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SUMMARY

Can-liquid two-phase flown are described by wiuia of a bubble 
distribution function. The steady-state caae '<s numerically solved and 
the results show that the interfaclal arpa density Increases, have a 
m?o<imuro at bp Intermediate value and than decreases with void 
fraction. This behavior Is considered to bo due to the different flow
regimes: bubbly, slug and annul 
frac?, ion.

1_ INTRODUCTION

Ihe interfacial area density is one of the most 
Important variables iri tv:c~ phase flown since it 
governs the mass, momentum and energy transfer between 
phas w. it is also expected that a mechanistic mode! 
cupSible if predicting Inierfaolal area density given 
ine macroscopic pe.re.met era, should also be capable of 
predicting f’otf pattern transitions.

Such models cannot be ucrlved from a macroscopic 
description of the flow since during the averaging 
¡/. ¡.cfedu; n ths Information about the bubble volume 
d$*sir1 mutton Is lost. This, in turn, yields to the 
«■■■■•esslty of introducing a specifically formulated 
closure law for the Interfaclal area density. The 
iROdel cannot either be has«.d on a moleculat- 
mtereSopl« description, for such a calculation is 
impracticable in most situations.

l:i this paper a statistical mechanical treatment 
of gas-liquid flows is presented.which gives an 
iiiyfc-modlate degree of detail In the description of 
thBflow. This ant hod can be cai!.»d a "mesoscopic* 
le^R*lpt ion, ano it has been widely used In 
pact Sc ie-fi ulit two-phase flows [ 5 —3} and some work has 
algo been done jr. gas-liquid flow:; !4i. This 
forifulat lc ¡-I leads to a bubble distribution function
■ ■••.■■■ .'S.feoai e..;ua‘ion which is presented in next section. 
Herein the spatlaHy-homogeneoua c-teady-state problem 
Is tujraericai !y solved and its results are discussed.

;¿l  iü£ L i a i ^ i L  M a

* bubbly Has-11 quid flow is described herein by 
the distribution function f (v, x, V, t )•, being f(v,x.V,t) 
dv dl the number of bubbles per unit volume at time t 
}X position x with volumes between V and V*dV, and 
velocities between V and v*dv As it contains much 
more information than the macrr.<;copic variables, these 
¡as1 can be obtained as «aments of the distribution 
.'unction:

■ iVu.iihrr Density (nun'ber of bubbles per uni: volume):

N' ‘ ' (x, I 5 *= JJ f (v, x, V, t) dv dV ill

vh'sre tí»? integrals must be evaluated over a!! 
i h j ̂  volumes and velocities 

i nU't t nr I tt Í Aren (total i nterf'ae S h 1 iif'.-* of
bubbles per unit volume):

[• that appear with increasing void

A(x,t) - J J  altO f(v.x,V, t) dv AV (a)

where the function all/) gives the area of a bubble of 
volume V. If the bubbles are spherical this function 
s:

a(V! - (36 n)!/:! V2'3 (13)
- Void Fraction (volume of gas per unit, volume):

1 / a(x.t) ~ [J V r(v, x.1',1) dv dl' U i

-  Mean Bubble Volume

n v  i(v.x,V, t) dv dl/ #  , . ,_ £  afx.t)

J J  f (v, x, V, t) dv dl' N’ ‘ * (sc, t)

The evolution of the system Is given by its 
initial state, the imposed boundary conditions, the 
interaction between bubbles and the Interaction 
between the bubbles and the* surrounding liquid.

Considering only binary 1nteractions between 
bubbles, a bubble may divide 5nto two smaller ones., 
and two bubbles may coalesce creating a bigger one. 
Therefore It. is possible to write the evolution 
equation:

? f(v,x, V, t) B(v,x,t'.t) ♦ Ctv,x,l/,U A Si v, x, V, t)

where B and C givo tho rate of variation of f due io 
breakage and coaìescence respect1vely, r-rri S Ss \ he 
cource term. The derivativo of tho lei» har.J r>U.’e 
i nc 1 udes «ier ì va t * ons In « I I t. he va r 5 a h 1 es, ami 1 s 
written as:

- a ?. 4 v «• * V * ^  ^ ■ <7>
U t  0 1  *  m V  d t  rVJ

where F i^ thrt suni of thè ext^rn^l nef Injj r»i, n
bubble and jtì U;s »«ass.

The bubble breakup probabili tv is asr't-̂ î -i to be 
proportional to thè dlstr ifcutlon fuiv.'t. ion. The 
probabilità of eoa 1 osceno*? !s consl<.i<‘red propr»» 
to thè {»l'oduci r?f t hn dlntrlhutlon funrtioftr of {*>* h 
bui'bles at a p.ivon spati:*? locai ion I lì i. ''h '^ìvii]”'iì' ly,



the breakage function B is given by:

B( v, x. V, t ) = I I b(vU,v"V" iv’V  ) ,r(v' . x,V’ . t)

( B )

- b(v1 V' vlO flv .x.l'.t) j dv’ dv"dl/’ dt'"

Ttio first term In the right-hand Bldo corres|mnds 
to the gain of bubbles duo to breakage of blRRcr 
bubbles and the second term gives the loss due to 
their breakage In smaller bubbles.

The kernel b(vV,v“V")v’V’) Is the probability 
that a bubble of volume V' and velocity v’ splits Into 
two bubbles of volumes V and V" and velocities v and 
v” respectively. Herein, the kernel is assumed to be 
independent of the position or time. Moreover, the 
mass and total volume of gas la conserved, regarding 
that the gas density Is constant. It Is not required 
in this model that the momentum or the kinetic energy 
are conserved, because during the breakage or 
coalescence process momentum and energy are 
Interchanged with the liquid. Thus,

following conservation equation for the bubble volume 
distribution function f(lO:

b(V.'U-VI'U) f(K) dU b( U, V-1JIV) f(l') dU +

cfKIT/.V-'U) f('U) riV-V) dll - (12)

a ( v * v i v . i n  f ( v > nn du

for the breakage kernel a critical Weber number 
criteria Is adopted mid it Is assumed that the bubbles 
shatter into two bubbles of half their* volume. 
Furthermore* the break-up probability is taken as a 
constant above the critical volume v Thus,

b(V,tt-V|U) » 2 b 6(v - u/21 >f(u - v ) (13)0 C

b( vV, v"V" I v‘ V‘ ) - /3(vJ/.v"V''lv’r  ) S{V+W‘-V‘ ) (9)

where 6 Is the Dirac delta function and f3 is the 
kernel without the volume conservation requirement. 
Furthermore, the symmetry condition must be fulfilled:

b(vU, v“V" |v' V' ) •= b( v“V", vKl v' V' ) ( 1 0 )

Following similar balance arguments, the 
coalescence function
Is:

( 1 1 )

III t
C(v, x.V.t) = 

c ( vl' I v’ V' , v" V” ) f ( v* , x, V  , t ) f(y",x,V",t)

-cl v“V" I vV, v’ V  ) f(v’,x,V’.t) f(v, x.l'.t ) jdv’ Uv“dV’ dl'"

where the coalescence kernels ape similar to the 
breakage kernels and have to satisfy similar 
condit ions.

The resulting equation is similar to what Is 
called the generalized Boltzmann transport equation in 
kinetic theory IB.7), with the difference that here 
each bubble has an additional Internal coordinate, V.

The interaction between the surrounding liquid 
nt-id the bubbles in a distinctive feature of two-phase 
flows. In this model the liquid affects the bubble 
distribution function by three mechanisms: determines 
the bubble velocities through Interfacial stresses, 
modifies the breakage and coalescence kernels due to 
turbulence or liquid Impurities, and changes the 
bubble size when a mass flux due to evaporation, 
condensation or degasification at the gas-1lquld 
Interface occurs

THE BUBULE VOLUME DISTRIBUTION KUNCTIUN

The above-presented transport equation has enough 
generality to be applied in many cases. Herein the 
steady-state spatially-homogeneous problem is 
numerically solved. It Is also assumed that the 
external forces are negligible and that the only 
mechanisms of bubble volume change are coalescence and 
break-up. Ulth this assumptions the total derivative 
of Equation (6) vanishes. Velocity distr 1 hiit.ions nr«’ 
not e 11 her takon Into account, thus leading to the

where it is the Heavyside step function.
Two different coalescence kernels are studied. In 

the first, the coalescence probability is taken to be 
proportional to the sum or the coalescing bubble 
volumes:

c CU+l'|TJ,!0 = c (II + V) i o (14)

A second kern»!!, often used for rnln drops 
coalescence was studied, which is proportional to the 
square of the sum of the bubble radii and to the 
difference between their Interfacial area IB):

c (U+t'l'U.l') » C  (V'/3 + !',/3)2 \V2'3 - V7"31 (15) z o

The variables of Interest are put in a 
non-dlmenslonal form taken the critical volume as the 
reference volume:

V » V / V

n n  = f m  v

N’ • ’ » N "  • V

V = « / N "  '

(16) 

( 17)

( 10) 

( i n)

And, In order to compare the results obtained 
with the two kernels, the coalescence probabilities 
are also non-dlmenslonallzed:

( « • i }

')

(20)

(21 )

And It Is required that:

c' V o (22)



i, NUMERICAL SOLUTION

The Integral balance equation (eq. (11)) Is 
numerically solved with an Implicit Iterative scheme.

The results for the non-dimensional distribution 
function, computed with the first coalescence kernel 
(eq. (13)), Is shown versus the non-dlmens Iona 1 volume 
In rim»" ). The d linens Ion less parnmetor co/bn Is put

FIg. 1 Bubble volume dlntrlbutlon function versus 
dimensionless volume for void fractions 0.1, 0.2 and
0 3.________ . ________
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equal to unity. In figure 2 the same Is shown In a 
seeillogarithmic plot, In order to see the behavior at 
large volumes. In both cases It Is plotted for three 
values of the void fraction: 0.1, 0.2 and 0.3. From 
the figures it can be seen that there are no bubbles 
with volumes smaller than half the critical volume, 
which Is a direct consequence of the step function 
that was used for the breakage kernel. It is also seen 
that the major part of the bubbles have volumes 
between the critical and half its value. This Is an 
useful feature to estimate the critical volume 
experimentally. Finally, It should be noted that the 
number of small bubbles first increases with 
increasing void fraction, showing that breakage 
prevails. At higher void fractions the opposite 
behavior Is observed, showing that coalescence 
prevails (see figure 3).

Fig. 2 Idem fig. 1 in a semi logarithmic plot.
Such a behavior is more clearly seen with the aid 

of figures 4 and 5. In figure 4, curve (a) the 
d linens ion less number density Is shown versus the void 
fraction. It can be seen that above a void fraction of 
about 0.2 the number of bubbles per unit volume 
decreases. Consequently, the mean bubble volume shows 
a slight increase up to a void fraction of 0.2 (see 
figure 5, curve (a)) and then It increases sharply.

The decrease in the number of bubbles and the 
Increase of their size may be interpreted as t Mo 
bubbly to slug flow pattern transition. That Is, above 
a certain void fraction the coalescence of small 
bubbles create» bigger ones, some of them being of an 
equivalent diameter larger than the tube In which they 
f 1 ow.

Fig. 3 Idem fig. 1 for void fractions 0.5, 0.7 and 
0.9.

Fig. 4 Number density vs. void fraction computed with 
coalescence kernel 1 (curve n) and 2 (b).

Finally, the dlmenslonless lnterfaclal area can 
be calculated with the known distribution function and 
It Is shown In figure 6 versus the void fraction. It 
has a similar shape to that of the number density and 
thus the different flow regimes can be characterized. 
At low void fractions there exists a region of low to 
high lnterfaclal area density which corresponds to the 
bubbly reRlme, at Intermediate values of the void 
fraction a t ransl 11 on exists in which the lnterfaclal 
area decreases due to the appearance of larger bubbles 
which corresponds to the slug flow pattern and at high 
void fractions the lnterfaclal area density Is reduced 
considerably which corresponds to an annular flow 
pattern However, the transitions are not clearly 
defined by this analysis and should be determined 
expert menta11y.

Fig. 5 Increase In mean bubble volume with void 
fraction for both coalescence kernel.

The same holds for* the second coalescence kernel. 
The behavior Is similar to that obtained In the 
previous case (see figures 4 and F>, curve (b)l with 
the difference that It is a more coalesrtng sy*7»nm, 
thus yielding lower' v:» 1 u»ks of t h^ number’ density and n 
peak shifted to the left In the N’ * ’ vs. it plot



Fig. 6 Interfaclal area density vs. void fraction.

An experimental program Is being conducted In 
order to asserss the validity of the different kernels 
and to determine the value of the parameters that 
appear in them. With the present results It is 
suggested that the first coalescence kernel be used 
since It Is simpler and the Btate-of-the-art knowledge 
does not permit to choose a kernel with other 
criteria.
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5L_ DISCUSSION 

«

A statistical mechanical description of 
gas-1lquid two-phase flows has been used. The flow was 
described by means of the bubble volume and velocity 
distribution function, whose evolution was shown to be 
governed by a Generalized Boltzmann Transport 
Equation.

The steady-state Bpatlaily-homogeneous case was *
numerically solved for two different coalescence 
kernels and a critical Weber number criteria for the 
break-up profcabl1i ty.

With a coalescence probability proportional to 
the sum of the bubble volumes It was found that the 
Interfaclal area density first Increases with void 
fraction, reaches a maximum and then decreases 
monotonlcalIy. It was Interpreted that this behavior 
corresponds to .'.he different flow regimes that are 
encountered witn increasing void fraction, i.e. 
bubbly, slug and luinular.

With a coalescence kernel proportional to the 
square of the bubble radii and to the difference 
between their intvrfaclal area the results were 
similar but the maxlmm of the number dènsi ty appeared 
at lower values of U»e void fraction and the number of 
bubbles was smaller for Intermediate and high void 
fractions.
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