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Summary. — It is shown that the potentials that can be defined for the
nucleon-nucleon problem from the theory of double dispersion relations,
cannot be constructed by a generalization of the method of Charap and
Fubini. An explicit expression for the identification of the potentials
in the nonrelativistic limit in configuration space is presented.

1. — Introduetion.

In a previous paper (1) it has been shown that it is possible to define a
potential that describes the interactions of the nucleon-nucleon system by a
generalization of the method of Charap and Fubini (?).

Because of the additional degrees of freedom introduced by the spin of
the particles as compared with the scalar cage, the system of integral equa-
tions to be solved to actually construct the various potentials necessary to
describe the interaction is much more complicated than in the scalar problem.

The system of integral equations turns out to be formed by two independent
sets associated with the eigenvalues 0 and 1 of 7T the isotopic spin operator,
relating the various scattering amplitudes 7',=t,P; and their imaginary parts.
P; represent the perturbative invariants introduced by AmATI, LEADER and
VITALE (%) in their treatment of the nucleon-nucleon problem.

From the scalar functions ¢; the potentials are defined. (See eq. (2.6)).

(*) F. MorREY: Nuove Cimento, 24, 585 (1962). To be referred to as I.

(3) J. M. CHARAP and S. P. FuBINI: Nuovo Cimento, 14, 540 (1959); 15, 73 (1960).

(®) D. AmaT1, E. LEADER and B. ViTALE: Nuovoe Cimento, 17, 68 (1960); 18, 409
(1960), to be referred to as ALV I and ALV II, respectively.
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526 F. MOREY

If we suppose that the various scattering amplitudes have the same de-
pendence on the nucleon mass, it is possible to generalize Charap and Fubini’s
method for the construction of the potentials up to second order in a nonrela-
tivistic approximation.

However, this assumption leads to the selection of one of the potentials
as more important than the rest at low energies with the consequence that
a spin orbit-spin orbit and a momentum tensor potential appear with the
same weight in 1/m as the spin orbit and the tensor potential.

This is not in agreement with the usual phenomenological potentials intro-
duced to describe nucleon-nucleon interactions (*).

It is then important to determine the real dependence on the nucleon mass
of the various scalar funections.

The first part of this paper and the Appendix are devoted to determine
this mass-dependence, showing that the whole potential is homogeneous in
its dependence on m. This means that the system of equations to be solved
cannot be split in the nonrelativistic limit and therefore, it is not possible
to generalize the method of construction of the potentials mentioned earlier.
This is due to the fact that then, the transition probability is not formed any
longer by contributions of different order in 1/m coming from the various
scalar functions. .

The construction of the potentials must then be performed either by nu-
merical methods or by extracting all the information from the theory of dis-
persion relations.

In Sections 3 and 4 the potentials are transformed to configuration space
and to the nonrelativistic limit in order to obtain the usual central, spin
orbit etc., types of potentials defined in terms of the potentials here introduced.

In Section 4 a method to transform to the non relativistic limit taking into
account the spreading of the interacring particles in the transformation (3) is
sketched and the resulting interaction deriving from one of the obtained po-
tentials is presented.

2. — The definition and construection of the nucleon-nucleon potentials.

As shown in I, the definition of the potentials can be performed by con-
sidering the equivalence of the equations that determine the relationships
between each of the scalar functions, coefficients of the perturbative invariants
in a double dispersion-relations analysis of the scattering process, and the

() R. J. N. Puirures: Rep. Progr. Phys., 22, 562 (1959).
(3) I.. FoLpy and S. WourHUYSEN: Phys. Rev., T8, 29 (1950).
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ON THE CONSTRUCTION OF LOW-ENERGY NUCLEAR POTENTIALS 527

corresponding equations for the scattering amplitudes derived from the theory
of potential scattering, when the latter are appropriately defined.

We will keep the notation of paper I calling p,», and p,n, the energy mo-
mentum four-vectors for the initial and final states of the interacting nucleons.
From these we define the vectors

n n
=£%¥E;N=vig?;d=nrwh=m—pu n=n;xn, =AxN.

(2.1) P
The scattering amplitude for potential scattering can be written as
5
(2.2) TZE(TDi"‘f—TEiPr)’

=1

where, 7, and T stand for direct and exchange amplitudes, while
(2.3) P' =31+ 1)

is the isotopic spin operator. Each T, ., is defined as associated with each
of the perturbative invariants introduced by ALV I, that is 7;=1t,P, where
the perturbative invariants are defined as

Pr=11,  Py=ymPyN,  Py=yyk,
(2.4)
Py=y"-Pl» L y?»-N1", P, = yr-yr,
Then introducing the scalars

(28) s=(pr+m)?; f=(P—p1)*= (m—m)?; u= (N— )= (My—p,)%,

the potentials are defined through the relations
1 (Imin ", ¢
(2.6) Vo,(t) = t0,(0, )¢ — ~ f ——~-’—°»;(7’Z—’—) ay” .

T
0

The results of potential scattering can then be made to coincide with those
of the theory of dispersion relations if one imposes the conditions on

(2.7) tDj(()’ u) = pnj(oa w),

where the p,, are the scalar functions coefficients of the perturbative invariants
in double dispersion relations theory.

=]
e
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528 F. MOREY

If we assume that the p,’s are independent of m, the nucleon mass, or
that their dependence on m is homogeneous, that is, the same for all Pp,»
then a generalization of the method of constructing the potentials given by
CHARAP and FUBINI (%) could be devised, allowing formally the solution of
the problem to second order in a nonrelativistic approximation.

However one can show that this is not the situation, at least in two pions
exchange processes. These have been studied extensively by AMATI, LEADER
and VITALE, under the assumptions that the J=1, T=1, - resonance and
the 3, 2, n- N’ resonance are dominating. Using these results, which one can
expect to be at least qualitatively correct, even if for example the 3n reso-
nance proved to be so strong as to give a very important contribution to the
process, one can write, as shown in the Appendix

8 2
p1(37 t) = m_2*@1 (_ —> ’

:8) Ps(s, 1) = m_4?1(

8 2
p4(8, t)=m2% <_7 '—> ’

ps(S, t) =0.

The potentials defined from these functions will not therefore have the
same mass-dependence, but the one given by 2.8.
The nonrelativistic limit of the invariants is given by (%)

) ¢"'no’'n
Pl-_—l-l-m;(c +°)'n—(7-}:7n¥)‘i’
P —2A+'LC( "4 :n). —21;§._ D . ".n
0 = ¢"+ o n+(E+m)26 noc ,
P,= A*— iAB(c*+ 6¢")'n — B*¢? ne"'n,
(2.9)
P-—]__i__(p_’_ *)on |
e E+mp® " ° )n
S | C A e . ppsy O RCTR
Toi s (A A e A — e

Py, =o"Ac?A/(E + M)z,
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ON THE CONSTRUCTION OF LOW-ENERGY NUCLEAR POTENTIALS 529

where

n; ny 2P2 P 1
Ty

L. :PO D *——-———; = — _~;
(2.10) A 1+(E+m)2 B+ m)P, B TLmp (L)

y:|
C = 21§i1j;ﬁjé — B

Therefore, the resulting potential can be written in the non relativistic
limit as

(2.11) V= (Vi+ 24V, &Vo+ Vi) +
2
+ [ Vol (B+mp— OVo+ ABVs+ 3V/(B+m)] S+

2B V.

+ | = Vi/(B 4 m)* + (E+—]m2 Vz—Bzva——(E—if;’ﬁF 6’ ne" n -
V4 . v . 7,0 A2
+(T_f'_”‘”;)*2[0 Ao A — o*-0?A?].

Therefore, if we write the expression for the transition probability deri-
vable from this potential or from its corresponding scattering amplitudes, it
is not possible to separate from it contributions of different weight in the non
relativistic limit; this then means that the method of Charap and Fubini can
be generalized to the definition of potentials in the nucleon nucleon problem,
but not to their construction (*). To construct the potentials, one simply has
to derive all the information from the theory of dispersion relations. This
can be done presently for two pions interchanged by numerical methods. The
resulting potential will then give rise to the different types used in the pheno-
menological descriptions of scattering; to identify them we must transform
to configuration space.

3. — The potentials in configuration space.

The obtained potentials are non local, therefore Schridinger’s equation
reads

(3.1) (B 4 V2 /m)p(r) = f V) dr.

() See ref. (1), Section 5.

34 - Il Nuovo (imento.
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530 F. MOREY

Goro and MAcHIDA (*) have shown that one can write quite generally

(3.2) <rve’> :fd(gTd)I;exp [+ eN-(r—r')] exp [— zl; (r+r')|V(e,A,N).

Following a procedure similar to the one introduced by HosHIZAKI and
MACHIDA (7) one can express

. 0 ,
(3.3) <¢V¢>—] sexp[— zA-r]V(c,A,~zar:_,—))6(r—r),
thus obtaining
(3.4) f{rVr > p{r)dr —-f——exp[ zA-r]V(c,A, —i% p(r)y =

—

.0
= V(c, r, "@5) (r) .

We notice that N is replaced everywhere by —fa’/ar, which corresponds
to p, the relative momentum of the particles in the quantum mechanical for-
malism (*).

We can then proceed to the transformation of the potentials V; obtaining

(3.5) (2 ' S-AxNexp[—i- r]d/_\——lﬁﬁ Vir)S-rxp,
V. .
(3.6) f(27t)§ " ‘AxNexp[—iA-r]dA=
168 ‘[6" po?-p— o™ a?p?] — (iaa)zVic"-Lo"-L,
(3.7) ¢"-o*A?exp[— iA-r]dA = —o" 07 = 10 V.4 re 10 'y,
(2 )% ror ror] |’
i g — ., 1 a ", . 1 a :
)i Aexp[—iA-r]dA = — o™ 07— V;— a" ro? ,(;5) v,

() J. Goro and S. MacHIDA: Progr. Theor. Phys., 25, 64 (1960).

(") H. Hosuizax1r and 8. Macuipa: Progr. Theor. Phys., 24, 1317 (1960).

(*) Notice however that if one is to perform a perturbative type of calculation
the operator IV is to be identified with — (i/2)(‘5/ar-|—-5/8r) (see ref. (7)). Notice also
the difference in sign of the exponential exp [—¢A-r] in eq. (3.3) as compared with
the corresponding sign in eq. (A.2) of ref. (7).
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ON THE CONSTRUCTION OF LOW-ENERGY NUCLEAR POTENTIALS 531
Therefore
39 V=V@r)+V,SL+Vy(c"re?r—e"orz)+V, o" Lo? L+
+ V(6" per p—a"-c?p?),
where V_, V,, ete., stand for central, spin orbit, tensor, spin orbit-spin orbit

and momentum tensor potentials. In the nonrelativistic limit of the coef-
ficients A, B, and (, namely

(3.10) A=m; B=-—1im; C=1m

we can then write

Ve =Vi+2mVy+m2 V4V, =V, +2V,+ V., + V,

1 (190

Vi = o (;a_r) (V. 42V, + V.—3V.),
1 /1 0\

(3.11) Ve == g <75> Veis
Ve = (22N v 4 ov. v, 4 7.
8050—167)1/4 Tar C1 C3 €3 el ?

1. /10

Ve, =~ T6mi (; 87‘) Ve, +2V,+ Ve, + V),

which qualitatively agree with the potentials introduced in phenomenological
analysis.

This potential contains however only the first order effects of each of the
different types of interactions; it shows explicitely the nature and the origin
of the various low energy potentials as referred to the V, defined at arbitrary
energies sufficiently below threshold. It is however not consistent; for con-
sistency it must contain all terms up to a given power in p/m, including all
the terms that account for the spreading of the interacting particles when a
low energy limit is taken (°). To disregard the terms that are missing in
eqs. (3.9), (3.11) means to disregard these very important effects. To obtain
the complete nonrelativistic limit of a given Hamiltonian we may proceed
in two ways. We can perform a series of Foldy-Wouthuysen transformations
until a Hamiltonian free from odd operators of the desired order in p/m is
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532 F. MOREY

obtained and from it proceed to separate large and small components, or we
can follow Rosenfeld’s approach using appropriate projection operators (8).

4. — Transformation of high-energy potentials to the nonrelativistic limit.

The results obtained by both methods are similar, but the second is al-
begraically simpler. The behaviour of two fermions interacting through a given
potential V is described by the Hamiltonian

(4.1) H = (pjo"—oia6”) p+ }(g; + 03)2m + V,

where o™ and o” represent the spin operators for particles n and p; p is the
relative momentum of the system and p, and g, are two dicotomic variables
associated with particles » and p, represented by two-by-two matrices. If we
choose the representation in which g, is diagonal, it has the eigenvalues -1

%
associated with the two components of the eigenfunctions v =( ) In eq. (4.1)
v

the operator g, =}(0;+o0}) acts; it will have as eigenfunctions as usual the
funections

U™ VP - uPvn U VP — VP
(4.2) g, =u"ur; g =-—=— ; lgp= ;

Qo = V3 ) QO_T’

39_1 = omoe,

belonging to the eigenvalues 1, 0 and —1 of p;. To perform the separation
of large and small components of the wave function that can be written as

(4.3) Y = *f1 %01+ (3fo %00 + Yo 00) + *f-1%0-1,

where 3f, represents the large component of the two particle wave function
and %f,, f,, and 3.,, the components of order p/m and (p/m)* respectively,
we introduce the operators P,.=$(1 4 g;) and p,.= g, P, with the properties

(4.4) Pou=mu; P ov=0; P_u=0; P o=y,

eru=0; gv=u; g u=v; @ 0v=0,
multiplying (4.1) by the operators P}FP%, PiP’; , PP} and PP’ in sucees-
sion and then adding the results. If we specialize for instance to potential V,,
with V= V%N: we obtain as the acting potential

(4.5) V= Viu+ Viu/No(g] 6” — ¢76"): p — Vi /N (0707 67 p 6™ p)

(8) L. ROSENFELD: Nuclear Forces (Amsterdam, 1948).
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ON THE CONSTRUCTION OF LOW-ENERGY NUCLEAR POTENTIALS 533

and then the set of equations
1— Vlu/-No)<°L o — o, fo) — (Vln/N(Z)) c"-po’'p o+ Vin’fi = &%,

(4.6) ‘
(1 —Vi/No)ox_(*fy + 3f2) — (Vlll/Nz) o"-po? pfy + (Viu—EY?¥f =0,

—{1— V111/N0)°‘+(3f1 —3 4 + (qu/N?;) g"-pa?: 1fo Viu—EYtfho=10,

where we have introduced

(4.7} oci:;/%(c"ic’)-p and e=FKE—2m.

To derive eqs. (4.6), use has been made of the orthogonality of the func-
tions %p;, 204, %0-1, and 1g,.

From this set we can obtain an equation in terms of the large component
of the wave function exact to any order in p/m. To the fourth order we get
for potential V,

v . 2p? Vmp 3p* % p 10 ) 12
() V*{l—Tnff T T o TPE e TP

1 . 10\
+ﬁ1ﬁ[( 6ir: pp2—l~9p)~a——|—(2r2 p? - 3 (r-p)? + 10ir-p) (; —>-—

QD
~

e (L 2V (10 g )20
— 2urir p(r a_’l‘) )[ Vln—l(zmz—ém; Viur P) e
.10 10
_{_—1—6;;4 10p 7or + (2¢r- P+10)( ay) +2( )]} ViuS-L—

113 1(18

T 16mi 7 P Viu (cn'PGﬂ-P“G"'UpP2)+16m4 7‘5']‘) Vo -Ler: L .

The necessary calculations are lengthy but not too awkward, and are pub-
lished elsewhere. In this equation the operator p acts only on the wave funec-
tion, the derivatives only on the potential.

Similar equations are obtained for the rest of the potentials by the same
method. When all potentials are supposed to act simultaneously, as in fact
they act, new terms appear due to the interactions among them.

It is therefore clear that to describe nucleon-nucleon scattering, it is not
enough to consider the existence of central, spin-orbit, ete., types of inter-
action potentials of the direct and exchange type. No potential can be built

4365
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534 F. MOREY

from a non relativistic limit of a theory, whether dispersion relations, field
theory or other containing only simple type of potentials as central, spin-
orbit, ete. All the rest of terms accounting for the spreading must be also
present; there can be no hope to fitting experimental data for any appreciable
range of energies with these terms missing. Therefore, the concept of poten-
tial itself ceases to be a helpful one if one wants to go beyond second-order
nonrelativistic approximations, and even then some nonstatic terms must
be kept in mind such as the term —2V,,,p?/m? in eq. (4.7). Even so, the
quantitative determination of potentials V, to V, is of interest for they will
allow a check on the theory of dispersion relations as well as on the correct-
ness of the approximations made in their calculation, such as dominating
character of nw and =N’ resonances.

APPENDIX

We will use the following equations from ALV I

1 in(S’ )
A. (5,0 — 2 [@r 1) 4
( 1) p (87 t) ﬂ‘[ t/ t dt ’
au?

where we have simplified their eq. (3.7) to fit our purpose, namely the mass-
dependence of the functions p,.
Also we need

sin? 6337(3)

S g = SE[VEEm () VE—m
(A.2) 0A4—*2A0(s,t)—3{E+m31+2k2+E__m I )

g B 3 tN 1 |sintOuls) b _
(A3) o=~ 205 = | i (14 %z) | SR e ot g (s,
with
_ Hs—mi—p)i—pme _skm—p
(A.4) k2 = : ; B="",%

One can easily see that

e d8Im? — 1 — ptjm?)2 — p2fme

(A.5) ke = e

’

and therefore

(4.6 of = pHslme, thmt);  ab=- s, time)

S|+
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ON THE CONSTRUCTION OF LOW-ENERGY NUCLEAR POTENTIALS 535

Therefore from expressions (3.40) and (3.39) in ALV 1

K(s', 8"y t, @) = {t{z— [V + V5 ]2) (2 — [v/57— /57]2) — dm>(s'~ ") —

— das's" 4 (u2 —m2) — (ur -+ m2) (s + 8") + ]}
(A7)

1 (! n 2
. K(s'y 8"t x)= ﬁsK(s [m2, s"[m?2, tjm?, x/m?),

and with { = s/m?

= \/i//ds’ds”of(s’, tyot(s”, t)K(s', 8", t, ®) =
— i [ [aziae? & s, dmap, me)

(A.8)

sty = mOFy(tfm2, x/m?) .

And similarly with

(8", 8", 1) = a0+ ¢ —2Apifme + 1) + tfme]
(4.9)
Y (s, 8") = m*('— ") .

In the same way one obtains

H, = ,"v:élimiﬂ F,(t/m2, x/m?) + ;—nﬂ(t/m?, x/m?) ,
= g amig i P T

(A.10) Mg = M* ﬁapt):i%':%_—t)gfl—F (T_Z%WFE'_}"Z;F“ )
*o = @7:4%%3)% By wf(z}i‘% ‘.
* = m_%,rrt) Fa.

Therefore, from expressions (3.43), ALV I, for instance for

1 [#E + 2maiz + mx, n( (t 2))%
i?zf’—xis—m_dwrlt 1))
2m)?

1

(A11)  ei(s,t)= 3 @)t

| |
(— 8/6)(t/4 — p>)(| A7 [*— o) )|
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536 : . MOREY

Using formulae (4.11) and (4.12) in ALV II (from Bowcock, COTTINGHAM
and LURIE (*)) one can show that the second term in eq. (A.11) has the same
magss-dependence than the first one. The same is valid for all g, (¢ from 1 to 4).

One then obtains

0, = M2, (L, t/m?) , 03 =m™ %y,

(A.12) .
0y =M%, , Qs =M%, .

Which is by (A.1), the mass weight of the scalar functions p, and hence of
the potentials.

(*) J. Bowcock, W. CorrtineHam and D. Lurit, Nuove Cimento, 16, 918, (1960).

RIASSUNTO (%)

Si mostra che i potenziali che possono essere definiti per il problema nucleone-
nucleone della teoria delle relazioni di doppia dispersione, non si possono costruire
con una generalizzazione del metodo di Charap e Fubini. Si presenta una espressione
esplicita per l'identificazione dei potenziali nel limite non relativistico nello spazio delle

configurazioni.

™ Traduzione a cura della Redazione.
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