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In tlie last few years several attempts liave been made to include tlie two-particle 
and particle-liole correlated states as basis states in. the description of nuclear spectra 
In particular, it bas been sbown tbat the weak-coupling model (WCM) reproduces well 
the exact shell-model calculated states in 2osp|j also been proved that the
mode-ooupling method (MCM) gives the exact shell-model energies in a number of 
situations (i). The MCM formalism is, however, much simpler than the one in the 
W CM . The main reason for this simplicity is that the two-body bare interaction 
does not appear in the MCM. Nevertheless, there are a few drawbacks with the MCM 
which are not present in other models, namely,

i) the overcomplete set of basis states provides a number of spurious states 
which may not be easily disentangled from the physical states in realistic calculation, 
where the basis has generally to be truncated (drawback shared by the nuclear fleld 
theory (®));

ii) the matrix that provides the energies is not Hermitian and complex solutions 
m ay be obtained;

iii) it is not clear how to calcúlate the wave functions, for which arbitrary ñor 
malization conditions have so far been used (^).

In this letter we reformulate the MCM to avoid the three drawbacks mentioned 
aboye while keeping the essential positive features of the model. To make the presen- 
tation clear we analyse the simple case of nuclei with three partióles outside a closed- 
shell core.

(•) O n leave from  D epartam ento de F ísica , Com isión N acion al de E nergía A tó m ic a , Buenos A ires, 
A rgen tin a .
( ')  P . R i n g  and P . S c h u c k :  Z . P h y s .,  269, 323 (1 9 7 4 ); P . S c h u c k :  Z . P h ys. A ,  279, 31 (1976) and  
references thereln .
{•) C. M . K o , T . T . S. K u o  and J . B . M oG r o t t ; P h ys. R ev. C, 8 , 2379 (1973).
(•) P . F . B o r t i g n o n ,  R . a .  B r o q l i a ,  D . R . B e s  and R . L i o t t a :  P h ys. R ep ., 30, 305 (1977) and  
references thereln .
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The basis set of states are denoted by |6> =  (c'¡'P'^{a))j\Oy, wliere c+ is tbe usual 
fermion oreation operator and the two-particle T D A  wave function is given by

( 1 )  1 « >  =  í ’ + í a ) ! © )  =  S  .

a

Inserting the two- into the three-particle T D A  equation, one gets the MCM eigen- 
value equation (i)

(2) X  V ) <jiJ\h’y =  W [n J )  <nJ16> ,

where \njy  is the three-particle wave function with energy W (n J )  and

(3) M {b,b ')  =  (£.- + (o«)< 5 , +  X  &') •
k

The quantity 

(4) A,(b, b') = ii ik 

ji' J  Ac
(1 +  d^,,)iX*(ki';  a )(l +  d^f)iX(U; a')

is related to the overlap between the basis states as

(5) <6|6'> =  +  2 : ^ ,(6 , b’ ) .
k

In these equations e is the single-particle energy and co is the two-particle T D A  energy.
The rest of the notation is standard.

The basis set of states {6} is overcomplete because it does not fully contain the Pauli
principie. Henee the diagonalization of eq. (2) does not provide the three-particle
wave function \njy unless the Pauli principie condition is eomehow added to (2).
The energies ^Y{nJ) are nevertheless correctly given by the MCM because they are
not afíected by the transformation from the uncoupled T D A  equation (which fully
includes the Pauli principie) to eq. (2). However, a number of spurious solution—
with unperturbed energy valúes e +  co— are also given by the MCM according to the
degree of overcompleteness. Moreover, the matrix 31 is not Hermitian.

To overcome these problems we flrst diagonalize the Hermitian overlap matrix (5)
(which is calculated at the same time than the matrix M , according to eq. (3)). The
eigenstates with eigenvalue ^  O provide a complete and orthonormal set of states
|m> =  2^?„(6)|6> (see ref. {^)). One can then write eq. (2) as 

ii

(6) 2  T{m, m')(nJ\m'y =  W{nJ)'(nJ\my ,
m'

where the matrix

(7) T{m, m') =  X  M(b, b') |V(6')
w

is Hermitian since all W  are real and the set of vectors {m} is complete. In addition 
the matrix T  has the proper number of dimensions and there is not any spurious solution. 

The diagonalization of T  provides the physieal wave functions

(8) \njy =  2] <m|mJ>|m>



T a b l e  i . -  The states f +  in cálculated with the mode-coupling method as presented in this letter. 
In pareiitliesis the nuclear field theory wave functions. 8^ is the one-particle traiisfcr spectrcsct pie 
factor for the reaction ''“Zr(gs) The overlap matrix (5) has in this case flve dogcnerate
eigenvalues =  O while the other three are also degenerate with valué =  3.
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E  (MeV) 31  ® 0 + 3 | ® 0 + g% ®  2 + g% ®  4+ 35 ®  6 + ,9í 0  8^ P i ®  4 í>i®  5

— 20.654 0.29 — 0.26 0.32 0.04 — 0.09 —  0 .1 2 — 0.14 —  0.16 0.96
(— 5.23) ( -2 .7 1 ) (— 0.09) (0.03) ( 0 .1 0 ) (0.15) ( -3 .9 1 ) (1.18)

—  18.953 —  0.19 0.17 0 . 0 0 —  0.31 —  0.14 —  0 . 2 0 —  0 .2 2 —  0.26 —  0.26
( - 2 . 1 1 ) (3.36) ( -1 .1 9 ) (0.40) (1.39) (2.08) (— 0.23) (0.07)

—  17.870 —  0 . 0 0 0 . 0 0 0 . 0 0 —  0 . 0 0 —  0 .1 1 0.37 — 0.41 0.13 —  0 .0 1

(— 0 . 0 2 ) ( 0 .0 2 ) (— 0.23) ( -0 .1 9 ) (0.63) ( -0 .2 5 ) ( 0 .0 0 ) ( 0 .0 0 )

which defines the normalization condition

(9) =  X  < m l n j > < m | n ' J ' > *  .
m

Finally, the amplitude <wj|6> of eq. (2)— which is also the one-particlc transfcr 
spectrascopic amplitude for the process |a> —v |mJ>— is given by

(10) <mJ|6> =  X  <nJ|m><m|6> =  ^  (6)<nJ|m> .
m m

W e applied this method to the analysis of the spectrum of ®’ N b, i.e. three protons 
outside the ®*Sr core. The single-particle states are Ipj and Ogi|. The single-partido 
energies and the states in “"Zr were taken from ref. {*), where it is shown that the shell- 
model gives a good account of the experimental data.

W e did the same calculation in the framework of the nuclear fleld therry, for 
which a method is also available to obtain the exact shell-model physical qnantitics (®).

W e found in all cases that the results of both the N FT and the JICM as presented 
in this letter, coincide with the shell-model calculation for the energirs as well as for 
the spectroscopic factor amplitudes (10).

As an example, we show in table I the states. The K F T  and the MCM wave 
functions differ very much from each other. This is understandable since in an ovor- 
complete space the components of a vector are not uniquely determined.

While both methods give the exact result one must say, however, that the MCM 
calculation is much easier to perform than the full N FT calculation.

* * *

W e are indebted to P. S c h u c k  for bringing our attention to the mode-couplirg method.

(*) D . H . G l o e c k n e r  and F . J. D . S e k d u k e :  N u cí. P h ys. A ,  2 2 0 , 477 (1974). 
(‘ ) R . J. L i o t t a  and R . S i l v e s t r e  B r a c :  J . P h ys. (P arís), 39, L l l  (1978).
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