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ABSTRACT

We introduce a front tracking method for the n u m e r i c a l  
solution of o n e - d i m e n s i o n a l  Stefan problems. It consists 
in the fo rmulati on  of the Stefan p r o b l e m  as an o r d in ar y dif- 
ferential i n i t ial-val ue  pr oblem for the mo v i n g  b o u ndary coupled 
with a para bolic pa rti al d i f f e r e n t i a l  eq uation for the di stri- 
bution of t e m p e r a t u r e s . We pr es en t a v a r i a b l e  time step pro- 
cedure in w hi ch the i n i t ia l- value pr ob l e m  is solved with a 
P^ e d i c t o r - c o r r e c t o r  scheme; in the co rre ctor step the fu nc tion 
eval u a t i o n  is done, iterativ ely, through an im pli cit  time dis- 
cretiza ti on of the p a ra bo lic equation: N u m e r i c a l  results for 
o n e - d i m e n s i o n a l ,one-phase Stefan problem s with str aight and 
curved m o v i n g  b o u n d a r y  tr aj ect ories are pr esented. For these 
cases the front tracking method p r esent ed  g i v e s g r e a t l y  improv- 
ed r e s u l t s .

* Part of this w ork was done w h i l e  the author was at the
Courant Instit ute of M a t h e m a t i c a l  Sciences, New Yo rk University.

** Present address: Centro de Calculo Ci entífico, Comisi ón
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RE SUM EN

Se introd uce un m é t o d o  n u m éri co  de se g u i m i e n t o  de un frente 
mó vil  para la sol ución  de problemas de Stefan  u n i d i m e n s i o n a l e s .
El mét od o consiste en la f o r m u l a c i ó n  del p r o ble ma  de Stefan como 
un probl ema de ecuac iones d i f e r e n c i a l e s  o rdinar ia s de valores 
inicia les  para el s e g u i m i e n t o  de la interfas e a c o plado con una 
ec uació n a der ivadas parcia les de tipo pa ra b ó l i c o  para el p r o ­
blema de difusión. Se pr esent a un p r o c e d i m i e n t o  de cálculo de 
paso v a r i a b l e  de tiempo en el que el p r o blema de va lores i n i c i a ­
les se resuelve con un mé to do p r e d i c t o r - c o r r e c t o r ; en el paso 
co rrector la eval u a c i ó n  fu ncional se efectúa, iter at iv a m e n t e ,  
a través de una d i s c r e t i z a c i ó n  i m pl íc ita de la e c u a c i ó n  p a r a ­
bólica. Se p r es en ta n res ultados num éricos para p r ob lemas de Stefan 
u n i d i m e n s i o n a l e s  de una sola fase y con tra yec to rias de la i n t e r ­
fase recta y curva. Para este tipo de pr oblemas el mé t o d o  de s e ­
gu im ient o de la interf ase  pres en ta ve nt aj as consider ables.
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1. INTRODÜCTION

A moving boundary problem or Stefan problem is a nonlineax initial 
boundary valué problem with a moving boundary whose position is unknown 
and has to be determined as part of the solution.

Among the vari eras methods in current use for studying the Stefan problem 
finite difference and finita element methods are widely used, and have 
proven to be the most general, They can be olassified into two main 
categories: the methods which explicitly track the interfaoe or front 
thus solving the differential problem in a time varying domain, and those 
which use a fixed domain with the help of a weak or generalized formulation.
By a suitable coordínate transfoxmation it is possible to obtain methods that 
can be also included in the last category. An enlightening discussion of these 
methods can be found in the works of Crank /3/ and Parzeland /5/.

Finite difference one-dimensional moving boundary tracking methods, hereafter 
called front tracking methods, have been olassified by Gupta /6/ as fixed and 
variable grid methods. In the ?iied grid method the space-time domain is sub- 
divided into a finite number of equidistributed oells and the trajectory of the 
front not necessarily coinoides with the cell nodes, In the variable grid 
method the space-time domain is subdivided into a finite number of rectangular 
oells with only one side equidistributed, the other side being subdivided in 
such a way that the trajectory of the front coincides with the oell nodes. 
Eramples of fixed grid methods oan be found, for instance, in the works of 
Crank /2/, Meyer /10/ and Parzeland /5/. Douglas and Gallie /4/ were the 
first to introduce a variable grid method; they gubdivide the space direction 
into an equally distributed mesh length and determine the time step in such a 
way that the trajectory of the front advanees one space cell per time step.
For the solution of the nonlineax system they introduce an iteration procedure 
by whioh, at every time step, an arbitrary initial guess for the time step is 
ohosen and the parabolio equation is then solved using a strongly implicit 
time discretization schemej for the next iteration the new time step is 
corree ted using a quadrature of the integral foxm of the moving boundary 
condition. Stability and uniform convergence of the method in a suitable 
restricted domain were also proven. However, Gupta and Kumar /6/ showed that 
the previous method did not converge undér more rigorous oonditions, and 
presented. a new variable time step method which is olosely related to the 
Douglas and Gallie method. It differs in the way in whioh the new time step 
is correctedt Gupta and Ennm-r use a first order finite difference approximation
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of the differential form of the moving boundaxy condition.
In the present work we propose a new front tracking method which . shares 

some of the ideas discussed above. It oonsists in the fo^nalation of the 
one-dimensional Stefan problem as an ordinary differential initial-value 
problem goverhing the moving boundary coupled with a parabolic partial 
differential equation describing the diffasion process. This slightly different 
formulation, that grants equal importance to the moving boundary and to the 
diffusion process leads naturally to a consistent difference approximation. We 
introduce a variable time step procedure in which the initial-value problem is 
approximated with a seoond order predictor-corrector scheme; in the corrector 
step the funotion evaluation is perfozmed, iteratively, through the use of an 
implicit time discretization of the parabolio partial differential equation. As 
it will be shown, this front tracking method yields a simple, robust, fast and 
accurate numerical procedure. We present noaerical results for two test cases 
involving straight line and curved line interface trajectories and a comparison 
with other authors' results.



2. FOHMULATION OF THE STEFAN PROBLEM
We refonmilate the Stefan problem using the test case presented by Douglas 

and Gallie /4/. One-dimensional , one-phaae Stefan problems consist in finding 
the apace-time curve S(t) along which the front moves satisfying the initial- 
value problem

¿ = di = ' lí ’ X = S(t)’ t > 0  (2,1)

S(t) = 0 t = 0 ( 2 . 2 )

and the valué of the funotion u(x, t) in the región 0 <£ x £ S(t) satisfying 
the following parabolic partial differential equation for the function u(x,t)

1 “____ 9 u , O í x t S f t )  t > 0  (7Dt " o u .j ;9 x

with initial and boundary oonditions

u - 0 , Oí x í S ( t )  , t = 0 (2.4)

u = 0 x = S(t) t >  0 ( 2 . 6 )

An alternativo foxmulation is to replace equations (2.1) and (2.2) by its 
integral form



It can easily be shown (see for instance Kirsch and Tadjbakhsh /1/) that 
the Stefan problem is a nonlinear problem. Performing the coordínate 
transformation z = x - S(t) systaa (2,l)-(2.6) beoomes

- 8 -

S =
dS
dt

9u
, z = 0 , t >  0 ( 2 . 8 )

s(t) = 0 , (2.9)

9u . 9u 
---  = S ----
91 9 Z

a2u
9z

- S (t ) - z — 0 , t >  0 (2.10)

u = 0, (2.11)

9u
9z

z = - S(t) ( 2 . 12 )

u = 0 z = 0 t > 0 (2.13)

The convective term appearing in equation (2.10) has a coef- 
ficient which depends on the unknown u(z,t).
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3. THE NUMERICAL PROBLEM
'litis section discusses numerical approximations for the Stefan problem 

(2.1 )-(2.6) using front tracking methods. The space-time domain 0 £ x £ s(t)  
is discretized with a rectangular grid whieh distribution is discussed below. 
Space and time increments are indicated by h and k, respectively. As usual 
the valué of the nomerical solution for x = i h and t = n k (i and n 
integera) is given by u(x,t) = u(ih,nk) = u° . Assuming that the space-time 
curve of the front is a parabola, the following strategies for the discratization 
of the domain can be envisaged: a) to make a uniform mesh distribution in 
space with h fixed for all times and a variable mesh distribution in time 
with k chosen in such a way that the front is always kept at the rightmost 
node at any time, see Fig. 3.1; b) to fix the valué of the time step (not 
necessarily constant for all times) and to searoh for the position of the front 
using a fixed space step for all times, exoept for the last node which is 
variable, see Fig. 3*2. ühe advantages and inconvenienees of these methods 
will be later discussed. Now we introduce the finite difference approximation 
utilized. Assuming that the front position and the function u(x,t) are known 
at the n time level, as shown in Fig. 3*3» the problem is to obtain the 
front position and the function u(x,t) at the next time level, To this end 
the initial-value problem (2.1)-(2.2) describing the front movement is 
approximated with a predictor-corrector scheme of the foxm

a F ( S ( t ) , u x )n (3.1)

* * n + 13 F (S (t),u ) n+i + (1-0) F (S (t ) , u ) (3.2)x x

where <x and /3 are weighting factors lying in the interval 0 ¿o( , (3 6 1, 
and F(s(t),ux)n and F (s(tl|l),u*)n+  ̂ represent the right hand side of
equation (2.1) evaluated at the time level t^ and tQ+ ,̂ respectively. The

s*n+1 - sn

sn+1 - s n
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intermedíate function evaluation is obtained via the solution of equation 
(2.3) with an implicit time discretization soheme of the form

*n+l n
— --------- —  = 9 6 u * n+1 +  (1-0) 6u? (3.3)

k 1 1

where £  is the standard three point centered finite difference operator 
and 0 is a weighting factor lying in the interval 0 í 0 í 1¡ for 0 = 0 ,
1/2 and 1, explicit, Crank-Nioolson and strongly implicit schemes, respeotively, 
are obtained. Thus, to advanoe the solution from the n to the n+1 time level, 
equations (3.1) to (3*3) are solved iteratively and convergence is achieved 
if in two successive iterations the valúes of the unknowns differ in less 
than a prescribed precisión (uwially 10” )̂.

Retuming to the discussion of the two methods described at the beglnning 
of this section we note that in the first method, which is usually called a 
variable time step method, t = t(s), therefore the initial-value problem 
(1,1)-(1.2) is formulated interchanglng the role of the dependant and 
independent variables, In the seoond method, S = S(t) and the initial—valué 
problem remains in its original form, When the trajeetory of the front has a 

* 1 / slope S near unity any method will do; however, if S tends to zero (for 
instance when a stationary state is sought) cleaxly the first method carmot 
be used, since at some point of the calculations the independent variable will 
fall outside of the domain and the numerioal method will fail to converge, 
Similarly, the second method will fail when S tends to infinite, In this 
work we discuss the first method; the second method is presented in Marshall 
and Smith /$/, Further details about the approximation used for the right 
hand side of the predictor^-corrector scheme (3»l)~(3«2) as well as for the 
difference scheme (3.3) are given in the appendix.
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it can be shown that the finite difference system (3.l)-(3»2) and (3.3) is 
consistent with the differential problem (1.1)-(1.6). A linear stability 
analysis shows that a necessary condition for the munerioal stability of the 
corrector scheme (3*2) is

1 - 2fr,.-Fc
(15.4)

no restriction for (̂  » l/2 (?.5)

where Fc is the maximn valué,between the time levéis n and n+1, of the
s »

derivativa of F(s(t),ux) with respect to S. OMs stability oondition is valid 
only if F„ remains positiv» but this is guaranteed by the physics of the
problem. In the same fashion a linear stability analysis shows that a 
neoessary oondition for the numerioal stability of the inplioit time
discretisation (3»3) i*

h2
___ ___________  f o r  0 * e < l /2 ( 3 . 6 )k *

2 ( 1 - 2 0 )

no restriction for 0 * 1/2 (3*7)

Bie stability oondition* (3.4) to (3.7) which were derived for the second 
method are valid also for the firat method, except that in equation (3.4) 
the restriction is in the «pace step rather tham in the time step and a 
atriet inequality holda. Numerical eviience has shown that the stability 
analysis presented remains valid for the nonlinear caae.
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4. NUMERICAL RESULTS
We present numerical results obtained with the front tracking method 

applied to straight and curved front trajectories. The accuracy of the 
results obtained by the front tracking method is checked against exact and 
approximate analytical solutions; the effioiency of the method is compared 
with that of other numerical techniques,
T h e  straight line front trajeotory
This problem whioh is taken from Furzeland /5/ and is due to Hoffman /7/ is 
described by equations (1.1) to (1.6) with the following modification for 
the boundary condition (2.5)

9 u t= - e , x = 0 , t > 0  (4.1)

The exact solution of this problem is

r t - Xu (x ,t ) = e - 1  (4.2)

and the trajectory of the front in the x-t plañe is the straight line

S(t) = t (4.3)
Figure 4.1 illustrates the exact solution in the x-t plañe. The computations 
were done on an IBM 570/158 (under CMS-VM) with a Fortran compiler, in single 
precisión, using the front tracking method. We found that the most accurate 
results were obtained using a three point lagrangian interpolationj»*
for the approxiaation of the front slope (all the calculations
use this proceáure ). Table I shows the exact and computed
position of the front , for different valúes of the mesh
and of the numerical parameters. These results are shown to oonverge to 10 in
seven iterations for h = 0.1, two iterations for h = 0.025 and one iteration
for meshes not coarser than h = 0.01. This last rather remarkable result is
mainly due to the presence of a predictor soheme whioh is consistent with the
differential problem. The number of inner iterations is primarily a function
of the precisión sou¿$it. For fixed precisión, the number of iterations
decreases as the mesh is refined, for the simple reason that an initial guess
based on the previous time level solution is closer to the final solution
when the time step is smaller. Obviously, for fixed precisión and mesh size
the number of inner iterations is a function of the numerical scheme used.
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It was also found that for fine meshes the weighting coefficients (b and e 
do not affeot appreciably the number of inner iterations but do affect the 
accuracy of the results. In this connection it would be expected the most 
accurate results to ooour for valúes of (* and 6 near 0,5; however, the 
presence of oscillations, typical of Crank-Nicolson type schemes, makes that 
the most aocurate results are att&ined for valúes of and & near 0.9 
('Bable I shows that the error —  measured as the difference between the numérica! 
and exact solutions —  decreas es in time to a miniarais, changes ita sign and 
increases thereafter). For valúes of and & equal to one the error inoreases 
monotonioally (not shown here).

For oomparative parposes we reproduce in Table II some of the results 
obtained by Furzeland /5/ for the same problem using the Landau coordínate 
transformation, first with an implicit time discretization method (first 
and second columns), and then with the method of lines in space (third 
column). Hegarding his first method, which is directly comparable to the 
front tracking method, Furzeland reports having reached a precisión of 10 
with two and three inner iterations* The front tracking method needs only 
one iteration and its results are more aocurate, even more so considering 
that the word length used is shorter. The results of Furzeland1s second 
method, the accuracy of which is nothing less than remarkable, can be 
compared with the front tracking results, for the same grid, in relation to 
accuracy and simplicity (leaving aside the oomputing time). In relation to 
accuracy, the superiority of Furzeland's results is only apparent considering 
that we have used single precisión and a shorter word length (the NAG ODE 
paokage requires double preoision arithmetio). The implementation of the 
method of lines in space is, indeed, very attractive: ease of programming 
and use of a robust ODE integrator paokage. So is the# tracking method which 
consists in the solution of only one ODE involving the inversión of a 
tridiagonal system; it can be improved further using an automatic ODE solver 
rather than a predictor-corrector scheme. Moreover, the front tracking method 
has none of the inconvenienees of the other methods discussed here. The 
latter need a ooordinate transformation, and, in addition, the global 
accuracy of the method of lines depends on the spatial discretization. As this 
is refined, the ODE system increasingly stiffens. It is concluded in the light 
of the evidence presented that the front tracking method appears to be 
superior.
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'Ríe onrved Une front trajactory
This problem which is taken from Douglas and Gallie /4/ is described by 
equations (1.1) to (1.6). An approximate analytic solution of this problem 
was given by Gupt*» and Kumar /6/ using Goodman’s integral method

u(x,t) = A(x-S) + B (x - S ) 2 (4.4)

where S = S(t) and

A = 1 - sqrt(l+4S) 
2S

B = l+2S-sqrt (1+4S) 
4S 2

The trajectory of the interfaoe is given by

s.
6

(5 + S + s q r t ( 1+4S)) (4.5)

In Fig. 4.2 it is illustrated the approximate analytic solution.
Table III presents the results obtained with the front tracking method 

for different valúes of the mesh and the approximate analytic position of the 
front. We found that the optimum valué of (3 and 0 is one, Hie results 
converged to 10“  ̂in eight iterations for h=0.1, four iterations for h = 0,025 

and two iterations for h = 0.01. The number of inner iterations is higher as 
compared with the previous test problem because of the curved trajeetory of 
the front, Moving along the rows of Table III (from coarser to finer meshes) 
it is possible to see that the results tend asymptotically to a fixed valué, 
which is a practical proof of the convergence of the method. In passing we 
note that the approximate analytic solution gives good results only for valúes 
of S(t) that are not too far from the origin. Table VI shows the results 
obtained by Gupta and Kumar /6/ for the same problem using an implicit time 
discretization and a first order approximation for the treatment of the front 
slope, together with the results obtained with the front traoking method. The



- 15 -

results of Gupta and Kumar converge to a precisión of 0.5 percent apparently 
after several iterations (not specified by the authors); the tracking method 
results converge to the same precisión in one iteration. Oomparison with the 
results of the approximate analytic solution (for valúes near the origin), 
that can be considered the most accúrate, reveáis that of the two finite 
difference methods, front tracking is the most aocurate and the fastest.
This can be attributed to the use of a higher approximation for the treatment 
of the front slope, and of a predictor écheme which is consistent with the 
differential problem.

5. C0NCUJSI0NS
A new front traoking method for the numerical treatment of one-dimensional 

moving boundary problems has been presented. It consists in the fornrulation 
of the Stefan problem as an ordinary differential equation for the moving 
boundary ooupled to a parabolio equation for the diffusion process. A 
variable time step procedure has been introduoed in which the ordinary 
differential equation is solved with a prediotor^corrector scheme and the 
parabolio equation with an implicit time discretization. Numerical experimenta 
with straight and curved front trajectories and comparison with other author»s 
results evidenced that the front traoking method is an efficient, simple and 
aocurate nomerioal procedure which produces greatly improved resulte.
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7. APPENDIX
Here we discuss in some detall the iraplementation of the front tracking 

method. The right hand side of equations (3.1) and (3.2) involves the 
approximation of the slope of the front as given by equation (2.1). This 
can be done, for instance, using linear or quadratic Lagrange polynomials:

(t ^ j  = (u!j ' u j - l )/h ( A -L)
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(t ^ }j = <3 u. - 4 u . _ 1 + U j _ 2 ) / (2 h) (A.2)

Equations (A.1) and (A.2) are two-point and three-point backward 
approximations of the first derivativo of u(x, t) at the j node. Using a 
fictitious node it is possible to obtain a centred approximation:

(fx~)j = ( uj+l " uj_i) / <2 h> (A.3)

The fictitious centred approximation is locally the most accurate due to the 
nature of its truncation error; however, numerical evidence shows that with a 
quadratic Lagrange polynomial a better global accuracy is attained.

The implicit time discretization (3.3) of the parabolic equation (2.3) 
can be written (dropping the star superindex for convenience)

n + 1 nu - u .1 i n / n . s n+1
-------------- ' (ui-i - 2ui + u i+i > +

k h2

(1-0 ) / ~  ̂n----x—  (u. -2u. + u . .h 2 í-l i i + l' (A.4)

which is valid for valúes of i lying in the interval 1 ^ i ¿ j. Rearranging 
equation (A.4) we obtain

- 0 r u n + ¡ + (l + 20r) u n+1 -0r u ^ ¡  1-1 i í+l (A.5)
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where

= (1-0)r u ^ _ 1 + { l-2(l-0)r} u* + (l-0)r u ^ +1

Uie botmdary conditions are incorporated as follows. For i 
difference approximation of equation (2.5) yields

U 2 "  U0

2h
replacing in equation (A.5) for i = 1 and rearranging

= 1 a centred

(A . 6)

n+1 „ n+1(1+2 0 r ) u 1 - 29 r u 2 = Dn ( A . 7)

vrfiere

= {1 — 2(1 — 0)r} u" + 2(l-0)r - 2rh

The right boundary oondition (2.6) at i = j yields

n+1 Q \ n+1 r.nr u. . + (1+20 r ) u. = D. 
J " I  J J

( A . 8)

where D1} is the same expression as in (A.5) tout for i = j. The valué of 
J

u* 1 in equation (A.8) is obtained by an extrapolation procedure which uses
equations (A.1), (A.2) or (A.3). Finally the tridiagonal system of order j 
becomes

1 + 20 r

- 0 r

- 2 0 r 

1 + 20 r -0r

l + 20r

n+1
U 1
n+1 u .i
n+1 u .J

_ n
1

_ nD .- i
_ nD .

. J

(A.9)

This algebraic system can be easily inverted using an upper-lower triangular 
decomposition (see for instance Isaacson and Keller /Q/ or Richtmyer and 
Morton /11/).



It is worthwhile to examine the starting algorithm. Here we propose the 
following procedure, Let us assume the situation depicted in Fig. A.1. Wc 
wish to compute the numerical solution at the time level t .j. To tr,is
end we write the following difference approximation at node i = 1, for 
the initial-value problem (2.1) and for the parabclic equatior (2.?) and 
its boundary conditions:
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. n+1 n+1
s" 1 -  s" ua (A.10)

n+1 t A „ \ n+1 n+1 n /.- r u Q + ( 1 + 2 r ) u 1 - r u 2 = u1 (A. 11)

n+1u„ - u.n+1

2 h
f A. 12 )

where we have used a first order approximation for the front slope and 
a strongly implicit time discretization for the parabolio equation. 
Recalling that in the variable time step method k is the unknown 
(t  ̂ - tn = k, time being the dependent variable), and h = s " 1 - s"
is given, we obtain a nonlinear systera of three equations with three 
unknowns: k, Uq+1 and u”+1. The nonlinearity of system (a .10)-(A.11)-
(A. 12) can easily be established replacing the valúe of r = k/h obtaine<i 
from equation (A.10) into equation (A. 11). However, for this particular 
case, an explicit solution is available, by solving thf quadratic equation

y* i 1in u1 (here called u for convenience)

u ^ + p u + q  = 0 (A. 13)

v̂ iere p = 2 and q = - 2 h,
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taot.tü i Positicm of the atraight line front trajeetory aa 

oaloalated with the front tracking method.
-....... time (computed)
a pace h n 0.10 h = 0.025 h = 0.010 time

0 =  0.88 (* = 0.89 P  = 0.90 (exaci
6 a 0.88 © = 0.89 0 = 0.90

0.0 0.0000 0.0000 0.0000 0.0
0.1 0.1000 0.1001 0.1001 0.1
0.2 0.2000 0.2003 0.2002 0.2
0.3 0.3008 0.3005 0.3002 0.3
0.4 0.4013 0.4005 0.4002 0.4
0.5 0.5016 0.5005 0.5002 0.5
0.6 0.6017 0.6004 0.6002 0.6
0.7 0.7015 0.7003 0.7002 0.7
0.8 0.8012 0.8001 0.8001 0.8
0.9 0.9008 0.8999 0.9000 0.9
1.0 1.0002 0.9997' 1.0000 1.0
CPU

IHí-370/15£( 0.10 
(seconds) j

0.23 0.67

TABLE II Position of the straight line front trajectory 
aa oalculated by Furzeland / 5/ .

space (computed)
time implieit time disoretization method of lines space

h = 0.01 h = 0.01 h = 0.025 (exact)

0 = 1 e  = 0 .5

0 .1 0.1000 0.1003 0.1003 0.1
0.2 0.2001 0.2003 0.2003 0.2
0.5 0.5003 0.5003 0.5003 0 % vji

0.9 0.9006 0.9003 0.9003 0.9
1.0 1.0007 1.0003 1.0003 1 .0

CPU 

ICL 1906A 2 2 12

1

(seconds]
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TABLE III Position of the curved line front trajeetory 
as caloulated with the front tracking method

time (computad)Ispace | h = 0.1 h a 0.025 h = 0.01 ! time
Ii (* = 1.0 (*= 1 .0 (i = 1 .0 (integral
Ij 0 = 1.0 _ © = 1 .0 _ e =  1 .0 method)

0.0 | 0.0000 0.0000 0.0000 0.0000
0.3 0.3450 0.3421 0.3403 0.3392
0.6 0.7582 0.7491 0.7450 0.7444
0.8 1.0646 1.0507 1.0452 1.0568
1.0 1.3927 1.3745 1.3 6 7 5 1.3727
1.5 2.3004 2.2724 2.2611 2.2865
2.0 3.3225 3.2862 3.2691 3.3333
2.5 4.4500 4.4062 4.3833 4.5069
3.0 5.6762 5.6257 5.5944 5.8028
CFÜ
I ®
370/ 0.52 3.89 11.3

158 i
i

(sec) L . .

TABLE IV Position of the curved line front trajectory as calculated 
by Gupta and Kumar /6/ and with the front tracking method.

space time (computed)
Gupta and Kumar /6/ tracking m Bthod
h = 0.1 h = 0.01 h = 0.1 h = 0.01
0 = 1.0 0 = 1 . 0 e = 1 .0 e = 1 .0

(1= 1.0 1 .0

0 .2 0.2091 0 .2172 0.2230 0.2190
0.6 0.7186 0.7406 0.7616 0.7458
1.0 1.3285 1.3604 1.3937 1.3686
1.6 2.3944 2.4413 2.4934 2.4559
2.0 j 3.1993 3.2522 3.3176 3.2725|
2.6 4.5340 4.5916 4.6792 4.6211
3.0 5.5035 5.5599 5.6696 5.5955

time
(integral
method)

0.2181
0.7444
1.3727
2.4854
3.3333
4.7564
5.8028
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Fig. 3.1 Uniform mesh distribution .in apace and 
variable mesh distribution in time.

Fig. 3.2 Fixed time step and uniform mesh in 
space except for the last cell which 
is variable.

i
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n+1 Hh

n — //—  
i+1 J-1

Fig. 3.3 Front position at two consecutive 
time levels.

Fig. A1 Scheme for the startin* procedure
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