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W h e n  a type-1 supe rconduc to r  with a surface nucleation t'ield Hc}( T)  >  HC( T )  ( the rm o-  

dynam ic  critical tield) is thermally  cycled in an axially applied magnetic  f'ield H 0 be lween the 
tem p era tu re s  T ( H ci ) and abou t  T ( H C), exp e r im en ts  show that the m agnetiza tion  changes re- 
versibly. T h e  latter is diam agnetic  near T ( H c}) bu t  can be paramagnetic  just above T ( H C).

T his behav ior  is explained by assum ing that  the fluxoid q u a n tu m  n u m b e r  b is fixed at the tran- 
sition from the no rm al  to the superconduc ting  state and retained at lower tem pera tu res .  The  
valué o f  b is d e te rm in ed  alm ost  entirely by the flux at the transi tion which is enclosed by a con- 
tour  located at  a distance f /1 .7  from the surface inside the cylinder ( f  is the coherence  length). 
T he  tem pera tu re  variation o f  the o rder  paranieter  / a t  the surface o f  the cylinder, the m agne t i ­
za tion m,  and  the tem p era tu re  at which m  = 0  for /  ^  0 are calculated for R »  Conserva-  
tion of the fluxoid q u a n tu m  n u m b er ,  while T  is var ied causes the two opposing surface currents  
to becom e imbalanced. This  is the source o f  the obse rved  para- and d iam agnetism .

I. INTRODUCTION

In a p re v io u s  p u b l ic a t io n 1 we h a v e  sh o w n  th a t  the  
m a g n e t iz a t io n  o f  the  su p e r c o n d u c t in g  su r fa ce  sh e a th  
o f  ty p e -11 a n d  type-I s u p e r c o n d u c to r s  is re v ers ib le ,  in 
a g r e e m e n t  w i th  th eo re t ica l  p re d ic t io n s .2 T h is  ag ree -  
m e n t  is f o u n d  w h e n  th e  p e r s i s t e n t  c u r r e n t s  a r o u n d  
th e  sa m p le  c i r c u m f e r e n c e  a re  q u e n c h e d  by p la t ing  a 
s tr ip  o f  c h r o m e  parallel  to th e  ax is  o f  th e  cy linder  on  
its su r face .  T h e  m ag n e t ic  field H 0 was app lied  p a ra l ­
lel to the  c y linde r  axis. S u r fa ce  su p e rc o n d u c t iv i ty  is 
partially  o r  tota lly  su p p re s s e d  in th e  p la ted  reg ión ,  
an d  a singly c o n n e c te d  su r fa ce  su p e rc o n d u c t in g  
d o m a i n  is o b ta in e d  for  t e m p e r a t u r e s  b e tw e e n  th e  sur-  
face crit ical t e m p e ra tu r e  T 3 = T ( H c}) a n d  th a t  o f  the  
bu lk ,  T ( H C),  fo r  type-I  s u p e rc o n d u c to r s .

If  no  p la t ing  is p e r fo r m e d ,  the  su r fa ce  th a t  is p a ra l ­
lel to th e  e x te r n a l  field H 0 will fo rm  a m ult ip ly  c o n ­
n e c ted  s u p e r c o n d u c t in g  región.  S ince  th e  su r face  
s h e a th  c an  s u s ta in  f inite  su p e r c o n d u c t in g  c u r re n t s  it 
is poss ib le  th a t  the  c u r re n t s  a re  o f  s u c h  v a lú e s  tha t  
the  n u m b e r  o f  f luxo ids  e n c lo se d  in th e  s a m p le  is 
c o n se rv e d .  I f  th a t  is th e  case ,  th e  sa m p le  is n o t  in 
th e  lo w es t -en e rg y  s ta te  b u t  in a n  ex c i ted  s ta te  charac-  
te r ized  by th e  n u m b e r  o f  f lu x o id s  b.

O n e  o b v io u s  way o f  in d u c in g  s u p e r c o n d u c t in g  sur-  
face  c u r re n t s  is by ch an g in g  th e  e x te r n a l  m ag n e t ic  
field. T h is  c h a n g e  is r e sp o n s ib le  fo r  the  a b so lu te  
v a lu é  a n d  d i rec t io n  o f  th e  in d u c e d  c u r re n t .  I f  the  
f lu x o id  c o n se rv a t io n  preva i ls  o v e r  the  lo w es t-en e rg y

c o n d i t io n ,  the  sa m p le  will r e m a in  in a g ian t  v o r tex  
s ta te .  T h is  s ta te  is th e rm o d y n a m ic a l ly  m e ta s ta b le  un-  
til a critical c u r r e n t  is r e ach ed .  A t  th is  c u r r e n t  level 
an  i r reve rs ib le  t ran s i t io n  will t ak e  place,  the  n u m b e r  
o f  f lu x o id s  will c h an g e  a n d  the  s ta te  o f  th e  sam p le  
will n o t  be  ch a ra c te r iz ed  by the  sa m e  q u a n tu m  
n u m b e r  b. T h is  i r reve rs ib le  b e h a v io r  h a s  b e e n  o b ­
se rv e d  e x p e r im e n ta l l y 3 4 a n d  e x p la in ed  th eo re t ic a l ly 5 6 
using  the  G in z b u r g - L a n d a u  e q u a t io n s  a n d  im p o s in g  
f luxo id  c o n se rv a t io n .

In o u r  e x p e r im e n t s  an  e x te rn a l  m ag n e t ic  field was 
applied  paralle l  to the  axis  o f  a cylindrical sam ple .
T h e  field was kep t  c o n s t a n t  a n d  the  t e m p e ra tu r e  was 
sw ep t  t h r o u g h  th e  su p e rc o n d u c t in g  t ran s i t io n  t e m ­
pe ra tu re .  A l th o u g h  the  c o n d i t io n  o f  f luxo id  c o n s e r ­
va t io n  is still valid it is n o t  o b v io u s  ho w  flux  c o n s e r ­
v a t io n  can  d e te r m in e  th e  m a g n e t ic  b e h a v io r  o f  the  
su r fa ce  sh e a th  w h e n  th e  t e m p e ra tu r e  is the  only 
e x te rn a l  var iab le .  T h e  e x p e r im e n ta l  re su l ts  sh o w  th a t  
the  m ag n e t ic  f lux  in th e  sa m p le  c h a n g e s  with t e m ­
p e ra tu re  a n d ,  w h a t  is su rp r i s in g ,  th e  v a r ia t io n  o f  flux 
c h a n g e s  revers ib ly  f ro m  a n eg a t iv e  (d iam ag n e t ic )  to a 
posi t ive  (p a ra m ag n e t ic )  v a lu é  w h e n  th e rm al ly  cycled 
b e tw e e n  T } a n d  T ( H C).  W e  be lieve  th a t  this 
b e h av io r  is a c o n s e q u e n c e  o f  f luxo id  co n se rv a t io n .  
T h e  fo l lowing th eo re t ica l  ana lys is ,  ba sed  o n  the  
G in z b u r g -L a n d a u  e q u a t io n s ,  sh o w s  th a t  the  m ain  
f e a tu re s  o f  th e  e x p e r im e n ta l  re su l ts ,  p re s e n te d  in Sec. 
IV, can  be ex p la in ed  by the  t e m p e r a t u r e  d e p e n d e n c e  
o f  the  g ian t  v o r tex  state .
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II. THEORY

S u p e r c o n d u c to r s  w ith  G i n z b u r g - L a n d a u  k  v a lú e s  
la rge r  t h a n  0 .417  h a v e  a su r fa c e  s h e a th  in large m ag-  
ne t ic  f ields. T h is  s h e a th  ex is ts  fo r  type-I s u p e r c o n ­
d u c to r s  fo r  f ie lds  b e tw e e n  H c a n d  H ci . T h e  ins ide  o f  
a c y l in d e r ,  w h o s e  ra d iu s  R  is m u c h  larger t h a n  the  
c o h e r e n c e  len g th  is t h e n  in th e  "n o rm al"  State. 
T h e  s u r r o u n d i n g  su p e r c o n d u c t in g  layer is a s s u m e d  to 
h a v e  a n  o r d e r  p a r a m e te r

( 1)

w hich  is s ingle  v a lu e d .  T h e  v a lu é  o f  b is th e r e f o r e  an 
in te g e r  a n d  is a m e a s u r e  o f  th e  f lu x o id  q u a n tu m  State 
o f  th e  g ian t  v o r t e x .5-6

O u r  e x p la n a t io n  is b a se d  o n  th e  a s s u m p t io n  th a t  
th e  g ian t  v o r t e x  se t t le s  in to  a f ixed  q u a n t u m  State as 
it is c o o le d  th r o u g h  H ci in a c o n s t a n t  app lied  field, 
an d  th a t  th is  q u a n t u m  State is r e ta in e d  o v e r  a large 
t e m p e r a t u r e  ra n g e ,  n a m e ly ,  f ro m  T-¡ to a b o u t  T ( H C). 
A s  long  as  th e  s a m e  f lu x o id  q u a n t u m  s ta te  is m a in -  
ta in e d ,  t h e  m a g n e t iz a t io n  c h a n g e s  rev ers ib ly  with 
t e m p e ra tu r e .  N e a r  o r  a t  H c t h e  q u a n tu m  n u m b e r  b 
c h a n g e s  a b ru p t ly ,  t h e re b y  ex pel l ing  a ve ry  large 
a m o u n t  o f  f lux  f ro m  th e  sa m p le ,  a s  th e  s p e c im e n  
m a k e s  a f i r s t -o rd e r  t r a n s i t io n  to th e  M e i s s n e r  s ta te .

W ith  th e  d e f in i t io n s

F ( r )  =  l ' J ' l / l ' I '

a n d

Q - í — A +  V<t> 
c H

w h e re  l ^ l  is th e  z e ro -m a g n e t ic - f ie ld  o r d e r  p a r a m e ­
ter ,  A is th e  v e c to r  p o ten t ia l ,  a n d  V<t> is th e  g ra d ie n t  
o f  th e  p h a se  o f  th e  o r d e r  p a r a m e te r ,  th e  G in z b u rg -  
L a n d a u  ( G L )  e q u a t io n s  a re

£ 2V 2F  =  ( F 2 + Q 2 — \ ) F  , (2 )

\ 2V  x  V  x  Q =  - Q F 2 =  —  2 n ^ x2 j ( 3 )
C 00

X is th e  G L  p e n e t r a t i o n  d e p th  a n d  k  =  k / ¿ ¡ .  A s s u m -  
ing th a t  th e  9 c o m p o n e n t  o f  th e  v e c to r  p o ten t ia l  in 
c o n v e n t io n a l  u n i ts  is

/ V + / / c— <P(r)
r

(4)

w h e re  th e  f u n c t io n  <p(r) is to be  d e te r m i n e d  be low , it 
fo l low s th a t  ( Q  =  Q b)\

Q ( r ) = ¿ -
0 o

- b  +
&4>(r)

0 o
(5)

H e re  we h a v e  4>a ( r ) =T r r 2H 0 t h e  app lied  f lux  o v e r  
a n  a rea  o f  r a d iu s  r a n d  \<f>(r) =  7r R 2H cip(r)  t h e  ex- 
cess  f lux  o v e r  th e  s a m e  area .  F r o m

V  x A = H ( / i - l  is a s s u m e d )  o n e  o b ta in s  fo r  th e  z 
c o m p o n e n t  o f  th e  local m a g n e t ic  field

H ( r ) = H 0 + H c
R 2 d V  
2 r dr

( 6)

T h e n  the  c h a n g e  o f  f lux  th r o u g h  th e  c y l in d e r  o f  r a ­
d iu s  R  b e c o m e s  

r R
A<t> =  2 n  ( H  — H¡¡)r dr  =  ttR 2H c<p{R ) , (7) 

*/0

while  the  tota l  app lied  f lux  to th e  cy l in d e r  is 
<{>a =  7t R 2H 0.

E q u a t io n s  (2) a n d  (3 ) ,  w h e n  w r i t te n  in cy lindrica l  
c o o rd in a te s  ( r, 9 , z ) ,  c an  be  r e a r r a n g e d  w i th  th e  h e lp  
o f  Eqs. (5)  a n d  (6).  O n e  o b ta in s  w ith  th e  d e f in i t io n s  

h =  H ( r ) / H c a n d  h 0 =  H J H C
2

1
( h 2 - h ¿ )  = ~ ( r 2Q 2F 2) - i 2—

dr dr

— r 2( l  — F 2)

dr
d F
dr

d F 2 
dr

(8 )

In teg ra t in g  b e tw e e n  r = 0  a n d  r = R,  w i th  t h e  b o u n -  
dary  c o n d i t io n s

dF
dr

H ( R )  =  H 0,

=  0, F ( 0 )  = 0 ,  ( rQ F ) r^ =  0 ,

d F
dr

=  0

us in g  Eq. (7) a n d  d e f in i t io n s  F { R )  =  / ,  Q ( R )  = q ,  

( 0 a / 0 O ~  b) ¿; / R

an d

( A 0 / 0 o) £ / f l  = N £ / R  = m  ,

[ N  is th e  n u m b e r  o f  p os i t ive  o r  n e g a t iv e  f lux  q u a n ta  
in e x ce ss  o f  th e  n u m b e r  o f  th e  a p p lied  f lux  q u a n ta  
0 a / 0 o (w ith in  ± 7 )] o n e  o b ta in s

J T  (X ^ - h o ) 2r d r - J o F*r dr]

+  _| r / o  f 2 r dr + 2 i/2^ - h 0m  

+ f 2[ ( B  + m ) 2 + j / 2 -  1] = 0  . (9)

T h e  firs t  two t e r m s  o f  Eq. (9) a re  o n e - h a l f  o f  the  
n o rm a l iz e d  G ib b s  f r e e -e n e rg y  d i f f e re n c e  p e r  un i t  
v o lu m e  b e tw e e n  th e  n o r m a l  s ta te  a n d  th e  g ia n t  v o r ­
tex  s ta te  [Eq. (3)  o f  Ref.  6], t h a t  is,

\ ( G s - G N) l { H 2 V I Í T T ) ^ \ g  ,

w h e re  V  is th e  v o lu m e .
Since  in th e  e x p e r im e n t s  R  »  i  a n d  F ( r )  is 

essen t ia l ly  n o n z e r o  only  n e a r  th e  s u r f a c e  w h e re
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r — R,  the  th ird  te rm  in Eq. (9) is re la ted  to the  
th ic k n e ss  o f  th e  su rface  s h e a th

A - i y  r v ,
R f 2 J o

dr

( 11)

T h e r e f o r e  Eq. (9) b e c o m e s

j s + 2  U2~ h 0m  + . f 1[{B  + m )2 + l / 2 _ i ]

+  — f 2 = 0  .
R

C o n s id e r  th e  f ree -e n e rg y  d i f fe re n c e  g  w h e n  

R »  t  W e  m ay d e f in e  F*r dr = f * R  /}A, w h e re  
is o f  o rd e r  unity .  F u r t h e r m o r e ,  the  first  in tegral  in 

Eq. (9)  is a lways larger  th a n  o r  eq u a l  to zero .  W ith  
the  he lp  o f  Eqs. (3) a n d  (6 ) th is  in tegral  is cas t  in to  
the  fo rm  below  a n d ,  as sh o w n  in the  A p p e n d ix ,  it 
can  be n eg lec ted  c o m p a r e d  to th e  se c o n d  te rm  o f  Eq. 
(9) .  H e n e e  ( j  = y 's)

i _ i 4 tr r R
2 8  2 H C c -'o

/ dr - f i —  f  4 
R

( 12)

Fo r  T <  Tc3 we ex p ec t  th a t  g  <  0 in g e n e ra l ,  ex cep t  
fo r  poss ib le  " su p erh ea t in g "  e f fe e ts  w h e n  it co u ld  be- 
c o m e  slightly positive .  S ince  th e  firs t  te rm  in Eq.
( 12 ) is a lw ays posi t ive  the  m o s t  n eg a t iv e  v a lu é  o f  g  is 
—2 / 3 /  4A /ft .  T h e r e f o r e ,  th e  o r d e r  o f  m a g n i tu d e  o f  
|i?| is (A / / ? ) / 4 or  sm alle r .

W e  a re  c o n c e r n e d  with  m a te r ia ls  w h o s e  k v a lú es  
a re  o f  o r d e r  un i ty  an d  c y lin d e rs  w h o s e  radii  a re  such  
th a t  M R  a re  o f  o rd e r  10 ~4 fo r  T  <  Tc. S ince  all the  
t e r m s  in Eq. (1 1 ) ,  sepa ra te ly ,  a re  o f  th is  o rd e r  o f  
m a g n i tu d e  e x c e p t  the  t e r m s  ( B  + m ) 2, / 2, a n d  unity  
in the  b rack e t ,  the  s u m  o f  all th e se  t e rm s  in the  
b ra ck e t  m u s t  also be o f  o rd e r  A / R  o r  sm alle r .  W e,  
th e r e f o r e ,  w ri te  fo r  the  b ra ck e t  [Q ( R  ) =  B  + m  =  q]

12 + ~ f 2 -  1 = - — E  
2 R

(13)

w h e re  E  is s o m e  fu n c t io n  o f  f 2 a n d  m , w h ich  m u s t  
be  o f  o r d e r  un i ty  o r  sm a lle r ,  a n d  w hich  will be es-  
t im a te d  below. D e f in in g  t = T / T c, t3 =  T ¡ / T c a n d

( t } -  t)
A I =

(1 - f 3)

th e  n o rm a l iz e d  G ib b s  f ree -en erg y  d i f fe re n ce ,  Eq. 
( 1 1 ) ,  is

su rface  o f  the  cylinder.  
fo l lows that:

F r o m  Eqs. (5) a n d  (13) it

(10)
« - 4 ^ - b + N 1 - 1 f 2 — —  £R <t> 0 2' R

1/2

(15)

A t  Ar = 0  the  b o u n d a ry  c o n d i t io n s  f 2 = 0  a n d  N  =  0 
sh o u ld  apply. T h u s  th e  fo l lowing re la t ion  holds:

1/2

(16)
f j

Qi R
^ - b
00

1 F
l ~ T E¡

w h e re  in o u r  case A3E }/ R  «  1 . T h u s  the  su p e r f lu id  
velocity  q¡  a t the  t ran s i t io n  m u s t  be finite  (q¡  — 1) 
an d  th e re fo re  <t>a/<t>0 can  n e v e r  be eq u a l  to the  va lu é  
o f  b. T h is  c o n c lu s ió n  is c o n s i s t e n t  w ith  th e  calcula- 
t ions  o f  S a in t - J a m e s 7 w h o  ca lcu la ted  th e  p h a se  b o u n ­
dary  b e tw e e n  th e  n o rm a l  a n d  su p e rc o n d u c t in g  s ta te s  
fo r  a sm all  solid cy linder  fo r  v a r io u s  q u a n t u m  s ta te s  
b. In his f igure  the  vertical  axis  is (R  / £ ) 2 <r (1 -  1 ) 
an d  the  h o r iz o n ta l  axis  can  be labe led  as 2</>„/</>0. A t 
the  ph ase  b o u n d a ry  ( f 3),  th a t  is, a t th e  largest m ag-  
ne tic  field at a f ixed  t e m p e ra tu r e ,  the  va lu é  o f  </>a/</>o 
is a lways larger th a n  b a n d  o b ey s  a p p ro x im a te ly  the  
re la t ion  <t>a/<t>o — b — R  / f 3 for  the  larger v a lú e s  o f  b.
It sh o u ld  also be n o ted  th a t  th is  p h a se  b o u n d a ry  is 
e ssen tia l ly  th a t  m e a s u r e d  by Litt le  a n d  P a rk s 8’9 (o n  a 
ho l low  a lu m i n u m  c y l in d e r) ,  by M ichae l  an d  
M c L a c h la n 10 o n  in d iu m  cy linders ,  an d  by S h a b lo  a n d  
D m i t r e n k o 11 o n  in d iu m  a n d  in d iu m  alloy cylinders .

W e a s s u m e  th a t  the  va lu é  o f  b is locked-in  as  the  
sp e c im e n  is coo led  t h r o u g h  the  tran s i t io n  in a con-  
s t a n t  m ag n e t ic  field, a n d  th a t  th is  v a lu é  o f  b is re- 
ta in ed  at lower t e m p e ra tu re s .  T h e  q u a n t i ty  w hich  is 
m e a s u r e d  in o u r  e x p e r im e n t s  is N  w hich  can  be 
readily  o b ta in e d  f rom  Eq. (15) with b o u n d a ry  condi-  
t ion  Eq. (16).

N  = —

N  =  -

<t>a 1 R
+ J q

(17a)

(1 +  Ai)

A3
—  E  3 
R  3

1  í 2 - ~ E
2 R

1/2

1/2

(17b)

1 N ( t )rrg  =  — a -
R  (1 + A t ) 2

(2 - £ ) A  ,2
R

r u )

w h e re  a  = 6 . S k 2í 3/ R .  T h e  v a lu é  o f  ¿¡(t3) = £3 is a 
c o n s t a n t  a n d  t-¡ is d e f in e d  by th e  re la t ion

/ / 0 =  / / í3 =  1.7 ( 2 ' /2) k H c(0 ) ( \ - t i )  ,

or  /i0 =  1.7 ( 2 i/2) k / ( 1  +  A 1 ) n e a r  Tc.
C o n s id e r  no w  th e  "superf lu id  veloci ty" Q  a t  the

( 14) In o u r  case ,  t e rm s  o f  o rd e r  \ / R  « 1  can be safely
neg lec ted  in Eq. (17b) to first  a p p r o x im a t io n ,  a n d  if 
/ ( / )  w ere  k n o w n ,  Eq. (17b)  w o u ld  be the  des i red  
so lu t io n .  E q u a t io n  (17b)  sh o w s  th a t  N  m ay  be zero  
n o t  only  w h e n  /  = 0  at A t  = 0 ,  b u t  also w h e n  Ai >  0 
a n d  /  ^  0 , th a t  is, w h e n

/o2 =
2 A í0 

1 + A r , (18)
o
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W h e t h e r  su c h  a "c ross -over"  p o in t  o f  N  ex is ts  will 
d e p e n d  o n  th e  t e m p e r a t u r e  d e p e n d e n c e  o f / w h e n  H 0 
a n d  b a re  c o n s ta n t .  Since  m u s t  be sm a l le r  or  
e q u a l  to u n i ty ,  Af0 m u s t  be  b r a c k e te d  by 0 =£ Aí0 ^  1.

It s h o u ld  be  n o te d  th a t  Eq. (17a)  can  be o b ta in e d  
a lso  f ro m  the  f lu x o id  q u a n t iz a t io n  re la t io n

b<j>o =  (<f>a +  A</>) H— — \ 2 
c f - y ( j ' d s )- 2  J (19)

w h e n  e v a lu a te d  a t  r =  R  a n d  use  o f  Eq. (3) is m ad e .  
A lso  q — 1 — y f 2 f ro m  Eq. (1 5 ) ,  im ply ing  th a t  a t  the  

t r a n s i t io n  b e tw e n  th e  n o rm a l  a n d  su p e rc o n d u c t in g  
s ta te s ,  t h e  su p e r f lu id  ve loc ity  re ac h es  a p p ro x im a te ly  
its m á x i m u m  va lué .  T h e  s u p e r c u r r e n t  d en s i ty ,  how - 
e v e r ,  a p p r o a c h e s  z e ro ,  b e c a u se  the  d en s i ty  o f  the  su-  
p e re le c t ro n s  a p p r o a c h e s  z e ro  [ F 2( r )  = 0 ],

S ince  th e  o b s e r v e d  m a g n e t iz a t io n  is re v e rs ib le ,  we 
b e l ieve  th a t  th e  q u a n t u m  n u m b e r  b is locked- in  an d  
u n iq u e ly  d e te r m i n e d  a t  the  t r a n s i t io n  w h e n  th e  t e m ­
p e ra tu re  is sw ep t  a t  c o n s t a n t  m a g n e t ic  field. W e,  
th e re fo re ,  h a v e  a s i tu a t io n  w h ich  is ak in  to th e  g ian t  
v o r te x  s t a te ,5 6 w h e re  the  m a g n e t iz a t io n  as a fu n c t io n  
o f  th e  app lied  field was o b ta in e d  at c o n s t a n t  tem p e ra -  
tu re .  T h e r e  it w as  s h o w n 5-6 t h a t  the  G ib b s  f ree  e n e r -  
gy h as  a m í n i m u m  at w hich  the  m a g n e t iz a t io n  be- 
c o m e s  zero  [ ( 9 G / 0 / / o) 7- =  —m] ,  A d a p t in g  th is  r e su l t  
to the  p r e s e n t  e x p e r i m e n t s  we m ay  w ri te  fo r  Eq. (12)

2

S ^ ~ 2 f i ~ f ^ g o  +  A '  “
A

H  o H 0 |

2 Jo

+ D m H 0
Ha Hcl 0

(2 0 )

w h e re  g  = # 0 is the  m ín i m u m  v a lu é  o f  the  energy  
w hich  o c cu rs  a t  H a =  / / c2( A /0) at w h ich  p o in t  N  
c h a n g e s  sign.  A a n d  D a r é  c o n s ta n t s .  N e a r  Tc the  
v a lu é  o f  H C2 c h a n g e s  l inearly  w ith  t e m p e ra tu r e  a n d ,  
t h e r e f o r e ,  H 0/ H ci =  1 .7 /(1  + A t ) .  I f  th e  m a g n e t i z a ­
t ion  in c re a se s  w i th  in f in i te  s lope  as th e  t e m p e r a t u r e  is 
low ered  t h r o u g h  t3, t h e n  th e  va lu é  o f  D  = 0 .  I f  the  
va lu é  o f  D  ^  0 t h e n  th e  m a g n e t iz a t io n  va r ies  l inearly 
w ith  t e m p e r a t u r e  n e a r  t¡. B o th  cases  a re  be ing  con-  
s id e red  here .

W e  sha ll  p ro c ee d  by d isc u ss in g  th e  first  case  
( D  = 0 ) in de ta i l  a n d  th e n  s ta t in g  the  r e su l ts  o f  the  
s e c o n d  case  ( D  9̂ 0 ). B o th  cases  lead  to s im ilar  
re su l ts .  S ince  g  in Eq. (20)  is n o rm a l iz e d  by H 2(t )  
t h e  m in im a  o f  g  a n d  G$ — G s  as a f u n c t io n  o f  t e m ­
p e ra tu re  do  n o t  co inc ide .  S ince  / =  0 at A t = 0  an d  
/  = / o  at A?0, o n e  o b ta in s  f ro m  Eq. (20)  w ith  Eq.
(1 8 ) ,

’ 4 _ ,4  (PA)o
/ 4 = / o 4-

(/3 A)
i

<¡1o 
1

2

A r „ ( l  +  A / )
(21)

O n e  w o u ld  e x p e c t  th a t  th e  ra tio  (/£¡A)0//8 A is only 
weakly  t e m p e r a t u r e  d e p e n d e n t  a n d  we se t  th is  ra tio

A t

F1G. Ha). Num ber of flux quanta N in excess of the 
number of "applied" flux quanta n R 2H 0/<t>0 ¡s shown as a 
function of temperature Ai =  ( / j —1 ) / (  1 — í j) ,  where l¡ is 
the normalized temperature at H 0 = Hc} and £3 =  f ( f 3). The 
curves are calculated from Eq. (22) and apply when H 0 is 
held constant and the temperature is varied. The curve with 
the cross-over temperature Ar0 =  0.187 is calculated using 
Eqs. (27) and (29) for k = 0 .5 4  and that with \ t 0 =0.268 
with Eqs. (21) and (25) for the same k valué. For the l'orm- 
er result D ^ 0  in Eq. (20) for the latter D = 0. (b) Order 
parameters at the surface of the cylinder, corresponding to 
the solutions of ,V(At) in Fig. l ía ) ,  are shown as a function 
of temperature Ai.

eq u a l  to  u n i ty  in w h a t  follows.
E q u a t io n  (21)  sh o w s  th a t  n e a r  A t  — 0 th e  v a lu é  o f  

f 2 v a r ie s  as ( A i ) 1/2 a n d  W b e h a v e s  s im ila r ly ,  a s  can  
be c h e c k e d  by su b s t i tu t in g  / i n t o  Eq. (22) .

O n e  th e n  f inds  to a h igh  d e g re e  o f  accu racy  the  
va lu é  o f  N  by su b s t i tu t in g  Eq. (21)  in to  Eq. (17b)  
a n d  neg lec t ing  the  t e rm s  AE / R  a n d  A3E ¡ / R  w hich  
are  cer ta in ly  very  sm all  a n d  o f  no  im p o r t a n c e  a t  th is  
poin t.  R e su l ts  o f  N  a n d  /  as a fu n c t io n  o f  A / a r e  
sh o w n  in Fig. 1. H o w e v e r ,  t h e  p a r a m e t e r  A t0 is still 
u n d e t e r m i n e d  a t  th is  p o in t  a n d  we sha ll  f in d  it f ro m  
th e  t e m p e ra tu r e  d e p e n d e n c e  o f  th e  f u n c t io n  E  n e a r  
Ai — 0 .

E  is c a lcu la ted  s e l f -co n s is te n t ly  f r o m  th e  e n e rg y ,  
th a t  is, f ro m  Eqs. (14)  a n d  (12)  w ith

N ^ / R  = [ ( 1  + A f ) ( l  - y / 2) ] l /2- l ( 2 2 )
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a n d  Eq. (21 ) .  T h is  leads to 

( 2 - £ ) A / 2 = /8 A / 4 - ( a « ) É3 N
R  (1 +  A i ) 2

(23)

A t  Ai = 0  we o b ta in  th e  v a lu é 2 o f  A¡  =  a n d  we find 
f ro m  Eq. (23) th a t  n e a r  A t  — 0  t h e  t e m p e ra tu r e  
d e p e n d e n c e  is

( 2 —£ ) A  =  C 0 +  C | ( A i ) 1/2

w h e re  C 0 is a c o n s t a n t  a n d  C ,  is a f u n c t io n  o f  Ai0. 
Since q 3 =  1 — A ¡ E }/ R  a n d  q ( A t )  is g iv en  by th e  f lu x ­
oid q u a n t iz a t io n  re la t io n ,  Eq. (1 7 a ) ,  w e  find  by 
m a tc h in g  t e rm s  o f  eq u a l  p o w e rs  o f  ( A i ) 0, ( A i ) l/2, 
( A i ) 1, etc .,  o f  Eq. (13)  n e a r  Ai — 0 th a t

£ , = 2 - 1 . 1 k2

an d

A í n = -
1 + 4 ( 2 /3  — 1 ) / 1 .7 k2 ■

(24)

(25)

T h e  v a lu é  o f  £3  s h o u ld  be  i n te r p r e te d  as an  "average" 
v a lu é  for  a f ixed  v a lu é  o f  b in th e  l imit th a t  
£3I R  «  1 . In  th is  l imit we h a v e  ig n o red  c h a n g e s  o f  
b w h ich  a re  o f  o rd e r  u n i ty  a n d  any  q u a s ip e r io d ic  pro- 
p e r t ie s  o f  £ 3. W h e n  th e  m a g n e t ic  field a n d  th e  t e m ­
p e ra tu re  a re  v a r ied  su c h  th a t  th e  s u p e r c o n d u c t in g  
n o rm a l  p h a se  b o u n d a r y  is fo l lo w ed 7 a n d  b is c o n ­
s ta n t ,  the  ac tu a l  va lu é  o f  £ 3 v a r íe s  f ro m  a posi t ive  to 
a n eg a t iv e  v a lu é  o r  vice ve rsa .  A t  t h e  p o in ts  w h e n  b 
c h a n g e s  by un i ty ,  E 3 c h a n g e s  sign a n d  its a b so lu te  
v a lu é .7 In  Eq. (24) th e  va lué  o f  k  sh o u ld  be restr ic t-  
ed  to v a lú e s  su c h  th a t  o u r  a s s u m p t io n s  \ / R  «  1 
a n d  t¡/R  «  1 a re  n o t  v io la ted .

It fo l lows f ro m  Eqs. (24) a n d  (16) th a t  th e  f luxo id  
q u a n t u m  n u m b e r  b is g iv en  by

1 __1.7 ( /? 2 R  1 . .
t  1 7  _  i r  y  ’ • 0 6 1

a n d  is m ain ly  d e te r m in e d  by th e  ra d iu s  o f  the  
cy linde r  a n d  th e  c o h e re n c e  len g th  a t  th e  t rans i t ion .  
T h e  te rm  y  ( £ 3) is o f  no  s ign if icance  in o u r  case,  b u t  

th e  te rm  R  / £ 3 is o f  im p o r ta n c e  s ince  it is th is  te rm  
w h ich  m a k e s  <73 a lways n o n z e ro .  T h e  physical  s ign if i­
can ce  o f  th e  te rm  R/ ¿j i  in Eq. (26) is th e  following. 
T h e  c u r r e n t  d e n s i ty  in the  su r fa ce  s h e a th  is a spatially 
rapid ly  v a ry ing  fu n c t io n  o v e r  t h e  firs t  c o h e r e n c e  
len g th  o f  th e  su r fa ce  s h e a th ,  m e a s u r e d  f ro m  the  su r-  
fa c e ,2,5 o v e r  w h ich  d is tance  th e  o r d e r  p a r a m e te r  F ( r )  
is fairly c o n s tan t .  T h e  c u r re n t  d e n s i ty ,  Eq. (3 ) ,  be- 
c o m e s  z e ro  a t  a d is tan ce  8 f ro m  th e  su r fa ce  a t  w hich  
po in t  Q ( R  — 8) = 0 .  T h e  c u r re n t s  to th e  left an d  
r igh t  f ro m  th is  p o in t  flow in o p p o s i te  d i rec t ions .  A s 
sh o w n  in th e  A p p e n d ix  a n d  R ef.  2, th e  v a lu é  o f  8 
n e a r  H ci, t h a t  is n e a r  A i = 0 ,  a p p ro a c h e s  8 =  0 . 5 9 ^ .  
T h u s  we m ay  w ri te  R /¿¡} = 2 ttR  S ince
27r R  h H c3 is the  app lied  m ag n e t ic  f lux  w ith in  a n  a rea  
I ttR  8 (8  «  R  ) ,  t h e  ra tio  R  / £ 3 c o r re s p o n d s  approx i-

m ate ly  to the  tota l  n u m b e r  o f  f lux  q u a n ta ,  w i th in  a 
d is tan ce  8 f ro m  th e  su rface .  T h e s e  a re  ex c lu d ed  
f ro m  the  tota l  n u m b e r  o f  "applied" f lux  q u a n ta ,  
j [ 1 . 7 ( * / í j ) 2], in se t t in g  th e  q u a n t u m  n u m b e r  b o f  

th e  o rd e r  p a r a m e te r  at th e  t ran s i t io n  (A i  = 0 ) .
W e c o n s id e r  n ow  the  case  o f  a se c o n d -o rd e r  ph ase  

tran s i t io n  at A i = 0  fo r  w h ich  D  ^ 0  in Eq. (20) .  
P ro c e ed in g  similarly  a s  a b o v e  o n e  f inds  with / 02 g iv en  
by Eq. (18) a n d  d g / d A t  = 0  at Ai = 0  tha t

/ 2 = / o
(¿8A)o

1/2

1 -

0 O

1 t>

2

(/3A) A íqO +  A í )
(27)

N e a r  Ai — 0, f 2 a n d  N  a re  p ro p o r t io n a l  to Ai. Since 
d g / d A t  = 0  at Ai = 0  for a s e c o n d -o r d e r  p h a se  t r a n s i ­
t ion ,  it fo l lows f ro m  Eq. (14)  with Eqs. (27) a n d  (22) 
tha t

£3 =  2 — 1 . 7 k 2/2 (28)

S u b s t i tu t in g  the  t e m p e ra tu r e  d e p e n d e n c e s  o f  f 1 a n d  
N  in to  Eq. (23) o n e  o b ta in s  (2 — £ )  A =  Co +  C |  Ai 
n e a r  Ai — 0, w h e re  Ci is a f u n c t io n  o f  Ai0. M a tch in g  
t e rm s  o f  eq u a l  p o w ers  o f  ( A i ) 0, ( A i ) 1, ( A i ) 2, etc .,  o f  
Eq. (13) n e a r  Ai — 0 leads to

A i n = -
1 + 8 ( 4 /3  —3 ) / 1 . 7 k 2

(29)

S u b s t i tu t in g  Eq. (28) in to  Eq. (26) d e te r m i n e s  the  
va lu é  o f  b.

T h e  re su l ts  o f  the  c ro s s -o v e r  t e m p e ra tu r e  A i0,
[Eqs. (25) a n d  (2 9 ) ] ,  o f  £ 3  [Eqs. (24) a n d  (28)]  an d  
o f  the  o rd e r  p a ra m e te r s  [Eqs. (21)  a n d  (27)]  at the  
su r fa ce  o f  th e  cy linder  a re  q u i te  sim ilar ,  w h e n  D  = 0  
a n d  D ^  0 in Eq. (20) .  T h e  m a in  d i f fe re n ce  is th a t  
f 2 a n d  /V vary as ( A i ) 1/2 for  D  = 0  a n d  as Ai w h e n  
D  0 n e a r  Ai — 0. M a k in g  th e  te rm  (/3A)0//3A — 1 
in Eqs. (21) a n d  (27) m ay  h a v e  a s l ight  e f fec t  o n  the  
accuracy  o f  th e  re su l ts  o f  th e  c ro ss -o v e r  t e m p e ra tu r e  
A í0 w h ich  d e p e n d s  also o n  /3. T h e  la t te r  v a lu é  is n o t  
k n o w n  exac tly  ex ce p t  th a t  p  s h o u ld  be  sm a l le r  b u t  
c ióse  to unity .  I f  th e  sh e a th  o rd e r  p a r a m e te r  F { r )  
w e re  a s tep  fu n c t io n  th e n  yS =  1; fo r  a G a u s s ia n  
¡i =  1 / 2 1/2. S ince  the  s h e a th  is c loser  to a s tep  f u n c ­
t ion  th a n  to a G a u s s ia n  we su b s t i tu te  /3 — 0.9 into 
Eq. (29)  a n d  f ind  th a t  fo r  « =  0 .54 the  va lué  o f  
Ai0 =  0 .187. Sim ilarly ,  o n e  f inds  f ro m  Eq. (25) th a t  
A í0 =  0.268.

R e g ard less  o f  w h ich  so lu t io n  fo r  f 2 is su b s t i tu te d  
in to  Eq. (2 2 ) ,  the  f u n c t io n  N ¿¡}/R  is a u n iv ersa l  f u n c ­
t ion  o f  Ai fo r  a f ixed v a lu é  o f  Ai0. Since  Ai0 is n o t  a 
fu n c t io n  o f  the  app lied  field / / 0, a n d  oc ( H 0) ~ ' /2, 
the  excess  f lux  N  oc H ¿ n . T h e r e f o r e ,  w h e n  N  is 
m e a s u r e d  on  o n e  s p e c im e n  for  v a r io u s  c o n s ta n t  m a g ­
netic  fields,  all v a lú e s  o f  /V m u s t  scale as ( H 0) 1/2 (see  
Figs. 9 a n d  10).

A t  Ai =  1.7 ( 2 1/2) k — 1 th e  t h e r m o d y n a m ic  critical 
field is reach ed .  A t  th is  t e m p e ra tu r e  a t ran s i t io n  to 
the  M e is sn e r  s ta te  will m o s t  likely occur .  F o r
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k  = 0 . 5 4  th is  v a lu é  is Ai = 0 .3 0 .  T h i s  is a b o v e  the  
t e m p e r a t u r e  fo r  w h ic h  the  f 2 f u n c t io n s  cease  to ex is t  
fo r  the  a b o v e  Aíq v a lú es .  A m e ta s ta b le  "supercoo led"  
s ta te  is p o ss ib le  in th is  in s tan c e  b u t  less  likely to oc- 
cur.  I f  A /0 w o u ld  be  c loser  to z e ro ,  o u r  so lu t io n s  o f  
/  fo r  a c o n s t a n t  b v a lu é  cease  to e x is t  b e fo re  the  
M e i s s n e r  s ta te  is re ac h ed .  In  th a t  case  th e  v a lu é  o f  b 
m u s t  c h a n g e  a t  a t e m p e r a t u r e  A/ >  1.7 ( 2 1/2) k -  1.

T h u s  w h e n  b is lo ck ed - in  a t  th e  t r a n s i t io n  f ro m  the  
n o rm a l  to th e  su p e r c o n d u c t in g  s ta te  a n d  m a in ta in e d  
as the  s p e c im e n  is co o le d  in a c o n s t a n t  m ag n e t ic  
field, th e  m a g n e t iz a t io n  m ay  r e v e r se  sign b e ca u se  o f  
the  t e m p e r a t u r e  v a r ia t io n  o f  th e  o rd e r  p a ram e te r .
T h e  la t te r  v a r ia t io n  is s im ila r  to th a t  o f  the  g ian t  vo r-  
tex s ta te  a t  c o n s t a n t  t e m p e ra tu r e  b u t  v a ry ing  m a g n e t ­
ic field. T h e  fo l low ing  e x p e r im e n ta l  r e su l ts  su p p o r t  
th is  su g g es t io n .

III. EX PER IM EN TA L METHODS

T h e  s a m p le s  u s e d  in th e se  e x p e r im e n t s  w e re  
c y lin d e rs  o f  P b 99T l0| a to m ic  p e r  c e n t  alloy. T h e  alloy 
was p re p a re d  by m e l t in g  the  c o m p o n e n t s  in an  iner t  
a tm o s p h e r e  ins ide  a py rex  tu b e  lu b r ica ted  w ith  a so lu-  
t io n  o f  Silicon oil in ace to n e .  T h e  s a m p le s  w ere  an -  
n ea led  a few  d e g re e s  be low  th e  m e l t in g  t e m p e ra tu r e  
fo r  se v e ra l  h o u r s .  A f t e r  a n n e a l in g ,  th e  sp e c im e n s  
w ere  ch em ica lly  po l ish ed .  W h e n  pla t ing  was n eces-  
sa ry ,  the  sa m p le  w as  firs t  ch em ica lly  p o l ish ed ,  th e n  
partially  c o a te d  w ith  7031 G E  v a rn is h ,  w h ich  was 
th e n  b a k e d  a t  100 °C a n d  th e  u n c o v e r e d  reg ión  was 
e le c t ro p la te d  in a c h r o m ic  acid ba th .  T h e  e lec trop la t -  
ed  c h r o m e  w as  a p p ro x im a te ly  10 /xm thick.

T h e  s a m p le s  w e re  th e rm a l ly  a n c h o r e d  to a c o p p er  
ro d  th a t  was c o n n e c te d  th r o u g h  a th e r m a l  re s is tan ce  
to a h e l iu m  e v a p o r a to r  m a in ta in e d  a t  c o n s t a n t  t e m ­
p e ra tu re .  T h e  sa m p le  t e m p e r a t u r e  was c h a n g e d  by 
m e a n s  o f  a h e a t e r  w ra p p ed  a r o u n d  th e  u p p e r  p a r t  o f  
th e  c o p p e r  rod .  T h e  t e m p e r a t u r e  w as d e te r m i n e d  by 
a c a l ib ra ted  g e r m a n iu m  t h e r m o m e t e r  c o n n e c te d  to 
t h e  c o p p e r  ro d ,  b e low  th e  h e a te r .

T h e  e v a p o r a to r ,  th e  c o p p e r  ro d ,  a n d  th e  sam p le  
w e re  loca ted  in s id e  a v a c u u m  ja c k e t ,  s u r r o u n d e d  by a 
h e l iu m  b a th  a t  4 K.

T h e  v a r ia t io n  o f  th e  m a g n e t ic  f lux  a t  th e  sa m p le  
was m e a s u r e d  by a S Q U I D  (su p e rc o n d u c t in g -  
q u a n tu m - i n t e r f e r e n c e  dev ice)  m a g n e to m e te r .  T h e  
s a m p le  w as m ag n e t ica l ly  c o u p le d  to th e  S Q U I D  by a 
s u p e r c o n d u c t in g  t r a n s f o r m e r  m a d e  w ith  N b  wire.
T h e  se c o n d a ry  was p laced  ins ide  th e  S Q U I D  a n d  th e  
p r im ary  was w o u n d  a r o u n d  th e  v a c u u m  jac k e t  a t  the  
c e n te r  o f  th e  sa m p le .  T h e  t r a n s f o r m e r  was d e s ig n ed  
to h a v e  a ra t io  o f  f lux  m e a s u r e d  a t  th e  s a m p le  to th a t  
se e n  by th e  S Q U I D  o f  a p p ro x im a te ly  100. T h e  
t r a n s f o r m e r  a n d  th e  S Q U I D  w ere  k ep t  at 4 K. T h e  
S Q U ID  was m ag n e t ica l ly  i so la ted  f ro m  th e  e n v i ro n -  
m e n t  by m e a n s  o f  a su p e r c o n d u c t in g  shie ld .  A m a g ­

ne tic  field paralle l  to th e  ax is  o f  th e  s a m p le ,  up  to 
300 O e ,  was applied  by a s u p e r c o n d u c t in g  coil  o p e ra t -  
ed  in the  p e r m a n e n t  m o d e .  T h e  a m b i e n t  m a g n e t ic  
field in the  e x p e r im e n ta l  reg ió n  was r e d u c e d  to 10~2 
O e by p ro p e r  m ag n e t ic  sh ie ld ing .

T h e  m a g n e t ic - f lu x  d e te c t io n  sy s te m  w as c a l ib ra ted  
by m e a s u r in g  th e  to ta l  e x p lu s io n  o f  t h e  m a g n e t ic  flux 
at th e  s u p e r c o n d u c t in g  t r a n s i t io n  a t  low fields. P r o p ­
e r  p re c a u t io n s  w e re  t a k e n  to a v o id  f lux  t rap p in g  in 
the  sa m p le  by cooling  it in z e ro  app lied  f ield  well 
b e low  the  t ran s i t io n  t e m p e ra tu r e .  T h e n  th e  field was 
in c re a sed  to a c o n s t a n t  v a lu é  a n d  th e  sa m p le  was 
h e a t e d  th r o u g h  the  t ran s i t io n .  T h is  p r o c e d u r e  w as 
r e p e a te d  fo r  v a r io u s  f ields. In  th is  way the  
t r a n s f o r m e r  ra tio  w as f o u n d  to be  94.

T h e  m e a s u r e m e n t s  w e re  d o n e  a t  c o n s t a n t  m a g n e t ic  
field whiie  sw eep in g  th e  t e m p e ra tu r e .  T h e  a n a lo g u e  
o u t p u t  o f  th e  S Q U I D  w as p lo t te d  o n  a x - y  r e c o r d e r  as 
a f u n c t io n  o f  th e  re s i s tan c e  o f  th e  g e r m a n iu m  t h e r ­
m o m e te r .  T h e  ra te  a t  w h ich  th e  t e m p e r a t u r e  was 
sw ep t  was a d ju s te d  in su c h  a way th a t  th e  m e a s u r e d  
f lux  v a r ia t io n  was t im e  i n d e p e n d e n t .

IV. EX PER IM EN TA L RESULTS

All th e  sa m p le s  w ere  cylindrica l,  b u t  th e  g e o m e t ry  
o f  th e  su rface  s h e a th  was o f  two types.  S o m e  e x p e r i ­
m e n t s  w ere  d o n e  with  a s h e a th  th a t  w as  singly  c o n ­
n e c ted ,  th a t  is, p a r t  o f  th e  s h e a th  was s u p p r e s s e d  by 
e le c t ro d e p o s i t in g  a s tr ip  o f  c h r o m e  o n  th e  sa m p le  
parallel  to its axis . T h is  p r o d u c e d  a n o r m a l  reg ió n  
th a t  p r e v e n te d  s u p e r c u r r e n t s  f ro m  flow ing  in th e  su r-  
face s h e a th  a r o u n d  the  sam p le .  O t h e r  e x p e r i m e n t s  
w ere  d o n e  w i th o u t  plat ing;  in th is  case  th e  s h e a th  was 
m ult ip ly  c o n n e c te d .  B e tw ee n  T } a n d  T ( H C) t h e re  
w as a n o rm a l  co re  a t  th e  c e n t e r  o f  th e  c y lin d e r  c o m -  
pletely e n c lo se d  by a su p e r c o n d u c t in g  re g ió n ,  a r o u n d  
w h ich  a n e t  s u p e r c u r r e n t  co u ld  be  m a in t a in e d .  T h e  
e x p e r im e n t s  o n  th e  partially  p la ted  sa m p le  w e re  per-  
f o r m e d  in o r d e r  to d e t e r m i n e  th e  s u p e r c o n d u c t in g  
p a r a m e te r s  o f  th e  s a m p le s  a n d  fo r  th e  p u r p o s e  o f  
c o m p a r is o n  w ith  the  r e su l ts  o f  th e  s a m e  s a m p le  w h e n  
m ult ip ly  c o n n e c te d .

Typical re su l ts  fo r  a partially  p la ted  s a m p le ,  5 - m m  
d ia m e te r  a n d  2 6 - m m  long, a re  s h o w n  in Fig. 2. T h e  
c h a n g e  o f  m a g n e t ic  f lux  a t  th e  s a m p le  e x p r e s s e d  in 
n u m b e r  o f  f lux  q u a n ta  is p lo t te d  as  a f u n c t io n  o f  
t e m p e ra tu r e .  In  th is  sa m p le  t h e  p la ted  reg ió n  
c o v e re d  30% o f  th e  tota l  su r f a c e  o f  th e  cy linder .  It 
can  be se e n  th a t  th e  sa m p le  b e c a m e  in c reas in g ly  di- 
a m a g n e t ic  un t i l  a t e m p e r a t u r e  T ( H C) w as  r e a c h e d ,  at 
w h ich  th e re  was an  a b r u p t  c h a n g e  in th e  m a g n e t i z a ­
t ion ,  too  fast  for  th e  S Q U I D  to fo l low  b e c a u se  o f  its 
long t im e  c o n s t a n t  ( — 1 sec).  T h is  c h a n g e  is a ssoc ia t-  
ed  w ith  th e  e x p lu s io n  o f  f lux  w h e n  th e  s a m p le  e n te r s  
the  M e is s n e r  s ta te .  W i th  th e s e  T ( H C) w e  c o n s t r u c t e d
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-60000  -

F1G. 2. Change  in flux at the sam ple  as a function  o f  tem pera tu re  for dif ie ren! magnetic  fields. A str ip o f  ch ro m e  was elec- 
trodeposited  along the cylinder, making the surface sheath  singly connected .  Change  in flux is plotted in n u m b e r  o f  flux quanta  
for fields: O, 288 Oe;  A, 240 Oe;  x ,  192 Oe;  □ ,  144 Oe; +  96 0 e ; 0 ,  48 Oe. T h e  arrows indícate the point al which T ( H C) is 
reached and  the SQ U ID  cannot  follow the change in flux.

th e  p h a se  d iag ram  sh o w n  in Fig. 3. T h e  e x p e r i m e n ­
tal p o in ts  w e re  f i t ted  by least  s q u a r e s  to th e  e q u a t io n

H C( T )  = 8 6 6 [ 1  -  ( T / 7 . 0 9 8 ) 2] .

T h i s  ag ree s  w i th in  10% w ith  t h a t  r e p o r te d  by D e ck e r  
et al . 12 fo r  p u ré  lead. T h is  sh o w s  th a t  th is  alloy h as  a 
G i n s b u r g - L a n d a u  p a r a m e te r  k <  0.7 as e x p e c te d  f ro m  
p re v io u s  r e s u l t s .13

T h e  d e te r m in a t io n  o f  th e  su r face  critical t e m p e ra -  
t u re  r 3 was n o t  so  s t ra ig h t fo rw a rd  b e ca u se  th e  m a g ­
n e t i z a r o n  sh o w s  long d ia m a g n e t ic  tails. W h e n  plot- 
t ing the  logar i thrn  o f  the  c h a n g e  in f lux  as a fu n c t io n  
o f  t e m p e ra tu r e ,  a c h a n g e  in s lope  at a well d e f in e d  
t e m p e ra tu r e  is se e n  in Fig. 4. W e  d e f in e  th is  t e m ­
p e ra tu re  to be  T¡.  T h e  re su l t in g  p h a se  d iag ram  is 
s h o w n  in Fig. 3. T h e  e x p e r im e n ta l  p o in ts  a re  well

t [k]

FIG. 3. "Phase diagram" o f  the Pb99 T I q ¡ alloy used in ou r  exper im ents .  7 ' ( / / (. ) , 0 ,  and T }, A, are  ob ta ined l'rom our  data  in 
the m a n n e r  described  in the text. T h e  surface critical field is fitted by a straight  line H c i ( T )  = 304(7"  — 7.069) and the bulk 
critical field by a parabola H C( T )  =  866[ 1 — (77 7 .0 9 8 )2]. T he  cor responding Landau-G inzburg  p aram ete r  is k =0.52.
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T O O
FIG. 4. L ogari thm  o f  the change in flux o f  a sample as a function o f  tem pera tu re  for d ifferent  m agnetic  fields: O, 288 Oe;  A, 

240 Oe;  x ,  192 Oe; □ ,  144 Oe;  + ,  96 O e ; 0 ,  48 Oe. T he  change in slope is associated with T¡.

f i t ted  by Mc3( T )  = 3 0 4 ( T  - 7 . 0 6 9 ) .  U s in g  th ese  
v a lú e s  fo r  H c} a n d  H c we calcú la te  
k =  H ci/ \ . 7H c = 0 . 5 2 ,  in a g r e e m e n t  w ith  v a lú e s  r e ­
p o n e d  by o t h e r  a u t h o r s .13

T h e o r e t i c a l2 a n d  e x p e r im e n ta l  r e s u l t s 1 s h o w  a 
un iv e rsa l  b e h a v io r  w h e n  th e  m a g n e t iz a t io n  a n d  field 
a re  p lo t te d  in th e  r e d u c e d  va r ia b le s  ¡j.a(oo ) a n d  
H / H c2( T ) .  T h e  v a lu é  o f  /x a ( ° o )  is p ro p o r t io n a l  to 
th e  m a g n e t iz a t i o n  p e r  u n i t  v o l u m e  o f  a sa m p le  o f  di- 
m e n s io n s  larger  t h a n  th e  t h ic k n e s s  o f  the  s u p e r c o n ­

d u c t in g  s h e a th ,  H Q is th e  app lied  f ie ld ,  a n d  
Hci  — a { T  — Tc).  T h e  c u r v e s  a re  u n iv e r s a l  r e g a rd le s s  
o f  th e  v a lu é  g iv en  to a  b u t  o n ly  fo r  a u n i q u e  v a lu é  o f  
Tc. T h is  v a lu é  is f o u n d  to be  7 .07 ± 0 .0 1 .  F r o m  o u r  
m e a s u r e m e n t  o f  H C¡ ( T )  a n d  H c2 =  H c¡ / \ .7  t h e  v a lu é  
o f  a  is f o u n d  to be  179 Oe. T h e  v a lu é  o f  Tc n eces-  
sa ry for a u n iv e rsa l  p lot,  as s h o w n  in Fig. 5, ag ree s  
with th a t  o b ta in e d  by a d ju s t in g  H C( T )  a n d  H c i { T )  by 
least  sq u a re s ,  a n d  a lso  w ith  th e  m e a s u r e d  Tc a t  zero  
field, w h ich  is rc =  7.10 ± 0 . 0 2  K. F ig u re  5 sh o w s  th e

V H C2
FIG. 5. Resu l ts  sh o w n  in Fig. 2, plotted in the norm alized  un i ts  as used in Ref. 2 as explained in the  tex t ,  for a semi- infin ite  

half space. T he  full line represen ts  the theoretical curve  for k =  0.55. M agnetic  fields are: O, 288 Oe;  A, 240 Oe; x ,  192 Oe;  □ ,  
144 Oe; + ,  96 O e ; 0 ,  48 Oe.
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TOO
FIG. 6. Change  in flux o f  the sam ple  as a function o f  tem pera tu re  in d ifferent  magnetic fields: O, 288 Oe; A, 240 Oe;  x. 192 

Oe;  O , 144 Oe, +, 96 O e . O ,  48 Oe. T he  sam ple  is multiply connected .  Change  in (lux is plotted in n u m b e r s  o f  tlux quanta.

re su l ts  o f  Fig. 2 a f te r  p lo t t ing  in r e d u c e d  var iab les .
F ig u re s  6 a n d  7 sh o w  th e  r e su l ts  o f  two e x p e r i ­

m e n t s  m a d e  o n  th e  s a m e  sa m p le  w ith  an  u n p la te d  
su rface .  T h e  d i f fe re n c e s  b e tw e e n  th e s e  re su l ts  a n d  
th o se  o f  Fig. 2 a re  a p p a re n t .  O n e  im p o r t a n t  p o in t  is 
th a t  th e  re su l ts  o f  th e  partially  p la ted  sa m p le  a re  a l­
ways re p ro d u c ib le ,  ex ce p t  fo r  m in o r  c o n t r ib u t io n s  to 
th e  tails o f  u n k n o w n  or ig in  a b o v e  T¡.  In  th e  case  o f  
u n p la te d  sa m p le s ,  th e  re su l ts  a re  n o t  exac tly  r e p r o d u ­
cible ;  th ey  d e p e n d  o n  su r fa c e  c o n d i t io n s  in an  u n ­
k n o w n  way. T h e  re su l ts  sh o w n  a re  f ro m  the  s a m e

sa m p le  with  the  s a m e  h e a t  t r e a tm e n t .  T h e  bu lk  
critical field a n d  critical t e m p e ra tu r e  co inc ide  in b o th  
e x p e r im e n t s ,  in a g r e e m e n t  w ith  th o se  o f  Fig. 3. T h e  
d if fe re n ce  b e tw e e n  th e  e x p e r im e n t s  sh o w n  in Figs.  6 
a n d  7 is th a t  a f te r  c o m p le t io n  o f  the  e x p e r i m e n t  th e  
sa m p le  was tak e n  f ro m  the  c ry o s ta t  a n d  chem ica lly  
po l ished  again ,  u s ing  th e  s a m e  p r o c e d u re  as th a t  u sed  
in all o th e r  e x p e r im e n ts .  T h is  n o n re p ro d u c ib i l i ty  
a f te r  s im ilar  su r fa ce  t r e a tm e n t s  was also o b s e r v e d  in 
o th e r  sam ples .

A n o t h e r  r e su l t  is th a t  th e  d ia m a g n e t ic  tails o f  the

T [ K ]
FIG. 7. C h a n g e  in flux as a function o f  tem pera tu re  for d ifferent  magnetic fields: O, 288 Oe;  A, 240 Oe;  x ,  192 Oe;  □ ,  144 

Oe;  + ,  96 Oe;<>, 48 Oe. T h e  sample was multiply connected  as it was the case in Fig. 6 and the only difference was in the sur-  
face t r e a tm e n t ,  as explained in the text.



1956 F. de la CRUZ, H. J. FINK, AND J. LUZURIAG A 20

T(K]
FIG. 8. C o m p a r iso n  o f  the m agnetiza tion  as a function o f  tem p era tu re  for d ifferent  sample condit ions. M agnet ic  field is 240 

Oe for all the cu rv es  show n. O, Partially plated sample —Singly connected  surface sheath .  + ,  Com plete ly  plated sam ple  — 
Partially suppressed  surface sheath.  □ ,  Unplated  sa m p le —Multiply connected  sheath .  T h e  tem p era tu re  was decreased f rom 
above T¡. A, U npla ted  sample —T he tem pera tu re  was increased from a valué slightly higher than  T ( H C).

u n p la te d  s p e c im e n s  a b o v e  T } a re  larger t h a n  th o se  o f  
the  p la ted  (s ingly c o n n e c te d )  sa m p le s .  In  Fig. 8 we 
sh o w  th e  r e su l ts ,  m e a s u r e d  in a field o f  240 O e ,  o f  
a n  u n p la te d ,  a partially  p la ted ,  a n d  a c o m p le te ly  p la t ­
ed  sa m p le .  U n t i l  n o w  we h a v e  n o t  b e e n  ab le  to c o n ­
trol th e  s u r f a c e  t r e a tm e n t  in su c h  a way as to o b ta in  
q u a n t i ta t iv e ly  r e p ro d u c ib le  resu lts .

T h e  fo l low ing  d e sc r ib e s  w h a t  we b e l iev e  is charac-  
teris t ic  o f  a f lu x o id  q u a n t u m  s ta te .  It c an  be se e n  in 
Figs. 6 a n d  7 th a t  th e  m ult ip ly  c o n n e c te d  s a m p le s  
sh o w  an  in c re a se  o f  th e  d ia m a g n e t ic  m a g n e t iz a t io n  
a b o v e  T } w h e n  th e  t e m p e r a t u r e  is d e c re a s e d  un til  a 
m á x i m u m  n e a r  T 3 is r e ac h ed .  T h e  d ia m a g n e t i s m  
th e n  d e c re a s e s  to w a rd s  z e ro  m ag n e t ic  m o m e n t  an d  
e v e n tu a l ly  it b e c o m e s  p a ra m a g n e t ic ,  b e fo re  th e  d i ­
a m a g n e t ic  b u lk  t r a n s i t io n  a t  T ( H C) t ak e s  place.  T h e  
c h a n g e  in s ign  o f  t h e  s lope  o f  th e  m a g n e t iz a t io n  is a 
g e n e ra l  c h a ra c te r i s t ic  o f  th e  m a g n e t ic  r e s p o n s e  o f  th e  
m ult ip ly  c o n n e c te d  s a m p le s  w h e n  th e  t e m p e ra tu r e  is 
sw ep t  a t  c o n s t a n t  m a g n e t ic  field. T h is  b e h a v io r  was 
v e r if ied  by se v e ra l  e x p e r i m e n t s  a f te r  rep o l i sh in g  the  
su r fa ce  o f  t h e  sam p le .  All th e  e x p e r im e n t s  h ad  in 
c o m m o n :  (a) th e  i n v e r s ió n  o f  th e  s lope  o f  the  m a g ­
n e t iz a t io n ,  a n d  (b )  a near ly  l inea r  d e c re a s e  o f  the  d i­
a m a g n e t i s m  b e low  7Y

Sim ila r  b e h a v io r  was also f o u n d  fo r  sa m p le s  o f  the  
sa m e  alloy w h o s e  d i a m e te r s  w e re  2 m m .

In o r d e r  to d e te c t  i f  o u r  re su l ts  w e re  d u e  to 
c u r re n t s  i n d u c e d  by poss ib le  th e r m a l  g ra d ie n ts  in the  
sa m p le ,  p r o d u c e d  by h e a t  losses ,  th e  h e a t e r  at the  
co p p e r  ro d  w as  sw itc h ed  o f f  a n d  th e  th e r m a l  sw eep  
was a c c o m p l i sh e d  by app ly ing  h e a t  t h r o u g h  the  s a m ­
ple a t  th e  o p p o s i t e  e n d .  T h e  re su l ts  o b ta in e d  in this 
way w ere  th e  s a m e  as th e  o n e s  p rev io u s ly  o b ta in e d  
w ith  th e  h e a t e r  in th e  c o p p e r  rod . S ince  the  tem p e ra -

tu re  g ra d ie n t  e s tab l i sh e d  in th e  sa m p le  was m u c h  
larger  t h a n  th a t  p ro d u c e d  by a n y  t h e r m a l  loss,  it was 
c o n c lu d e d  th a t  th e  in d u c e d  c u r re n t s  h a d  no  o r ig in  in 
th e r m a l  g ra d ie n ts .  F r o m  th e  m e a s u r e d  t h e r m a l  c o n -  
duc tiv i ty  o f  th is  alloy a n d  th e  k n o w n  a p p lied  h e a t  
f lux  it was d e te r m i n e d  th a t  th e  m á x i m u m  t e m p e ra -  
tu re  d i f fe re n ce  in th e  sa m p le  w as  a few  m il l id eg rees ;  
th is  e x p la in s  w hy  th e  m a g n e t iz a t io n  c u r v e s  w e re  n o t  
d i f f e re n t  f ro m  th e  o n e s  tak e n  a t  u n i f o r m  te m p e ra -  
tu re .

V. DISCUSSION

S tu d y in g  th e  f l u c tu a t io n - in d u c e d  d i a m a g n e t i s m  in 
type-II  su p e r c o n d u c to r s ,  G o l lu b  et  a l .H r e p o r t e d  a 
ch a n g e  in th e  s lope  o f  th e  m a g n e t iz a t io n  a t  T¡, s im i­
lar to th e  o n e  f o u n d  h e re .  T h e y  p r o p o s e d  n o  exp la -  
n a t io n  fo r  th e i r  o b se rv a t io n s .  S ince  they  w e re  in- 
t e r e s te d  in m e a s u r in g  th e  b u lk - in d u c e d  d i a m a g n e ­
t ism ,  they  p la ted  the  su r fa ce  o f  th e  sa m p le  w ith  a 
n o rm a l  m e ta l  a n d  m a d e  no  f u r t h e r  d e ta i le d  s tu d y  o f  
th e  a f o r e m e n t i o n e d  o b se rv a t io n s .  U p  to no w  we 
h a v e  n o t  c o n s id e re d  in o u r  d i s c u s s io n  c o n t r ib u t io n s  
o f  th e  f lu c tu a t io n - in d u c e d  d i a m a g n e t i s m  to th e  tota l  
va r ia t io n  o f  m a g n e t ic  f lux. T h e  tails a b o v e  TC( H )  in 
the  totally p la ted  sa m p le s  a re  o f  th e  s a m e  o r d e r  o f  
m a g n i tu d e  as th o se  m e a s u r e d 14 fo r  s im ila r  alloys.
T h e  low sensi t iv i ty  o f  o u r  t r a n s f o r m e r  d o e s  n o t  allow 
for a de ta i led  c o m p a r is o n  w ith  th o se  resu lts .

K n o w in g  th a t  o u r  alloy is a type-I  s u p e r c o n d u c to r  
a n d  us in g  th e  r e su l ts  o f  Ref.  14, we c o n c lu d e  th a t  the  
f lu c tu a t io n - in d u c e d  d ia m a g n e t i s m  is sm a ll  w h e n  c o m ­
pared  to th e  v a lú e s  o f  the  m a g n e t iz a t io n  o b t a in e d  for 
the  g ian t  v o r te x  s ta te .  H o w e v e r  th e  poss ib le  co n tr i -
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A t
F1G. 9. Change  in flux t imes ^ /R < b 0 as a function o f  A t. T he  reduced variables are deí'ined in Sec. II. T he  points 

correspond  to those  plotted in Fig. 6: O, 288 Oe; A, 240 Oe;  x, 192 Oe; □ ,  144 Oe; +  96 Oe; O ,  48 Oe. T h e  diamagnetic  tails 
above T } (i.e., A/ <  0) also superin ipose  when plotted in reduced variables.

b u t io n  o f  th e  f lu c tu a t io n s  to th e  in d u c e d  sh e a th  
c u r re n t s  o n  th e  su r fa ce  s h e a th  is n o t  k n o w n .

T h e  e n h a n c e m e n t  o f  t h e  v a lú e s  o f  t h e  tails a b o v e  
T 3 in th e  u n p la te d  sa m p le s  is n o t  d u e  to bu lk  f lu c tu a ­
t ions  b e ca u se  th e  e n h a n c e m e n t  is r e d u c e d  w h e n  par- 
tially p lating  th e  su r fa ce  o f  th e  sam p le s .

In  a c o n s t a n t  m a g n e t ic  field ,  th e  m a g n e t iz a t io n  o f  
th e  M e i s s n e r  s ta te  v a r ie s  on ly  very  slightly w ith  t e m ­
p e ra tu re  d u e  to the  t e m p e r a t u r e  d e p e n d e n c e  o f  the  
p e n e t r a t i o n  d e p th .  T h e  sh ie ld in g  c u r r e n t  f lows in 
o n e  d i rec t io n  on ly ,  a n d  th e  m a g n e t iz a t io n  d o e s  n o t  
r e v e r se  sign. In  the  su r fa c e  s h e a th  s ta te  th e  m a g n e t i ­
za t io n  m ay  re v e r se  sign ,  h o w e v e r ,  b e c a u se  th e re  a re  
two su r fa ce  c u r re n t s  o f  large m a g n i tu d e s ,  f lowing in 
o p p o s i te  d i rec t ion .  D u e  to a c h a n g e  in field o r  t e m ­
p e ra tu re ,  a n  im b a lan c e  o f  th e se  c u r re n t s  m ay  cau se  
th e  n e t  c u r r e n t  to be  in e i t h e r  d i rec t io n .  It is th e re -

fo re  re a so n a b le  to ex p ec t  d i f f e re n t  t e m p e ra tu r e  
d e p e n d e n c e s  o f  th e  m a g n e t iz a t io n  in a c o n s t a n t  field 
fo r  t h e  M e is s n e r  a n d  su r fa ce  s h e a th  s ta te s  w h e n  the  
f luxo id  q u a n tu m  n u m b e r  is c o n se rv e d .

B efore  c o m p a r in g  th e  e x p e r im e n ta l  re su l ts  w ith  the  
th eo ry  o f  th e  t e m p e ra tu r e  d e p e n d e n c e  o f  the  g ian t  
v o r te x  s ta te ,  let  us  a n a ly ze  s o m e  o f  the  e x p e r im e n ta l  
facts th a t  in d u ce d  us  to be lieve  th a t  they  a re  the  
m a n i fe s ta t io n  o f  a t e m p e ra tu r e  d e p e n d e n t  q u a n t iz e d  
m acro sco p ic  su p e rc o n d u c t in g  s ta te .  F i rs t  o f  all it is 
very  diff icult  to th in k  "classically" o f  a m e c h a n i s m  
th a t  co u ld  in d u ce  c u r re n t s  in o p p o s i te  d i rec t io n s  
w h e n  t e m p e ra tu r e  is the  on ly  e x te rn a l  va r iab le .  If 
f luxo id  c o n se rv a t io n  is im p o s e d  in s tead  o f  m ín i m u m  
en e rg y ,  the  d irec t io n  a n d  m a g n i tu d e  o f  the  c u r r e n t  
will be a d ju s te d  by th e  q u a n t u m  s ta te  w h ich  h a s  b e en  
locked  in th e  sam ple .  O n e  c h arac te r is t ic  o f  th is  q u a n ­

F1G. 10. C ha nge  in flux reduced  variables as in Fig. 9. T he  points correspond  to those o f  Fig. 7: O, 288 Oe;  A, 240 Oe;  x, 
192 Oe; □ ,  144 Oe;  + ,  96 O e ; 0 ,  48 Oe.
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tu m  s ta te  is th a t  th e  m a g n e t iz a t io n  sh o u ld  b e h a v e  re- 
vers ib ly ,  a s  lo n g  as th e  s ta te  is c h a ra c te r iz ed  by th e  
s a m e  n u m b e r  o f  f lu x o id  q u a n ta .  I f  by sw eep in g  t e m ­
p e ra tu re  t h e r e  is a c h a n g e  in the  n u m b e r  o f  q u a n ta  
th e  v a r ia t io n  o f  m a g n e t ic  f lux  sh o u ld  be i r revers ib le .  
F ig u re  8 s h o w s  th e  re v e rs ib le  v a r ia t io n  o f  f lux  as a 
fu n c t io n  o f  t e m p e r a t u r e ,  a t  a c o n s t a n t  m a g n e t ic  field 
o f  240 O e ,  w h e n  th e  t e m p e r a t u r e  is in c re a sed  a n d  de- 
c rea sed .  O n  th e  o t h e r  h a n d  if  th e  t e m p e ra tu r e  is 
sw ep t  be low  T ( H C) a n d  th e n  in c re a sed  a b o v e  th is  
v a lu é  th e  re su l t in g  f lux  v a r ia t io n  is co m p le te ly  ir­
rev ers ib le .  T h e  f lux  j u m p s  a re  so  large a n d  fast  th a t  
th e  S Q U I D  c a n n o t  fo l low  th e m ,  un i t l  t e m p e ra tu r e s  
n e a r  T 3 a re  re ac h e d .  T h e  e x p u ls ió n  o f  f lux  f ro m  the  
bu lk  o f  th e  s a m p le  a t  T { H C) in d u c e s  critical c u r re n ts .  
A n  in c rease  in t e m p e r a t u r e  re d u c e s  th e  critical 
c u r re n t ,  t h e r e b y  m a in ta in in g  th e  crit ical su r fa ce  s ta te .  
T h is  m e a n s  t h a t  th e  su r f a c e  is n o t  able  to c o n se rv e  
th e  f lu x o id  n u m b e r  a n d  t r a n s i t io n s  to d i f f e re n t  q u a n ­
t u m  s ta te s  t ak e  place. R e su l t s  fo r  o t h e r  f ields a n d  
sa m p le s  h a v e  s im ila r  b e h a v io r  b u t  a re  n o t  p lo t ted  fo r  
clarity. W e  see  t h a t  th e s e  e x p e r im e n ta l  facts su p p o r t  
t h e  idea  o f  a locked  q u a n t u m  s ta te  as d isc u sse d  in 
Sec. II. T h is  is n o t  th e  on ly  e v id e n c e  o f  f luxo id  c o n ­
se rv a t io n .  It w as  s h o w n  in Sec. II th a t  th e  in v e r s ió n  
o f  th e  s lo p e  a n d  s ign  o f  th e  m a g n e t iz a t io n ,  as indicat-  
ed  by Eqs. (25)  a n d  (2 9 ) ,  a re  c h a rac te r i s t ic  o f  the  
t e m p e ra tu r e  d e p e n d e n c e  o f  the  v o r te x  s ta te ,  as ob-  
s e rv e d  e x p e r im e n ta l ly .  It is a lso  in d ica ted  in Sec. II 
a n d  sh o w n  by Eq. (22)  t h a t  th e  v a r ia t io n  o f  f lux  as a 
fu n c t io n  o f  t e m p e r a t u r e  sh o u ld  be  a u n iv e r s a l  f u n c ­
tion ,  w h e n  th e  c h a n g e  in f lux  is m u lt ip l ied  by { ¡ / R f o  
a n d  the  t e m p e r a t u r e  e x p r e s s e d  in th e  fo rm  
( t -  t 3) / ( t 3 — 1). In  Figs. 9 a n d  10 we sh o w  the  
re su l ts  o f  su c h  a n o r m a l i z a t io n  for  th e  e x p e r im e n ta l  
re su l ts  o f  Figs.  6 a n d  7. T h e  ex ce l le n t  su p e rp o s i t io n  
o f  all c u rv e s  can  be se e n .  In th e s e  g ra p h s  t3 is d e te r -  
m in e d  f ro m  the  e x p e r im e n ta l  v a lú e s  o f  H c}( t ) ,  as 
s h o w n  in Fig.  3. W e  see  th a t  th e  u n iv e rsa l i ty  a n d  the  
o rd e r  o f  m a g n i tu d e  o f  th e  c h a n g e  in f lux  a re  in 
a g r e e m e n t  w ith  th e  p re d ic t io n s  o f  th e  th eo ry ,  Fig. 1. 
O n  the  o t h e r  h a n d ,  e x ac t  q u a n t i t a t iv e  a g r e e m e n t  c a n ­
n o t  be e x p e c te d  un t i l  th e  in f lu e n c e  o f  the  su rface  
p re p a ra t io n  is fully u n d e r s to o d .  T h e  la t ter  d e t e r ­
m in e s  th e  q u a n t u m  n u m b e r  b w h ich  th e  s a m p le  
locks-in  a t  T 3. It is s e e n  f ro m  o u r  re su l ts  th a t  the  
su rface  o f  th e  sa m p le  is c apab le  o f  su s ta in in g  in d u ce d  
s u p e r c u r r e n t s  a b o v e  T 3, w h e re  T 3 is o b ta in e d  f ro m  
th e  partially p la ted  sam p le .  It is poss ib le  to th in k  o f  a 
t h in n e r  su r fa ce  su p e r c o n d u c t in g  "shea th"  o f  a h ig h e r  
k v a lu é ,  in th e  o u t e r m o s t  p a r t  o f  the  cylinder.  T h is  
th in  layer w o u ld  g ive  a sm a l l  c o n t r i b u t io n  to th e  m a g ­
n e t iz a t io n  for  the  partially  p la ted  sa m p le s  d u e  to the  
larger « v a lu é ,  b u t  w h e n  m ult ip ly  c o n n e c te d ,  it co u ld  
lock the  f lu x o id  n u m b e r  a b o v e  T 3. T h e  e x p e r im e n ta l  
re su l ts  co u ld  be  a s u p e r p o s i t io n  o f  two c u rv e s ,  o n e  
a r is ing  f ro m  the  larger  k v a lu é  with  a A t0 m u c h  larger 
th a n  th e  o n e  fo r  « = 0 . 5 2 .

In c o n c lu s ió n  we a re  ab le  to e x p la in  th e  re v e rs ib le  
c h an g e  in sign o f  th e  m a g n e t iz a t io n  o f  a s u p e r c o n ­
d u c t in g  cy linde r  in a c o n s t a n t  app lied  (axia l)  m a g n e t ­
ic field, w h e n  th e rm a l ly  cycled b e tw e e n  T ( H c3) a n d  
T ( H C),  by th e  c o n ce p t  o f  th e  g ian t  v o r t e x  s ta te .

A C K N O W L E D G M E N T S

T h is  re se a rc h  was s u p p o r t e d  in p a r t  by O A S  M u l t i-  
n a t io n a l  P ro g ra m  o f  Phys ics  a n d  by N S F  G r a n t  G F  
38710.  W e  wish  to th a n k  th e  S .H .E .  C o r p o r t a t i o n ,  
San D iego ,  C a l i fo rn ia ,  fo r  th e i r  a d v ice  a n d  th e  Low 
T e m p e r a t u r e  G r o u p  a t  B ari loche  fo r  h e lp fu l  d iscus-

APPENDIX

W e  sh o w  th a t  th e  first  t e r m  o n  th e  r i g h t - h a n d  side  
o f  Eq. (12)  is m u c h  sm a l le r  t h a n  th e  se c o n d  t e rm .  
C o n s id e r  the  in teg ra l  /,

/ " ^ i J o  ^ - h 0) 2r d r

f c j > ( r ) j { r ) d r >  0 
0

1 47r 
2 H c c

( A l )

W e  k n o w  f ro m  th e  e x ac t  s o lu t io n s  o f  t h e  g ian t  v o r ­
t e x 5 t h a t  <p(r) is a spatially slowly v a ry in g  f u n c t io n  
o v e r  the  firs t  c o h e r e n c e  len g th  f r o m  th e  su r fa ce  
( b o u n d a ry  c o n d i t io n  d<p/dr = 0  a t  r =  R ) (R e f .  5, Fig. 
4) .  H o w e v e r  j ( r ) ce —Q ( r ) F 2( r )  c h a n g e s  ve ry  rap id-  
ly o v e r  th is  d is tan ce .  F r o m  Eq. (5) it fo l low s th a t  
Q ( r )  =  0 a t  r =  R  — 8, w h e re  th e  d i s ta n c e  8 f ro m  the  
su r fa ce  is

0 .59
1 +

<P(R - 8)
<P(R) R

(A 2)

A t  A t  = 0  th e  last t e r m  o f  Eq. (A 2 )  is zero .  In  th a t  
l imit 8 = 0 . 5 9 £ 3. G e n e ra l ly  <f>(R — 8) / 4>( R)  — 1, a n d  
in o u r  case  \ N¿j3/ R  | ^ 0 .2 , so  th a t  th e  d is tan c e  f ro m  
the  su r fa ce  a t  w h ich  j ( r )  = 0  v a r ie s  f ro m  0 .5 9 £3 to 
a b o u t  0.50^3 (a t  m o s t ) ,  a n d  Q ( R )  f ro m  u n i ty  to 
a b o u t  0.9 (a t  m o s t ) ,  in o u r  case.  T h e r e f o r e  Eq.
( A l )  is a p p r o x i m at e l y

/  - <P(R)  4
2 H c

{ <p ( R )
H c

(A 3)

w h e re  H so[ is the  u n i f o r m  field ins ide  a s o le n o id  o f  
ra d iu s  R  a n d  o f  wall th ic k n e s s  A «  /?, g e n e r a te d  by

a c u r re n t  p e r  u n i t  len g th  I j ( r ) d r .•/ o
H e re  we m ay  apply th e  re su l ts  d e r iv e d  f ro m  the  

su r fa ce  s h e a th  o n  a se m i- in f in i t e  h a l f  sp ace  w ith  d if ­
fe re n t  app lied  f ields o n  e ac h  side  o f  th e  s h e a t h .15
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T h is ,  w ith  / / „ s / / sol, ¡s a p p ro x im a te ly

H L  ~  Ho2 
211}

=  / J(l 2 1 , 2) W 2

B ecause  H soí + H 0 ~ 2 H 0, Eq. (A 3 )  can  be e x p re s s e d  
in t e r m s  o f  A f 2/ R ,  a n d  w h e n  Eq. ( A . 3) is t h e n  sub-  
s t i tu te d  in to  Eq. (12) o n e  o b ta in s

-  j f N M .
1.7 ■P f 2

| £" | / 1 .7 is o f  o rd e r  unity ,  | /V | í j / / f  < 0 . 2  an d  
(¡¡ /R  <  10 ~4 in o u r  case.  A lso  N  o c / 2 n e ar  A t  = 0 .  

(A 4 )  T h u s  th e  first  te rm  o n  the  r ig h t -h a n d  side o f  Eq.
( A .5) is a lways very rnuch  sm a l le r  th an  the  seco n d ,  
e x ce p t  p e rh a p s  w h e n  / 2 — 0 fo r  Ai <  A/0. T h i s  t e m ­
p e ra tu re  is, in o u r  case ,  be low  th a t  a t  which  th e  t r a n ­
si t ion  to the  M e is s n e r  s ta te  occurs .  C h e ck in g  th e  nu-  
m erica l  re su l ts  o f  R efs .  5 a n d  6 r e v eá is  th a t  fo r  di- 
m e n s io n s  o f  — 3 —5 th is  te rm  is aiso o f  no  im- 

(A 5)  p o r tan c e  as far as the  tota l  G ib b s  f ree -en erg y  Eq.
( 12 ) is c o n c e rn e d .
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