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The solutions of the Schrodinger eauation for a particle in a given 

potential, provide us with complete sets of functions. Arong the one-dimensiona1 

problems most commonly dealt with in the courses on Quantum Mechanics the 

simplest is certainly the harmonic oscillator, which has a discrete spectrum 

of equidistant levels, and whose eigenfunctions are related to the well 

known Hermite polynomials.

The problem presented here, of a particle in the potential V (x) = F jx| 

provides another exanple which could well be included in any elementary course.

Since the corresponding classical irotion is bounded, the energy spectrum 
C1'l o')is discrete J 1 . The eigenfunctions can all be generated from a single 

funetion, the Air/ function. From the orthogonality and completeness relations 

we stablish some pi'operties of the Airy functions which, to the best of our 

knowledge, had not been previously noted in the literature.

The Schrodinger equation can be written

~ ~  (E - F |x| ) rp = 0  (1)
c: 2 'h

f a 1/3
Introducing the characteristic lenght x = ( — 1—  ) ,

0 2mF
we can use the dimensionless variables

5 = —  £_ = —  (2)
x Fxo o

and write Eq(1) for 5 > 0, in the form

- ( % - ip = 0 (3)



The solution of (3) which is regular for £ -> « is the Airy function^ 

Ai (£) ivhich has the integral representation

Ai (£) = f° eos ( — - t3 + £t ) dt (4)
n o  3

and the asyiriptotic behaviour for E, -»■ »

Ai (5) = J _  B' 1/ 2 5 ‘ 1/ 4 e"z l (_)K c z~k (5)
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and
c0 - i  , c ,■ -L - I.»-» m —  (6)

K 54* k! r (k+1/2)

The general form o£ Ai (£) is given in Fig. 1

Insert Fig. 1 here

To determine the energy eigenvalues, we notice that since the notential 

ls even, the eigenfunctions rust be either even or odd J . we can obtam 

them by choosing such that the point £ = o coincides with either a 

zero o£ the derivative of the Airy function or with a zero of the Airy 

function itself.

For < o, the differential equation is

— -  - ( - 5 - 5. ) 1> = 0 (7)
d £ 2  0

To obtain a solution valid in the whole interval (- 00 ) we sirnply 

continué the portion of the Airy function which we had for K > o, with the 

condition that the whole function be even or odd, respectively.



Ai (£ - Cn) , C > o

4 (5) = N rn n \
C-)n Ai (- K ~ cn ) <  o

where N is a normalization constant and £ are altematively roots n n
°f A'i (- O  and o£ Ai (- 5). The first few valúes of are given 

Table

In this form we see that be eigenfunctions are given by
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1 1.01879

2 2.33811

3 3.24820

4 4.087S5

5 4.82019

6 5.52056

7 6.16331

8 6.78671

T A B L E 1 
Ai(- 5n)

0.53566

0

- 0.41QC2

0

0.38041

0

- 0.35791

0

Ai(- y

0

+ 0.70121 

0

- 0.80311

0

0.86520

0

- 0.91085



The energy eigenvalues are given by

E = Fx • 5 n o n

For n + o° we can use the asymptotic form for the zeros, i.e.

?2p = g (3JI (p - 3/3) )

’2p + 1 f (3n (p - 3/8) )

where the first few terms for f(x) and g(x) are given b y ^

f (x) = x2/3

g (x) = x2/3

1 . 5  -2 1 + ---x
48 36

48 288

(S)

( 1 0 )

( 11)

The normalization constant can be determined be impossing the condition

( 1 2 )

which gives us

/ dC ipn U) 2 = 1

2N2 / dC Ai2 (O = 1
- en

(13)

Th© integral appearing in the normalization condition can be 

easily done by partial integration and use of the differential equation 

for the Airy function. It follows then that

/ de Ai2 (?) = K Ai2 (O - AÍ2 (O 

and therefore

N„= { 2 Ai2 (“ 5 ) + Ai2 C“ Sn) }
1 / 2

(14)

(15)



or equivalently

N, = ---- 1—  -----L
2p
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* 2 e ^  2̂r?¿ ^2p p

and

N-, = —  2p+1
/“2 A ’ i  ( -  ?2p+1^

The complete set of functions thus defined must satisfy the orthogonality 

and completeness relations
00

/ di *n C5) *n, (tí - sm ,

1 ^n ^n = 6 - £')n

whicv unply the following relations for the Airy function

1 + ( - ) n + n
00

/ de Ai U  - O  Ai U  - = —’n' ’n 1' M nn*
n n

and

Z N* Ai U  - 5n) Ai (?' - e ) = 6 (5 - 5’) 
n

Having obtained the eigenfunctions and eigenvalues it is instructive 

to consider soné physical questions connected with the problem at hand.

One such question is to determine which portion of the total energy 

En comes from the potential energy. We recall that in the harmonio oscillator 

the energy is equally divided between kinetic and potential energy.

For the potential energy in an stationary state we have

v < Vn > = F xQ / de 5 | <p (O [2
00

= . . Nj f  dz (c + Kn ) Ai2 (O



To evalúate this integral we need the folloxving integral of the Airy 

function

/ d Ai2 (O • £ = —  { £2 Ai2 (O - £Ai'2 (5) + Ai (O + Ai’ (O } (20)
* 3

üsing (14) and (19) we obtain

<V >n ‘ Y  F *o Ai2 <- 5n) * «I! Ai'2 (- Cn) }

--2- D
3 n

We thus see that in this problen the energy of the stationary states 

is r.ade up of two thirds of potential energy and one third of kinetic energy.

The next question we want to consider is the mean square deviation of 

the coordinate since this gives us information on the spatial distribution 

of the probability. We have
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< x2 > = x2 f* d? • £2 | (O |2

2x2 N2 f° de (? + 5n)2 Ai2 (O 
"^n

( 22)

Using now the result

/ 5 2 Ai2 (5) d£ = —  { K 3 Ai2 (?) - £2 Ai,2(g)+ 2?Ai(OAi1 (O - Ai2 (O } (23)
5

we get
o , 1 Ai2 (- o, <x2 > = x2 | _8_ + J _   n--------  J

° 15 n 5 ?n Ai2 (- £n) + Ai' (- ?n) 

or explicitly for even and odd n

1 <x2 >2p ” x0 f 4: 4p + ¡ 7 —  ) C24- a)
2p

and
-2 A

15
<x2 >0 - = x — —  i2 (24.b)2p+1 o 1r 2p+1
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For the uncertainty in the ground state we have

2Ax2 = — —  
55o

xo

It is Ínteresting to look at the uncertainty product AxAp for the 

ground state. Using the fact that the mean kinetic energy satisfies, accordin 

to (21)s
n

we get for the ground state

, 2 1 „ £
x¿

Ap = -L- 5() (27)
co

and therefore

Ax2 Ap2 = ^  + 1) = 1.0186 • (28)
4 15 3 ° 4

Ax Ap = 1.0093 —

which shows that for the exact ground state wave function, although it is 

not a minimun wave packet, the uncertainty product AxAp exceeds the mínimum 

valué only slightly.

If we were to make a variational approximation for the ground state, 

taking as a trial function the normalized Gaussian

* (x) = ( -2- )1/4e- “x2/2 (29)

we get for the mean valué of the energy 

, < H > = < T > + < V >

F xq { a X2 + (Ha )' 1/2 xo‘1 } (30)



The best choise for a is then

_ * - 1/3 -2a = n xo

and the approximate ground state energy

E' = — 1/3 F x = 1.29 F x 
o (4 n) ° 0

The mean valué of the potential energy satisfies, according to (30)

, < V > = —  E'
3 0

that is. we have the same ratio of potential to kinetic energy as in the 

exact ground state.
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