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Abstract: A simplified version of the MP model developed by DeTar is improved so as to repro-
duce the experimental fragmentation spectrum. The model is then used to study the
effect of introducing Pomeron exchange in the MP chain. Scaling behavior is shown to
hold even at x = 0, where an inverted cusp of the form 4 + By/Ix| in the scaling function
is found. This structure is in general related to non-leading trajectories and is shown to be
present in Mueller’s analysis and in other MP models without pomeron exchange. In the
latter the amount of cusp is related to the coupling between different (input) channels.
Non-scaling contributions, two-particle inclusive spectra and tripie Regge limit are also
discussed.

1. INTRODUCTION

At high energy the inelastic events account for a large fraction of the hadron—ha-
dron total cross section.

The theoretical and experimental difficulty in the study of a particular (exclusive)
process with production of many particles has drawn attention to the inclusive pro-
cesses of the type [1]

atb-c teyt.tc, +X, (1)

where ¢, ... ¢, is a specified set of # observed particles, and X dénotes the summation
over all allowed hadron states.

The case n = 0 corresponds to the total cross section and the case n =1 to single
particle distributions described by the function *
EC dOab
0l9%(s) d3P,

1
where 52 is the total c.m. energy.

Pgb(p_pp“, s) = (2

* Throughout this paper we work in frames in which the momenta of particles a and b are colli-
near. Longitudinal components are measured in the direction of Py — Py
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The scaling conjecture [1] states that as s > oo, Pqp, becomes a function of only
p, and the c.m. longitudinal fraction x = 2pys” 2, namely

sli“; Pab(PLs P> 8) = Fp(Py, %) 3)
In addition

5L x)=fo L, x) x>0

f:dcb(pj_’ 0) =fc(pi) (C))

f:b(pp x)=fac(pl. -x) x <0.

Division by ¢!°! in eq. (2) makes it possible for p¢,, to scale even if ¢!t vanishes or
Yo, q P ab ab
diverges as s > 0. This can be seen from the relation

;ffpgb(pl,x, 5) dx d2p, =2

derived from energy conservation.

Furthermore, the simple form of relations (4) does not hold if the division by
0% in eq. (2) is not performed.

An important consequence of scaling and the limitation of transverse momenta
is the logarithmic growth of the average multiplicity of particle ¢ at large values of s

h—C = a. ln(S/So) + b;b’ (5)

where

a. :f dzplfc@l).

bgb =fd2P,LD-%i (facb(pp X) _fc(pi)) —fC(PL) ln(s0/4w§)] > (6)
and w, = (mg + p%)’% is the longitudinal mass of particle c.

To obtain eq. (5) it is sufficient to assume uniform converge for the limit of eq.
(3) and the existence of the integrals in eq. (6). Both conditions are satisfied in the
model described below, even though f§ turns out not to be analytic at x = 0.

A very useful variable is the rapidity

y=th’ (P"/E)- (7

Since d3p/E = dzpldy, a longitudinal boost is only a shift of the origin of rapidi-
ties and thus differences of rapidities are invariant under those transformations.
We can write

§= mg + m% +2m,my, cosh y = m,my e¥ (8)

where Y=y, —y,.
Conjectures (3) and (4) can be shown to be equivalent to saying that p$; becomes,
as Y oo
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(i) independent of y, and the nature of particle b if y —y, remains finite. This
is called fragmentation of a into ¢ [2]. A reciprocal statement can be made about b
when y,, — v remains finite.

(ii) a function of only ¢ and p when y¢ ,, remains finite. This region is called
pionization.

The properties discussed above can be deduced from detailed (microscopic) mo-
dels of production amplitudes or from (macroscopic) models for forward exclusive
processes which can be related to inclusive cross sections via generalized optical
theorems [3].

De Tar [4] developed a MP model working in rapidity variable and ignoring trans-
verse momenta, which has a platean in the pionization region and falls abruptly at
both fragmentation ends. This model is modified in sect. 2 so as to improve the be-
havior in the fragmentation regions, and then used in sect. 3 to fit the p +p > 7 +X
spectrum at 30 GeV, allowing pomeron and meson exchanges.

The fit predicts the appearance of a dip around x = 0 at higher energies, which
becomes an inverted cusp in the scaling function as s = oo. This structure is shown,
in sect. 3, to be present in Mueller’s analysis and in MP models with no pomeron ex-
change.

Scaling predictions of the MP model are discussed in the same section for certain
processes that are neither exclusive nor inclusive and in sect. 4 for two-particle inclu-
sive processes.

Finally, in sect. 5, the model is improved with the introduction of transverse mo-
menta and predictions for the triple Regge are discussed.

2. MULTIPERIPHERAL MODEL

The basic assumptions of the MP model [5] for the production amplitude (fig.1)
are

(a) Limitation of the invariant momentum transfers ¢;.

(b) Lack of correlations between distant particles in the MP chain.

As we will see below assumption (a) leads to a limitation of the transverse mo-
menta. Therefore, following De Tar [4], we ignore transverse momenta* and write

0 i [EY It n- N N+t

a b
Fig. 1. MP amplitude for the processa+b = (0)+ (1) +... (n + 1).

* Longitudinal spectra can then be thought to correspond either to an average (pi) or to distribu-
tions integrated over dzp(j.
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for the n-particle production cross section

ot (V) =N F(s, m2, m2) [1m12 dRE,, )
The longitudinal phase space is given by

n+l

d.R)];+2 =6(maeya+mbeyb — ZO; Gl eyl)

n+l n+l

8(myea+ mye Vb 2 wie_y’)n dy; (10)
0 0

n+l
=A7 f(wZ wo, n+1) 8(g—Ya—€) 80—V 41 —€p) [T dy;,

where
n n

W2 = (m, &2+ my e’ — Zl> @ e’ (mye¥a+mye?db E @, e7)
1

is the square of the longitudinal mass of the (Q) + (n+1) particles system and

=chl stmg—mp h-l Wit of @y 11
a”¢ 2sm, )¢ 2 Wa, (an

with the same expression for €, making 0 < n+1,a < b.

‘Longitudinal Lorentz invariance requires the amplitude M, depicted by the dia-
gram of fig. I, to depend on differences of rapidities. Assuming minimal correlations
we can write

1 L .
IMI2 X2 (s, m3, mp) N2(W?, &5, @hyy) =

Gao—r2) Kot 1 —v0et = Ky pit W1 ~9n) GE. (12)

If we allow for NV different kinds of exchanges, the external vertices G2 and 5%
are NV component row and column vectors respectlvely, the propagators K are NXN
diagonal matrices and the internal vertex g2 = Z; g, isa N X N symmetric matrlx
In order to find an expression for the kernel we make the following considerations:
(i) Atlarge values of Z; = y; —y;_; the subenergies s;;_; are given by

$p7-1 = wpw;_ e (13)
Therefore, multi Regge behavior requires, at large Z
Z)=eb2 (14)

with § =2 — 2&, where @& is the (average) value of the exchanged Regge trajectory.
(ii) For the behavior at small values of Z; we go back to the assumption of limi-
tation of the invariant momentum transfers. In terms of the variables y and p , these
can be written as [4]

111
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i~1 n+1 \ i-1
t;= —(E w].eyf—ma e’ <E w].e‘yf—mb e'yb) 42 pll\ 2 (15)
j=0 j=i Y. =0 /

We observe that assumption (a) leads to

(i) The limitation of p, used above.

(ii) An ordered distribution of y; [6].

The leading term in (15) contains the following dependence on the relative rela-
tivity Z;

i—1
= — @@ e'Zi—<Z) p;)Z. (16)

J=0
Therefore an exponential damping in #; would approximately lead to a kernel
S el
Kj(Z)=e?P @i e g2, (17)

This kernel cuts off rapidly for negative values of Z. Because it is difficult to iterate
analytically we use instead

Ki/(Z) = 9-(2 - 771,' - 77]) e 2 (18)

where 6(v) is some cut off function and N, — ﬁj- = ln(cT)i/_(TJ]-).

In ref. [4] only production of pions was considered, §(v) was chosen to be a step
function at the origin and Z7_ was set to zero. These approximations lead to a rectan-
gular inclusive pion spectrum, which is too rough an approximation in the fragmenta-
tion regions. Therefore, in order to construct a more realistic kernel, in an earlier paper
[7] we shifted the step from the origin and let it have a linear increase with a certain
width. Here we use a even smoother parametrization which reproduces better the be-
havior of eq. (17)

8(v) = 0(v) (1—(1 + v/a) exp(—v/a)). (19)
In this section we also assume that only pions are produced and concentrate on
the spectrum of the pions emitted at internal vertices in the MP chain. .
Therefore we integrate over dyy and dy,,,; using the § functions in (10) which
give
Yo=Yat € Vni1=Vp - (20)

From (11) and conclusion (ii) we observe that in the MP region, and for diagrams
with &y 2 m, and &5, ,; 2 my, €, and €, are approximately independent of y;, so
we set them to average values

Wp+l

(21)

— ] o — ]
=g, 2In—, ¢=¢In
a "a m,” b P my,
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We thus obtain from eq. (9), (10), (12), (18) and (21).
(1) =G A™(Y — &, - A,) Gy,
oY Y)= G2 A(Y - A, - &) G,

where A; = €; +7; — 7, and the matrices A"(Z) and A(Z) = Z5 A"(Z) are obtained
from

(22)

A7(2) = [K(Z)8?K(Zy) ... K(Zys)) 8(Z~Z, —. 2 W2, . dZ s,
(23)
A2)=K(2) + [AZ)gK(z-Z') 4z’ (24)

with K(Z) = K (Z).
This integral equation, contracted with Gaz, is shown in fig. 2a.

a a a

I
+

2a a a a

a a c b

|

Y

]

|

2b a 2CQ c*
b

2d a4

Fig. 2. (a) The integral equation G24 = G2 K + G2 A g2 K. (b) Cross section fora + b~ ¢ + X.

(c) Central part of spectrum. (d) Scaling function fg (r =P) or non-scaling contribution ggb

(r = R) for positive values of x. Solid and broken lines are external particles, wiggly lines are input
reggeons and double lines are output reggeons.
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The spectrum of the /" pion when n pions are produced is
4% _ 2 iy K )2 An—i R
Summing over i and n we get the inclusive pion spectrum (see fig. 2 b)
dogy, _ -~
- G2A(y,—v,~D,) g2 A(yy -y, —Ay) GE. (26)
m

Eq. (24) can be solved by iterations or by performing a Fourier transform. The
first method is good for small Z whereas the second one is better to study the large
Z behavior, namely

a(p) = k() + a(w) g2k(w) = 1/(k 71 (9) —g2) 7)

with a() = [ A(Z) exp(—ipZ) dZ, and similarly for k(¢).
Then, if det(k™1(p) —g2) =0 for ¢ = iy,, we have for ¢ = iy,

= & (28)
a s,
)" 2nip — i)
with C, a (constant) N-component row vector.
Then, at large Z
A@Z)~ 23 emrZ 0, QT (29)
r

and, with eq.(22) *

SR~ D5 vp T e = 20 [, (sImamy) ™ (30)

r r
where
r=c2. A 5r =T G2 eupd
Yo = Gy C, etrea, v} = C, Gy e#r2b (31)

The factorized form of the residues in eq. (29) and (30) follows from the sym-
metry of the matrix k™1 —g2 [8].
As for the inclusive cross section for y >y, and y <y, we have

da,y,

d = Ya %' C,g? CE e Hr0n—Ya)—ur Vb —Yn) (32)
Y rr'
= E 7; ’7{)’ Crg2 C;.r, (ma()?i'x) / 25")“7(mb(f_x)/2aﬂ)“r:’

re’

L
where ¥ = (x2 +4C>72r/s)2 , as depicted in fig. 2c.

* So a Regge pole «,(¢) in the elastic ab amplitude corresponds to 0,(0) = 1 ~ p,.
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Experimentally one pole with intercept close to one and several poles with inter-
cept close to 0.5 are found in the elastic amplitude. In a model with V exchanges we
can choose the internal parameters so as to get in eq. (29) one pole with u ~0, N —1
poles with 4 ~ 0.5 and the other poles, if any, with Reu = 1. We denote the first by
IP (output pomeron) and the second set by R. Then eq. (30) becomes

~ ! ~ -
RN = YL TT +e T Ly )+ 0™, (33)
R

We observe also that the inclusive spectrum (26) has scaling behavior as defined
in eq. (3) and (4) with *

Ty =1 = wp 2 On 2\ aaT

1) —?) (@, /mx}*PG;A(ln P ANg?Gp 34)
i

as depicted in fig. 2d, with r =IP.

At small values of x the scaling function has the structure
r

Yi -
17000~ 20— Cog? CF Omyx/G, r =

roi
(35)
= 1T+67T,/_L{+O( )
f i aﬂ X
where y-R
87 = L— Cre?Cy. (36)
RY;

)

as depicted in fig. 2c with 7 =IP, ¥’ = R (r = R, ¥’ =IP) for positive (negative) values
of x.

So we expect f,,(x) not to be analytic at x = 0, and to have a Vx| like cusp at
this point unless 6§ and 6, vanish. This is not surprising since properties (4) cannot
be achieved if £, is analytic at x = 0, except if £, is also independent of both parti-
cles a and b away from x = 0.

The above statement is about the scaling function f3 ;in this model both Pgb and
(d/dx)pgy, are continuous functions of x at any finite value of s.

With respect to the rate at which the scaling limit is approached we observe that

B (1%, 8) —1S (P X) = 0(s72) x#0,
1
2% (p10,5) —1°(p)) = 0(s73), (37)

* Indeed the x-spectrum cannot be obtained from the y-spectrum after integration over dzpf‘
However, we suppose that the shape of the first is approximately the same as that obtained
from p(y, p)) at an average value of (p ). This is justified in sect. 6.
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More precisely, in our case

P70, ) —f™ = (87 /i, + 8T \Jmy) s, (38)
n m A Y 75‘7{3 -Y
pr(x, s) —fE () =e 2| gn () — 25 +0@™),
R 7a ’Yb
where
R
g (x) = E( DR G2A(In(y;) — A)g? Ck, (39)
7a 7b

with ¥, = wn/mi |x|, as depicted in fig. 2d with i=b,j = a (i =a,j = b) for positive
(negative) values of x.
At small values of x we obtain

&o(x) ~ 7@, m;Ix )} (40)

as depicted in fig. 2c with r =R, ' =P (r =P, r' = R) for positive (negative) values of
x.

Egs. (38) and (40) show that the scaling limit is approached more slowly at
smaller values of |x|.

We want to point out that in this model gdb can be negative, for certain values of
x, since in eq. (39) both 71 and some components of Cg can be negative. This means
that at certain values of x the scaling limit can be approached from below even though
the total cross-section approaches its asymptotic value from above This last property
can be achieved in the model through a positive value of Zp 74 v b

3. MODEL WITH TWO EXCHANGES

Let us use the results of the last section to discuss a model with an average meson
(M) and pomeron * (P) exchanges {9].
The model is then given by

Kp(2) O , |0 gu
K@) = &=, , b (a1)
0 Ky(2) gm  EMM
GZ=@)"=(Gip Gim)-

We fit the p + p > 7~ + X spectrum at 30 GeV constraining the internal parameters
to obtain u; =pup =0 and py = “R =0.5; and the external vertices to yield

tot (Y = OtOt(oo)(] +0.4 exp(— 1 1)).

* We distinguish here between the input pomeron (P) and the output pomeron (P) discussed in
sect.2. We ignore the problem of self-consistency between output and input poles since the for-
mer are evaluated at £ = 0 and the latter should be taken at an average value ¢ < 0.
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The fit gives fp = 0.135 and By = 1.57, corresponding to average exchanges of
ap =0.932 and @, =0.27.

For the range and the different cut-offs of the kernels we obtain a = 1.43,
ZN = 1.0 and 7, = —0.43. This negative value of 7, implies a non-vanishing contri-
bution from regions of phase space where consecutive points are “crossed”, ie.,
Yi<Vi-1-

do

- . ™ 1 pp—aX N .
Iig. 3. Inclusive spectrum p_ = — —————— as a function of y_ in the lab frame.
. o, dy ™
pp 77
T T T T T r T T T T v
- sl -—
T for
8| -
6 \ y= 0 —_—
4 -
- y-4 y-6 y-8 ~
2k -
6 4 2 0 2 4 6

Fig. 4. Inclusive spectrum of fig. 3 as a function of y_ in the c.m. frame.



[39)
[39)
~J

P. Ripa, Multiperipheral model

Y=4, Plab= 25.6 Gev/c

2 Y:S,Plab: 189.3 Gevl/c

Y =8,Plab = 1398.5 Gev/c

1 Y=o

Fig. 5. Inclusive spectrum ppp (x) f p — 5 X p as a function of x.
dxd“p,

The spectra at Y = 4, 6, 8 and oo are shown in fig. 3 as a function y,,,, in fig. 4 as
a function of y_,, and in fig. 5 as a function of x. The x-spectrum is obtained from
the y-spectrum * using {p,> = 0.350 GeV/c. In this approximation a different value
of (p ) is only a change on the scale of x. For instance, (p,>—> 0.550 GeV/c gives
x> 1.5x.

Thus, fig. 3, 4 and S shows the limits of fragmentation of a into , pionization and
scaling, respectively.

It can be observed that the fragmentation limit is approached much faster than
the pionization one, or conversely, that the scaling limit is approached much faster
for larger |x|, as it is stated in sect. 2.

The spectrum at x = 0 is observed to rise with the energy up to 30 GeV/c and then
to go slowly down to the asymptotic value of 0.585. At 1500 GeV/c thereis a 7%
dip and at s = oo there is a 26% dip.

The average multiplicity of pions 7, and the average number of exchanged pome-
rons np are given by

* See footnote on page 225.
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— 1/ 0 0

= 2 2 tot
ne=—\8&wny —= t¢& )0 >
s Oetl%t( PM dg MM agz ab

2
M MM
(42)
_ 1 ) 0 2 d 2 9 tot
10 S (gPM Gap tGhp Tab -
t 2 a, , 2
20,4 3 8py 962, Gy p
At large values of ¥ they behave as
1 1
fi_=(0.585+0441¢727) Y +0.665 —9.070 72"
(43)

— ly Ay
n[,=(0.074—0.380ed7 )Y +0.193+1.595e™27,

These results should not be taken as an accurate prediction but rather as an illu-
stration of what we expect to happen. The experimental y <y, and y_ >y, tails
are not reproduced, but we expect these regions of phase space to be dominantly
populated by diagrams with baryon exchange and/or transverse momenta smaller
than the average one we used, as we discuss in sect. 6. In addition, the kernel given
in eq. (17) would probably give a bigger contribution in those regions.

4. COMPARISON WITH OTHER MODELS

In this section we want to show that the f=A4 + B\/J_C + 0(x) structure in the
scaling function is also present in macroscopic models and to study to which element
of the MP model is that cusp related.

According to Mueller’s analysis [3] the spectrum of ¢ in the reaction a+b - ¢+X
is proportional to the discontinuity in the missing mass squared M2 of the forward
a+b+T—a+b+Tamplitude as depicted in fig. 6. Regge behavior for this ampli-
tude at large p, *p. and py,*p,. gives

doab

1 '
2 =N (s mimd) 25 v T 509 (pype)* 43)
dycd pC rr’

X (0 pe)r @,

Since
Py P =M, w, cosh(y —y,) =3 m, w eV,

_ 44

Dy Pe = My, w, cosh(yy—y.) =4 my w, e?b77¢, (44)
eq. (43) is equivalent to eq. (32), and therefore at small x it is ffx)=4+ BVx +0(x),
with B proportional to 2Zp 71‘R Iep

Let us now go back to the MP model. The model discussed in last section has two,

exchanges and gives
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R
76 =17 4y, ) 45)
1
where A7 is independent of particle i. Therefore in this model the amount of cusp is
proportional to the amount of secondaries o9!. This, however, is too rough an ap-
proximation since in Regge phenomenology the s=* coefficient in o't is generally
given by the sum of the residues of several poles, which can have different signs.

We want then to discuss a MP model with three exchanges so as to produce two
output poles with intercept close to 0.5. We choose the three exchanges to be a meson
(M) baryon (B) and antibaryon (B); vacuum exchange is allowed to contribute only
to the elastic amplitude, as opposed to the model discussed in sect. 3.

This model was proposed by Ting [10] to account for the difference Ag =
ol — ot However, the same discussion can be applied to study KK production
changing N - K and B — S (strangeness exchange) [11].

In the terminology of sect. 2 the model is given by

Gh =Gy G 0)=(GR)T, G&=(G} 062 =(GH)T . g% =82 +8},

2 2 2
gum 0 0 ? &M EBM
g2=] 0 gpy O gh=|gpy O O |, (46)
0 0 gy g2y 0 O

kK, o 0
K(Z)=] 0 Kgz2) 0O
0 0 Kyg2)
The vertex g72T corresponds to pion production and the vertex g% to baryon or.
antibaryon emission in position other than the ends of the MP chain. At least three

output poles are obtained which Ting identifies with P, P’ and w *.
Then, at large values of s

1
~ ~3(n2 2
Upp 7][2) +s 2(7]})’ +7w)’

2 H2 2 47)
0,0~ S0 TL,)
The scaling functions, at small values of x, are given by
FFG) = £ =7 + Tgp/x + O(x),
) =) =% + gy + Tp,,) Vx + O), (48)

* Exchange degeneracy betweenP’ and w is obtained only for g%M = 0, but in the text we make
up ~ u,, ~ 0.5 for simplicity since up — k., = OEEp-
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Fig. 6. The a + b — ¢ + X cross section as the discontinuity of the a + b + ¢ — a + b + ¢c amplitude.

) =2 ) =P + (T — Tp,,) Vx + Ox),
where
™ = Olgjpy)-
= O(gyyp)- (49)
r)(*:r' = O(glz\'IB)

We thus see that the amount of cusp in f;°(x) is controlled by g%M rather than by
the amount of secondaries in 0, . Namely, if we make gl%w 0, the cu§ps in the three
scaling functions disappear and 7P —>7 , making the coefficient of s”2 in ¢, —but
not in ¢ — vanish.

It is easy to see why there can be secondaries in o and no cusp in the scaling
functions: the difference Ag is given by the set of diagrams with only baryon ex-
change. These diagrams cannot produce a cusp in f; ¢(x) and are independent of gBM

This way we learn that in the MP model the cusp is related to the interference be-
tween different (input) poles, i.e., to the non-diagonal elements of g

Before leaving this model we observe that it leads to two non-obvious predictions
for the pp annihilation process, that cannot be extracted from macroscopic models:

(i) Ao=05, —0p, = o&m

(ii) Scaling behavior for a “partially inclusive” process, namely the spectrum of
pions coming from pp annihilation defined as

£ d Odnn
oann d3

m, ann —
A CA D (50)
scales for s > oo,
Notice that this statement is not true if in eq. (50) we divide by og;)t instead of by
ganm,
pp
Let us make this point more clear with another example: consider the spectrum
of the lambda or of the pions coming from the process K + p > A + (pions). It is pre-
dicted to scale if we divide by

a(K+p—>A+(pions))=En o(K+p—>A+nn) (51)

and not to scale if we divide by otOt since in the MP model the cross section (51) is
expected to vanish as some negatlve power of s. This is the same prescription we
gave in sect. 1 for the strictly inclusive cross section to account for the possibility
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of vanishing or divergent asymptotic total cross section.

As a consequence of scaling for the spectrum (50) the average multiplicity of pions
coming from pp annihilation events grows linearly with log s.

5. TWO PARTICLE INCLUSIVE SPECTRUM

For the inclusive processa + b — ¢ + d + X we define

ESEY doy,
(pcr pd9 ) ?)t_— 77;3_ . (52)
Oab d pCd Pq

In order to study its limiting properties, as predicted by the MP model as § —> oo,
we dlstmgu1sh eleven different regions in the (y.,y4) plane at fixed p{, pl and ¢,
where p§ pL = plpl cos . (See fig. 7) The asymptotic dependence on the different
particles is shown in table 1.

In the same table it is shown that pgzg scales, namely
: c,d ~ ¢C,d Lo
hm p;:b (pcspdrs)_fzib (xc,xd: pc) pd; ‘p) (53)
§ > oo

if we exclude the point (x_,x4) = (0,0) *. The reason for this is very simple: regions
9, 10 and 11 are concentrated in this point; the ﬁrst of which depends on the short
range correlation between ¢ and d. Therefore f tends to different values when
(x;. xg) — (0,0) along different paths in the (xc,xd) plane.

Table 1

Limiting properties of thea + b — ¢ +d + X spectrum as predicted by the MP model.

FIXED VARIABLES am §qb(pc,5d,s) x| %a| 6 ‘l’,(x X4, PLPY ¢ )
1] YeYa | Yp -4 gg(yc'yu,Pé)Sg(Yb-yd)P{j) o M RHE IO
2| YaYa , Vb 840, PL)88 (h-%, Pt ) |+ |~ [ Fara)SEEort)
3 Yo Y, Yo % 357 (Y% Yo- Y PEPA, ) |+ |+ | S804 c,d, PLPEY )
41 Ye-Ya, Y4V ©¢ (Y Y- P PEL ) = | - [ S0t sPEPY P
5| v&™ , vy v SC(P‘)fbd(yb’ PY) o |+ |§°(Pt)Se (%.PL)
Bl Yo s Y ___§-‘f’_‘_’§ff_(y__’_f‘_)____‘L_:_ﬁ_c_(”_é)jgd_(’_'d_’fé_)__
7— Y™ Yy Y, Se(PY)Ss° (Y- Pe) 1o |58 (% PE)
g| va" e §4(P) ot (e-%asPh) | =] @ §9(Py)Se (-%oPE)
9| Ye¥a 5 Ya<eYo<evg  |$99(Pa-Yel,PLoPhp) [0 0
10] Yo <Y <Y <<y e (Pa)§(ry) °l°
11 Yq ((Yd <<Yc<<yb fo) o

* As a function of the variables xcd=(x(2: + xé)% and Ocd=tan‘1 xo/xg)s Pg% scales even at x;4=0.
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Fig. 7. Phase space for the inclusive process a+b — c+d+Xat a large value of Y. The numbers
denote regions with different limiting properties according to table 1. (a) In the rapidities
ey plane. The width of regions 5 to 9 is the correlation length. (b) In The (x_,x4) plane.
When Y — = regions 9 to 11 become the point x,=x4=0.

The integral
[055 dvedygd®pg d2pg (54)

equals (1.n4) if particles ¢ and d are of different type, or ¢1.(n,—1) if they are of the
same type.

Since the main contribution to that integral comes from regions 10 and 11, the
mean square deviation of multiplicity #n_ grows linearly with log s, i.e.

(n.—nN? =0 (Ins). (55)
In the model described in sect. 2 the spectrum fora +b — 7 + 7 + X is given by

1 — —_ ~
P8 =5 Ga AW = Ya ~ B8 AQ 1, JE A=, 3,)Gy

+(1 «2), (56)

when none of the pions is emitted at the end positions on the MP chain. This func-
tion has the limiting properties described in table 1.

6. IMPROVEMENTS TO THE MODEL

Two major approximations were done in sect.2

(a) Ignoring transverse momenta.

(b) Neglecting the contribution of the particles emitted at both ends of the MP
chain to the inclusive spectrum.

These approximations lead to expressions where the total and inclusive cross sec-
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tions are directly given by the solution of the integral eq.(24) with no further integra-
tions, making it possible to perform a fit with a computer in a reasonable time.

Approximation (b) does not affect in general the central part of the spectrum and
should be very good for the whole p + p > 77 + X spectrum, fitted in sect.3 *.

In this section we improve the model introducing the dependence on transverse
momenta and the repidities of the end particles.

Eq. (16) shows that an amplitude that factorizes as a function of the invariant mo-
mentum transfer ¢; yields a factorized dependence on the exchanged transverse mo-

menta g; = Ej-;ol p]-i, though not on the pl-l. We thus complete the kernel in eq. (17) as

. e 2
Ki i~ e-blwi_1wje Z+th~)e-ﬁzaf(qi)Km(Z—n,-—Tl,-,l+27—7") 67N

I —

where w; is not fixed at an average value but depends on p,-l =qi1— 45
The n-particle production cross section is given by

ol (V) = G2e,,a,) £ (@)KZ)&? .. K(Zp 1) Colerydnar)

n+1 n+l1

58
x s(v—a— 2,z 1 (az; a%q)), (58)
=1 =1
where ! !
-bq? _ W
f(q)=be /Tra n1=nl+lnw_,
! (59)

n
A=eteptngt 220 it My — 20+ 1) Ty,
=1

with €; given eq. (11).

All the expressions of sect.2, with Glz=fG,~2(€,-,q) flg) d2q, can be obtained inte-
grating over all dqu- and setting €; ~ €;, #; ~ 7;. In this section we follow the same
recipe except for the observed momentum p]ﬁ for which we use the actual value n;-

The cross section for a + b —» 7 + X when the pion is not emitted at end position
of the MP chain is thus given by (60)

daab

w w ~
= G2A(y-y -A _m?")gZ,A(y —y-A -m_—") Gt F™(p?),
dydzpl a a a @, b b @, 1

where w_ is the longitudinal mass of the observed pion and
") = [#q,8%4,5P(p,~a, 74, (@) flay) = bePPipam,  (61)
F (pl)_f q; q2 (pl‘ql q2 U] q, )

which gives b ~ 2/ ( pf).
The inclusive spectrum as a function of x and p, and the scaling function are ob-
tained from (60) with no further approximations. An interesting result is that the

* If one is interested in the p+p — n*+X spectrum baryon exchange cannot be neglected and
thus there is some contribution from =* emitted at end positions of the MP chain. See ref. [14].
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scaling function factorizes as

frx,p) =170 F™(p?), (62)

w1thf (x) given eq. (34).

Another prediction of eq. (60) is that the scaling limit, at fixed pl, is approached
faster for smaller values of p/.

We finally consider the spectrum of a particle emitted at an end position in the
MP chain, as depicted in fig. 8a. In sect.2 we integrated over dy,, and dy,,,; making
use of the & functions of conservation of energy and longitudinal momentum, and
argued that, in the MP region, y((y,,,; ) depends mainly on y,(»), being quite inde-
pendent of the momenta of the other particles.

Similarly, here we integrate over dy; and dy,,,; and argue that, in the MP region,
Vn+1 depends mainly on yy, and y, on y, and y; through the relation

Gy eP1=myeVa —wjye™0 (63)
We then integrate over the momenta of the other particles and sum over #, obtain-
ing
daab

-—2— eyl _yOG ()’o—ya,po)f(po)K(h—J’o—no)g A()’b—J’1 Ab)Gb
(64)
Another pair of variables commonly used are r= (p po)2 and M? =(p,top— po)
The triple Regge (TR) limit is defined as ¢ fixed, M? > s/M — o0 and gives

9}
— M- _ 56y
Yo—q lnwlmb, ViV lnM

.t~ — () (65)

Zma

In this limit expression (64) tends to

o

8.a 8.b

Fig. 8. (a) The cross sectiona+b —c+X when particle c is emitted at the first position in the MP
chain. (b) The same diagram in the triple Regge limit, in the MP model.
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Cloab g doab
2% 2 20 16,01 Z(Ms ) i
drdM dy,d pO 1611s ir (66)
M2\ (0) ~
gr”([) ( ) ! 6b9
5o
where the residues are normalized by
dod 2
N s\2¢;(0)
T, :16*2 ? lﬁa,(t)|2 (s_()) ! |Bb,i(t)|2a
(67)
tot~lE ( ) r(O)Nr
= B .
Sy So b
The TR coupling parameter defined by
_ 0 gru(t)
il = e 20 (68)
is given in the model by
ezt/<pi> S0\ @ 0) +1-2a;()
My (1) = ( ) § o (69)
(p >2a

with 2, ;; =2 (E Crj gjz,.)z.
]

In the fit of sect.3 we made use of two input poles (P and M) and two output poles
(P and R). Therefore there are four TR vertices, namely

Qp pp=0.026, Qg pp=0.20, Qp yy=4.38,
Qg um=14.0. (70)

Both np pp and ng pp turned out to be small in accordance with theoretical predic-
tions [12]. The fact that the firgures in eq.(70), when used in eq.(69), are consistent
with evaluations of nppp in the TR limit [13] is encouraging since they were obtained
from a fit of the p+p — 7+X spectrum in which there is no contributions from any
of those vertices, in the TR limit.

7. CONCLUSIONS

The MP model was shown to be consistent with the shape of the longitudinal in-
clusive pion spectrum in pp collision at around 30 GeV. The extrapolation of the
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model with the inclusion of Meson and Pomeron exchanges to ISR energies shows
the appearance of a dip in the x variable which asymptotically develops into an in-
verted cusp of the form 4 + Bv/|x]. In the rapidity variable a central plateau is shown
to develop quite slowly. These features are discovered in other versions of the MP
model and the importance of the cusp is shown to depend on the coupling between
different input channels. They are also consistent with Mueller’s analysis with the
inclusion of Regge secondaries.

It was also shown that the MP model predicts scaling behavior for certain parti-
ally inclusive processes when the spectra are properly normalized.

The predictions of the MP model for the limiting properties of the two-particle
inclusive spectrum were also discussed. In particular it was shown that the spectrum
has scaling behavior if one excludes the point x; =x, =0.

The author wants to express his gratitude to Alberto Pignotti for his help and
guidance, and to the colleagues of the Laboratorio del Sincrociclotrén, Comisidn
Nacional de Energia Atdmica, for encouragement and help.
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