
Journa l o f  L o w  Tem perature P hysics, Vol. 41 , N os. 1 /2 , 1 9 8 0 o í 8 o. 10
J. Low"]»!•((. %'jS’

m 0012-5231
C.N.F,. A. B i b l i o t e c a
A?C!--':VO Pt SLIOACIONES

!

o7 A N O

Theory of the Landau Domaín Structure for Thin

J a r , , - f c n , f m p , e S
J. M. Simontn* and A . López

Centro Atómico Bariloche, Instituto B a lseiro jt S.C. de Bariloche, Argentina

(Received April 9, 1980)

We present a theory o f  the Landau  domain structure for Type Isuperconduc­
to r  which is applicable in the limit o f  vanishing penetration depth and for slab 
widths smaller than the coherence length. Results for the perpendicular critical 
field compare quite satisfactorily with experiments on A l  and Cd.

1. INTRO DUCTIO N

Since the pioneering w ork of L andau1 on the interm edíate State of type 
I superconductors, the original theory has been extended by several authors 
to im prove it in various ways. K rem pasky and Farrell2 discussed an ex ten­
sión tha t included the effect of an inclined field, using a simplified shape of 
the norm al-superconducting (NS) boundary. M iyazaki3 considered a 
general boundary  shape and minimized the free energy with respect to it.

Landau explicitly considered the limit of very thick samples, com pared 
to both  A and the period of the repeating  structure. M iyazaki relaxed the 
condition on the sam ple thickness, by considering the m utual influence of 
bo th  surfaces. A lthough it is not clearly stated  there , the calculation of R ef. 3 
is strictly valid only in the limit of vanishing penetra tion  depth  A. In this limit, 
which is the same we consider here, there  is no m agnetic field penetration  
into the superconducting regions, so that m agnetism  and superconductivity 
influence each o ther only through the geom etry of the respective dom ains.4

O ur in terest in this problem  aróse from  the m easurem ents of the 
transverse critical field on very thin Al and Cd slabs by M aloney et al.5 and de 
la Cruz et al.6 The thicknesses ranged betw een 1 and 200 ixm  for the Al 
sam ples and betw een 4 and 1000 /urn for Cd (k valúes 0.013 and 0.012). 
These results cannot be successfully accounted for by the simple relation
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betw een critical field and thickness that follows from  the Landau m odel,4 

H c ± = H c[l  -  1 .88(A /í/)1/2]1/2 (1)

w here d  is the slab thickness and A is the surface energy param eter.
The point has been raised7 that, since a decrease in sam ple thickness 

causes the size of the superconducting región to decrease, a situation could 
be reached in which the valué of the order param eter in a superconducting 
dom ain could be reduced relative to  the máximum it could attain  in a bulk 
sam ple, the la tte r being |t/íoo|2 = — a//3  = m c 2/8-rre2\ 2, w here a, f3, and A are 
the param eters of the G inzburg-L andau  theory.

This situation calis for a careful theoretical analysis of the interm edíate 
State of thin samples. The m odels of Refs. 1 and 2 assume a constant 
m agnetic field-equal to  H c at the center of the slab and along the whole of the 
norm al región, from  one NS boundary  to the next. For very thin slabs this 
assum ption is certainly not correct. The nonuniform  com pression of the field 
lines caused by the presence of the superconducting dom ain will persist all 
the  way across the  m aterial.

This point has been dealt with in Ref. 3. H ow ever, in this paper as well 
as in Refs. 1 and 2, the superconducting free energy is w ritten as a sum of a 
volum e term  and a surface term , which follow by considering tha t super- 
conductivity has atta ined  its máxim um  bulk valué.

In the presen t paper we have tried  to define a m athem atically consistent 
m odel that is also physically sound. O ur calculation of the free energy starts 
from  the G inzburg-L andau  expression and we show under w hat conditions 
it can be w ritten as a sum of a volum e plus a surface term .

W e find tha t the transition is of first o rder for all thicknesses. As the field 
approaches the perpendicular critical field H c±, the period increases 
indefinitely and the size of the superconducting dom ains decreases to a 
m ínim um  valué of o rder 4£, at which point the transition to  the norm al State 
takes place. W ithin the lam inar m odel, change to  a regim e w here second- 
o rder transitions take place9 is only possible if one allows for a finite 
penetra tion  depth . This would progressively w eaken the average order 
param eter so it can go continuously to zero.

In Section 2 we describe the m odel and State the fundam ental equations 
used. Section 3 contains a discussion of the superconducting and m agnetic 
free energies. Section 4 gives an analysis of the equilibrium  conditions and of 
the phase transition. A  com parison with experim ents is also given there.

2. THE M ODEL

W e consider a slab of thickness d  placed perpendicular to the external 
field H 0 and assume that when cooled below its critical tem pera tu re  the 
sam ple breaks up into equally spaced superconducting and norm al strips of
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width 2 as and 2an, respectively. These lam inae are assum ed to extend 
indefinitely in the z  direction. W e w ant to set up a m odel valid for A «  f  and

The following assum ptions are consistent with the above range of 
param eters:

(i) T here is no variation of the  o rder param eter /  w ithin a super- 
conducting dom ain in the  direction of the field (y axis). This is based on the 
fact tha t variations of f  can occur only over distances of the o rder of ¿¡.

(ii) There is no m agnetic field penetration  into the superconducting 
regions. This assum ption is certainly correct in the lim iting case A «  £

A ssum ptions (i) and (ii) m ean that the superconducting and m agnetic 
energies can be evaluated separately.

W ithin a superconducting dom ain the order param eter can vary in the x 
direction, norm al to  the NS interface, according to the G L equation4:

£2 d 2f / d x 2 = f ( f 2- 1) (2)

W e choose the origin of the x  axis at the center of the superconducting 
región, so /  varies from  a m áxim um  valué f 0 a t x = 0 to zero at the NS 
boundary  f ( ± a s) =  0.

The m agnetic field H  satisfies the free field equations within the norm al 
dom ains and in the adjacent free space above and below the sample.

T he valúes of as and an should be chosen to minimize the total free 
energy difference, which is the sum of a superconducting G L  free energy 
AFs, plus the deform ation energy of the field due to the presence of the 
superconducting dom ains, AFM-

The superconducting free energy difference AFs for a half-period and 
per unit length in the z direction, is given in the G L theory by

T1
H 2 ed ( tt' , r f2 ^ / \ £2( d f V

AFS = ^ - |  d x [ - f  + y + f  ( j ¡ ¡ ) (3)
4 v

The m agnetic free energy relative to the norm al State is given by1

AFm  = -¿M  • H 0 (4)

w here M is the m agnetization due to  the superconducting surface currents 
and H 0 is the applied field.

3. THE FREE ENERG Y

3.1. Superconductive Free Energy

The solution to Eq. (2) can be obtained in the following way. Define the 
param eters <p and k  according to

/  =  /o sin <p (5a)
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f l  = 2 k 2/ ( l  + k 2) (5b)

The relation betw een x  and the pair (<p, k)  is given by

as - x  = Z(l + k 2)1/2F(k,<p) (6)

w here F (k ,  <p) is the elliptic integral of the first k ind.8 The half-w idth as is 
re la ted  to k, and thus to f 0, through

as = { ( \  + k 2)U2F (k,Tr/2)  (7)

T he free energy difference AFs can be cast into the form

= I  M v 2m  + k 2)E(k) -  (2 + k 2)K(k)] (8)3 4-n- (1 + k )

w here K ( k )  and E ( k )  are the com plete elliptic integráis of the first and 
second kinds, respectively.8 From  (5b) and (7) we see that when f 0 varíes 
betw een one and zero, as sweeps the range from  infinity to  7t£/2 m ono- 
tonically.

E xpression (8) for the free energy of one-half the superconducting 
dom ain tends, in the lim it as »  to

AFS =  ( H c / 8 tt) d ( —as + A) (9)

Fig. 1. A comparison between the exact form of the LG free 
energy difference and the asymptotic expression which is a 
sum of condensation energy plus surface energy. The solid 
line is the exact expression; the dashed line is the asymptotic 
form.
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w here
A = (4V 2/3)£

A s is apparen t from  Eq. (9), the free energy in this limit is given as a sum of 
the term s tha t are usually considered when dealing w ith the problem  of the 
in term edíate State.1-3 The first term  is the condensation energy and the 
second one is the surface energy, with the param eter A which corresponds to 
the limit k «  1. Figure 1 shows the variation of AFs as a function of as as 
given by Eqs. (8) and (9). As we shall see, the superconducting-to-norm al 
transition  takes place for as « 4 f . l t  follows from  Fig. 1 tha t the asym ptotic 
expression (9) is quite a good approxim ation for the whole range of interest.

3.2. The Magnetic Free Energy

From  the fact tha t the m agnetic field is curl-free in the región of interest, 
it can be derived from  a scalar poten tia l which satisfies the Laplace equation. 
The field configuration can be ob tained similarly to  w hat was done in Refs. 1 
and 3, by m eans of a conform al m apping. Figure 2 shows the com plex t and 
w planes. The región in the t =  y + ix plañe consists of an infinite strip of 
height equal to a half period a = a s + an. Because of our assum ption that 
there  is no y dependence of the o rder param eter and no field penetration  
into the superconducting regions, the cross sections of the dom ains are 
right-angled, as shown in Fig. 2.

The conform al m apping to the w plañe, w here the región of in terest is 
transform ed into the upper half-plane, is determ ined by the differential 
relation

dt a A  / w 2- d 2' 1/2
dw w 2— { tt /2 )2\ w ¿ — 62-

( V - S  d o )\w  —6 2 '

t-p to n e
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Fig. 2. Complex t and w planes which are connected through con­
formal mapping. The hatched región in the t plañe is half the super­
conducting domain. A strip of height a in the t plañe is transformed 
into the upper half-plane.
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T he m agnetic field is given by
IT , 2 „2. 1/2 H o / w  - 0  'rr :tt _ H o(W - d 2\

Hy lH x ~  I 2 ¿.i) (11)
A  \vv — 6 \J

w here
\2 1/2l {ir/2Y - d W

\{TTl2)2- d V
(12)

The field along the line 3-5 of Fig. 2 varies according to
2. 1/2H 0 / e 2- u y  ̂

y A \ e \ - u 2)  (13)

and diverges on reaching points 3 and 5, i.e., at the right angles. This is a 
consequence of our assum ption of a vanishing penetra tion  length. A  finite, 
how ever small, valué for A would result in a variation of /  along y with a 
corresponding rounding off of the contours4 of Fig. 2.

T he relation betw een geom etrical param eters in both  com plex planes is 
given through

d  as 0 , A  r /2 [ l  —( é W ) 2 sin2 y ] 1/2 ,
2 a a (7r/2)2 J0 1 — {2 d2l t t )2 sin2 <p ^

The m agnetic free energy can be w ritten as

= H l a ^ A  
m 8 7 r ( t t / 2 ) 3

’ T'n  [(^2/ 6 i)2 sin2 tp —1]1/2 _  ( 2  n . \  ,
——  2 . 2----- arctanh -  62 sin <p\ dtp

a \  — (262 tt) sin <p \ tt J
(15)

w here a = sin x {8 i / 62).

4. EQ UILIBRIUM  CONDITIONS

The equilibrium  configuration for a given external field results from  
minimizing the to tal free energy difference per unit length w ith respect to the 
param eters 6 \ and d2.

W e have studied num erically the function

A F  AFm + AFS 
a a

varying d\ and d2, and we found that the m inim um  always occurs for those di 
and 02 such tha t the field at point 4 (Fig. 2) equals H c. This gives the
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following relation  betw een and d2:

H <= H ‘ =Ti <16>
W ithin the lim itations of our simplified m odel this is the condition for phase 
equilibrium  at the boundary. T hat the field increases when one moves 
tow ard point 3 or 5 is not in contradiction with the fact tha t this line is a phase 
boundary, because of our assum ption of zero penetra tion  length.

R elation (15) allows us to  search for the equilibrium  configuration by 
varying only one param eter. The equations are still involved and one m ust 
deal with them  num erically. H ow ever, the condition for the critical field H  
can be cast in a ra ther simple form  by noting tha t at the transition field the 
p aram eter an diverges. This implies tha t for H  =  H c, d2 =  0. In this way we 
obtain  the following relation  betw een the thickness of the foil d  and the 
perpendicular critical field h ± = H c±/ H c :

2 A h
~  I 2- W ( h l / h ) ( \ - h l )  (17)

H ere I x and I 2 are the real and im aginary parts of the following integral:
-ir/2

h  + i h = \  { h \  —sin2 <p)1/2 d(p
Jo

and A = (4V 2/3)£
T he half-w idth of the superconducting región at the  transition  field is 

given by

&sc = 7.dllll\  (18)

N um erical evaluation of (17) shows that a sc is alm ost independent of d  
for the whole range of applicability of the presen t m odel and its valué is ~4£.

Figure 3 shows the results for the perpendicular critical field H CJ H C as 
function of d/¿¡. It is seen that there  is reasonably good agreem ent with the 
experim ental results for both  A l and Cd for d/¿¡ betw een 0.1 and 10. For 
thicker sam ples our assum ption of a rigid o rder p aram eter across the sample 
is surely not applicable. In this región the Landau m odel becom es m ore 
appropriate. In the limit of very thin sam ples it has been p red icted9 tha t the 
lam inar structure could be energetically less favorable than a spot-like 
structure in which there  are superconducting islands arranged in an orderly 
m anner in a norm al background. For even th inner sam ples the A brikosov 
vortex state should be p referred  and the transition  becom es second order.

T he phase transition can be described by m eans of two o rder 
param eters. A  short-range o rder p aram eter is defined by considering the
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Fig. 3. Perpendicular critical field Hc±/H c as a function of 
sample thickness d /£  The solid line is the result of the 
present calculation. Open circles are experimental points 
for Al from Ref. 5. Solid circles are measurements for Cd 
from Ref. 6. The _dashed line is the result of the Landau 
model for A = (W 2/3)f.

Fig. 4. Short-range and long-range order parameters, as 
defined in the text, for different slab thicknesses. Short- 
dashed, long-dashed and solid lines are for d /$ = 0.1, 1, and
5, respectively.
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average valué of the squared G inzburg-L andau  o rder param eter in one 
superconducting dom ain,

Figure 4 shows a plot of these two quantities as functions of m agnetic 
field. The o rder of the transition should be defined from  the behavior of ps, 
the short-range o rder param eter.

In Fig. 5 we have plo tted  the size as of the superconducting región and 
the total period a. W e see that the size of the superconducting regions 
decreases up to a m ínim um  valué of the o rder of 4 f  at the transition. This 
implies, as we said above, tha t the  asym ptotic form  of the superconducting 
free energy, Eq. (8), can be used as a very good approxim ation for the whole 
range of valúes of m agnetic field up to the critical field.

T he theoretical results could be used to fit data for m aterials with higher 
k valúes by adjusting the surface energy param eter A.

A  long-range or average order param eter is given by the average of f  over 
one period of the repeating  structure

100

Fig. 5. Size of superconducting domain and half-period for 
different sample thicknesses. The lines are as in Fig. 4.
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