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Abstract: A simplified versión of the MP model developed by DeTar is improved so as to repro­
duce the experimental fragmentation spectrum. The model is then used to study the 
effect o f introducing Pomeron exchange in the MP chain. Scaling behavior is shown to 
hold even at x  = O, where an inverted cusp of the form A  + B sJ \ x  \ in the scahng function 
is found. This structure is in general related to non-leading trajectories and is shown to be 
present in Mueller’s analysis and in other MP models without pomeron exchange. In the 
latter the amount o f cusp is related to the coupling between different (input) channels. 
Non-scaling contributions, two-particle inclusive spectra and triple Regge hmit are also 
discussed.

1. INTRODUCTION

A t high energy the inelastic events account for a large fraction of the hadron—ha- 
dron to ta l cross section.

The theoretical and experim ental difficulty in the study o f a particular (exclusive) 
process w ith production of m any particles has drawn atten tion  to  the inclusive pro- 
cesses of the type [ 1 ]

a + b ■ ( 1):i+ C 2  + ... + c„ + X,

where Cj ... c„ is a specified set o f n observed particles, and X denotes the sum m ation 
over all allowed hadron states.

The case « = O corresponds to  the total cross section and the case « = 1 to  single 
particle distributions described by the function *

da.ab

d3p ’
(2)

‘̂ ab " c
1

where is the to tal c.m. energy.
* Throughout this paper we work in frames in which the momenta of particles a and b are colü- 

near. Longitudinal components are measured in the direction of P^-



The scaling conjecture [1] states that as í  becomes a function o f only
and the c.m. longitudinal fraction x  = 2p||S” 'Í, namely

lim (3)oo

In addition

/ a b K ^ ) = / b ( P i . ^ )  ^ > 0

(4)

/a b (^ i> ^ )= /a (P i-  - ^ )  ^ < 0 -

División by < b  in eq. (2) makes it possible for to  scale even if vanishes or 
diverges as x ^  This can be seen from  the relation
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derived from  energy conservation.
Furtherm ore, the simple form  of relations (4) does no t hold if  the división by 

in eq. (2) is no t perform ed.
An im portant consequence o f scaling and the lim itation of transverse m om enta 

is the logarithmic growth o f the average m ultiplicity o f partióle c at large valúes o f  s

« c = « c ln (s /ío )  + *ab. (5)

'  (6)

where

^ab = / d V i [ /  (/ab(Pi. Msol4co¡)

and Wj, = ( m i  + is the longitudinal mass o f particle c.
To obtain eq. (5) it is sufficient to assume uniform  converge for the lim it o f eq.

(3) and the existence of the integráis in eq. (6). Both conditions are satisfied in the 
model described below, even thougb/^*}, turns out no t to  be analytic a t x  = 0.

A very useful variable is the rapidity

y  = th ’ l (P ||/£’). (7)

Since d^p /E  = á^p^áy ,  a longitudinal boost is only a shift o f the origin o f  rapidi- 
ties and thus differences o f rapidities are invariant under those transform ations.

We can write

s = ^ rn^ c o ú íy  =  (8)
where V = y ^  - y ^ .

Conjectures (3) and (4) can be shown to be equivalent to  saying tha t p^^, becomes, 
as y  ^
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(i) independent and the nature o f particle b if remains finite. This 
is called fragm entation of a in to  c [2 ]. A reciprocal statem ent can be made about b 
when_Vj, —y^. remains finite.

(ii) a  function o f only c and p  when remains finite. This región is called 
pionization.

The properties discussed above can be deduced from  detailed (microscopic) mo- 
dels o f production am plitudes or from  (m acroscopic) models for forward exclusive 
processes which can be related to  inclusive cross sections via generalized optical 
theorem s [3].

De Tar [4] developed a MP model working in rapidity variable and ignoring trans- 
verse m om enta, which has a platean in the pionization región and falls abruptly  at 
bo th  fragm entation ends. This m odel is modified in sect. 2 so as to  improve the be- 
havior in the fragm entation regions, and then used in sect. 3 to  fit the p + p ^  7t‘ +X 
spectrum  at 30 GeV, allowing pom eron and mesón exchanges.

The fit predicts the appearance of a dip around x  = O at higher energies, which 
becomes an inverted cusp in the scaling function as í  This structure is shown, 
in sect. 3, to  be present in Mueller’s analysis and in MP models w ith no pomeron ex- 
change.

Scahng predicfions o f the MP model are discussed in the same section for certain 
processes tha t are neither exclusive ñor inclusive and in sect. 4 for two-particle inclu­
sive processes.

Finally, in sect. 5, the model is improved w ith the in troduction  o f transverse m o­
m enta and predictions for the triple Regge are discussed.

2. M ULTIPERIPHERAL MODEL

The basic assumptions o f the MP model [5] for the production am plitude (fig .l)
are

(a) Lim itation o f the invariant m om entum  transfers t¡.
(b) Lack of correlations between distant particles in the MP chain.
As we will see below assum ption (a) leads to  a hm itafion o f the transverse m o­

menta. Therefore, foUowing De Tar [4 ], we ignore transverse m om enta* and write

.1 . 1.

a b
Fig. 1. MP amplitude for the process a + b ^  (0) + (1) + ... (« + 1).

* Longitudinal spectra can then be thought to correspond either to an average <pj> or to distribu- 
tions integrated over d^ ^ .



for the «-particle production cross section

o^b(>0 = mi.  m i )  f  \M\^ áR)¡^2 (9)

The longitudinal phase space is given by

n + \

d/?L^2 = -  E  w,- e^O

n+\ n+ l

áy¡ (10)

n+\
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= \ - ’¡ ( W^ ,o :> l , u : , l ^ ^ ) b ( yQ -y ^ -e ^ ) h{ y ^ - y^ ^ ^ - e ^^ )  [ 1  áy¡,

where
O

n
= (m^ e-̂ a + e-’'b -  Z /  w,-e-^') (m^ e + m¡^e ^  >’;)

1 1

is the square of the longitudinal mass o f the (0) + («+!) partióles system and

( 2 V Í - » .  j - ' ”  ---------)  < " )

with the same expression for e(, making O ^  «+ 1 , a b.
Longitudinal Lorentz invariance requires the am phtude M,  depicted by the dia- 

gram of fig. 1, to  depend on differences of rapidities. Assuming minimal correlations 
we can write

1M|2 X’^(s, m i  m i )  X'^{W'^, ü>l, Uil+^) =

G ¡( yo ~ y- ^ i ) K o i ( y i - y o )g }  ( 12)
If we allow for N  different kinds of exchanges, the external vertices G | and 

are N  com ponent row and colum n vectors respectively, the propagators Kjj  are N X N  
diagonal m atrices and the infernal vertex = 2,- g f  i s ^ N X N  symm etric m atrix.

In order to  find an expression for the kernel we make the following considerations:
(i) At large valúes o f Z ¡ = y ¡  - y j _ i  the subenergies are given by

í, /_ l  =w ,-co,-_i e^ '. (13)

Therefore, m ulti Regge behavior requires, at large Z

K¡¡ _ i i Z )  =  e-eZ (14)

w ith j3 = 2 — 25, where a  is the (average) valué of the exchanged Regge trajectory.
(ii) For the behavior at small valúes o f Z¡ we go back to  the assum ption o f limi- 

tation  o f the invariant m om entum  transfers. In terms o f the variables jf and Pj^, these 
can be w ritten as [4]
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coje E  p f  2. (15)

We observe tha t assumption (a) leads to
(i) The lim itation of used above.
(ii) An ordered distribution ofj',- [6].
The leading term  in (15) contains the following dependence on the relative rela- 

tivity Z¡

/¡■-I \
2. (16)Pf\ro ¡

Therefore an exponential damping in t¡ would approxim ately lead to  a kernel

K¡j{Z) = e ^  e . (17)

This kernel cuts o ff rapidly for negative valúes of Z . Because it is difficult to  itera te 
analytically we use instead

= (18) 

where d(v) is some cut o ff function and t?¿ — í?y =  ln(w,/c3y).
In ref. [4] only production o f pions was considered, 0(li) was chosen to  be a step 

function at the origin and Zf¡^ was set to  zero. These approxim ations lead to  a rectan­
gular inclusive pión spectrum , which is too  rough an approxim ation in the fragmenta- 
tion regions. Therefore, in order to  construct a more realistic kernel, in an earlier paper 
[7] we shifted the step from  the origin and let it have a linear increase w ith a certain 
w idth. Here we use a even sm oother param etrization which reproduces better the be- 
havior o f eq. (17)

0(li) = 0 ( i; ) ( 1 -(1  + y/a) ex p (-í;/a )) . (19)

In this section we also assume tha t only pions are produced and concéntrate on 
the spectrum  o f the pions em itted at internal vertices in the MP ch a in ..

Therefore we integrate over áy^  and d>’„+j using the 5 functions in (10) which 
give

^ 0 = > 'a  + ea> y n + \ = y h - % -  (20)

From (11) and conclusión (ii) we observe that in the MP región, and for diagrams 
w ith coq >  and >  m^,  and are approxim ately independent of_y,-, so 
we set them  to  average valúes

= e, ^ I n —  eu = e . ¿ I n — — . (21)e
m



We thus obtain from eq. (9), (10), (12), (18) and (21).

o ^ ° \ Y ) = G ¡ A ( Y - \ - \ ) G l
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( 2 2 )

where A,- = e¡ + ri¡ — 77^ and the matrices A'^(Z)  and A ( Z )  = Z q A ' ' (Z )  are obtained 
from

A'^(z)=fK(Zi)g2K(Z2) ...K(Z„^i)8(Z-Zi -,Z„+i)dZi ...dZ„^i, 

A ( Z )  = K(Z)  + j A i Z ' ) g ^ K ( Z - Z ' )  dZ'

w i t h K ( Z )  = K^^(Z) .
This integral equation, contracted w ith G ? , is shown in fig. 2a.

(23)

(24)

2a

2 b

i

K > -

2 d  a l   ̂ J

Fig. 2. (a) The integral equation = G ^ K  + G ^A  K. (b) Cross section for a + b -<■ c + X.
(c) Central part of spectrum. (d) Scaling function (r = P) or non-scaling contribution 
(r = R )  for positive valúes o f x . Solid and broken Unes are external particles, wiggly lines are input 

reggeons and double Unes are output reggeons.



The spectrum  of the pión when n pions are produced is

^  = G l  G l  (25)

Summing over i and n we get the inclusive pión spectrum (see fig. 2 b)

^  = G l A ( y ^ - y ^ ~ \ ) g ^ A i y ^ - y ^ - \ )  c g .  (26)

Eq. (24) can be solved by iterations or by perform ing a Fourier transform . The 
first m ethod is good for small Z  whereas the second one is better to  study the large 
Z  behavior, namely

a{^)  = k{^)  + = 1 / ( / t 'l  (<̂ ) -^ 2 )  (27)

with a{íp) = I A { Z )  exp(—/i/jZ) dZ, and similarly for k{íp).
Then, if  det(fc“l(i/j) =0 for tp = we have for i/j s

Cr<S)Cj

with Cf a (constant) A^-component row vector.
Then, at large Z

^ ( Z ) ~  E  e-Mr^ (29)
r

and, with eq.(22) *

E  7 a  7  b =  E  7 a  7 b  ( 3 0 )
r r

where

7a = C, e M rV  7{; = C j-S g e M r^ b  (31)

The factorized form  o f the residues in eq. (29) and (30) follows from the sym- 
m etry of the m atrix - g ^  [8].

As for the inclusive cross section for andjFjr *^7b

=  E  7 :  7 Í '  cT  (32)
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=  E  7 a  7  b C j ,  { m j , x + x )  /  2 w „ ) ^ ' ' ( m b ( x - x ) / 2 w ^ ) ^ ' - ' ,
rr'

where x  = {x^ +4cI3^/i)^, as depicted in fig. 2c.

* So a Regge pole a^(f) in th e  elastic ab am p litu d e  corresponds to  a^(0) = 1 -  m,--



Experim entally one pole w ith intercept cióse to  one and several poles w ith inter- 
cept cióse to  0.5 are found in the elastic am plitude. In a model with N  exchanges we 
can choose the internal parameters so as to  get in eq. (29) one pole with ;U ~  O, — 1 
poles w ith ~  0.5 and the other poles, if any, w ith Re/U >  1. We denote the first by 
P  (ou tpu t pom eron) and the second set by .R. Then eq. (30) becomes

o^giY)  = e-HP>'(7 ^ j I  + E  y ^ 7 § )  + 0 (e -^ ) .  (33)
R

We observe also that the inclusive spectrum  (26) has scaling behavior as defined 
in eq. (3) and (4) w ith *

i r i x )  = - ^  ( Ü J m , - x r P G f A ( l n  ^  -  A, ) ^ 2  qT (3 4 )
7  i i

/ T ( 0 ) = r  = Cp^2 cT,
A

as depicted in fig. 2d, w ith r = P .
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At small valúes o f x  the scaling function has the structure

A

(35)

0 (x)

where

5 r = E ^ C ; , ^ 2 c T  (36)
R y i

as depicted in fig. 2c w ith r =IP, r' = R { r  = R,  r' =IP) for positive (negative) valúes 
of X.

So we e x p e c t/¿ ,(x )  no t to  be analytic at a: = O, and to  have a v T ^I like cusp at 
this point unless 5^ and 5^ vanish. This is not surprising since properties (4) cannot 
be achieved if/^‘j, is analytic at x  = O, except i f / ¿ ,  is also independent of bo th  parti- 
cles a and b away from x  = 0.

The above statem ent is about the scahng function ; in this model bo th  and 
(d /dx)p 3j, are continuous functions o fx  at any fmite valué o f s.

With respect to  the rate at which the scaling limit is approached we observe that

s) - / ¿ ( P i - ^ )  = 0 (s '2 ) x ^ O ,

p l ^ , ( p ^ , 0 , s ) - r ( p , )  = 0 ( s - h

* Indeed the Ar-spectrum cannot be obtained from the >'-spectrum after integration over d^p^. 
However, we suppose that the shape of the first is approximately the same as that obtained 
from p(y, pĵ ) at an average valué of i,p^. Tliis is justified in sect. 6.
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More precisely, in our case

p"b(0 , s) - r  = (5a V ^ b )

where

/
g^ b ix ) -  Z ) + 0(0-^ '),

(38)

^Jb(x) = E  GlA{\n{^¡)  -  A,)^2 c T , (39)
^  T'a ’í'b

w ith i//,' = ^ „ l m ¡  \x 1, as depicted in fig. 2 d w ith i = h , j  = a (i = a , /  = b) for positive 
(negative) valúes o f jc.

At small valúes o f x we obtain

g l ^ ^ { x ) - 8 j ( ó 5 J m ¡ \ x \ y  (40)

as depicted in fig. 2c w ith  ̂= R, r ' = P  (r =1P, /•' = R) for positive (negative) valúes of

Eqs. (38) and (40) show that the scahng limit is approached more slowly at 
smaller valúes o f lx |.

We w ant to  point out that in this model can be negative, for certain valúes of 
;c, since in eq. (39) bo th  y f  and soma com ponents o f C r  can be negative. This means 
that at certain valúes o f ;c the scaling hm it can be approached from below even though 
the to tal cross-section approaches its asym ptotic valué from above. This last property 
can be achieved in the model through a positive valué o f 7 ^ 7  ^ .

3. MODEL WITH TWO EXCHANGES

Let US use the results of the last section to  discuss a model with an average mesón 
(M) and pom eron * (P) exchanges [9],

The model is then given by

K{Z) =
’KpiZ) 0

(.2 -

0 ^PM

0 K u i Z ) .
g

,^PM S'mM

(41)

G ¡ ^ ( G ¡ f = { G Í p G¡i ,m ^‘

We fit the p + p ^  7I-’ + X spectrum  at 30 GeV constraining the internal parameters 
to  obtain Mi = = O and / ij  = Mr = 0.5; and the external vertices to  yield 

( 7 )  =  +0.4 e x p ( -  |y ) ) .

* We distinguish here between the input pomeron (P) and the output pomeron (JP) discussed in 
sect.2. We ignore the problem of self-consistency between output and input poles since the for- 
mer are evaluated at f = O and the latter should be taken at an average valué t < 0.
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The fit gives /3p = 0.135 and j3|yj = 1.57, corresponding to  average exchanges of
a,, = 0.932 and = 0 .2 7 .

For the range and the different cut-offs o f the kernels we obtain a = 1.43,
A|>j = 1.0 and = —0.43. This negative valué of implies a non-vanishing contri- 
bution from  regions o f phase space where consecutiva points are “crossed” , i.e.,

Tí- 1 ‘̂ ^pp->7rX
l ig. 3. Inclusive spectrum p „  = ----  -------------- as a function of in the lab frame.

<̂ pp dJV

y cm.

Fig. 4. Inclusive spectrum of fig. 3 as a function o í in the c.m. frame.
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Fig. 5. Inclusive spectrum pjp  (x) = J j
áa,PP-^ 2

áxá^p ̂
á'^p^ as a function of x.

The spectra at 7  = 4, 6, 8 and °° are shown in fig. 3 as a function , in fig. 4 as 
a function of and in fig. 5 as a functíon of x.  The x-spectrum  is obtained from 
the j^-spectrum * using = 0 .350 GeV/c. In this approxim aüon a different valué 
of { p ^  is only a change on the scale o f x . For instance, i p ^ ^  0.550 GeV/c gives 
X ->■ ] .5x.

Thus, fig. 3 , 4 and 5 shows the limits o f fragm entation of a in to  tt, pionization and 
scahng, respectively.

It can be observed that the fragm entation limit is approached m uch faster than 
the pionization one, or conversely, that the scahng limit is approached m uch faster 
for larger U  |, as it is stated in sect. 2.

The spectrum  at x  = O is observed to  rise with the energy up to  30 GeV/c and then 
to go slowly down to the asym ptotic valué of 0.585. A t 1500 GeV/c there is a 7% 
dip and a t x = °° there is a 26% dip.

The average m ultiplicity o f pions and the average num ber of exchanged pome- 
rons «p are given by

* See footnote on page 225.
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tot
'ab

( 4 2 )

At large valúes o f Y  they behave as

= (0.585 + 0.441 F +  0.665 -  9.070 

«P = ( 0 .0 7 4 - 0 .3 8 0  r  + 0.193 + 1.595 e ’^ ^ .

These results should no t be taken as an accurate prediction but rather as an illu- 
stration o f w hat we expect to  happen. The experim ental and >>^1̂  tails
are no t reproduced, but we expect these regions o f phase space to  be dom inantly 
populated by diagrams w ith baryon exchange and/or transverso m om enta smaller 
than the average one we used, as we discuss in sect. 6. In addition, the kernel given 
in eq. (17) would probably gjve a bigger contribution  in those regions.

4. COMPARISON WITH OTHER MODELS

In this section we want to  show that the f  = A + B \ / x  + 0(jc) structure in the 
scaling function is also present in macroscopic models and to  study to  which elem ent 
o f the MP model is that cusp related.

According to  Mueller’s analysis [3] the spectrum  of c in the reaction a+ b  ^  c+X  
is proportional to  the discontinuity in the missing mass squared M \  o f the forward 
a + b +  c -> a  + b + c am plitude as depicted in fig. 6. Regge behavior for this ampli- 
tude at large and gives

= X-^(., m i  m i )  s  y l l i  r  ( p , - p , f ( 0) (4 3 )
dy^d^p^

(44)

Since
P a'P c ="^a cosh(y,,->^3)=s^ m^  e>'c->'a,

Ph 'P c = f ^ h  coshCvb -.^ c) -  i  ‘- ’c ,

eq. (43) is equivalent to  eq. (32), and therefore at small x  it i s f P(x )  = / l  + B \ / x  + 0 (x ) , 
w ith B  proportional to  'í 'f  ^RP

Let US now go back to  the MP model. The model discussed in last section has two^ 
exchanges and gjves
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f n x ) = r
y f

(45)

where h'^ is independen! o f particle i. Therefore in this model the am ount o f cusp is 
proportional to  the am ount o f secondaries This, however, is too rough an ap- 
proxim ation since in Regge phenom enology the coefficient in is generally 
given by the sum of the residues of several poles, which can have different signs.

We w ant then to  tliscuss a MP model w ith three exchanges so as to  produce two 
outpu t poles w ith in tercept cióse to  0.5. We choose the three exchanges to  be a mesón 
(M) baryon (B) and antibaryon (B); vacuum exchange is allowed to  contribute only 
to the elastic am phtude, as opposed to  the model discussed in sect. 3.

This model was proposed by Ting [10] to  account for the difference A a  =
Opp* — a^p*. However, the same discussion can be applied to  study KK production 
changing N ^  K and B -> S (strangeness exchange) [ I I ] .

In the term inology of sect. 2 the model is given by

(46)

= G l 0 )  = ( G l f . G h =  ( ^ M 0 G l ) -

^MM 0 0 0  í ’ BM '^BM

0 ^BB 0
2

^BM 0 0

0 0 ^^B M 0 0
y

K{Z) =

K ^ { Z )  0 O 

O K ^ i Z )  O 

O O K^(Z}

The vertexg-^ corresponds to  pión production and the vertexgg  to  baryon or. 
antibaryon emission in position other than the ends of the MP chain. At least three 
ou tpu t poles are obtained which Ting identifies w ith P , P ' and co *.

Then, at large valúes o f s

pp
■ y ^ + s

(47)

The scaling functions, at small valúes o f x ,  are given by

f ; ( x ) = f ; ( x ) = r  + + o (x ),

/p 'W  = / | W 0 ( ^ ) > (48)

’ Exchange degeneracy betweenlP' and u> is obtained only for = O, but in the text we make 
Mp' ~  ~  0.5 for simpUcity since Mp' -
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a a a . ° a

v ~
/  i

b b 1 f  L *  \ ^ ~  ) +

\  \ J  c l—
----- -------------------------K ,  -  X

b A  ^
X

Fig. 6. The a + b ^  c + X cross section as the discontinuity o f th e a  + b + c -^ a  + b + c amplitude.

f ^ i x )  =/pP(x)=/•" + (r«p, -  + 0{x),

where

(49)

We thus see that the am ount o f cusp in [¡^{x) is controlled by rather than by 
the am ount o f  secondaries in Namely, if  we make = O, the cusps in the three 
scaling functions disappear and 7 p. making the coefficient o f s ^ in app —but
no t in Opp — vanish.

It is easy to  see why there can be secondaries in ffpp and no cusp in the scaling 
functions: the difference A a is given by the set o f diagrams w ith only baryon ex- 
change. These diagrams cannot produce a cusp m.f¡^{x)  and are independent o fg^f^.

This way we learn that in the MP model the cusp is related to  the interference be- 
tween different (input) poles, i.e., to  the non-diagonal elements o f^ ^ .

Before leaving this m odel we observe tha t it leads to  two non-obvious predictions 
for the pp annihilation process, tha t cannot be extracted from  macroscopic models:

(i) Act = CTpp — app = ■
(ii) Scaling behavior for a “ partially inclusive” process, namely the spectrum  of 

pions coming from  pp annihilation defined as

E ” PP (50)

scales for s ^
Notice tha t this statem ent is no t true if  in eq. (50) we divide by instead of by 

°pp"-Let US make this point more clear w ith another exam ple; consider the spectrum  
of the lambda or o f the pions coming from  the process K + p A + (pions). It is pre- 
dicted to  scale if  we divide by

a(K  + p ^  A + (pions)) = Yj „ + p A + «tt) (51)

and n o t to  scale if  we divide by since in the MP model the cross section (51) is 
expected to  vanish as some negative power of s. This is the same prescription we 
gave in sect. 1 for the strictly inclusive cross section to  account for the possibility
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of vanishing or divergent asym ptotic to tal cross section.
As a consequence o f scaling for the spectrum  (50) the average m ultiplicity of pions 

Corning from  pp annihilation events grows linearly w ith log s.

5. TWO PARTICLE INCLUSIVE SPECTRUM

For the inclusive process a + b ^ c  + d + X w e define

d aab
(52)

In order to  study its lim iting properties, as predicted by the MP m odel, as 5  
we distinguish eleven different regions in the (yQ,y¿) plañe at fixedp^,/?^  and ip, 
where eos tp. (See fig. 7) The asym ptotic dependence on the different
partióles is shown in table 1.

In the same table it is shown tha t scales, namely

Um (53)
s -+ <»

i f  we exelude  the point {x^ , x¿)  = (0 ,0 ) *. The reason for this is very simple: regions 
9, 10 and 11 are concentrated in this point; the first o f which depends on the short 
range correlation between c and d. Therefore tends to  different valúes when 
(jCj,,JC(j) (0 ,0 ) along different paths in the (Xg,JC,j) plañe.

Table 1
Limiting properties of the a + b ^ -c  + d + X spectrum as predicted by the MP model.

F I X E D  V A R I A B L E S >̂ 0 " d f a ’, b ( X a , X d , P ¿ , P ‘d , ' f )

1 , >b -5'd S § ( ' ' c ' ' ' a , P ¿ ) 5 b ( y b - > ' d , P ‘ j ) - +

2 yd-'^a , S á ( ^ d - > ' a , P ‘d ) 5 § ( V ' ' c , P n
+ - 5 á ( - V p i ) 5 b ( c ’ p ¿ )

3 l ' b -  >'d
+ +

4 y c - y a  , - - 5 S ’ ' ' f - * c - - Í P é - P á > J P )

5
0 + ^ M p ¿ ) S b ‘‘ ( ’‘d . p ¿ )

6 ' ' T ' " '  ' ' d -  >'a S ^ ( P Í ) 5 a ‘' ( ' ' d - V a . P á ) 0 - S ' ( P ¿ ) S a “ ( - ’ ‘d - P á )

7 S ‘' ( P á ) 3 b ' ( ' ' b - ' ' c - P c M + 0 S ‘' ( P ¿ ) S b M * c . P i )

8 S ‘' ( P á ) S a M > ' c - > ' a > P i ) - o 5 “ ( P á ) S o M - ’l : ' P é )

9 ;  ' / a « ' / c « ' > d r ’ ' ‘ ( l ' ' d - > ' c l , P é , P i , J > ) 0 o

1 0

11

y «  y « y « y
a c d D

Va <<

o

0

0

0

* As a function of the variables x^.¿=(xl + and 0j.jj=tan*‘ { x jx ¿ ) ,  scales even at
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1 a

Fig. 7. Phase space for the inclusive process a + b -► c + d + X at a large valué ot Y. The numbers 
denote regions with different limiting properties according to table 1. (a) In the rapidities 
O c^d) regions 5 to 9 is the correlation length. (b) In The plañe.
When K ->■ “  regions 9 to 11 become the point = 0.

The integral

/ p I Í  ^yc ^yd^^Pc  d^Pd (^4)

equals <n^n^) if  particles c and d are o f different type, or <«^,(«,,-1 )> if  they are o f the 
same type.

Since the main contribution to  that integral comes from  regions 10 and 11, the 
mean square deviation of m ultiplicity grows linearly with log x, i.e.

^  O (In .s). (55)

In the model described in sect. 2 the spectrum  for a + b tt + tt + X is given by

+ (1 ^ 2 ) , (56)

when none o f the pions is em itted at the end positions on the MP chain. This func- 
tion has the hm iting properties described in table 1.

6. IMPROVEMENTS TO THE MODEL

Two major approxim ations were done in sect .2
(a) Ignoring transverse m om enta.
(b) Neglecting the contribution of the particles em itted at bo th  ends o f the MP 

chain to  the inclusive spectrum .
These approxim ations lead to  expressions where the total and inclusive cross sec-



tions are directly given by the solution of the integral eq. (24) w ith no further integra- 
tions, making it possible to  perform  a fit w ith a Computer in a reasonable time.

Approxim ation (b) does not affect in general the central part o f the spectrum  and 
should be very good for the whole p + p ^  tt" + X spectrum , fitted  in sect.3 *.

In this section we improve the model introducing the dependence on transverso 
m om enta and the repidities o f the end particles.

Eq. (16) shows that an am plitude that factorizes as a function o f the invariant mo- 
m entum  transfer t¡ yields a factorized dependence on the exchanged transverse m o­
m enta Pj , though no t on the p f .  We thus com plete the kernel in eq. (17) as

r  "■^^‘? ''^e-'3^a/(í,)/:„ ,(Z -T ?,-T ?,_ i+2f7„) (57)

where cj¡ is no t fixed at an average valué bu t depends on p f  = — q¡.
The n-particle production cross section is given by
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where

(58)

(59)

n+\ n+\
X 5 ( F - A -  T j Z ¡ )  n {áZ¡á^qi ),  

i=\ (=1

f{q)  = b t ~ ^ ‘f /tt, T?, =f/, + l n - ^ ,  

n
A = €a+eb+T?o+2Z) T?,+ r? „ + i-2 (n  + l)f?„ ,

/=!
w ith e,-given eq. (11).

AU the expressions of sect.2, w ith g }  = j  G j (e i ,q ) f (q )  d^q,  can be obtained inte- 
grating over all d^q¡ and setting e¡ ~  e¡, ~  f[¡. In this section we follow the same 
recipe except for the observed m om entum  p ,̂ for which we use the actual valué rjy.

The cross section for a + b ^  tt + X when the pión is no t em itted  at end position 
of the MP chain is thus given by ^gg)

I s ; ;  Gi f ' IPÍ).
where is the longitudinal mass of the observed pión and

= / ( 6 1 )

which gives b ~  2¡ ( p^).
The inclusive spectrum as a function o f x  and p^ and the scaUng function are ob­

tained from  (60) w ith no further approxim ations. An interesting result is tha t the

* If one is interested in the p+p -> 7r*+X spectrum baryon exchange cannot be neglected and 
thus there is some contribution from n* emitted at end positions of the MP chain. See ref. [14].
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(6 2 )

scaling function factorizes as

with / " ( x )  gjven eq. (34).
A nother prediction o f eq. (60) is that the scaling lim it, at fixed pj^,is approached 

faster for smaller valúes o f p j .
We finally consider the spectrum  of a particle em itted at an end position in the 

MP chain, as depicted in fig. 8a. In sect.2 we integrated over dj'Q and dj'„+ j making 
use of the 6 functions of conservation of energy and longitudinal m om entum , and 
argued th a t, in the MP región, j 'o O '^+ i) depends mainly on y.^(y^),  being quite inde- 
pendent o f the m om enta of the other particles.

Similarly, here we integrate over d_ŷ  and d;^„+j and argüe that, in the MP región, 
y„+-[ depends mainly o n j^ , and>^[ ony.^ and Vq through the relation

J  J C  • ■ =  c  -------U J Q  c (63)

We then integrate over the m om enta of the other particles and sum over n,  obtain-
mg

da.ab = ^ ° G l ( y Q - y ^ , p ^ ) f ( P o ) K ( y ^ - y Q - V o ) g ^ A ( y ^ - y ^ - A ^ , ) G l .

<iyo<i^Po
(64)

2 2 2A nother pair o f variables com m only used are f = (p ^ -P o ) an d M  =(p ^+p ^ - P q) . 
The triple Regge (TR) limit is defined as t fixed, °°, s¡M^ °° and gives

. M -  -  .
In-------- , y i - y ^ ~ \ n

In this lim it expression (64) tends to

(65)

/b

Fig. 8. (a) The cross section a+b ^  c + X when particle c is emitted at the first position in the MP 
Chain, (b) The same diagram in the triple Regge limit, in the MP model.
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7T 1

(66)

"O

where the residues are norm alized by

(67)

The TR coupling param eter defined by

(68)

is given in the model by

e2tl<pl> / S o \  « , ( 0 )+ l - 2 a , ( í )
Vrji i t )  -  ^r, i i  2\T ' ( ~ 2 ) ’

<P i>2«p  ^ ^ 2 /  

w ithí2,_,, = 2 ( E  C , j g J ^ \

In the fit o f  sect.3 we made use o f two input poles (P and M) and two o u tpu t poles 
(P and R). Therefore there are four TR vertices, namely

^^,PP~® -® 26, S2ĵ  p p ^ 0 .2 0 ,  Í2p = 4 .3 8 ,

^R,M M =14.0. (70)

Both Tjp pp and i?j^j>p turnad out to  be small in accordance w ith theoretical predic- 
tions [12]. The fact tha t the firgures in eq.(70), when used in eq.(69), are consistent 
w ith evaluations o f r/ppp in the TR  lim it [13] is encouraging since they were obtained 
from a fit o f  the p+ p  -»■ tt+X spectrum  in which there is no contributions from  any 
of those vertices, in the TR hm it.

7. CONCLUSIONS

The MP model was shown to  be consistent w ith the shape o f the longitudinal in­
clusive pión spectrum  in pp collision at around 30 GeV. The extrapolation o f the



model w ith the inclusión of Mesón and Pomeron exchanges to  ISR energies shows 
the appearance of a dip in the x variable which asym ptotically develops in to  an in- 
verted cusp o f the form  A  + B \ / \ x \ .  In the rapidity variable a central platean is shown 
to develop quite slowly. These features are discovered in other versions of the MP 
model and the im portance of the cusp is shown to depend on the coupling between 
different input channels. They are also consistent w ith Mueller’s analysis w ith  the 
inclusión o f Regge secondaries.

It was also shown that the MP model predicts scaling behavior for certain parti- 
ally inclusive processes when the spectra are properly norm ahzed.

The predictions of the MP model for the hm iting properties o f the two-particle 
inclusive spectrum  were also discussed. In particular it was shown that the spectrum  
has scaling behavior if  one exeludes the point = X2 ~ 0.

The au thor wants to  express his gratitude to  A lberto Pignotti for his help and 
guidance, and to  the colleagues o f the Laboratorio del Sincrociclotrón, Comisión 
Nacional de Energía A tóm ica, for encouragem ent and help.
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