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(rieevuto 1'8 Giugno 1962) 

S u m m a r y .  - -  It is shown that the potentials that can be defined for the 
nucleon-nucleon problem from the theory of double dispersion relations, 
cannot be constructed by a generalization of the method of Charap and 
Fubini. An explicit expression for the identification of the potentials 
in the nonrelativistic limit in configuration space is presented. 

1 .  - I n t r o d u c t i o n .  

In  a previous paper (1) it has been shown tha t  it is possible to define a 
potential  tha t  describes the interactions of the nucleon-nucleon system by a 
generalization of the method of Charap and F u b i n i  (~). 

Because of the additional degrees of freedom introduced by  the spin of 

the  particles as compared with the scalar case, the system of integral equa- 
tions to be solved to actually construct  the various potentials necessary to 
describe the interaction is much more complicated than  in the scalar problem. 

The system of integral equations turns out to be formed by  two independent  
sets associated with the eigenvalues 0 and 1 of T the isotopic spin operator, 
relating the various scattering amplitudes T j  ~ t j P j  and their imaginary  parts. 
P~ represent the perturbat ive invariants introduced by AMATI, LEADER and 

VITALE (8) in their t rea tment  of the nucleon-nucleon problem. 
F r o m  the scalar functions t~ t h e  potentials are defined. (See eq. (2.6)). 

(1) F. MOREY: Nuovo  Cimento,  24, 585 (1962). To be referred to as I. 
(2) j .  M. CHARAP and S. P. FUBI•I: Nuovo  Cimento, 14, 540 (1959); 15, 73 (1960). 
(a) D. AMATI, ]~. LEADER and B. VITALS: _NUOVO Cimento,  17, 68 (1960); 18, 409 

(1960), to be referred to as ALV I and ALV II, respectively. 
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If  we suppose tha t  the various scattering amplitudes have the same de- 
pendence on the nucleon mass, it is possible to generalize Charap and Fubin i ' s  

method  for the construction of the  potentials up to second order in a nonrela- 
tivistic approximation.  

However,  this assumption leads to the selection of one of the potentials 

as more impor tant  than  the rest at low energies with the consequence tha t  
a spin orbit-spin orbit and a m o m e n t u m  tensor potential  appear with the 
same weight in 1/m as the spin orbi t  and the tensor potential.  

This is not in agreement with the usual phenomenological potentials intro- 
duced to describe nucleon-nucleon interactions (4). 

I t  is then impor tant  to determine the real dependence on the nucleon mass 
of the various scalar functions. 

The first par t  of this paper  and the Appendix are devoted to determine 
this mass-dependence, showing tha t  the whole potential  is homogeneous in 

its dependence on m. This means  tha t  the system of equations to be solved 
cannot be split in the nonrelat ivist ic  limit and therefore, it is not possible 

to generalize the method of construct ion of the potentials mentioned earlier. 
This is due to the fact t ha t  then,  the transit ion probabil i ty is not  formed any 
longer by contributions of different order in l/m coming from the various 

scalar functions. 
The construction of the potentials must  then be performed either by nu- 

merical methods or by ex t rac t ing  all the information from the theory of dis- 

persion relations. 
In  Sections 3 and 4 the potentials are t ransformed to configuration space 

and to the nonrelativistic l imit in order to obtain the usual central, spin 
orbit etc., types of potentials defined in terms of the potentials here introduced.  

In  Section 4 a method to t ransform to the non relativistic limit taking in to  
account  the spreading of the  interacring particles in the t ransformation (5) is 

sketched und the resulting interact ion deriving from one of the obtained po- 
tentials is presented. 

2. - The definition and construction of the nucleon-nucleon potentials. 

As shown in I, the definit ion of the potentials can be performed by con- 
sidering the equivalence of the equations tha t  determine the relationships 

between each of the scalar functions,  coefficients of the per turbat ive  invar iants  
in a double dispersion-relations analysis of the scattering process, and the  

(4) R. J. N. PHILLIPS: Rejo. P?'offr. Phys., 22, 562 (1959). 
(5) L. FOLDY and S. WOUTHUYSEN: Phys. Rev., 78, 29 (1950). 
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corresponding equations for the scattering ampl i tudes  derived from the theory  
of potent ial  scattering, when the la t ter  are appropr ia te ly  defined. 

We will keep the notat ion of paper I calling pin1  and p2n~ the energy mo- 
men tum four-vectors for the initial and final states of the interact ing nucleons. 
F ro m these we define the vectors 

( 2 . 1 )  P = P l  A- P2 n ~ +  n2 
2 ; N =  2 ; AJ=nl--n2-~-- .pz--p~ ; n - ~ n l •  = - A x N .  

The scattering ampli tude for potential  scattering can be wri t ten  as 

(2.2) T = ~ (TD, ~- T E P  r) , 
i=1 

where, T D and TE stand for direct and exchange amplitudes, while 

(2.3) P~ = �89 + ~n ..r 

is the isotopic spin operator.  Each  T(1,.E), is defined as associated with each 
of the per turbat ive  invariants in t roduced by ALV I, tha t  is T~--t~Pr where  
the per turbat ive  invariants are defined as 

i P1 lnlv , Pa 7 " ' P 7  p ' N  ' P5 " ~ 
(2.4) 

P2 ~ 7 ~ ' P I ~  + 7 ~" N 1  ~ , / )4  = Y~" ~v . 

Then introducing the scalars 

(2.5) s ---- (p~ § n~)~; t = ( p 2 - - p , )  ~-= ( n ~ - -  n2) 2 ; u = ( n ~ - - p ~ )  2 =- ( n ~ - - p , ) %  

the potentials are defined through the relations 

r 

1_ ~'Im t:,(~'5, t) dr/'*. 
(2.6) Vv,(t) = tDi (0  , U ) t - -  j . ~ j  n t  2 

0 

The results of potent ial  scattering can then be made to coincide with those 
of the theory of dispersion relations if one imposes the conditions on 

(2.7) t.~(o, u) = p.~(0, % ,  

where the PD~ are the scalar functions coefficients of the per turbat ive  invar iants  
in double dispersion relations theory.  
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I f  we assume tha t  the pDj's are independent  of m, the nucleon mass,  or 
t h a t  their  dependence on m is homogeneous,  t ha t  is, the same for all PD~, 
then  a general izat ion of the me thod  of construct ing the potent ia ls  g iven b y  
C~ARAP and  F u B I ~  (2) could be devised, allowing formal ly  the solution of 
the  p rob lem to  second order in a nonrelat ivis t ic  approximat ion .  

H o w e v e r  one can show tha t  this is not  the si tuation,  a t  least  in two pions 
exchange  processes.  These have  been studied extensively b y  AlgATI, LEADER 
a n d  VITALE, under  the  assumpt ions  t ha t  the J----l ,  T - ~ I ,  7:-7: resonance and  
the  3, 8, 7:-JW resonance are dominat ing.  Using these results, which one can 
expec t  to be  a t  least  quah ta t ive ly  correct, even if for example  the 37: reso- 
nance  p roved  to  be  so strong as to give a very  i m p o r t a n t  contr ibut ion to the  
process,  one can write,  as shown in the Appendix  

(2.s) 

p1(8 ,  t) ~-  m - 2 ~ 1  , , 

p2(8, t) : m - 3 ~ 2  , , 

p~(8, t) = m - ~  ~ ,  ~ , 

( ' )  p4(8, t) = m - ~  m2~, ~ , 

ps(s ,  t) = 0 . 

The potent ials  defined f rom these functions will not  therefore have  the  
s a m e  mass-dependence,  bu t  the one given by  2.8. 

The nonrelat ivist ic  l imit  of the invar iants  is given by  (1) 

(2.9) 

i Q n . / i t  {~v. n 
/)1= 1 +  (a"+ ~ ) . n  (E A- m) 2 (E + m) 4 ' 

P2 = 2 A +  iC(a"  + a~). n + 
2 B  

(E A- m): 

P 3  -~ A" - -  i A B ( a ~  + a")" n - -  B 2 a  ~'. n a " .  n ,  

P , = a  3i 
(E + m) ~ 

( a ~ +  a " ) . n  + 

1 
A-~(E A- m) 2 (a" 'Aav 'A --  a". a 'A:)  - -  

P~ = a " . A a , A / ( E  § M ) : ,  

{$n �9 ~ . / l t  

(E + m) 4 ' 



ON T H E  C O N S T R U C T I O N  OF L O W - E N E R G Y  N U C L E A R  P O T E N T I A L S  529 

where 

I ~ ~-m)n~'n' (E +2p2m)Po]] (E po+ ) (E +1 (2.:10) A = P o  1 + , E _  , 2 4- ; B =  m, 2 -  m ) ;  

A 
C - -  B .  (E + m) ~ 

Therefore, the resulting potential  e~n be wri t ten in the non relativistic 
limit as 

(2.11) V =  (V~+ 2AV2+A2V3+ L) + 

2 
-~- ~ [-- V1/(E + m) 2-  CV2 + A B  V3 + 3 V4/(E + m) ~] S. n + 

+ [- V,I(E + m), + 2B ~ 4] (E + M) 2 V2--B2V2 - (E+m) ja~.na".n+ 

+ L 
(E + m) 2 

[an. ~ a,. A - an" a~A 2] . 

Therefore, if we write the expression for the transit ion probabil i ty  deri- 
vable f rom this potent ial  or f rom its corresponding scattering amplitudes, it  
is not  possible to separate f rom it contributions of different weight in the non 
relativistic l imit;  this then means tha t  the method of Charap and Fubini  can 
be generalized to the definition of potentials in the nucleon nucleon problem, 
but  not  to their construction (*). To construct  the potentials,  one simply has 
to derive all the information from the theory  of dispersion relations. This 
can be done presently for two pions interchanged by  numerical  methods.  The 
resulting potent ial  will then give rise to the different types used in the pheno- 
menological descriptions of scattering; to identify them we must  t ransform 
to configuration space. 

3. - The potentials in configuration space. 

The obtained potentials are non local, therefore SchrSdinger's equat ion 
reads 

(3.1) (E + V2/m)yJ(r) =;<rVr'}  y3(r') dr'. 
J 

(*) See ref. (1), Section 5. 

3 4  - I1  N u o v o  C i m e ~ t o .  
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GOTO and ~r (~) have shown tha t  one can write quite generally 

(3.2) f d A d P  [ .A (r _~ r,)] V(a~ A~ N) <rVr'} = j  (2~z)3 exp [+  iN. (r-- r ' ) ]  exp -- ~ 2 

Following a procedure similar to the one int roduced by  HOSttIZAKI and 
MACHIDA (7) one can express 

f dA ( O )~(r_r,)  (3.3) <rVr'}= (2~z)~exp[--iA.r]V a ,A , - - i  s( r r'~ 

thus obtaining 

(3.4) f <rVr' v(r') ' dA iA.r] V (~, A, -- i~ r  ' ~ ( r ) =  

= V  a ,r ,  N ~(r). 

We notice tha t  N is replaced everywhere by  --i~/3r, which corresponds 
to p, the relative momen tum of the particles in the quan tum mechanical  for- 
malism (*). 

We can then proceed to the t ransformat ion of the potentials V~ obtaining 

(3.5) f ~ )  1 1 0  V~ S.A• . V,(r)S.r• 
f o r  

(3.6) f ( 2 ~  a ~ ' ~  • 2 1 5  N e x p  [-- iA. r] d/~----- 

- r Or [ a ~ ' P a " P - - a ~ ' ~ ' P q -  N L a ~ ' L a " L '  

(3.7) f V'oan.a*~exp[--iA.r]dA~---a".a* r-~Vi+r2krOr ] ] 
J(2~)~ 

f (3.8) V~ a , . A a , . ~ e x p [ _ i ~ . r ] d ~ = _ o ~ . a  ~ V,-- o~'ra"r \rOr] 

(6) j .  GOTO and S. MACHIDA: Progr. Theor. Phys., 25, 64 (1960). 
(v) H. HOSIIIZAKI and S. MACHIDA: Progr. Theor. Phys., 24, 1317 (1960). 
(*) Notice however that if one is to perform a perturbative type of calculation 

the operator N is to be identified with -- (i/2)(~/~r+-~/~r) (see ref. (v)). Notice also 
the difference in sign of the exponential exp [ - - iA. r ]  in eq. (3.3) as compared with 
the corresponding sign in eq. (A.2) of ref. (v). 



ON THE CONSTRUCTION OF LOW-ENERGY NUCLEAR POTENTIALS 

Therefore 

531 

(3.9) V =  Vr + V~oS'L + V , r (a"rav ' r - -a" 'apr  z) + V .... a "  L a v ' L - /  

+ IT~(* p " ' p a " p - - a " ' a ~ p  ~) 

where Vo, V.o , etc., s tand  for central,  spin orbit,  tensor,  spin orbit-spin orbit  
and m o m e n t u m  tensor potent ials .  In  the nonrelat ivist ic  l imit  of the coef- 
ficients A, B, and C, namely  

(3.10) A = m ;  B - - - ~ m ;  C = l m  

we can then  write 

(3.11) 

Vr -~ V~+ 2mV2+ m~Va+ ~ = V,~+ 2V~.+ Vc.+ V~, 

V:o - 2m 21(18) (V*'+2V~ 

VT -- 4m ~ -~ Vc, , 

. . . .  - - 1 6 m  4 ~r (Vc,+2Vc:+ V,:+ Vc,), 

VT = 1 (~ ~ ) (Vc, + 2 Vc, + Vc, + V,,) 
16m 4 ~r 

which qual i ta t ively  agree with the potent ia ls  in t roduced in phenomenological  
analysis.  

This potent ia l  contains however  only the first order effects of each of the 
different types  of interact ions;  it shows explicitely the na ture  and the origin 
of the various low energy potent ia ls  as referred to the V~ defined a t  a rb i t r a ry  
energies sufficiently below threshold. I t  is however  not  consistent;  for con- 
sistency it  mus t  contain all te rms up to a given power in p/m, including all 
the te rms tha t  account  for the spreading of the  in teract ing particles when a 
low energy l imit  is t aken  (5). To disregard the te rms  tha t  are missing in 

eqs. (3.9), (3.11) means to disregard these ve ry  i m p o r t a n t  effects. To obta in  
the complete  nonrelat ivis t ic  l imit  of a given Hami l ton ian  we m a y  proceed 
in two ways.  We can per form a series of Fo ldy -Wouthuysen  t ransformat ions  
unti l  a Hami l ton ian  free f rom odd operators  of the  desired order in p/m is 
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obtained and from it proceed to separate large and small components,  or we 
can follow Rosenfeld's approach using appropriate  project ion operators (s). 

4. - Transformation of high.energy potentials to the nonrelativistie limit. 

The results obtained by  both  methods are similar, but  the second is al- 
begraically simpler. The behaviour  of two fermions interact ing through a given 
potent ial  V is described by  the Hamil tonian 

(4.:) 2(~3 + ~ ) 2 m  + V, 

where r and a p represent the spin operators for particles n and p;  p is the 
relative momen tum of the system and ~: and ~3 are two dicotomic variables 
associated with particles n and p, represented by  two-by-two matrices. If  we 
choose the representat ion in which ~3 is diagonal, it  has the eigenvalues • 1 

associated with the two components  of the eigenfunctions ~0= ( : ) .  In  eq. (4.1) 

: ~ v it  will have as eigenfunctions as usual the the operator  ~ = ~(~3 +Q3) acts ; 
functions 

U n ~ - ~  UPVn a n y  ~ -  vnvp 
(4.2) 3~l=unu*'; 300~ ~ 2  ; l~0= ~ / 2  - -  ; 3 ~ - - I = V n V P '  

belonging to the eigenvalues 1, 0 and - - 1  of ~3. To perform the separation 
of large and small components of the wave funct ion tha t  can be wri t ten as 

(4.3) = 31, % + (Vo 3qo + 'to :qo) + 3I-: 3q-1, 

where 31: represents the large component  of the two particle wave funct ion 
and 31o , 1]0, and 31_:, the components  of order p/m and (p/m) 2 respectively,  
we introduce the operators P + =  �89 • ~3) and Q• qIP~= with the  propert ies  

(4.4) P + u = u ;  P + v = 0 ;  P _ u = 0 ;  P _ v = v ;  

~ + u =  0; ~ + v = u ;  Q_u=v;  O _ v =  0 ,  

mul t iplying (4.1) by  the operators P~P~+, P~P[, P:P~_ and P"P" in succes- 
sion and then adding the results. If  we specialize for instance to potent ia l  V3, 
wi th  V:i: = Vc 2go* we obtain as the acting potent ial  

(4.5) v =  v::, + v,,,/2Co(q: a~ - q W ) ' P -  Vm/N~ (~: a~.p a-.p) 

(s) L. ROSENFELD: Nuclear Forces (Amsterdam, 1948). 
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and then the set of equations 

(4.6) 

( i  - -  V l~ /No) (~_  ~Io - ~§ % )  - ( L H / N ~ )  o ~ - p  o ~ . p  ~/_, + V~,  ~/~ = ~ ~/ , ,  

( 1  - -  Vll l /~o)(~_31o -]- (~+. 11o ) - -  (V111/_/~2o) o n . p  (~  . p  311 + (E+2m-- vm)a /_~  = 0,  

(1 - -  L~,/No) ~-(~l~ + % 0  - -  ( v ~ / z r  o" . p  o~ . p  ~/o + (V~l - -  E)  % = 0 ,  

- -  ( 1  - -  V~,/No) 0~+(~r - -  ~l-~) + (VH~/N~o) o ~ "P o ,  . p  ~Io + ( V ~ - -  E )  1/o  = O ,  

where we have introduced 

1 
(4.7) ~• = ~ (o ~ J: a ~) .p  and e = E -- 2m . 

V~ 

To derive eqs. (4.6), use has been made of the orthogonali ty of the func- 

tions 3~1, 3~0, ~Q_I, and 1~o. 
F rom this set we can obtain an equation in terms of the large component  

of the wave function exact to ~ny order in p/m. To the fourth order we get 

for potential  V3 

(4.8) 
2p 2 Vnlp 2 3p 4 + i 1 ~ i V~ 1 

V =  1 - - ~ +  m3- + m4 2-m~r'Pr~r 2m~r'p 11~r~r + 

+ ( - - 6 i r . p p 2 + 9 p 2 ) r ~ +  (2r2p2+3(r.p)~+ lOir.p) ~rr -- 

__ 2~r2r'lOtr~rr)" /1 ~\31} ]7111 -- 1(~2]1 -- 2"1~i g ~ l l r , ~ ) ] r ~  

+ ~ 6 ~ ! 1 0 p  r ~ + ( 2 i r . p + l O ) \ r ~ r ]  +2  ~-~ V m S ' L - -  

16m' r ~r Vll~ (a'~'pcT"'p --  ~n.~,p2)  -F - ~  \ r  ~r] Va"" L a ' .  L . 

The necessary calculations ~re lengthy but  not  too awkward,  and are pub- 

lished elsewhere. I n  this equation the operator p acts only on the wave func- 

tion, the derivatives only on the potential.  
Similar equations are obtained for the rest of the potentials by  the same 

method. When all potentials are supposed to act simultaneously, as in fact  

they act, new terms appear due to the interactions among them. 
I t  is therefore clear tha t  to describe nucleon-nucleon scattering, it is not  

enough to consider the existence of central, spin-orbit, etc., types of inter- 

action potentials of the direct and exchange type. To  potential  can be built 
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from a non relativistic limit of a theory,  whether  dispersion relations, field 
theory  or other containing only simple type  of potentials as central,  spin- 
orbit,  etc. All the rest of terms accounting for the spreading must  be also 
present;  there can be no hope to fitting experimental  da ta  for any appreciable 
range of energies with these terms missing. Therefore, the concept of poten- 
tial itself ceases to be a helpful one if one wants to go beyond second-order 
nonrelativist ie approximations,  und even then some nonstat ic  terms must  
be kept  in mind such as the te rm - - 2 V m p 2 / m  ~ in eq. (4.7). Even  so, the 
quant i ta t ive  determinat ion of potentials 171 to V4 is of interest  for they  will 
allow u check on the theory  of dispersion relations as well as on the correct- 
ness of the approximations made in their  calculation, such as dominat ing 
character  of r:rc and ~oV resonances. 

A P P E ~ N D I X  

We will use the following equations f rom ALV I 

(A.1) 
c o  

pi(8, t) 1 ;ei(8, t') 
= ~ . J  t ' - t  dt '  , 

where we have simplified their  eq. (3.7) to fit our purpose, namely the mass- 
dependence of the functions p~. 

Also we need 

8n[~/s  + m  ( t )  ~/8 - -  m] sin2 683(8) 
(A.2) ~2=--2]~(8, t ) = ~ [ ~  m 3 l+~k~ + g : m j  k ' 

( ) 1 ] sin~osS(s) 
(A.3) a + = -- 23 + ~ ~- [E - fm 1 + ~ ; 5"~B= o~B-~- xeg:6(s--m2), 

with 

(A.4) k~ = �88 m ~ - - # ~ ) ~ - - # 2 m 2  ; E - -  s + m ~ _ # 5  
s 2V~ 

One can easily see tha t  

m ~ ( s / m ~ -  1 - 1~2/m~) ~ -  t t~/m ~ (A.5) k s 8[m 2 

and therefore 

(A.6) 
1 
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Therefore  f r o m  expressions (3.40) and  (3.39) in A L V  I 

(A.7) 

K(s ' ,  s", t, x) ---- { t ( x - -  [~/~7+ ~/~]2)  ( x _  [~/~7_ ~/U]s)  _ 4m%s ' - -  s") 2 - -  

- -  4x[s '  s" + (I ~s - m2) ~ - (#2 + m 2)(s, + s") + #2x] } - i  , 

1 K ( s , / m s ,  s"/m'-, t im  s, x / m S ) ,  .'. K ( s ' ,  s", t, x) = 

and  wi th  ~ = s /m  2 

(A.S) 

[ ~ = ~/Z ffds'ds"a~(s', t)a~(s", t)K(s', s", t, x) = 

= m~/*/~ ffdr162 ~ ~(r ,/ms)~•162 t / m s ) K ,  

I. ' .  x. = m~ x/m~) . 

And  s imi lar ly  wi th  

(A.9) 

Z(s ' ,  s", t) = m 2 [ ~ ' +  $"- -2 ( t t 21m ~ + 1) + t /m  s] , 

:Y(,', s") = mS(~ ' -  ~") . 

I n  the  same w a y  one obta ins  

(A.10) 

m m 
~b = 4 m  2 tFs ( t /m2 ,  x~ ms)  + Fs(t /m~,  x / m S ) ,  

x - -  + x 

m m 
7r - -  F 2  - -  - - / P 3  , 

X - - 4 m 2 +  t x 

_ _  m s  m s t - -  4 m  s F, + F5 + Fe 
z~ : m 4 x 2 ( x _  l m  s + t) s (x - -  4 m  s + t )  2 x 2 ' 

m 2 m 2 2 x - -  4 m  2 + t F4 
~ =  (x 4m s + t )  s F S - ~ F e - m  4 - -  x2(x - -  4m 2 d- 0 2 

m 4 

~ = x ( x -  4m s + t) F.  . 

Therefore,  f rom expressions (3.43), A L V  I ,  for ins tance  for  

(A.n) 1 1 i 2 m ~  + m2~, dx a ( t {  t 

(2m) I 

.( )1 ( -  e/6)(z/4 - f f ' ) ( I ,~ ;  I ' -  a;-~) �9 
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U s i n g  f o r m u l a e  (4.11) a n d  (4.12) in  A L V  I I  ( f r o m  B o w c o c K ,  COTTINGttAM 
a n d  LURI~ (a)) one can  show t h a t  t h e  second  t e r m  in eq.  (A.11) has  t h e  s a m e  
m a s s - d e p e n d e n c e  t h a n  t h e  f i rs t  one .  The  s a m e  is v a l i d  for  a l l  ~ (i f r om 1 to  4). 
One t h e n  ob ta in s  

(A.12) 

[ ~ = m-2~(~, tl m~) , ~ = m - ~ ,  

~2 ---- m - a ~ 2 2  ~ ~4 = m - 2 ~ 4  �9 

W h i c h  is b y  (A.1), t h e  mass  w e i g h t  of t he  sca la r  func t ions  p~ a n d  hence  of 
t h e  p o t e n t i a l s .  

(9) j .  BgwCOCK, W. COqTINGHAM and D. LuRid,  2~'uovo C i m e n t o ,  16, 918, (1960). 

R I A S S U N T O  (*) 

Si mostra che i potenziali chc possono essere definiti per il problema nucleone- 
nucleone della teoria delle relazioni di doppia dispersione, non si possono costruire 
con una generalizzazione del metodo di Charap e Fubini .  Si presenta una espressione 
esplicita per l ' identificazione dei potenziali nel limite non relativistico nello spazio delle 
configurazioni. 

(*) Traduzione a eura della l?edetzione. 


