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SUMMARY

Gran’s method is frequently appüed in p o tcn l.ió m G tric  t i t r a t io n  lo o b ta in  a more pre­
cise estímate of t.he equivalenoe point, particularly whcn the analyte concent.rat.ion is too 
low i.o RÍve well defined cnd-point.s. Witli procipit.alion reactions, however, whcn the 
anaiyte concentration is comparable to the solubility of the precipítate, even the use of 
Gran s mothod will not avoid sijínifioant errors. A corrcction tcrm is introduccd and a 
Computer progiam outlined to overcome this probicm. Titrations of lO'" M chloride are 
used for iüustration.

Gran [1] utilized algébrale inanipulation of the Nemst equation and the 
•stoichiometry to obtain various expressions which describe all cases of 
p oten tiome trie titra tion s.

In precipitation titrations of the general type xA + yB -*■ A,.By, the 
expression is

(Vo + V) = IÍ2 ( V e - V )  ( 1 )

where V(¡ is the initial vohime, V the volume added, and Ve th'e volume 
added at the equivíilence point; nA or nB is the number of electrons involved 
in the electrodo reaction of A or B, respectively; A', and K j  aje arbitrary 
consrants; Jc {2 .3 0  iíT )*’ = 16.9 V  {at 25°C). Equation (1) is applicable for 
an eiectrode which is sensitivo to ion A before the equivalence point is 
reaciied. After the equivalence point. the expression is

( Vo + V') x/y = K ,  (V' -  V̂ ) (2)

The analogous expressions when the eiectrode is sensitive to ion B are

(Vo + V) l0^6.7nBiK,-E) ^

(Vo + V) ( ,V -  V J

(3)

(4)

beforo and after the equivalence point. In all cases it is assumed that A is the 
analyte and B the titrant added.
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The plols of the left-hand sides of eqns. (l)---(4) vs. V are straiíjht lincs. 
Figure 1 shows the plots obí.ained for eĉ ns. (3) and (4) appiied Lo chloride 
titration wth süvor(í) standard solutions and the Orion model 94-16 AgjS 
indicator electrode. When the initia) concentration of chloride is lO'VM (or 
more), the Vg results are exact, but whon this is decreased to 10"* M the 
valúes ai'e considerably different í'roni the theoretical valúes. Witli 10“’ M 
solutions, tlie straight lincs do not intersect on the abscissa os predicted by 
the equations. Further, the intersection point does not inciicate the true 
valué of Vf., as would be expected if the errors of both lines were compen- 
sated.

Various workers have described improvements of the method of calcula- 
tion to determine Ve- McCallum and Midgley [2] developed a more general 
expression than Gran’s equations. They took into account the solubiiity of 
the ionio species precipitated and the activity coefficients. In the present 
paper, Gran’s general development is retained and the solubility effect is 
considered as a correction term. The calculations are then the same as in 
Gran’s method and the conrection term can be includcd or not, dcpending 
on the en-or expected, which can be estimated in advance. ísbell and Pccsok 
[3] used a method based on a rigorous non-linear least-squai-es adjustmeni 
to fit experimental variables. They considered theoretically a solubility term 
but it was neglected during derivation of the equations.

Another method of data handling in the evaluation of low concentrations 
is the standard addition method. Still [4] compared this method to Gran’s

Fig. 1. Gran plots based on eqns. (1—4). (•) Titration of 10 mi of 10'^ M chloride with 
10 '* M silver nitrato in 1 M H N O ,; (+ ) titration of 100 mi of 10"' M chloride with 10'^ M 
silver nitrato in 1 M UNO,.



metliod for complexation rcactions. Horvai ct al. [5] uscd a difforcnt 
method of data handling for tlic standard addition calculaiion. Altliough this 
tt'chnique is simplcr and faster than otliers, sUuidard addition stili gives less 
reliable results than titration mcthods.

T H EO R Y

The same general precipitation reaction as used by Gran and as cited 
abovo is consídered. hi all cases, species v is active at the electrode, exchang- 
ing n electrons, whilc B is electrochcmically inert.

First, the case where A is the analyte and B the standard is considered. 
Before the equivaíénce point, tlie concentration of B (C3 ) is equal to the 
concentration (Sb ) predicted by the solubiHty product. becomes the 
excess with respect to C^- Thus Cg = S,j and

CA = CA' + SBx/y (5)

Two other equations related to the solubility product and the stoichiometry 
of the reaction are well known:

i ŝo = C í C| = SU (Ca' + S^x/y)» (6 )

C°^Vo = C^V,x/y (7)

where and Cg are the original concentrations of the reactants. From here, 
the development of the theory prooeeds siinilarly to Gran, but with some 
modifications. The valué of for V hil of standard added is

Ca' = iClVo -  C^Vx/y)/(Vo + 7) = C ^ x / y )  {V ,  -  V ) K V ,  + V) (8)

Substitution of eqn. ( 8 ) in eqn. (5) gives

CA-ix/y) {[CUV.-V)/{Vo-V)]  - S b )  (9)
Another expression, for can be obtained from the Nernst equation:

E = É' + fRT{nF) -^ lnCj,  (10)

where E' = + Ej — E^+ f  RT(r\F)~  ̂ In 7 . Here E  is the electrode potential, 
£ " is the electrode formal potential, E'o is a function which depends on 
electrode construction, Ê  is the junction potential, E  ̂ the reference elec­
trode potential, y is the activity coefficient of A and f  ~ Si^nF(RTy' is the 
fraction of the ideal Nernstian response of the electrode (S l = slope). It is 
assumed that E' will remain constant during the titration and then E' can be 
expressed asE'  = f  RT{nF)'^ In , where KX is a constant.

Together with eqn. (10), this expression for jB' gives

E - f R n n F r ^ l n { C l K i )  (11)

Changing to decimal logarithms and replacing i^(2.30 i??’)'' by its valué 16.9 
V ’ (at 25°C) gives
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Ca = 1 0 * ( 1 2 )

Comparison of eqn. (12) v/ith íhe second term of eqn. (9) and rearrangement 
gives

(Vo + V) [10'« '̂ ” ’̂ - K ^  ix/y)  Sal = K ^ x / y )  CS(Ve -  V) (13)

To express eqn. (13) in a form similar to that oí Gran’s equation, t!ie foliow- 
ing substitutions are raade: Ka (-̂ Vy) C¡1 -  K¡  wiiere K,  and K 2 are
arbitrary constants, and (from E' = f  RT(nF)"' InKA)-  With
these substitutions, and división by 1 0 ''’ ®''^, eqn. (13) becomes

(Vo H- V) -  (x/y)Si¡ = K,  (Ve -  V) (14)
which can be compared witli eqn. (1) obtained by Gran. The main term on 
the left-hand side of eqn. (14) is the same as in eqn. (1), but there is a Gran 
term. On tiie same side there is a less significant correction term which is a 
function of solubility. In eqn. (1) f  = 1 is assumed, i.e. exactly Nemstian 
responso of the electrodo; if this is not the case, the correct valué can be 
introduced in eqn. (14). A critica] test for eqn. (14) is that it reduces to eqn. 
( 1 ) when the solubility becomes negligible, i.e., when Sg approaches zero.

In the reverse case, when A is the standard and B the analyte (similar to 
Gran’s eqn. 3), = Sa, = Cb' + Sa ylx, /C30 =Sa  ̂{Sa y¡x + C^-)\ C l  = 

and

Cb- = (C¿^"o-CXyyA')/(yo + V) = (y/x) ( V , - V ) / { V o  + V) (15)

Substitution. of eqn. (15) in the preceding equation for K ô followed by 
substitution in the expression for Cjj, gives an expression equivalent to eqn. 
(9). Thereafter the development continúes in the same way as the previous 
one giving;

(Vo + F) ~-(y/x) ( S J K l ' J )  iO'6.9'>U/v)(íf,-í:')/f]

= X , ( V e - V )  ( 1 -6 )

This expression cannot be directly compared with the corresponding Gran 
equation because of differences in its development. However, the simüarities 
are evident and the considerations are the same as those made for eqn. (14).

When the corresponding derivations are applied to the range in which the 
equivalonce point has been overshot (i.e., V >  Ve)> it is found that for A = 
analyte and B = standard, eqn. (16) is valid if the sign of the right-hand side 
is changed. And for A = standard and B = analyte, eqn. (14) is valid with the 
same change of sign. In the first case, direct comparison vwth eqn. (2) is 
possible.

CALCULATIONS

To obtain Ve from eqns. (14) or (16), it is necessary to plot the left side 
of those equations against V. A problem in resolving the equations arises
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froni the calculation of Su (S poiK'rally). Tliis is no.t a constant but,
bocausc of the common ion ('flVct, dopcnüs ondu't'xcess of v<'a<u'nt. pn'sout 
iii uucii agfírof'ate, as is obvious from tho oquations for Ilowevor, to 
calcúlate Cjn' or C '̂ from eqns. (15) or (<S), V'̂  musi be known, and so an 
itera!,ivG procodure is requirod. First, V'̂  is ostiinated without taking the 
corrcction ttírm into account. With this vtüue ¿í is calculated, and a corrccted 
valuó of V,, is obtainod. Itcí-ation is continued u!',til the desired approxima- 
tiun is reachtíd. Convergence is fast; 3-^5 cyclos were cnough to bring Ve 
with the rcquircd titration error.

Calculations were done with a FORTRAN IV progríun. The main routiñe 
uses two subroutines, one of which civiculates the linear regi'cssion for suc- 
cessive estimates of V̂ \ the othor carries out the Newton—Rav>hson iteration 
niethod to calculiTt,e S from the relevant expression for and was taken 
from IBM FORTRAN SUBROUTINES. Figure 2 shows the program flow 
chart; a program listing can be obtained on request from the authors.

The valúes of E' and f  \yere calculated by plotting electrodo potential E 
vs. pAg.  The /í; valué (arbitrary) was taken around the average of the 
measvxred potential range of thé titration. The valué taken from the 
literatura was corrected for ionio strength (1 M HNO3 médium) by the modi- 
fied Debye—Hückel equation [ 6 ] .

R E S U L T S  AND DISCUSSION

Figure 3 shows the advance of the iteration corresponding to the experi­
mental data of Fig. 1 for 10“* M chloride solution before the equivalence point. 
The straight Unes show the successive corrections of the initial data until the 
desired approximation is obtained.

The correction was used successfully in the following cases: A = standai'd 
and B = analyte before tlie equivalence point, or A = analyte and B = stan­
dard after the equivalence pcint. In the other two cases, the correction does 
not approach the correct V’e sufficiently when or Cr are about lO"* M or 
less. Adsorption of ionic species on the silver chloride precipítate was not 
taken into account but it can introduce some deviations [7 ].

Sorne conclusions can be reached from eqns. (14) and (16) about the 
concentration range where the correction made is significant. As an example, 
cqn. (14) is used, and the required error is taken as less than 1%. The relation 
betwecn the correction term and the main term should then be: (x/y)S

0.01. By cancelling out introducing
eqn. (10) and assuniing f =  1, we then get (x/y)S  ) = (x/>')5/Ca <
0 .0 1 .

Roarrangoment gives 100(.i:/y) S < which implies that the concentra- 
tion of the clectroactive species should be more than 1 0 0  times the solu- 
bility of the precipítate lormed when x = y. A general form of this expres- 
siou for a required error of less than e% would be

{ lO O /c ) (x /y )S< C j ,  (17)
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Fig. 2. Flow chart of calculation progiam.

Fig. 3. Successive approaches in the Ve calculation for the titration of 100 mi of 10" '  M 
chioride with 1 0 ’ ’ M silver nitrato in 1 M HNO,. (•) First iteration (withotit correction); 
(o) sccond iteration; (X) fifth iteration. G is the Gran tfirm (= and C
is the correction term (= (y/x)(Sjy/K

Expression (17) is simpler than others given in the literature [2 ] , and is 
easiJy evaluated if the calculations must be done with the correction term. í ¡se 
of eqn. (16) leads to the same conclusión. In the example given, K¡,o(AgCl) = 

s: 10‘ ‘“, i.e. S 10'^, which explains why there are no appreciable errors 
for titrations of 10'^ M chioride but significant errors in titrations of lower 
concentrations.

The authors thank Dr. Stephen Feldberg for discussions during the prep- 
aration of the manuscript.
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