

_  Otí

i m

A b?£ef sovparison of theee expireseiona with eq. (38) and (39) shows4"*
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fe) As aiready m@a£i©a*d ®e éh@ b&giaaiag ®f ehis eaefciea, eq/ (8) aad (9) 

eesseepdad e® ghe sespoass of 6fc@ oseillaeor to £h© field of eha ehasrge, 

bue d® aafe givs aseóme ©f eh® raáiatiea fi@ld g&mzated by ehe ©seillator 

©aae esssiesd. la ©s?der 6© do s®, ehe gyseeia whieh ¿s iiaplieifc ia equaeioms 

(3) and (4) s

L  +- i t  + »!*■ r  =  e £T’= i

□  cbCo'- _ 4 ír e  í ( x - \ i y )
, 1 ̂  ■**" VA. /

C47)

w s e  awpplesiieaeed by íhe ®quagi©ne %

□ At4> = _ i£ e ¿.
c

□  4 > 0) =  + m r e  < W . £ .

(48)

_  (o) / C £#> p  I
«haagiag ehe f@sree aeeiag ©a eh© ©seillaeor from ^  ^  1 ^ -  +  }

and fiaiiag sfeewssd® eh® sitBuleaaeoias s©luei©as @f (47) and (48). Hswe^es» 

ehi© is s@®pl®S@ly equivalen!:, @nee w® have eakea iae© see©«ae eh® Lasenes 

eoríreeeion, £® wh®e is d@a® ia @q. (23) fc® (27) vhea w@ iaesrodus® ehe 

deasáeis© ®f ®tm?en& asad p©larisaei©a m  s m s m a B The iae@ffaeei©a of ehe
"extern4 1 "

field© m  e®§ae®d by eh@ «asesóle ©f ©seillae©*®, wieh ehe',éleefiff©magaseie 

field®s bifiags ab@?se a ehaage ia eh® veloeiey ©f p?@pag@ei©B ©f lighe sigaal® 

ehe?eby shaagiag %
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(49)

This eataíls aa a diieect eoasequeaee the possibiiity fot th© veloeity of 

the pastiele of beeexaiag larga? than the '¡reloeity of light in th® aí©di®Bp 

in a ca^taia £?©queaey saage, which aa is vrall tawa, is th® origi© ©f the 

Cheraak©? effeet. Baapite tha fast that eq. (38), (39), iaelude the ©ffeet 

©f the fie3.de gaaeratsd by the ©seillators themselves, they still ¡eetaia fm ®  

eeanasa ehasaete^isties with eq. (45)8 (46), ©c fes that matte?, with ®q. (8), 

(9). As meationed ia § 2, the iategsetioa of eq. (38) aad (39) ia the somplex 

£?@q&@a@y plañe by a asethod whieh is alt®ge£h©s eqaivaleat £q the aa® asaed 

<5e ©btaia efe® e©luti©as ©f the ©Eeiliaters, shows that, the «eseeaiag aad 

the axai£ar,ion theireby obtaiaed ase eleerly due to £he dioteasioa sad exeitatiea 

®£ th® ©seíllaear ae given by eq». (12) to (!5), «mee eh© effests ©£ afee 

iatesaetiea of the ©eeillatosfs aad the ehaage ia Sha \?eloeity ®£ pjfopagasioa 

©f light sigaal® a^e takea iat© aeeouat. Thas it is a©w pessible t© mdesrstaad 

why i® 6h® Hnit V C the sereeaiag pasrt of the total field® disappeaí while 

the piarías wave still yesnaias. Howeve? a aew featwsr© alises o Sqaati@as (84),

(15) aad (18), .(19) show that, the iatredaetioa ©f ralAtivistie effests 

(i.e. i?@Sasedati©a), ehaages the amplitud» ©f the exeitati©a thseojsgfc th® 

£atg©áiseti©a @£ a depeadeaee ©a — V /£.*■' p©wes?s ©f) t ia saeh a sray that,

ia the limit V - ^ C 9 these is aa ©seillatiag motiea ia tha ^  digestión 

©aly. ‘Sh® •ass’̂espoaáiag effeet d©es a©t sppeas1 ©a iafcagratisa ©f eq. (38),

(39). % £ s  ie dae t© the faet that the plasma wave as ealeulateá fesm these 

last tw© sq«3ati©as, appease m  a p©l@ far LO — U) p 9 f©£ whieh

<g@ael«sá® irsm thi® sesult that, avea whea relati^istie effects aiee takea 

iat© 33esaats the plasma wa^ss appeai? as if they t m m  gea©s?ated by the 

iastaataaesuss Ccmleaáb fields. This ais© asesas that ia the limit V-#>C the 

plasma wavea wiil have eempsaaata not ©aly aosfmal t© Sh© t?aje®t©íc,y9 as ia 

the & & m  ©f the ©seillat©?, bat ais© pa?allei t© it.

theeef©?© eaaeeliiag ?@ta?dati©a effeetSo We



E. 21.

Tfe® autho? w£@h®8 Ss ©sspffgs® M s  d@©p gxagieaá® So Pr©£, G» B@ek for 

hüwímg. ínfezúáwmé hísa So fefc© susbjssÉ atad fose hís £®£©2reefe ©a ehs dificsreafc 

©g@g®s @f üsis wssk8 m  wsll m  g@ Di?e J» A6S31H fes @einmlaeiag dísesaaa£e>as0 

Ss watsald al@@ &£k® e© aste@wlL@s¡g© sha fiaaaaíal suppo^e raeeiwd £ m m  £fe® 

5Jra£<ff@g®££§ d<§ LiUg® d«a££ag £h@ e©£p&©££Q¡a @ i thig as wail as gfc©

h@SjpÍ£aH£y stewa by Fsrof. J. Pisftaa© aaá all eassbeE1® of hie d@pa?£m£nfe.
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