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Tho formation o f dislocations from  condensed vacancies has boon re­
examined. Conditions for transformation o f  vacancy clusters into 
dislocation loops aro analysed, taking into account an entropy contribution 
o f atoms in the dislocation coro. N ew  ovidenco in the literaturo for a 
vacancy concentration beyond that o f equilibrium at tho advancing solid- 
liquid interface is used to  calculate an excess vacancy concentration trapped 
in tho solid as a function o f  freezing velocity. This excess leads to  an 
estimation o f  the nuoloation frequency o f  loops and supports the condensation 
mechanism as the source for dislocations. The critical stage for dislocation 
formation in grow ing crystals is also shown to depend upon the temperature 
distribution in the solid. .Results o f  this analysis are applied to  the 
formation o f dislocations in a general f.c.c. metal, and specifically in lead, 
aluminium and copper, for which experim ental inform ation is available. 
Ktriation formation is discussed for these metals ; it  is concluded that the 
original mechanism proposed b y  Teghtsoonian and Chalmers (1951) and 
extended by Frank (1956) cannot be discarded.

In most examinations o f vacancy condensation it has been assumed that 
any excess concentration arises solely through temperature change; for 
melt-grown crystals the initial vacancy concentration is then assumed to 
be tho equilibrium value at the melting-point. Considerations by Schoeck 
and "filler (1960), proceeding from this assumption, showed that it was 
.improbable for dislocation arrays (striations) to form in melt-grown 
crystals through the vacancy condensation mechanism. Webb (1962) 
departed from the assumption and considered the trapping o f vacancies for 
crystal growth, in. general. For growth from the melt, in one instance 
he assumed a diffuse interface, and suggested that growth-trapped defects 
due to a vacancy excess at the solid-liquid interface might still be a 
contributing factor in the formation and evolution o f a mosaic sub­
structure.

Most recently, Rastogi and Mukherjee (1970) have shown that high 
purity lead quenched from the melt; has a vacancy concentration greater 
than that o f equilibrium at the melting point. Such a result had been
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obtained for aluminium by Thomas and Willems (1964), but. as discussed 
by Rastogi and JVIukherjee (.1970) there was argument about these 
experiments, and although the original work was subsequently supported 
(Thomas and Willens 1966) it remained in some, controversy. Now it 
seems that both investigations were correctly inter])rote,d and they prompt 
a re-examination o f the formation o f dislocation loops from condensed 
vacancies. The work by Rastogi and Mukherjee (1970) is especially 
valuable since it provides data for lead ; Sekerka, Rolling and Tiller ( I 900) 
had investigated dislocation array formation in high purity lead, ia order 
to test some o f the assertions made theoretically by Schoeck and 'filler 
(I960), and a plausible argument is available for the minimum excess 
vacancy concentration required at the molting point.

In  the present appraisal, only dislocations formed by vacancy con­
densation will be considered, for it seems that the original suggestions 
(Teghtsoonian and Chalmers 1951, Frank 1956) can be correct and do 
provide an acceptable mechanism for forming sufficient dislocations to 
explain all the experimental observations. This finding does not preclude 
subsequent examinations o f other means for dislocation production, such 
as those suggested by Jackson (1902 b) and Jaffrey and Chadwick (1008), 
but they may be unnecessary.

Our procedure will be to examine the magnitudes and forms lor 
precipitation o f vacancies in §2, regardless o f how an excess arises, and 
then to consider the reasons and possible magnitudes for a vacancy excess 
created at the melting point during freezing, in §§ii.i to ‘A.‘A. in §4 the 
nucleation o f dislocations is examined, first in the abstract and then as 
affected by vacancies trapped during freezing; a ‘ general f.c.c. m etal’ is 
taken for these first calculations since a critical result may bo illustrated 
without relying upon one metal or upon particular observations. Section 5 
provides a description o f solid-liquid interface width for the general f.c.c. 
metal and particularly for lead, copper and aluminium. The goal o f 
discussing dislocation array formation is reached in §6 where the critical 
example o f lead is chosen; calculations are also given for aluminium and 
copper where pertinent information exists, and for the general f.c.c. metal. 
Finally, the discussion o f §7 is centred upon a clarification o f the critical 
assumptions we use throughout the analysis.

§ 2. P r e c i p i t a t i o n  o k  V a c a n c i e s

2.1

In a material with an excess vacancy concentration there will be clusters 
o f vacancies (see Jackson 1962a). I t  is not known what shapes these 
clusters w ill take; however, at high temperatures, the change from some 
particular cluster shape to any other shape o f lower free energy should 
occur very rapidly. For these high tem]>craturos (i.e. low supersaturations) 
it can also be shown that the critical size, for a stable cluster in the form 
o f a spherical void or a void o f some other regular shape would contain a
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great number o f vacancies. Simple void formation is then improbable 
and smaller irregular clusters are o f concern in this range o f super- 
saturation.

The formation of a dislocation loop from an unknown cluster o f vacancies 
will occur as long as the excess free energy due to the dislocation is less 
than that for the cluster, each having eliminated the same number o f 
vacancies. Two real cases can be differentiated for any given small 
supersaturation: either the size o f the dislocation loop is large enough 
when it is 'formed from vacancies so that it may grow freely by climb and 
(■educe the free energy o f the system : or it is sub-critical when it is formed 
from vacancies and (¡an only grow in the manner o f a dislocation embryo, 
being ill-delined as a dislocation loop because it is so small. I f  the former 
ease were true, the nuelcation o f dislocation loops would be a complex 
combination o f vacancy cluster probability and cluster transformation. 
It will be shown that the latter case o f small loops seems reasonable and 
therefore that the nuclei)tion o f dislocation loops can be treated in a 
simple fashion.

2.2

First, the energy o f a dislocation loop must be considered. For a 
circular form this was given by Franz and Kroener (1955), and may be 
written as

( 1 -  V)
l n Tr + Z

0
+  77T2y ,  . . . . . ( 1 )

where b' is the appropriate Burgers vector, b the interatomic distance, 
r the loop radius, v the Poisson ratio, G the appropriate shear modulus, 
and y is the energy o f the stacking fault enclosed by the loop. As shown 
by Hchoeck and Tiller ( Ii)(i0) 7j  is a. constant, number ( Z x  2) which takes 
into account the strain energy in the core o f the dislocation. There is 
however a contribution to the entropy o f a crystal from the atoms in the 
dislocation core as pointed out by Oottrell (1953). This can be written 
as ale. per a-lom plan«' o f the dislocation; Cottrell shows that <*<.:). For 
dislocations o f appreciable length, this entropy term will develop only a. 
negligible contribution to the free energy o f a crystal compared to the 
strain energy term, but for small loops it becomes considerable. Therefore 
the free energy o f a circular loop is written as

In J' + Z  
o

+  n )’2y — i.TT - olIcT . . . . (2 ) 
b

The value of a will be slightly dependent upon loop size, but will be taken 
as a 3 in calculation for a circular dislocation loop with Burgers vector 
;\| I I I | in the f.c.c. structure,. The circular loop is not a restriction ; an 
equivalent, equation could be derived for any polygon using the formulae 
set out. by Yolfe (I!M>0) for planar loops with straight sides.
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2.3

Now (.he condition for transformation o f a vacancy cluster can 1m 
examined. A  dislocation loop would eliminate ( it r*/b-) vacancies and the 
cluster to be considered must con lain the same number. The radius o f a 
spherical cluster would bo rv =  ( f  r2/»)1/3, and would transform to a dislocation 
loop whenf

\ J l — b ^ n r- + Z  +  77f2y — 277 ^ oik'J' ^ 47r(fr'“/j)2,ay,.. . . (3)

Here y,. is the specific surface free energy o f the cluster, assumed to be. 
isotropic or otherwise a sphere would not form. An equivalent expression 
would be derived for an octahedron or other form if the appropriate surface 
free energies were used.

An evaluation o f eqn. (3) for the conditions o f interest (using the numbers 
to be given in §4.2 and a reasonable value for y c) shows that loops would 
form at sizes small enough that the notion o f a dislocation is suspect; 
(i.e. 2). The results are not surprising and may be compared to 
those o f Schoeck and Tiller (19.60) who examined the collapse o f vacancy 
discs. I t  is therefore concluded that the cluster o f lowest free energy 
resembles a dislocation loop. This is consistent, with the results expected 
i f  the constraints due to long-ruuge forces in metals could bo accurately 
handled for small clusters; for example, as shown by Nabarro (1940) the 
elastic strain around precipitate particles is least for discs.

I t  has not yet been established whether the size at which a cluster 
transformation occurs is one at which the, dislocation is cither growing or 
embryonic as discussed in §2.1. Even though condition (3) is fulfilled 
at such small sizes that it seems the dislocation loop cannot bo more 
than embryonic, further support is needed and will be given a posteriori 
in §4.3.

*
§ 3. E x c e s s  V a c a n c i e s  d u i u n o  F r e e z i n g

3.1

A  rigorous mathematical treatment o f the excess vacancies trapped 
during freezing requires a bettor knowledge about the nature o f the 
interface than is yet available. Even on the' basis o f existing models, 
it appears difficult to take into account the presence o f any vacancy-type 
defects developing across the interface. Thus, only a simple analysis 
may be performed in which no interface models or growth, mechanisms 
will be assumed, except for the implicit choice o f a diffuse interface 
following Cahn (1960) or Temkin (1.964).

I f  there is to be any degree o f local order in the liquid, at least in the 
liquid immediately adjacent to the interface, so as to make the description

t  The Burgers vector for a faulted dislocation in the f.c.c. structure (eqn. (2)) 
has been replaced by b, using fc'2 =  §62.
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o f a vacancy meaningful, then at equilibrium the vacancy concentration 
at the interface w ill vary from its characteristic value in the solid up to 
Homo value characterizing this i mmcdiatc liquid. W e take the latter value 
to be the liquid free volume, but by-pass the problem o f describing vacancies 
in the liquid.

In  Appendix I we use the concept o f a diffuse interface to derive the 
trapped vacancy concentration at the melting temperaturef. This is a 
first approximation made up to be a lower bound for the vacancy 
concentration. I t  is calculated for the case o f no sinks other than the 
liquid. Set in another form (from eqn. (A  6) it is exactly that derived by 
Webb (19(52)

whore C1 io is the equilibrium concentration in the solid, CSj the ‘concentration’ 
o f free volume in the liquid at equilibrium, D  the diffusion coefficient 
o f vacancies in the solid, V  the growth velocity, and d the interface width 
discussed in § 5.

I f  a non-diffuso interface wore assumed (its width limited to b, say), 
then an abrupt change in the vacancy concentration function should 
occur at the interface. Since Og^C^,. an accumulation o f ‘ vacancies’ , 
or some form o f excess free volume, would arise in the liquid closely 
adjacent to the interface for any reasonable growth velocity. This 
alternative is provided for in the Appendix, but not expanded at all. 
It is suggested hero in the toxt that a fictitious interface o f effective width 
d' must be adopted in this extreme. Within d! the excess in the liquid 
layer would be accommodated, and so forth ; but this would lead to a form 
just like eqn. (4) using an unknown d' rather than an unknown d. Since 
wo shall eventually develop values o f d based on Temkin’s model (1964), 
the alternative o f a non-diffuse interface is discarded.

The e< | ii ilibri um concentration o f vacancies in a solid, at any temperature, 
is given by

where ,/iv is the energy for vacancy formation and j8 =  exp (Sv/k), 8V being 
the self-ontropy o f a vacancy.

I t  will prove convenient to define a parameter q which specifies the 
concentration Oq, by an expression similar to that o f eqn. (5)

j- Tli«' variation of O 9 with distance from the interface due to the thermal 
gradient« along the solid is negligible.

(4)

3.2

C ■■■■- ß exp — (Ey/kT), (5)

C(1 =  ß o x p - ( .K vlqkTM) (6)
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A t the melting temperature we obtam

so that

(« )

3.3

Rastogi and Mu k her joe (1970) and Thomas and Willens (1904) have 
shown how much smaller C g is than the change in volume on freezing ((/L) 
and have discussed why it affects properties only to a minor degree. Both 
investigations also show that the value o f C g increases as the quenching 
temperature increases. Jackson (1965) used this observation as one basis 
for doubting the interpretation o f Thomas and Willens (1964); but later 
Thomas and Willens (1966) stated the common experience that their splat 
cooling brought about faster solidification when higher initial temperatures 
were used for the melts, perhaps because o f better thermal contacts with 
substrates, thinner splats, etc. The increase o f Gq with quenching 
temperature is large for lead and can be compared with the difference in 
the thermal expansion o f the liquid and the solid at the melting temperature 
(Wilson 1965). Simple calculations, where the vacancy volume is chosen 
as one-half that o f an atom, show that a major fraction o f the expansion 
difference can be accounted for by the ‘ vacancies ’ in the liquid in the tem ­
perature range investigated by Rastogi and Mnkherjee (1970). This seems 
reasonable since the atomic binding forces in lead should differ very little 
from solid to liquid in the range up to 150°c above the melting temporature.

In  the absence o f non-uniform fluxes the chemical potential o f a vacancy 
may be approximated by

where C is the equilibrium concentration o f vacancies iu the solid at 
temperature T . Hence the free energy increase o f the crystal upon the 
formation o f a dislocation loop is obtained from eqn. (2) and a loop/disc o f 
7rrzjb2 vacancies as

§ 4. N u c l é a t i o n  o f  D i s l o c a t i o n s  

4.1

/j,v =  kT  In (» )
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From this, the critical loop size at which the loop will grow may be calculated 
from, the condition dAF/dr^O, yielding the maximum free energy increase 
A if’ * :

3A F
dr

0

3 ( ] - v )
ln - + 2 + 1  

b
+  2irty -

‘¿rroikT 2rcr
~ b  U

= 0 . ( 11)

r*jb  is calculated from eqn. (11 ). Or substituting for /xv in eqn. (10) :

AF*--
r *

6(1 — v )b  [_ b
ln + Z - 1 — ait]cT  - (12)

4.2

I f  it is now assumed that the embryonic dislocation loop forms the 
critical nucleus for dislocation growth, a simple nucl'eation rate equation 
may be written following Turnbull and Fisher (1949).

1 — K  j, exp —
A F *  +  E z 
' IcT

(13)

hero I is tlie nucleation rate per unit volume and E m may be considered 
as the enorgy for vacancy transfer in the matrix. The rate constant K t 
can bo constructed for the dislocation loop by analogy with a disc-shaped 
precipitate; however, it is sufficient to specify it here within only a few 
orders o f magnitude. Accordingly, K r~ nkT/h~  1080neo-1 cm-* ; n  is 
the number o f vacancies per cm3 at the temperatures considered, near the 
melting point. Similarly for our purposes, the rate I  need be specified 
within only a few orders o f magn itude. Then, noting that for most metals 
near their melting points E mjk T ~  10, the condition for nucleation o f 
dislocation loops may be taken from (12) and (13) as

(= r Gb*

b ^6(1 —v) JfeiT Lln b + Z ~
= l n ^ _ 1 0 . (14)

From this equation the loop size which may nucleate at a reasonable 
frequency at any temperature is given under the restriction o f eqn. (11). 
The chemical potential o f a vacancy can be written, from eqns. (7) and (9) 
as

v j _
l l " k \qTm

.................................... -
where A rf  =  T m- T .

Since r/> 1, equation (11) may then be written as

q -1
1 Gb*

r*  t M l - v )  E y
ln — + Z +  1 

b }
«¿fciTl yb2 A T

( J 6 )

Therefore a complete solution o f the problem o f dislocation formation in 
growing crystals depends upon the temperature distribution in the solid
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through the term AT jT m. I t  is apparent, in the absence o f other sinks, 
that the condition o f eqn. (10) may he fultilled at some A7’ lor any metal. 
However, hi order to determine a </> 1 as well, it is best to examine the 
most restrictive conditions available.

Table 1 (a) shows that lor most metals Gb^/lcT ^20 and considering 
that E m/kTm 4:10 a high nucleation frequency is obtained for r * jb ~ S. 
Taking extremes y/Gb^ 0-023f, /¡:7'm//i/v ̂  0-082 and i?68/i£v < 2-5, then 
q — 1 >  0-14 — A T / T m (from eqn. (16)) and with C'L ~0-05, lO“ '1, 
D  ~  10~5 cm2/sec, d ~  2 x 10-7 cm (see Appendix I I )  and V  ~  10~2 cm /see, the 
excess concentration is A C '~ 0 - lx l0 -4 which corresponds to a value 
q —1*01. So, at A27 =  0-I321m, the excess is sufficient to nucleato 
dislocation rings o f radius Hb.

4.3

The preceding estimate, applies to the question o f dislocation nucleation 
per se. I t  was assumed that the embryonic dislocation loop served as a 
critical nucleus for dislocation formation. Inspection o f eqn. (16) for a 
value o f r*/b~ 2 with A 7 '~0 -I37 'm would necessitate values o f q ~  1*18 
with correspondingly increased concentration excess o f vacancies at the 
melting point. But such an excess, attainable with higher growth 
velocities (~  0-6cm/sec), would allow loops o f bigger radius to nucleate 
^ithout any supercooling (i.e. immediately behind the interface) and 
eqns. (14) and (16) to be satisfied. These larger loops would grow and 
eliminate the excess vacancies, thus prohibiting (.he otherwise attainable 
q ~  1-18. Therefore, it is seen that sufficient conditions are given for 
favouring reasonable size dislocation loop nucleation, instead o f small 
suspect ones.

§ 5. T h e  I n t e r f a c e  W i d t h

This section is a digression which must be made in order to evaluate d. 
A  brief sketch o f the diffuse interface analysis performed by Temkin (1964) 
is presented in Appendix 11. The interface widths which may be obtained 
for lead, copper, aluminium, etc., are large enough for us to justify the 
formation o f  all types o f dislocations and then arrays. Temkin’s model is, 
however, not applicable to the f.c.c. metals that we limit ourselves to 
treat quantitatively; but as stated in the Appendix we can use his reasoning 
to find a scaling parameter. W e chose lead as a reference metal to provit le 
this parameter since there are experiments at the two extremes, quenching 
and slow unidirectional growth. The chosen ‘ interface width ’ is d,/!) ~  9. 
W e do not suppose that lead actually will display suph a ‘ thick ’ interface, 
but we do suspect that it is an acceptable width for vacancy distribution. 
Arguments to support such acceptance follow those presented already in 
§3.1.

Another justification for this procedure depends critically upon the 
function used to describe interface widths in a theory for diffuse interfaces.

f  Aluminium will be treated separately.
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The ‘ w id th ’ d/b~9, is largely a distributional number. I f  Temkin’s 
paper a nd calculations arc taken critically at face value, then the transition 
from all liquid to all solid docs require such an extent. However, a width 
loss than half this value sufliees (for metals in the Temkin range, d/6~2 
to .10) to account for 90% o f the solid-liquid transition. Width, as a 
concept, has a magnitude that depends strongly on the use to which it 
will be put. Here, for vacancies the larger value seems better.

A comparison with experimental data for Pb (Rastogi and Mukhei'jee 
1970) can be made at this point. I f  d, is taken as shown in Appendix I I  
(Temkin 1904), a value is found for Pb o f d ~  3 x 1()"7 cm. Then a freezing 
rate o f ^0-5 cm/sec can be calculated (Burden and Jones 1970) for the 
experimental arrangement described by Rastogi and Mukherjeef. A  
proper value o f 10 '5 cm2sec-1 for D , and the value o f CL =  0-035, give

C „ - C Wj_  AC  

CE

This is just the value derived from Rastogi and Mukherjee’s experiments.
*

§ 6. E x a m p l e s  o f  D i s l o c a t i o n  F o r m a t i o n

6.1. Separate. Loops

W e shall now rely upon tables 2(a) and (6) showing calculated and 
experimental results for throe metals. I t  is most convenient to begin 
with the real experimental results shown in table 2(a) and then proceed 
to the hypothetical cases in 2 (b) ; both o f these use the data o f tables
I (a) and (b).

For lead, calculations from eqn. (.16) show in table 2(a) the satisfactory 
agreement between theory and experiment obtained with the Temkin 
interface width. That is, for the slow growth rate o f 2 (a), i, the calculated 
undercooling is within the allowed range; and for the quench rate o f 2 (a), 
ii, even less than no undercooling seems necessary— we have chosen too 
severe a set o f conditions. Kor copper the calculations are reasonable 
but not critical. For aluminium we find a reasonable but proportionately 
larger undercooling necessary in order to explain the experiments o f 
Thomas and Willens (1964).

As wo proceed to table 2(b), and the conditions for lead are relaxed, 
we find that no undercooling is necessary for loop nucleation assuming 
</> 1-07 giving A C > 1-15C7E, a degree which can be obtained at velocities
V ^  0-14 cm/sec. Dislocation loops o f r*jb  <  lo  nucleate in these cases 
immediately behind the interface; and the higher the supersaturation, 
tli e more easily these loops sho11 Id expand under t lie stro ng stresses produced 
by the excess vacancies (H irth and Lothe 1968). These conditions are 
certainly fulfilled in the experiments performed by Rastogi and Mukberjee 
(1970).

•|' The lower limit is most reasonable because it is just at the value of fastest 
cooling and freezing rates obtained by Cline and Livingston (1969) for metals 
of the sumo conductivity, forced to freeze as fast as possible without going to 
the extreme of splat cooling.



Table 2 (a). Comparisons with experimental rcwults

Pb
i: Unidirec tional growth (Sekerka, Bolling and Tiller, 1900)

Data: A7' =  32°a>--------------------- :--------------------- r
V — 3 x 10~2 cm/sec 1

allowable
Calculated for this V: C,a/6'E=  .1-025; q —1-018; A7'rain —30°o

ii: Quenching experiment (Kastogi and Mukherjec 1970)
C

Data: - ^ = 5 ;  V =  0-5 cm/sec (estimated)

Calculated: gmIn =  1-15; A T mln =  — 48°o (i.e. T >  7'm: allowable)

Cu
i: Unidirectional growth (Young and Savage 1964)

(Few dislocations at V — 7 x 10 4 cm/sec, furnace at 1180°c.
More dislocations for I’urnace at 112f>°c; and for special conditions.
We deduce agreement and Oq/CjC<—<1 -00. Thus, for (.ho one iimtanoo wo 

take:)
Data: A 2 '~ 0  < ------------------------------------------- .

F  =  7 x l 0 ~ 4 |
Calculated for this V: CJCE^  1.-001, 7~1; A7'mi]1 =  108°o 

(i.e. no appreciable dislocations)

A1
ii: Quenching experiment (Thomas and Willens 1964)

Q
Data: ~  =  1 -60; V = 1 cm /sec (estimated)

('E
Calculated: <7mm=l'06; A7'min =  l(30°c (i.o. 7 '< 7',n: possible)
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»
Table 2 (6). Intercomparison for quenching, i\T  =  0 assumed

Metal 7 G J (h V
[cm/sec]

1 loops/sec cm3

Pb 1 -07| 2 -ir> 0-14 4x10s
Cu l-08f 2-1 0-90 1 -2 x 103
Al 1-lOj 2-3« 3-54 < 1 0 »
Al 1-23 5-K 7-4 4x 10s

‘ f.c.c. ’ 1-14 4-5 0-35 10°

fT h e  values g=l-07, 1-08 result from nucleation frequencies in accord with 
average experimental conditions. For Al, a large stacking-fault energy forces 
the value g^l-10. This and the consequent ring size, r ~  1036 imply that 
better values of q should come from the nucleation of perfect loops.
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ll'or aluminium the results aro ambiguous; yet Thomas and Willens 
( I IM>4) showed (oxeept for the highest quonehiiig temperature investigated, 
above 1200uo) perfect and imperfect dislocation loops as well as “ small 
spherical black spots which could be small loops or vacancy clusters” . 
Our calculation for r * jb <  10 indicates that micleation o f faulted loops is 
more favourable, becoming equal to that for unfaulted loops near r*jb  ~  10. 
Thomas and Willens (1964) report an excess A(7/(7E =  0-69 in this case, 
thus allowing either loop nucleation at A T  ~  160°C with r*/b~6, as 
calculated for imperfect loops (table 2 a )f ;  or no supercooling necessary 
for ACyCjfl > 4-8 which can be obtained under growth velocities > 7-4 cm/sec 
(tablo 2 b). Thomas and Willens (1964) show the existence o f a high 
density o f dislocations making sub-boundaries for splats quenched above 
1200°o which should agree with their reported faster growth for quenches 
from higher temperatures (viz. ~  .10 cm/sec).

Lead and aluminium present two distinguishable cases, the first with 
small values both for Gbs and y, the second with large values for these 
quantities. Copper comes out as an intermediate case displaying a large 
Gb3 value but a relatively small y. Finally, it is worth while repeating 
that table 1 (b) shows the values o f the interface widths, d, calculated 
using a consistent set o f parameters for tire three metals. The trend in 
d that should be expected according to the Temkin analysis^ (1964) for 
interface extension was deduced for lead and aluminium. The value o f 
d for copper then was obtained by interpolation, and used to calculate V 
with A T  — 0 (table 2b). Other f.c.c. metals could, have been used as well.

6.2. Striation Formation
The particular lead crystals produced by Sekerka etal. (1960) under a 

high ambient temperature at low growth velocities present the critical 
borderline case for our arguments, as appeal's immediately from the results 
in tablo 2 (a,) (see also Atwater and Chalmers, 1957).

The observations o f Teghtsoonian and Chalmers (1951, 1952), however, 
set forth a more detailed examination o f velocity effects in tin. Their 
results are replotted here in a convenient manner and will be used first. 
The amount o f crystal grown before striations were observed is plotted 
in fig. I as an incubation distance which is a function o f the growth velocity. 
I t  can be seen that above 8 x 10~3 cm/sec (5mm/min) the incubation 
distance is roughly constant; extrapolating the results to slower rates 
o f growth would indicate that striation-free crystals can be grown by

t Their subsequent expansion as a consequence of the high stresses present 
could facilitate a Shockley partial i f  possible in part of these imperfect dislocation 
loops, and would transform them into perfect loops with a decrease in free- 
enorgy. This high supercooling for A1 corresponding to this level of super 
SHturation would favour (because of the more sluggish diffusion of vacancies) 
the micleation of many loops and limited loop expansion, rather than the 
development of larger dislocations forming as a consequence of loops climbing.

The parameter y used by Temkin in his analysis has been identified here as rj.
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Fig. I

Incubation distance for the muoromosaic substructure (striations) as a function 
of growth velocity for tin (derived from data by Teghtsooiiian and 
Chalmers 1952).

Fi«. 2

(« ) Striation width and average angular misorientation between striations as a 
function of growth velocity in tin (derived from data by Teghtsooiiian 
and Chalmers (1951 and 1952)). (b) Dislocation density in striation 
boundaries as a function of growth velocity in tin.
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manipulating the growth rate alone1.. In fig. 2 (a) both the distance 
between striation,s and (.heir angular misorientation are plotted against 
growl.h velocity. When smoothed-curve values o f these functions are 
used the total dislocation concentration per cm2 involved in the striation 
boundaries can be plotted as a Junction o f growth velocity as in fig. 2(6). 
(Th is was done, by assuming uniform tilt boundary arrays of angle 9, 
separated a distance I.) ’Depending upon the smooth curves plotted in
2 (a), or the constants used, this curve may vary slightly but will always 
exhibit a. concentration ~  l()7/cm2, rapidly diminishing at low velocities 
and approaching a steady state at high velocities.

These results are consistent with the proposed mechanism for obtaining . 
excess vacancies at the melting point. Below velocities ~,‘5x 10 3 cm/sec 
( I -S mm/min) the incubation distance increases rapidly and the dislocation 
density decreases ; at high velocities a steady state is approached. H ow ­
ever, even though the details o f striation formation cannot be investigated 
except in a. qualitative manner some additional points must be, proved. 
The reader is referred to the original arguments o f Teghtsoonian and 
C!haimers ( I '.151), the more detailed development by Frank (.1956) and the 
objections ol Sehoeek and 'Tiller (19(H)).

The description by Frank (.1.95(5) is still plausible except for the part 
oftlm  argument by Sehoeek and Tiller ( 1900) stating that, even i f  vacancies 
collapse to lorm dislocations, their forward velocity o f growth in the 
direct.ion o f the interlace will fall below the crystal growth rate before the 
region o f surfa.ee imago forces is reached. This is true for equilibrium 
vacancy concentrations, but must be modified in the presence o f Gq 
vacancies. Following Schoeek and Tiller the steady-state climb velocity 
o f dislocations, w„, may be set as

A calenlation o f l-he u0 va.lues lor thè linee specifici! meta.ls gives lig. -'>t 
(Ibis holds lor many metals) and shows tha.f thè. steady-state values are 
all less tlian thè growth velocities no matter what thè cimice o f V. We 
do however bave thè experiments for lead (Sekerka et al. 19(50) at hand, 
along wifh ( he criteria. developed bere lor thè sanie metal from thè woi k by 
Rastogi and IVI uklicrjee ( I 970). ( ’onsidering |/=  .‘i x .10 a cm/se-e as a sale

Figure It was obtained first lor the condition A7' =  0'0537'M. the only 
critical value for controlled crystal growth, as used in the experiments of.' 
SeUei'ka r l  a / .  (I !>(>()). Values lor V  and (.he related u0 were then calculated 
lor aluminium, copper and the general l.c.e. metal at the same, condition to 
obtain comparable results. The other points are lor all the metals with 
A 7' 0 (lable 2 h) and for the two quenching experiments (table 2 n) .

(5.3. The Climb Problem

(17)
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Mg. :J

Growth velocity is larger (by a constant factor) than the steady state climb 
velocity calculated for dislocation loops, using (a) the ‘ average f.c.c. 
metal ’ (A!7’mln =  0; A7’mln =  0-053!Z’Jll), (b) Pb (A T min =  0; A'/' =  32°o 
(S, B & T); A5P =  0 (R & M)), (c) A1 (A7’mll, =  0; A T miTi =  0-053Tm; 
A r mIn =  1 6 0 °o (T & W )), (d )C u (A 7 ’m,n =  0; A Tmin =  0-053Tm).

velocity for which striations would bo stable in view o f figs. 1 and 2 (even 
though they are for tin, not lead), and in view  o f the velocities since that 
time used for lead by one o f the present authors in ex periments like those o f 
Sekerka et al. (1960), the criterion o f climbing insufficiency seems suspect. 
That is, striations containing lO’ cmr2 dislocations do form in very 
pure lead at V =  3 x 10-2 cm /sec in the experiments o f Sekerka et al., when 
there is no seeming reason for their systematic formation.

Since eqn. (17) has been derived for steady-state dislocation loop 
climbing, it should not apply to the i nitial stage o f loop expansion th rough 
climbing. (Here the existing forces are larger and should be sufficient 
to allow climbing to occur up to the region o f surface image forces.) This 
we believe to be a fallacy in the application o f Schoeclc and T iller’s climb 

•test when the differences in rate o f climbing and crystal growth are small. 
The values o f v0 calculated from eqn. (17) are consistently smaller than V 
by a factor o f .1/5 as shown in fig. 3. The correlation is too strong for 
coincidence to serve as an explanation; however, wo cannot presently 
develop a proper solution for the non-steady-state climb problem.

§ 7. R e m a r k s

The calculations presented here have depended upon disclosing a 
number o f small points differing finally from those already existing in tho 
literature. W e have paid special attention to the entropy contribution
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o f atoms in the dislocation ooro to the free energy o f a dislocation loop. 
We have relied upon the experiments o f Thomas and Willens (1964) and 
Rastogi and Mukhorjee (1970), which show that an excess concentration o f 
vacancies may be trapped in the solid by rapid freezing. W e have adopted 
the viewpoint o f Temkin (1964) that a solid-liquid interface must be 
treated as a diffuse entity, whether or not this be purely statistical artifice 
or completely proper interface description (see Bolling 1969). This 
adoption was then extended to the degree o f calculation, for we have 
introduced Temkin’s magnitudes to obtain the interface widths o f this 
paper. !ln fact, it is just the results o f using Temkin’s calculations which 
allow us to note the important overall inconsistency between growth 
velocities and dislocation climb velocities as calculated by Schoeck and 
Tiller.

None o f our calculations has been critically chosen to obtain the best 
justification o f sets o f numbers, and we may therefore feel confident about 
the plausibility o f generating dislocations by vacancy condensation during 
growth from the melt. I t  is e^iother matter to assume that dislocations 
naturally interact to produce striations. However, we are not satisfied 
by alternative mechanisms for the production o f dislocations and striations 
suggested since Schoeck and Tiller (1960) seemed to eliminate the sequence 
starting with vacancies. For example, when Jaffrey and Chadwick ( 1968) 
presented some new observations on the appearance o f striations they 
reviewed some o f the field and paid special attention to the possible effects 
o f foreign particles in producing dislocations. While the model they 
consider is acceptable, the interpretation o f information in this field seems 
open to argument and does not seem clear enough for a balance in favour 
o f any mechanism. Following the results we present, we recommend 
that, the elegant mechanism o f Teghtsoonian and Chalmers (1951) extended 
by Frank (1956) be reconsidered. For so many other simple reasons 
(such as the question o f why striation boundaries are predominantly 
alternating tilt arrays : their climb preserves the arrays and eliminates 
vacancies) it has always been difficult to discard the mechanism now again 
suggested possible.

A P P E N D I X  I
In order to calculate the trapped concentration o f vacancies, we assume 

the existence o f a diffuse solid-liquid interface. Such a gradual transition 
allows us to describe the interface as constituted partly by 1 solid ’ and 
partly by ‘ liquid ’ atoms, and enables us to conceive o f both free volume! 
and vacancies in the transition zone. Whatever the discrete form o f 
vacancies, the concentration must decrease continuously from its value 
in the solid to zero in the liquid. The case for free volume is not so clear. 
Free volurno must bo zero in the solid; but, through the interface free

f  Here wo mean that quantity sometimes called ‘ excess free volume ’ in 
distinguishing liquids from solids. We retain the shorter name for a reason 
which follows.
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volume is created as a result o f the difference in density between liquid and 
solid. This might allow a local increase in the amount o f free volume, 
above the bulk value to be achieved in the far-away liquid. Linear 
convective motion should nevertheless ■ occur in the melt allowing it 
eventually to act as a sink for any o f the ‘ extra ’ free volume created at the 
interface by the solidification (Chambré 1956). This iiow depends 011 the 
growth velocity, so that the sink is more effective the higher the growth 
velocity.

In  steady-state growth, the convective velocity must be constant, 
and thus the divergence o f free volume at any plane across the interface 
plus the divergence o f vacancies, imist equal the vacancy excess divided 
by the mean free life o f a vacancy in that plane. That is, for cr, as the 
liquid free volume, ca as the vacancy concentration trapped in the solid, 
cE as the equilibrium vacancy concentration, and V  as the growth velcoity :

d iv [(cL +  A cL(x ))fL(x) V ] +  div [ca( V, x )fs{x) V ]
ctJ(V , x ) - c E{x)

r{x)
( A l )

where/s and/L are the fractions o f ‘ solid ’ and ‘ liquid ’ volumes respectively 
and all quantities are expressed per unit volume, r is the mean time o f 
escape within the boundary layer o f a vacancy to be described for the piano 
considered. The integral o f eqn. (A  1) can be expressed for the interface 
region extending from zero through d (as shown in fig. 4) as

[c l  +  Ach(d )]V  — caV =  (ca — cB) j  ■ ' 

since /s(.0) = f ll(d) =  1 and f s{d) =/L(0) =  0.

Fig. 4

dx, (A  2)

(a) Schematics of c f H +  CjJu across tho solid, the liquid and the solid-liquid 
interlace. (b) Schematics of the chemical potential across the system.
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Equation (A  2) has been obtained from the limit that the trapped 
vacancy concentration ea is always less than ev(V ,x ). I f  we then assume 
that Acr,, which is the excess free volume created at each plane and which 
o f course, depends upon the coordinate, has a value A cl  =  0, independent 
o f growth velocity, we also have a limiting assumption. In  this instance a 
lower bound is obtained for (cq — c]0). The situation corresponds to a total 
Chambre inflow through the interface wherever there may be any ‘ liquid 
The assumption is clearly an outer bound no matter what the detail o f the 
diffuse interface description, as shown in fig. 4.

W o then proceed by taking the function f s(x) to vary linearly:

And wo cun obtain an upper bound for the vacancy lifetime through a 
random walk approximation o f the form f,

where D  is the vacancy diffusion coefficient and Q2) x must be such that 
its maximum value at *  =  0 should be at least d2, and its minimum value 
at x — d should be zero, and so forth. Simple considerations, avoiding the 
fact that a vacancy can be annihilated at a plane inside the interface, 
combined with our desire to use an integrable function, lead to a form 
such as

(An alternative form ( P ) x =  (d — x )2 is less critical than the one chosen, 
and is moreover non-integrable within useful limits.) The fact that the 
interface is moving at velocity V  implies that r  =  [d(d — x)/XD]F( Vd/D) ; 
but for equilibrium we can deri ve a mini mum value o f F (  Vd/D) =  F ( 0) =  1. 
Use o f both these extremes allows us to maintain our bound for the quantity 
(Ca — CB) when we write

The lower limit here is identical to the expression obtained by Webb (1962), 
using a far more explicit development.

(A 3 )

( l z) x ~ d (d  — x)IX; A<1.

T ^ d ( d  — x )ß D . 

Integration o f eqn. (A  2) then yields

(A  5)

( C L  —  c q )  V  ^  ( ° q  ~  Ce ) • (A  6)

I  Here it is assumed that recombination with interstitials is negligible.
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A P P E N D I X  I I

Temkin (1964) studied the distribution o f atoms within a solid-liquid 
interface by using a statistical thermodynamics. His model consists o f 
a simple cubic lattice, limited by the elementary considerations o f nearest 
neighbour atoms and equal solid and liquid densities. Even so, his 
analysis constructed in terms o f the ‘ so lid ’ fraction,/s, in planes parallel 
to the interface with eminently proper boundary conditions, leads to an 
infinite set o f simultaneous equations in terms o f two parameters. The 
first o f these, /3 =  AjjLLS/lcT, can be taken as zero at T  =  T tn since A/xLP is 
the diffeience in chemical potential between the liquid and the solid and is 
negligible for growth rates o f interest. The second parameter is rj =  4twjkT, 
where w is the difference between a ‘ solid atom-liquid atom ’ bond energy 
and the mean energy o f the solid-solid and liquid-liquid atom bonds, 
w can be related to the latent heat o f fusion, and since for T  =  T ln the 
solutions o f the equations depend only upon the parameter r), a measure 
o f the interface width may be obtained. Temkin presented the results 
o f numerical computer calculations for four different values o f r;, leading 
to the curve shown in fig. 5.

Fig. 5

INTERFACE WID TH,d/b

Plot of r] versus the interface width from Appendix I I  following Temkin’s
analysis.
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The metals, lead, aluminium and copper are not immediately adapted 
to fit Temkin’s description. However, they are all face-centred cubic, 
and it should be at least plausible that some monotonic scaling is possible 
and that the; solid-liquid interface width must bo higher in Temkin’s model 
than for any real f.c.c. metal. We therefore chose to position the metal 
lead at Temkin’s value as shown in the figure, at the same time constructing 
a reasonable scale of distances so that aluminium gives us a value for fitting. 
(Although thy latent heat o f fusion was used for this positioning just as in 
Temkin’s model it is only a rationalization, but alternative choices or 
procedures seem unjustified.) H ie  same procedure applied without 
change to copper and the average f.c.c. metal gives good values, that 
provide an overall consistency as discussed in §6 o f the text. Temkin’s 
interface model, as we have used it, can then be regarded as a scaling guide 
or procedure with one adjustable parameter.

The choice o f lead as a reference metal is based upon the fact that more 
information is available for lead about crystal growth and vacancies. 
However, there is a diversity among the values available for the self- 
(I iff union coeiTicoint for lead at its melting point, a number needed in the 
text. We have chosen the highest value ~  10~Bcm2/sec in accord with 
Oberdorfer a.nd Grass (1970). Other values that may be derived from 
Miller (1969), Rosing and Nachtrieb (1961), Nachtrieb and Handler (1955), 
Okkerse (1954) or Von Hevesy, Seith and Keil (1932) can give slightly 
lower values for D  at 327°c. With adjusted parameters, these not only 
satisfy the matching o f experimental results we try  in the text, but can 
provide us with seemingly better interface widths (i.e. smaller values). 
Nevertheless, we understand the concept o f interface width, as stated in 
§ 5 o f the text, in a way that does not suffer from the use o f higher values. 
Therefore, the value chosen for lead is the most recent value, as for the 
other metals, and a more severely critical one.

A ck now leim ; intents

The authors are grateful for the constructive criticism offered by many 
o f their colleagues, particularly Dr. A. D. Brailsford.
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