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An expression for the potential field o f an ideal crystal made o f point charges is derived by the planewise summation 
method. The dependence of the potential on the shape of the specimen is discussed, as well as the connection of the 
present work with that o f previous investigators. Using the above results a general expression for the electrostatic energy 
of a slab-shaped specimen of an ionic crystal is obtained. The formula is applied to slabs o f NaCl, CsCl and BaTiC> 3  crystals 
(for the latter both the cubic and the tetragonal phases are considered).

1. Introduction

The knowledge of the potential field created by a lattice of point charges is of the greatest importance in the 
calculation of the electrostatic energy (as well as the energy of several kinds of defects) of ionic crystals. In fact, 
according to the Born—Mayer model, an ionic crystal can be considered in a first approximation as composed of 
spherical, non-overlapping charge distributions interacting through the coulombic potential, plus a short-range 
repulsión which prevents the structure from collapsing [1]. The coulombic part of the interaction, which gives 
the main contribution to the cohesive energy of an ionic crystal, is the same as the electrostatic energy of a 
crystal made of point charges located at the centres of the above-mentioned charge distributions: in fact, the 
potential of a imite, spherically symmetric charge distribution at points outside it is the same as if the total 
charge were concentrated at its centre.

The electrostatic energy of a given crystal structure is usually characterized by a parameter a  called the 
Madelung constant, which is defined in terms of the electrostatic energy per molecule í/mol by

Umoi = ~ ^ d a (1)

(here, q is some characteristic charge of the crystal and d  some characteristic length, such as the lattice constant 
or the nearest-neighbour distance).

In order to  calcúlate í/mol one needs to know the potential created by each sublattice at all the sublattice 
sites. However, it is important to notice that eq. (1) contains an ambiguity that is not usually recognized in the 
literature. In fact, the electrostatic energy of an ideal ionic crystal depends on the shape o f the specimen, unless 
the net dipole moment p of the cell that is used as a building block for the crystal is equal to zero [2—4 ]. The 
reason why this fact is usually not attached importance to is that in a real case free charges will be attracted by 
the crystal surface so as to compénsate for the polarization P  = pjv (v = volume of the unit cell). However, from a 
conceptual viewpoint it is desirable to have a way of calculating í/mol for an ideal case. Furthermore, there might 
be situations in which the effect of the surface charge could in principie be eliminated (for instance, a para- to 
ferro-electric transition in the vacuum).

In the next section we discuss some problems arising in the calculation of the potential and the electrostatic 
energy in point-charge lattices.
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318 V. Massidda/Electrostatic energy in ionic crystals by the planewise summation m ethod

ln section 3 we present a calculation of the electrostatic potential for an ionic crystal shaped as a circular slab 
using the “ planewsie summation method” ; our derivation avoids some of the problems of previous calculations. 

In section 4 we discuss the connection between the above results and those of previous authors.
In section 5 the results are extended to points belonging to an x y  crystal plañe.
In section 6 the electrostatic energy of a slab-shaped ionic crystal is derived in terms of the formulae given by 

the planewise summation method and is evaluated for different specimens of NaCl, CsCl and BaTiC>3.

2. General discussion

The calculation of the lattice sum giving the electrostatic potential (EP) at an arbitrary point of a point-charge 
lattice presents two different problems:

(a) the convergence of the sum is extremely slow;
(b) the convergence of the sum is conditional, i.e. the result depends on the order of summation.
While the difficulty arising from (a) has led many authors in the last 60 years to propose several practical 

methods of calculation, point (b) has not received great attention until quite recently. The most well-known 
example of a difficulty arising from (b) is the ambiguity found by Evjen [5] in the determination of the Madelung 
constant of crystals with the CsCl structure. Point (b), of course, is the reason why the electrostatic energy (EE) 
of an ideal ionic crystal depends in general (i.e., when the dipole moment of the unit cell is different from zero) 
on the shape of the specimen. The convergence properties of the lattice sums giving the EP at a given point and the 
EE can be discussed in the following terms.

Let us write the position vector of the centre of an arbitrary cell with respect to the field point as*

r\ j  “ C^l  +  / l ) f l l  +  ( ^ 2  +  h )  a 2 +  +  h )  a3- ( 2 )

Here, Xj, an(l ^3 are integers labelling the cell; the /,- are >  0 and <  1, and give the position of the field point in 
its cell; a a2 and a3 are the primitive lattice vectors. The contribution of the above cell to the EP at Pj can be 
expanded as

4 ^ 0 W ) +
I *./

(3)

Here, p v, QVK,e te. are the components of the electric dipole, quadrupole, etc. moments of the unit cell with 
respect to its centre (the net charge is zero for a neutral crystal). The convergence properties of a lattice sum are 
determined by the contributions of the lattice points at great distances from the field point. It has been proved by 
Sholl [6 ] that the series

2  ' 1%  m

sunimed over the lattice points contained in a given solid angle is divergent for n <  3 and convergent for n >  3. 
Using this result it can be shown that the EP as given by (3) is shape-dependent if p  and/or Q are different from 
zero.

* The subíndices A. an d /  stand, respectively, for ( \ i ,  X2 , ^ 3 ) and ( / 1  , / 2 , / 3 ); it must be noticed, however, that they do not repiesent 
vectors.
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In this paper we are going to deal with a summation method that is suited for a slab-shaped specimen. In order 
to know the convergence properties of the lattice sum giving the EP in a slab let us notice that adding the contri- 
butions of the cells at great distances is equivalent to evaluating

— J ^ - y  r dr dtp +  j  r dr di¿>, (5)

w ith/- lying in the xy  plañe. As the integral

y 0 + Atfi 

f  ^
‘P o ro

oo

i ' ?
dr

diverges unless px = py = 0, we conclude that if this condition is not fulfilled the EP in a slab depends (a) on the 
shape of the slab and (b) on the position of the cell containing the field point.

Let us repeat the above reasonings for the EE per unit cell. The contribution of a cell at a distance rKj  from 
the field point is now

r\ , r +
V , K , p

pvQKPv(r\j)  +

It can be seen that for a “ three-dimensional” specimen* the EE depends on the shape i í p  ¥= 0. In the case of a 
slab, however, all the integráis analogous to those in (5) converge, so that the EE, contrarily to the EP, does not 
depend on the slab shape. Using this result, it can also be shown that the EE of the unit cell in a slab does not 
depend on the location of the cell inside the slab (the reasoning is similar to that on p. 313 of [7]).

In this paper we are going to calcúlate the EP and the EE of an ionic crystal using the planewise summation 
method (PSM) of Nijboer and de Wette [8 ] , which is a general method for calculating lattice sums. As the PSM 
consists in adding up separately the contributions of the different x y  lattice planes, its results refer to slab-shaped 
crystals. With our derivation we will obtain the EP in an infinite circular slab (or, equivalently, near the centre of 
a finite circular slab) and the EE per unit cell of an arbitrarily shaped slab.

The PSM, as well as other methods for calculating lattice sums, deais with each sublattice in a separate way. Due 
to this and to the fact that the EP of each sublattice diverges when the volume of the specimen is made to tend 
to infmity, the PSM cannot be applied in a straightforward manner to calculating the EP in a crystal made of 
point charges. In order to avoid the divergent contributions (which should cancel out each other when all the 
sublattices are taken into account, due to the charge neutrality of the unit cell) many of the earlier methods 
(e.g.: Redlack and Grindlay’s method [3, 4 ] ; the well-known Ewald method: see ref. 9 or app. A of [1]) introduce 
for each sublattice a uniform cloud with a density equal to minus the charge of the sublattice divided by the 
volume of the unit cell. The assumption implicit in such methods is that when all the sublattices are superposed 
the neutralizing clouds cancel out each other everywhere. However, since the sublattices are displaced with respect 
to each other there will be in general thin regions at the crystal surface where the clouds do not overlap. In the 
general case these non-compensated charge distributions give a non-vanishing contribution to the EP and its 
derivatives even when the volume tends to infmity. An example of the errors that may appear when the effect of 
non-compensated clouds is neglected will be seen in section 6 .

The shape dependence of the EP for a lattice of point charges plus a neutralizing background has been 
investigated by us in a previous paper [7]. There we showed that the EP of this charge distribution depends on the
* I.e., a specimen for which none of the índices \ i , and \ 3  is made to tend to infinity after some of the others (for a slab 

parallel to the xy  plañe one takes \ i , \ i  -*• 0 0 first and then ¡V3  -*• °°).
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crystal shape, and that the result given by the Ewald method, which is shape-independent, actually refers to a 
specimen with a suitable dipole distribution on its surface. The calculation of the EP of a point-charge lattice 
immersed in a neutralizing background using the PSM has been carried out by Sholl [10].

In the present paper we calcúlate the EP in an arbitrary crystal made of point charges. As we do not introduce 
non-compensated charge distributions, our results are free from the ambiguities that are so often associated with 
calculations of this kind (the price we have to pay is that we must restrict ourselves to circular (for the EP) or 
arbitrary (for the EE) slabs). The connection between our results and those of Sholl will be discussed in section 4.

3. Derivation of the formula for the potential

Throughout this paper we will consider the ideal case of a perfect crystal made of A  sublattices of point charges 
q a { a  = 1 ,2 , . . .  , A).  The condition of electrical neutrality implies

A

1
a = 1

0 . (6)

The sublattices are identical and slightly displaced with respect to each other. Their primitive vectors are ,a 2 and 
We consider lattices with monoclinic or higher symmetry, unless otherwise stated. The x  and z axes are taken 

parallel to üj a n d a 3 respectively, while eos7  =  • a 2/a ia 2 ^  ® f° r monoclinic, rhomboedric or hexagonal symmetry. 
The crystal we are dealing with is shaped as an infinite circular slab parallel to the a-^a  ̂ plañe and is schematically 
depicted in fig. 1. We assume that the slab is cut in such a way that it contains an integer number of unit cells. Each 
cell contains one ion belonging to each sublattice, and the index a is chosen in such a way that the z-coordinate of 
the ions of the unit cell increases with increasing a.

s -----------------------
X 3= M

O □ □ 0 1

•  A •  A •  A U c = M

ii 3 O O O] O J

< 
1

¿0
...• a  = £

A ex* £-1

o cx = 1

Fig. 1. Cross section of the crystal in the x z  plañe (projection onto the = 0 plañe). The drawing extends to infinity in the + x  
directions. Enclosed by a broken line is shown the unit cell that is the building block of the crystal.



We consider a general field point P(xp , y p , zP) (fig. 1). Let us denote by 0 the sublattice satisfying

Zi <  Z2 <  . . . <  Zp _ 1 <  Zp <  Zp <  . . . <  ZA .

For a point such as Q (fig. 1) we have 

z Q < z l < z 2 < . . . < z A ,

so that /3 - l . I f z j = Z 2 = . . .  = z/¡j our definition implies j3 = 1. The coordínate of a source point belonging to the a 
sublattice relative to the field point is written as

rK)a = (X1 + i<x, \ ) a \ +  (*2 + 4 ,  2 ) ° 2 + ( h  + 4 , 3 ) fl3> (7)

following the notation of [6 , 7 ,10] [see also eq. (2)].
For point P  we have

0 ^ 0 , 3  ^í¡3 + 1 , 3 ^  • ■ ■ ^ ¿ 1 ,3  < A,3 ^  -  1,3 <  !•

If j3 = 1 this reduces to

0 < Á,3 ^  • • -^ ¿ 4 ,3  <  !•

It can be seen (fig. 1) that X3 goes from - N - 1 to M - 1 for a <  0 and from —N  to M  for a >  0 { M , N >  0). Due to this 
it is convenient to write rKi¡ with the following notation:

rK / a = r\',/'0!= (X 1 + 4 , l ) fll +  (X2 + L , l ) a2 + ( \  + /'c ,3 )a 3- (7 ')

Again, Xc is an integer labelling the cell with the source point, but now it takes the same valué for all the sublattice 
points belonging to the same cell; therefore, it goes from - N  to M  for all the sublattices. Subíndices X' and j '  
stand for (Xj, X2, and (ja , 1 >Á*, 2> ¡a, 3) respectively. The j'a 3 variables are given by

í  a, 3 ~ i  a, 3 > for a  >  0,

/á , 3 = / a , 3 -  1 > for a  <  0 , (8) 

so that

- 1  < f \  3 <  ■ ■ 1 , 3  < 0 < / ¿ , 3  ^  • • - < / ^ , 3  < ! > ¡A,  3 - í ' l , 3  <  L  

The potential at an arbitrary point P  of the crystal in the MKS system is given by

4neQV(P)= ^  2  * J r\ J a = 2 2  |A , . ' ------ 7, q“.------------ - ■„ .... . ■ (9)
* a K -̂l + y a , l ) a i  + (A 2 + ; a>2 ) fl2 +  (Xc +  ; a ,3 )a 3l

Here, Xj and X2 go from —00 to  4-°°, while —N  <  Xc As the EP depends on the slab shape (see section 2), the 
order of summation must be the one corresponding to the given shape. In the present case we must first sum over 
Xj and X2 such that the source points lie within a circumference of radiusi?, and then take the limit R  -* If 
0a,  i>/<*, 2’ía, 3) = (0 ,0 ,0 )  for a given a (EP at a lattice point) the term with XL = X2 = Xc = 0 has to  be omitted
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from the sum for that valué of a. If ja 3 = 0 for some a the treatment by the PSM is somewhat different (see, for 
instance, ref. 11, where the field at an arbitrary point of a dipole lattice is evaluated). This case will be dealt with 
in section 5; throughout this section we assume ja 3 0 for all the a ’s.

We are going to apply the PSM to the sum (9). We will first consider the cells with the same valué of Xc ; they 
form a planarlayer perpendicular to the z axis, with thickness a-¡:

4ne0 VKc(P) = 2  I  
\  i f ^

Let us define, following [11],

a , a 7 <ii ü j
°* =  Xl ^  +  X2 -al  and l a[

Therefore, ( a ^  = \ 1 + X2(a2/a l ) eos y  and ( a ^  = \ 2(a2/a0  s'n 7> whüe analogous relations hold for (o¡a)x and
(o¡ )v . We also set 

Ja y

f a = ( ^ c + / á ,3 ) fl3/a l- 

VXJP )  is evaluated by means of Parseval’s identity for Fourier integráis:

J f *  (h) G(h) dh =j f*(o)  g(a) da.

Here a = axi + ayj, h = hxi + hyj ,

F(h) = FT2 {flor)} = J / ( a )  e2«íh da

and an analogous formula relates G(h) to g(o). We choose f ( a ) and g(a) in a slightly different way as in [6 ] and 
[11]. So, taking

f (a )  = 2 , -  ox) and g(a) = £  \\a +  a . |2 + f 2 Ü  ’
\ v \ 2 a  1 1  " / a 1

we can write

4ire0a l VKc(P )= ¡F * (h )G (h ) Ah. (10)

By eq. (A .8) of [12] we have

F*(h) = —^ —  y  5( h - h a u ),y '  a7 sin y  Mi M2

with

hn1n2 = W  +  cot 7 +  V2al / a2 sin i ) í  0^1 . M2 = integers).

On the other hand,
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G(*) = Í T 2 ( I  [ |a  +  oJ “2 + f , } -  F T 2 {|  exp [ - 2 m </„,,„ ¡  +  , „ > 2)1 (<j2 + ”2 ) , ) •

where juj and ^2 are continuous variables defined by ¡ij =hx , — ¡jl[ cot 7  +  /-í2 ^ 1/^2 ™  T'= âst steP
follows from the change of variables (ax , oy ) -> (ax -  {°ja)x , o -  (Oja)y) for each sublattice. The way of evalu- 
ating this expression depends on whether hx =hy = 0 or not. If (hx , hy) +  (0,0) we can use eqs. (4.9) to (4.11) 
of [6 ] for the case n = m = 0. In this case the contribution of each sublattice is finite and can be calculated 
separately*. We obtain

G ( A # 0)=  2  exp[ - 2m (/a i¿¿i + j a 2^  l f  e~ 2” lf“ (h s  lAD-
a

If h = 0 we have

This is the term in which the dependence of the EP on the shape of the slab manifests itself (see section 2). The 
rhs of (11) is proportional to the EP of a set o f A  infinite planar surfaces, each with a uniform charge q j o j  per 
unit surface (gj = sin 7  = area of the x y  side of the unit cell), all of them parallel to each other. The EP of 
each surface is o f course infinite, but after summing over a  the divergent contributions cancel out, as we shall see, 
due to the charge neutrality. The integration limits in the Fourier transform (11) must be taken accordingly to the 
shape of the surface one is dealing with. For a circular slab we have

2 n  R  ' A  'r  d  r1 -r- r r r  dr
2  «a J d* J  | 7 T T

1 K a o 0 “

Here ra gives the position of the centre of the a th  disc with respect to the field point and is easily obtained in 
terms of c \ , a,- and . Let us write it asA.5 }& j q;

ra = d a cos 6 a* +  d a sin dJ  +  zak -

The integration over r is carried out analytically and the result is written for R > d a , z a . After integrating over <p 
some of the terms vanish or are easily evaluated. We arrive at

2n R 2tt

/  á<p J  f T I ---- 1 "" 2 n [R  - ( rfa + z a)^] ~ d a J  C0S <p log [(c?2 + -  d a COS <¿>] dtp.
0 0 “ 0

For the latter term we use the expression

2n
J eos \p log (c — cos i¿>) di¿¡ = — 2n [c — (c2 — 1 ) 2].
0

* In ref. 6  eqs. (4.11) are said to hold for n > 0. However, it can be seen from [13] that they actually hold for n > — y .  The diver- 
gence that prevents one from extending Sholl’s formulae o f [ 6 ] to  the evaluation o f the series (4) with n = 1 manifests itself in 
G (0) (see below), no t in G(h  #  0).



which is arrived at by integrating by parts and setting eos <p = t. Finally we get
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Itr
G{0) = _  lim ^  < !« ( * -  I*«I) = -27t V  Qa U -  (12)flj R

Substituting F(h) and G(h) into (10) we obtain

------- -— :— ( 2  q<* ' i !  h ~ ~  e x P t —2 7 r i 0 t t , i  Mi + / a , 2 ^ 2 ) ]  e - 2 tt ^  4 *  U )
^ n€0 a2 Sln y  l a MpM2 M1M2 a '

where

a 1 \ 2 -ii
J ^ i2  + cot 7  +  jU2 esc 7 - i j  j

From what we said above about the meaning of G(0) it can be seen that if a uniform surface charge density 
r a = q j e o  is subtracted and added to each plañe z = (Xc +  j'a 3) a3, then (P) is the potential of all the T’s while 
^  (i3) is that of the actual point charges plus neutralizing planar distributions - r a . Notice also that if Xc ¥= 0, so 
that all the f a have the same sign sc, we have

^ )  = -
sc Pz

2cq co 

where

Pz = 2  QcJa,3 aT>'
a

This is the EP of a plañe with a uniform dipole distribution (dipole moment per unit surface = pjeo)  [14].
Now we sum over Xc in order to  obtain the EP. For V'x (P) we have two geometrical series. The result, written 

in terms of the j a 3 variables, is

V ' { P M  = T ^ - ( y  q a Y
477£0 w L = 1  m̂ 2 1 _ e "  ^

A f  (ot. u)
+ (1  — e ~MHn) t~ia,3 Hv¡] +  y  q y '  --------- —  [(1 -  ~ía,3^Hn

a = 0 1  e M

+  (1 — e~(M + D ^ m) e“ -,a ,3 /íM]}, (13)
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where

1
/(<*> M) =  r------ exp [—2 ttí (ja> 1 ^  + ja 2 n 2)]

mim2

and Hp = a^/a1. All the sums with a  running from 1 to (3 -  1 disappear when (3=1.
Eq. (13) is an exact expression, holding everywhere inside the crystal (a similar expression could be obtained for 

points outside the crystal). If the distance from the field point inside the crystal to the slab surface is much larger 
than a 3 (as will be assumed in the following) the terms containing M  and N  can be neglected and we get

^  a \ v ' v ' '  e~,a>
V ( f t =  2  K ( p j a ) =  lim  = ---------------------------- j . ---------------

0f ? l  ,a  M ,N  -  -  4 TCo w  « =  1  M i > M 2  1 -  t  u

(14)

A comment is in order about the notation. In this paper, as in [7], we denote by Pj an arbitrary point in the unit 
cell of a single sublattice. The quantities/^,/^ and/3 determine the position of the origin of the sublattice with 
respect to that point [Xj = X2 = X3 = 0 in (2) or (7 )]. Therefore, by writing V'(P/a) we are explicitly displaying 
that the potential V' is taken at a point characterized by j a^ \ J a^  4 ,3 - In a crystal made of A  sublattices there 
are A  sets o f / ’s so that a consistent notation would be quite cumbersome: in that case the field point is simply 
denoted by P. In section 6 we will denote by V'(jac¿) the V'  potential created by the a ’ sublattice at the sites of 
the a  sublattice.

Now we calcúlate ^  (^ ):

M  M  A
47re0 F"(P) = 47re0 ]T V"k (P) = 2 t tJ -  ¿  ¿

Xr = - N  a = 1

2Tta t M  A 1 A a 0 - 1  A ,

= ~ ¿ T  2  2  « a f a -  2  2  « « f a + ¿ - 2  <?a ( l “ /« ,3) +  f f-  2  ^ 4 , 3
\ c = 1 a  = 1 \ C = - N  a = 1 1  a  = 1 1  a  = (3 '

2 Tt I 1  \
= - \ ( M - N + \ ) Pz + 2 «3 2  ? a ( l - / a>3) • (15)

a = 1

The final expression for the EP in a circular slab (neglecting the exponentials containing M  and N)  is

1 r  1 i
V { P ) = n P ) - ^ W - N +  l)P z + 2 a 3 2  « . 0 - W  ■ (16)

a  = 1  ■*

where V (P) is given by (14). We recall that if px and/or p v are different from zero this expression holds for a 
circular slab, at points whose distances to the centre of the slab are negligibly small as compared with its radius.
If Px = Py = 0; however, eq. (16) holds for an arbitrarily shaped slab and arbitrary position of P  in the plañe of the 
slab (not too near to the boundary).
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If p z = O the EP depends on the position of the field point in the cell, but not on the position o f the cell inside 
the crystal, provided P is near the centre of the slab. If pz =£ 0 the EP tends to be very large near the slab faces, 
where \M — TVl >  1. This is due to the fact that the EP of a planar dipole layer is finite and space-independent, its 
sign depending on whether the dipole moment points towards the half space where the field point is located. For 
an arbitrary point there are (M -  N)  uncomp'ensated layers, each giving a contribution pz l 2e0co. This, of course, is 
an ideal situation, because in a real case free charges will accumulate on the crystal faces, until cancelling the 
macroscopic internal field. However, eq. (16) can be applied, for instance, to a ferroelectric crystal immediately 
after the transition from the paraelectric phase has taken place.

4. Connection with previous results

It is interesting to compare our result, eq. (16), with those obtained by Sholl [10] or Ewald (app. A of [1 ] ,  [9]). 
The results of ref. 10 for the EP relative to infinity [eqs. (3.11) and (3.12)] and to the average potential (3.15) 
differ from each other by a constant. The valué given by (3.15), on the other hand, is equal to that obtained by 
Ewald’s method (see ref. 7).

Sholl applies the PSM to the calculation of the EP in a crystal made of point charges q immersed in a uniform 
neutralizing background. His result* is

W - n ' / H s ^ O j - S ) 2. (17)

The first term of the rhs is the same as that obtained by us for a single sublattice in eq. (14).
In order to apply Sholl’s formula to the crystal depicted in fig. 1 we need to consider a neutralizing background 

for each sublattice and then to correct for the contribution of the thin layers near the slab faces where the back- 
grounds do not compénsate each other. The calculation of this contribution in the general case is straightforward 
but lengthy. However, one can first consider the simple case A = 2. In that case it is easy to see that the contri­
bution of the uncompensated layers coincides with our V"(P) of (15). The general case can then be treated in 
terms of the A  = 2 case by adding and subtracting suitable uniform distributions. Therefore, eq. (3.11) with (3.12) 
of [1 0 ] applied to an arbitrary ionic crystal gives the same result as our (16), provided the contributions of the 
non-overlapping parts of the backgrounds are taken into account.

Let us also mention another interesting result, whose proof is elementary and will not be given here. We have 
already said that in crystals with a permanent polarization free charges tend to attach to the surface until an 
external charge sees no net dipole moment, i.e. no electric field. In our ideal case of fig. 1 this means that a surface 
density T = pz/a3co will be deposited on the face looking in the negative z direction, and an opposite density on 
the opposite face, the distance between them being (M + N  + 1 )a3 (planes S and S' in fig. 1). Using eq. (16), it can 
be seen that the EP inside the slab of point charges with the above-described surface distribution is the same (except 
for an additive constant depending on the exact location of the external charges) as that calculated by the Ewald 
method or, equivalently, by the Sholl formula.

5. Case j a 3 = 0 for a given sublattice

In this section we consider the case of the field point lying on the xy  plañe of a crystal sublattice, a situation 
always arising when the electrostatic energy is calculated for an ionic crystal. This case has to be treated separately 
in the PSM because the Fourier transform of g(o) (see section 3) does not exist if one of the /  3 is zero [11]. If

* T hroughout this paper by Sholl’s result we always refer, unless otherwise stated, to Sholl’s potential relative to infinity and not
to  th a t relative to the average potential (i.e. eq. (3.11), not (3.15), o f [10]).
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/  3 = 0  for a given a the two following cases have to be treated differently: (i) ja j and/or ja 2 =£ 0 and (ii) 

ía ,  1  = ¡a , 2  = O-
For the field of a point-charge lattice and its derivatives different formulae have been derived for both cases 

[6, 11]. For the EP of a point-charge lattice plus a uniform neutralizing background an expression is derived for 
case (ii) in ref. 10; for case (i) no formula is available in the literature, but in ref. 7 it is shown how Sholl’s result 
for / 3 0 [10] can be used.

We are going to find an expression for the EP of a crystal made of point charges in cases (i) and (ii) by using the 
results of refs. 7 and 10. The result applies to a slab, with the same limitations as in the discussion on eq. (16). In 
our derivation we will add and subtract suitable planar and volume charge distributions. Since in each case we will 
subtract the same distribution as that previously added, there will be no uncompensated distributions to worry 
about. According to the notation of section 3, the sublattice for which ya> 3 is zero is labelled by a  = (3 (if there are 
n such sublattices, they are labelled b y a  = |3 , j 3 + l , . . . , |3  +  « — 1).

Our first step for both cases (i) and (ii) is to consider the contributions of all the cells with Ac =£ 0. The treatment 
is the same as in section 3. A straightforward calculation leads to

2  T - e - * »
•̂c ^  0 MpM2 ol = 1

e Ax, 3 ^ / i  +  e ^  Á*» 3)^/2

4  (Y \ e " {1 +><x,3) H H + e ~ (1
+  2  -------------------- -— z ü ---------------------  ’ (  '

a  = (3 I " 6 ’

I  = u s ’)
\ c # 0 c 2e0co

Eq. (18) gives the EP of the point charges of all the planes with Xc =£ 0 plus their neutralizing planar distributions, 
as in section 3. Eq. (181) gives the EP of planar distributions with the same sign as the point charges.

For the layer with Xc = 0 we add and subtract planar charge distributions Ta = q j o i  at z = j ^  3 a3. For a ¥= P 
the contribution of the point charges qa together with the neutralizing distributions —r a is obtained as for Xc ¥= 0:

n c =  0 ( ^ ) - n c =  0 , ^ V = 4 ¿ J  2  í « / ( “ . / i ) e - ( 1 - ' « , 3 > " M +  2
^ Mj ,M2 a  = 1 a  = (3 + 1

When this is added to (18) the same expression as in (14) is obtained for the sublattices with

01 -«r v '  e- ^1 “ V  3)

3 ,  —

(19)27T6qCO Mj;M2 1 — e M

We have still to calcúlate the contribution of the planar charge distributions +  r a , in addition to the last term 
of the above equation. The former is /47re0co times the G(0) which has been evaluated in section 3 (eq. 12):

(3 -  1
(20)

^ 0  = 0^ )  2e0w 2  2 e0c o [Pz +  2a3 2  ( 2 '« ,3)]  •u a = 1 u «- a = i



When this is added to (18') the same result as in section 3 (eq. 15) is obtained for the EP of the planar distributions:

7 "( i , )  =  “ 2 ¿ r [ (M “ 7V + 1 ) ^ + 2fl3 ,32 i ? a 0 - / t t l 3 ) ] ’ ( 2 D

Finally, we have to calcúlate the EP of the two-dimensional sublattice of the point charges at z = 0, together 
with its planar neutralizing distribution — r»  (the last term in (19)). Let us introduce a uniform volurne distribution 
p extending from z = (Xc — i )  a3 to z = (Xc +  ^) a 3. Using Gauss’ theorem it is easy to find that the potential 
Va created by this distribution plus a planar charge density — T = — pa3 at z = Xca 3 is

Va = -  ( r /2e0tf 3) dz -  Xca 3 I -  ka3)2> if lz -  K a3 1 <  5a3 >
Va =0,  if lz -  Xca3 l > ¿ a 3. (22)

Let us associate to each xy  plañe of the ¡3 sublattice a planar charge distribution = q ^ lu ,  and the volume density 
Pp = qp/a^co between the planes z = (Xc — 5 ) a 3 and z = (Xc + ?) a3. Adding and subtracting these distributions, 
we can think of the contribution to the EP of the (3 sublattice as follows (the notation is easily understood):

V p = V P +  V T , ^

with

v;  = (Vq -  Fp)all V s  + (Vp -  Vr \ c * o  + (Vp -  Vr ) Kc = o-

The first term in the latter equation is Sholl’s potential (17), while the second and the third are equal to zero and to 
-q ^ a ^ l 8e0co, respectively (eqs. 22). Therefore, the contribution of the j3 sublattice to V'  (eq. 19) is

^ s O ftl> 4 2 ’ ° ) - ^ a3/8e0w - (23)

Notice that this equation is formally identical to (17). However, in the latter V'(Pj) stands for a functional 
expression (eq. 14) that is not defined for /3 = 0 .

On the other hand, Fr   ̂has already been taken into account: it has been included into (21), through (18') and 
(20), where its divergent contributions are cancelled.

Sholl’s potential has not been calculated for the case /3 = 0 ,/ j  and/or /2 ¥= 0. Let us assume ± ¥= 0. In ref. 7 
we showed that in such a case for orthorhombic crystals the EP can be evaluated in terms of the EP in a slab per­
pendicular to the ay crystallographic axis:

^>0(3,1 >•/<?,2’ 0>a l a 2 a3) = ^s(//3,2’ 0>/]s,l>a 2 a 3 fll )  Qp (a 3 ~ a l)/24e,yz3GJ.

Substituting into (23) and using (17) we finally get

328 V. Massidda/Electrostatic energy in ionic crystals by the planewise sum mation m ethod

* p ( / f t l ./ f t 2 .0 ;« l « 2 « 3 ) =  V¡ ¡ ( k 2 ’ ° > k l ’ a2al a0 + ^ ~  - í ) 2 - o l  -  n ^ a 2 • (24)

The first term in the rhs is, from (14),

1,<(■ t\ ■ \ qP V ' e ' % 2 Mi e_ /fti Hn +  e- ( 1
Vs ( l f . 2 . 0  _  2  - ¡ p ------------- ----------------- — - J T ------------------ , ( 2 5 )

Mi ,n2 M1M2
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with A =  [n1 + ( a 2n 2/a i )2p  a n d H ^ T r Á  fll/«2 -
An analogous procedure can be followed if 2 =é o while j ^ i = 0 .
In the case (ii), i.e./ftl =yft2 = /ft3= 0 (the field point will now be denoted by O), SholFs result is obtained from 

eq. (3.22) o f [10], giving the EP relative to the average potential, by subtracting ( - q s a3l24eQoj). Substituting into 
(23) we get

2a i , e- / / M

2 2 cos(2irfiX61)tf0(2jr/iX62) + — [2C-log(16jr2af/w2)]|. (26)
1  \  = 1  n = 1  a l I

H ere.S j a2 cosy/a1, 8 2 -  a2 sin y/ah  C - Euler’s constant = 0.5772156649. K Q (x) is the modified Bessel 
function of zero order (see eq. (9.6.21) of [15]; eqs. (9.8.5) and (9.8.6) of [15] furnish convenient series 
expansions).

Let us summarize the results of this section. We write

m =  2  v'a(pja ) + v'í¡(pj(¡) + v \ p ).  (27;
a  /3

(0 /(3, i and/or/ft2 0 ,/ft3 = 0.
The first term in (27) is equal to the first term in (19); the second one is given by (24) with (25) (this is true if

i0,1 *  °; = °»so th a t/ft2 ^  °» a similar expression can be found) and the last one by (21). This result only 
holds for a crystal with orthorhombic, or higher, symmetry.

OO/ftl =/ft 2 =/ft3 = 0 .
The first and the third terms in (27) are obtained as in case (i); the second one is given by (26).

6. Electrostatic energy per unit cell of a slab-shaped ionic crystal

In this section we are going to write down an expression for the EE of a slab-shaped ionic crystal using the for- 
mulae for the EP that we derived in sections 3 and 5. Such formulae apply to circular slabs, but as we saw in section 2 
the result obtained for the EE is independent o f the shape of the slab.

The EE associated with the unit cell of a slab-shaped ionic crystal is given by
A

Ec = \  2  q a Va> (28)
Ot -  1

Va being the EP at the a  site. The y  factor appears because the interaction energy of each pair o f ions has to be con 
sidered as shared by them in equal amounts. Let

ra - ^ a, l al +  la ,2 a2 + ?a,3 a 3 > 

be the position vector of the a  site with respect to an arbitrary origin. Using (16) we have 

A

va=  2 v 'Uaa’) - ( M - N +  l ) p z/2e0G j- ( f l3/e0w) £  qa' (x ~ícm\  3),
a ' = 1  a ' = l
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where

Joca',i ~  %a',i ~  %a,i’ 0̂r %a',i ^  %a,i>

íota',i ~  %a',i â,i 2 %a',i ^  %a,i‘

Here a is defined so that the last sum runs over the a valúes such that £a ' 3 <  ^  3 (if the | aj3 were all different 
from each other, then <x = a — l). V'  (ja a 0 is the potential created by the a sublattice plus its neutralizing planar 
distribution at the a site, and can be obtained from (14). Let us write V'(jac¡) = q^v'(jaa¡). Substituting the 
above expression into (28) we get

^ 0 = 5  2  ” '(° )  +  2  qa u' ( w )  “  2Í^ZJ 2  q <* 2  qa' tta,3  ”  £*',3>>
a  = 1 I- a ' ^ a  J 0 a  = 1 a '  = 1

which can be rewritten more conveniently as

A A  A

£ C = 5 'A ° )  2  2  2  Í A '  « U a O  + (« 3 /2e0W) 2  2  V  (?a',3 -  ^ , 3)- (29)
a = l  a = 1 a ' > a a = 1 a ' > a

Tliis is the expression giving the EE of a slab-shaped ionic crystal, using the planewise summation method.
Eq. (29) can be applied to the calculation of the Madelung constant of a slab-shaped crystal. Let us consider, 

for example, the cases of NaCl, CsCl and BaTi03. In all cases we will consider a slab with its large faces perpen­
dicular to (a) the [001] and (b) [110] crystallographic directions. We will also calcúlate the contribution to the 
EE of BaTiÜ3 in the ferroelectric phase coming from the ionic polarizability. The valúes of the dimensionless 
quantity v'(f)  =  47re0a2 V'U) needed in these calculations are given in table I.

Table I
Valúes o f v ( f )  = 4neo av' ( j )  used in the calculation of the Madelung constants o f NaCl, CsCl and BaTiOa.

a-¡Ja i a3/a i j  1 Í2 h v ( Í )

1 1  0 0 0 -3 .88449503
1 1 * 0

1
2 -0 .05892276

1 1  4
1

7
1
2 -0 .27833719

1 1  0 0
1
2 0.42766647

1 1  1 0 -1 .62971909
1 1  1 0 0 -1 .14312986
l/v / 2 1  0 0 0 -3 .20604119
1 /V 2 1  i 0

1
2 -0 .1 5 4 8 5 5 0 6

l/v / 2 1  0
1
2 0.12263079

1 /V 2 " 1  i 1
2 -0 .18420268

l ls /2 1  0 0
1
2 0.23233801

1 /V 2 1  i 0 -1 .44816554
I/n / 2 1  i 0 0 -1 .33845832
1 /V 2 1  0 0 -0 .43532841
1 /n/ 2 1  i 0

1
4 0.08293354

1 /V 2 1  i 4 -0 .16036108
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NaCl In case (a) we have 8 cubic sublattices (üj = a2 = = a) and (b) 16 tetragonal sublattices ( ^  = a 3 = \ /2  a, 
a2 -  a). We found that in both cases the energy per mol, which defines the Madelung constant [eq. (1 )], is given by

= 3.4951292,
mo1 4neQa

(q = charge of the Na, a = lattice constant), in excellent agreement with the result of Sakamoto [16] (aNaCi 
= 3.49512 91892 663643).

CsCl By an analogous procedure we obtained

a CsCl,001 = 0.46456519 (case (a)), 

a CsCl,110 = 2.035361505 (case (b)).

The difference between the two valúes is ¿n,  and it is due to the following. We saw in section 2 that the EE of any 
crystal (not necessarily ionic) depends on the shape of the specimen if the dipole moment of the unit cell is different 
from zero. Let us consider a fictitious crystal whose cell is that of the CsCl plus two neutralizing distributions (one 
for each ionic species). In other words, the primitive cell o f such a crystal consists of a Cs ion with charge q at 
(x,y,z),  a cube with uniform density -q /c?  centred at (x,y,z),  a C1 ion with charge - q  at (x 4- \ a , y  +  \a, z +  \a)  
and a cube with uniform density q/a3 centred at (x +  \ a , y  +  \a ,  z +  \a).  For this cell p = 0, so that the EE of a 
slab-shaped specimen of the fictitious crystal under consideration must be the same irrespective of the orientation 
of the crystallographic axes with respect to the slab faces. Now, for case (b) the effects of the uncompensated 
neutralizing clouds at the slab faces cancel out each other, so that the EE coincides with that of the CsCl. In 
case (a), however, the fictitious crystal differs from the CsCl by two layers with thickness \ a  and densities ± q/cfi 
at the ± z faces. These layers give a contribution \ i t  to the Madelung constant, as can be easily seen. Therefore,

a CsCl + neutr. clouds ~ a CsCl, 110 ~ ^CsCUOOl 2W> 

in agreement with our result. In ref. 3 Redlack and Grindlay obtained

“ CsCl, 110 = a CsCl, 001 + I 77'

We believe that Redlack and Grindlay’s assumption about the uncompensated surface distribution, namely the fact 
that their term L{x, V  — FN) is constant, is not valid and that this causes an error manifesting itself whenever there 
are uncompensated distributions at the crystal surface. For NaCl (a) and (b) and CsCl (b), where the effects o f the 
uncompensated surface distributions cancel each other, Redlack and Grindlay’s results coincide with ours.

BaTiO¡ (cubic, paraelectric structure) Our results are 

a BaTi03, 001 = 0.805 05226 q \ a + 1.81524026 q + 2.15572734 ^ Ba qTi, (30a)

«BaTiO3 , t l 0 =  l.i5 4 1 1 8 1 0 í?2a +  1 .6 4 0 7 0 7 3 4 ^  +  0.75946394 9Ba ? x i . (30b)

It can be seen that in both cases if q B¡¡ = —qj[  (so that q0  = 0) the above results reduce to those obtained for the 
CsCl structure. As for CsCl, the difference between the two valúes of a BaT¡o3 is explained by considering a 
fictitious crystal with a neutralizing cloud for each ionic sublattice. We obtain the relation
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2 2
a B aT i03 + ncuti. c louds= a B aTi03 , 001 +  f g  <?Ba +  í/Ti -  4  4 Ba <?x i)

= a B aT i03 , 110 +  9 "(^B a +  ? T i +  2  ^Ba ?Ti)> 

in complete agreement with eqs. (30). In this case too Redlack and Grindlay’s results differ from ours.

BaTiOj (tetragonal, ferroelectric structure)
Let us consider a BaTiOg slab-shaped specimen, with the large faces perpendicular to the ferroelectric axis (the 

z axis). In the ferroelectric tetragonal phase the ions are displaced in the z direction with respect to each other. 
Referring all the displacements to the oxygen at (5 , f , 0) we have a unit cell with a Ba ion at (0, 0 ,5  Ba), a Ti ion at 
(í> 5 . 5 +  5Ti) and three O at (5 , 5 , 0), ( ¿ ,  0, \  — 5Q) and (0, 5 , 5 -  50 ), respectively. Eq. (29) takes the form

^ B a T i0 3 , FE , 001 =  3 (2  <?Ba +  2  <7tí +  <?Ba ? T i )  v ' (°>0 ’° )  “  3 ( 4 a  +  <?Ba « T i)  ( 5 » 5* 5 Ba)

I  ( ^ B a  ^  ^ T i  +  2  ^ B a  <7 T i )  ü  (®> 2 > 2  ~  ^ o )  3  0 ? T i  +  ^ B a  ^ T i )  v ' ( ^ >  2  +  ^ T i )

— 3 (^ B a  +  ^ B a  ^ T i)  v (^> 2> \  ~  ^ 0  _  ^ B a )  +  ^ B a ^ T i v (2 > 1 > 2 +  ^T i ~  $ B a)

+  I  (^ B a  +  ^T i +  2  ^B a ^ T i)  v (2 > 2 > — 1 ( ? T i  ^ B a ^ T i)  V (0> 2 ’ ^T i +  ^C>)

“  27r  { -  A ( 2  ^ B a  -  ^ T i ) 2  +  I  ( ^ B a  _  2 ^ B a  ? T i )  ^ B a  +  5  ( ^ B a  _  2 ^ T i  -  Í B a ^ T i ^ O  _  ^ T i ^ T i ^ -  ( ^

We recall that v ( / i , / 2»/3 ) is equal to the V'a (ja) of eq. (1 4 )  divided by qa .
Using this result we can calcúlate the electrostatic contribution to the specific heat of the ferro- to para-electric 

transition of BaTi03 coming from the ionic displacements. In doing this we must take into account that in a stan­
dard experimental arrangement a slab with electrodes attached to its faces is employed, so that when the reading 
of the voltmeter is zero the plates bear an electric charge such that the macroscopic dipole field is cancelled (see 
section 1 of [11 ]). It is easy to show that in each case the contribution to the energy from the charges on the 
electrodes is

In our case pz = \ a  (?Ti -  2 ?Ba) and pz = a [ \  (9xi -  2 9Ba) +  (5Ba +  § 50 ) <7Ba +  (STi +  § S0 ) q Ti ] for para- 
and ferro-electric BaTiOj respectively.

The ionic electrostatic contribution to the transition heat of BaTiC^ is therefore

A^ =£,BaTi03, PE + E a, PE _ £ ,BaTi03,FE ~ E a, FE’ (32)

where the first and the third terms are given by (30a) and (31), respectively. In view of the lack of accuracy in the 
experimental determination of the ionic displacements it is not actually necessary to use eq. (31), because a more 
practical expression can be obtained by expanding £'BaTi03, PE -  ^BaTi03, FE irl terms of the 5 ’s. The result is
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Table II
Valúes o f (l/2w )3 ü '(/)/9 / 3  and (l/27r)32 v ( j ) l 3 j \ , which are used in the calculation of eq. (32).

<2 2 / 2 1  03/ai i  1 ¡2 /3 ( 1  / 2 tt)3 u ( / ) / 3 / 3 (1/2tt)3 2  ü '( / ) / 3 / |

1  1  1 0 t2 0 -0 .64 3 5 7 7 1 9
1  1  i 1 12 0 -1 .33333333
1  1  0 0 12 0 3.45437216
1 1 4 0 1 -2 .71 2 8 4 5 6 2
1  1  i 0 0 1 -3 .72718608

^BaTi03, PE — ^BaTi03, FE 2(¡Qa ^  [~ (6 5 Ba + 4 5 o )  ^Ba +  (3 5Ti +  2 So )  ^Ti 

+ (3 5Ba -  6 5 xi -  250 ) £?Ba <7xi] +  [(§ 5 ^  + 0.143 5¿ + 0.429 5Ba bQ) q \ &

+  ( l 5 Xi+ 1.171 52 +  2.485 &T i 80 ) q * . +  ( 1 . 3 1 4 5 2  + 4 5 Ba5x. + 0 .429 5 Ba5Q

+ 2.485 5 X¡ 5 q ) g Ba <7xi] } + G (S3)

(the valúes of the derivatives used in this calculation are given in table II).
On the other hand,

Ea, PE ~ E o, FE = ^  í |(^ T i _  2 í?Ba) K5 Ba +  l So )^B a + (5Ti + 1 5C>) ^Ti]

+  K5 Ba + f 5 o  +  t  5 Ba S o ^ B a  +  (5 Ti +  5 5 0  +  í 5 Ti 5 o )  ^Ti 

+ ( |5 q  +  2 5 Ba 5Xi +  f  5Ba 50  +  |  5xi 50 ) <7Ba í t í ^ -

Substituting these two equations into (32) we get the contribution to the transition heat in terms of the ionic 
charges and displacements.

Let us take í Ba = 2e, qTÍ = 4e. Since for qTi = 2^Ba all the linear terms in the 5 ’s are found to vanish, we have

2

A E =  4 m h r ('3 3 ' 51  5 ®a +  1 3 4 -0 4 5 T i+ 1 3 -71  5 o +  134.04 5Ba5x i + 168.71 5Ba50 + 27.44 5x i50 ).

Using for the 5 ’s the valúes obtained by Frazer et al. [17] by neutrón diffraction (which actually give the displace­
ments of the nuclei) we have

e2
AE = 0.3604 —  = 1.30 eV = 29.9 cal/mol.

47re0 a

The experimental valué for the transition heat is 50 cal/mol [18].
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