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TMAW3P0HMACI0NB3 Dfc PA;>,s 

por

A.J. Pedraza y D. J?ainntein-P'idraza 

He sumen

A cada átomo en una dada posición de la fase ma+riz pe 

le asigna una cierta probabilidad de que ocuparé, un© vez pro­

ducida la transformación, u n a  dada posición en la fase produc­

to. ?,ste enfoque probabilístico de los movimientos atómicos 

permite definir un vector 0k que es un promedio pesado de 

todos los si+ios en la fase original cuyos átomos tienen una 

probabilidad finita de ocupar un a  posición dada en la fase 

transformada.

Para transformaciones que genéran una deformación homo­

génea macroscópica, se define una correspondencia generaliza­

da que incorpora la posibilidad de un cierto grado de indepen­

dencia de los movimientos atómicos. iSste modelo se usa para 

explicar la cristalografía de la ferrita WidmanstStten. A par­

tir de es+e ejemplo se concluye que, si se admite una correspon­

dencia generalizada para transformaciones que producen un cam­

bio de forma de tipo martensítico, 1 ) una microestructura pue­

de aer no necesaria para describir la totalidad de los movi­

mientos atómicos, y 2) la hipótesis do distorsiones adicionales 

en el plano de hábito es innecesaria.
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by

A.J. Pedraza and D. Fainatein-Pedraza 

Abstract

Each atom in a given position of the matrix phase is assign- 

ed a certain probability that it will occupy, upon transformation, 

a given site in the product phase. This probabilistic view of
—*

the atomic movements permita to define a vector 0k which is a 

weighted average of all the sites in thé parent phase the atoms 

at which have a finite probability of oocupying a given position 

in the transformad phase.

Por tranaformations generating a macroscopic homogeneous 

deform&tion, a generalised correspondence ia defined that incor­

pórate» the possibility of a certain degree of indepenctence of 

atomic movements. This approach is uaed to explain the cryatal- 

lography of the Widmanatéítten ferrite. Out of this oxnmple it. 

i o oonoludad that if a generalised correspondence is aasumed for 

transformations producing a martensitic type of shape change,

1 ) a microstx*uoture ma.y be not neooeoary for dencribín^ tho '.ot.nl 

atomic displacements, and 2)th& hypothesis of additional dis- 

tortions in the habit plañe is unnecessary.

A GENEEA.LISED LATTICE CORKESPONDENCE POR

PHASE TRANSPOKMATIONS
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by

A.J, Pedraza and D. Fainstein-Pedraza

INTRODOCTION

One of the main featurea of a firat order phaae trana- 

formation involving two aolid phases is that the new phaae 

growa atrongly (mechanically) conatrained by the a u r r o u n d m g  

médium (matrix). In the produot phaae, atomic interactions 

differ from those in the parent crystal. Henee, in general, a 

change of ahape of the original unit cell and/or a change of 

volume per atom occur on transformation. Theae two changes must 

be counterbalanced, and therefore they condition the growth of

the new phase.

Our knowledge of the mechanisms of compenaation of the 

lattice ahape and volume ohangea ia derived from the obaervation 

of aamplea that are very large compared to the aize of a single 

unit cell; the experimental measurements thus relate to the 

average behavior of a very large number of atonía, whose indivi­

dual behavior may, however, depart conaiderably from the average. 

Henee, a natural approach to the understanding of phaae trans- 

formation phenomena is to consider them in térms of the average 

atomic behavior and to analyse separately how thia average can 

be accounted for in terna of the behavior of the individual 

atona. This approach cannot rely on the cryatallographic fea- 

turea of a transformation alone, because they relate to static 

observationa. Inatead, the fact that a phaae tranaformRtion is a

(*) Departamento de Metalurgia, Comisión Nacional de Energía 

Atómica, Buenos Aires, Argentina.

A GENERALISED LATTICE CORRESPONDENCE POR

PHASB TRANSPOÍÍMATIONS
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djrnarcic prooean wust be ta’tcen into consiasration.

In this paper, a first analvei« of the physice.1 concepta 

lnvolved in the otudy of the po*»aibl<* machaniBiní» for comp«n3at- 

ing the shape and volume changos of the unit cell is attemptea. 

Transformation» involving no changas of oompoaition ar* conai- 

dered; nevertheleas, many of the concepta here developed may br 

sfcraightway applied to certain caaes where auch chancea do take 

plaoe.

THE UNCONSTRAINEi) PRODUCT CHYSTAL

The initial (parent) and final (product) lattices will be 

described by mearía of the referenee bases x and respectively. 

Por any given orientation relationahip between the two latticea, 

a vector v referred to the baaia <= i3 relaten to the aaine 

vector referred to the baaia i through the following. equation

]['(f ; v j = ( p T x ) [*: v] (!)

where T is a non aingular matrix. The matrix T may be writteir 

as

T RT (2)
P n

where R is a rotation and T^ is a matrix that changes the 

metrio.

Let *k and "'k denote lattice vectora in the initial and 

final latticea • One basic queation in the atudy of any solid-

(*) In the following, the notation introduced by Mackenzie and 

Bowles (1) will be uaed.

(* *) Hereafter, the case of monoatomic primitivo celia will be 

referred to*



solid phase tranaformation relates to which is the site k m  

the new phase that an atom located at k in the matrix, will 

occupy. In this respect, it may generally be stated that there 

exists a certain probability ^  ^  that an atom (or vacancy)

occupying the position xk will after tranaformation be at rk 

If the ayatem is conservative,

1  Píf = ^  PJP =1

for every *k and xk site, respectively.

The first problem being raised in this analysis is to pro— 

perly define the initial and final atom lattice sites since, al— 

though the description to be made is formally static, it is of 

capital importance to consider the dynamic character of a phase 

transition. In this respect, the atoms both in the matrix and in 

the product crystal continuously change positions because of the 

general occurrence of self diffusion. Thus, an atom can diffuse 

in the matrix from its position rk onto k', then nove across 

the interface (including a possible migration inside i t ) from
r  —4 — +  p

k' onto k' , and finally diffuse in the new phase onto k . 

Each one of these processes may be considered to have a certain 

probability of occurrence. Then, the probability that an atom at 

xk will, after tranaformation,be at k is

V t  ■  . £ * .  \ v  \ v  ( 3 )

where the vectors rk' and ''k' denote positions on surfaces,

these surfaces being time dependent since they are adjacent to a

moving interface. Each probability in the r.h.s. of equation (3)

accounts for the above enunciated processes; in particular, p,,F,* t
must depend upon the nature of the interface.

-4-



The *k' vaotors for a «iven *k ouch that v, r . ¿ 0 arek- k
determlned by th© diffusivity of the correspondxng atom apeciea 

in the matriz and by the tiuts available for dlffusión. A similar 

Kt&tement applies in connection with the k' vectora for a given 

rlc in the product phass auch that pP ^  O. Therefore, a cri- 

terion fer feounding the diffuoion titees must be given. Pirat, it 

•ppeara convonient to define steady atate growth conditiona. 

fheso conditions are such &3 to allow the new phaae to grow under 

• conatant elastic field (due to transformation atrains), and in 

the caae of tr&nsfonaationa involving changea of compoaition, 

under a constant solute field as well. In steady state, the 

diffusion timea available both in the matrix and in the product 

will be assumad to be of the order of a/V , where a is a mini- 

ou» diatanee the interface travela (aay, one interplane distance) 

and V is the transformation rate. The time available for diffu- 

sion irt the interface is of the order of d/V, where d is the 

interface width*
x~*

If an atom (or vacaney) located at k in the initial lat­

tice moves onto Pk after transformation, the two lattice vec­

tora are related as followa

¡ Fs J  , (f P k̂  t‘5 ‘k 1

SuA x „

where ? is in general a function of both k and k . If

the asaumption is msde that there exiats a certain probability
j  -O fz ~~y

that an atom at k will move, upon transformation, onto k , 

then each *k lattice vector can be uniquely ascociated with one 

vector

C* ; , k ]  = 2 ,  0  ; ) (5)
u.

#k being a weighted average of all the I lattice sites the



p ->
atoms at which have a finite probability of occupying k . Equa­

tion (4) may now be generalised as follows

[p ; 'k] = (p P° i ) [i ; 0k 1 (6)

Here, P‘ is in general a function of 0k and k . The 0k

vectora do certainly not describe a real atomic arrangement in 

the matrix. Equation (5) has a statistical character and esta— 

blishes the effective atomic arrangement which - in the dynamic 

process of a phase transformation where a very large number of 

atoms is involved — the F lattice should be related with. 

Whenever the points whose positions are described by the vectora 

0k are arranged in a crystal lattice, this will be denoted as 

the D lattice in order to emphasize its aynamic signification. 

In this approach, the displacement vector

referred to the basis x t for a given ^k , is

These displacements provide information on the macroscopic 

change of shape when the crystal grows free of constraints.

RELATIONSHIP BETWEEN THE UNCONSTRAINED AND THE C0N3TRAINED 

PRODUCT CRYSTALS

Inasmuch as the interface is the boundary surface bet— 

ween the tran3'formed phase and the parent one, it may only 

be realized when the new phase grows mechanically connected 

with the matrix. .But this is tantamount to establishing the 

corresponding constraints. Y/hen the constraints are introduced.

[x ; u  (píc) ] = |( i T  0 ( f P‘ i ) - (x I i )] [x ; 0k]

(7)
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the shape of the región in the matrix whioh has transformed must 

necessarily coincide with the shape of t h e (product crystal, pro- 

vided there are no free surfaces. This shape requirement puts 

forward the necessity oí properly ohoüsi*:g the probability dis­

tribution,

Consider first the case of a conservative system where there 

is no volume change. The probabilities p , ^  , may always be chosen 

such that no maoroscopic shape change occurs upon tranaformation, 

and then the constrained and the unconstrained situations are 

identical. NevertheleBS, the mechanisms thus selected via the pro­

babilities may be non feasible from a kinetic standpoint ( see, 

for instance, Appendix I), In general, the mechanisms of compen- 

sation of the shape change of the unit cell require the existence 

of an elaatio field for a realistic probability distribution to 

be defined. This means that in the unconstrained conüition the 

surface of the transformed región in the matrix and that of the 

product crystal do not coincide. Instead, they differ so that 

when the product crystal is actually ímmersed in the matrix, the 

elastic field necessary for accounting for this shape difference 

is generated. It is therefore concluded that a given probability 

distribution determines the elastic field which aevelops when 

the new crystal grows under its actual constraints.

With the exception of very small partióles where the in­

terface free energy may become important, it may be reasoned 

that this elastic field should be a minimum so as to allow the 

tranaformation to proceed at its máximum possible rate. Thia 

implies the choice of a probability distribution that minimizes 

the elastic stresses built up during tranaformation in a way 

oompatible with the atomic mobility under given constraints.

This criterion doea of course not preclude the occurrence of 

different growth morphologies and kinetica in the same material 

and even at the same temperature. Kventually, plástic deforma-

-7-



tion may become necessary for acoommodating shape differences 

either during growth or after the process of transformation has 

been interrupted.

If there is volume change per atom, an adequate choice of 

the probability distribution which produces a minimization of 

the elastic field, and thus an optimum compensation of the over- 

all volume change, may allow an analysis of the real case through 

the uneonstrained one (2). Another instance where the two condi- 

tions might be related is that of a non conservativo system, e.g. 

the interface may operate either as a vacancy source or as a 

sink. If p, ,p, is the probability that a vacancy at xk' will,
W. k ^

after transformation, be at *k* (*k* and k* denote positions 

adjacent to the interface)

i  p , Z  1 (8)

where the upper inequality applies when the interface behaves as 

a sink and the lower one applies when the interface behaves as a 

source. In the first case, there is a net vacancy flow from the 

interface towards the matrix free surface, while in the second 

one this flow is reversed. In this instance, an elastic field 

driving the vacancy chemical potential must clearly exist. Again, 

for the volume partial or total compensation to occur, plástic 

deformation may eventually become operative for the real crystal 

to grow.

The concept of a transformation interface for the uncon-

strained product crystal may now be introduced in the framework

of the preceding analysis. An interface will be said to be fully

coherent when for each k' vector there is one and only one k

vector such that p r.t, = 1 » and zero for any other *k' vector.
k Tí

An immediate property that follows from this definition is that
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a coherent interface cannot operate as a vacancy source ór sink*

A fully inooherent interface j . s  defined in the lirait aituation 

where for any defined position of it the probabilities Vt¿\> 

have the same (non zero) valué for every rk' pair. In

Appendix I it is demonstrated that this particular probability 

distribution entails that the stored elastic energy dué to the 

shape change of the unit cell is zero, ana that all the* ^k vec- 

tors are assoeiated - through equation (5 ) - with only one 0k.
If 0k is chosen to be the nul vector, the matrices P & should 

all be sizigalar; henee, equations (6) and (7 ) are not valid in 

this case. It should be pointed out that, while other definitions 

of an interface are static, the present one takes into account 

mainly the dynamic character of a transformation, which is im— 

plicit in the probability distribution.

HOMOGENEOÜS STEAIN. A GENERALISED COKRESPONDENCE

By analogy with the theory of elasticity, a phase trans­

formation will be said to generate an homogeneous deformation 

when the matrices P’ — defined for the unconstrained condi- 

tion-are independent of both 0k and k , í.e.,

[p ; Pk] = ( p P x ) [i ; 0k l  (9)

—>
Obviously in this case, the sites described by the vectors 0k 

are arranged in a crystal lattice.

Let » be a basis in D and suppose that the relation 

between x and » is given by

\j> ; 0k ]  = (d J x ) [ i ; 0k"] (lu)

so that (9 ) may be written

-9-



[f ; Fk] = ( P C S>) [» ; 0k ] (11)

where

( p C s ) = ( f P i ) (j J j>) (1 2 )

The strain associated with the correspondence C is

(]> S j>) = ( d J j ) T <= ) ( p C a ) (13)

and the displacement vector for any given p k

vector i»

[ t> ; u  C ' k )  ] » [ ( í S  j )  - ( » I j )¡ [» ; Qk  1 (14)

Substituting now equation (5) for [/ ; 0k ] ín (9) yielda

This equation describes a generalised correspondence between 

the I and the F lattice vectora. While (<= C ») is a matrix

bases 3> and t both define primitivo unit celis (1), this is 

not always the case for the matrix (p P *) .

A very important example of a transformation generating 

an homogeneous deformation is that of martensite. In this case, 

the homogeneous deformation that accompanies the formation of 

the product phase may be described by an invariant plañe strain. 

In the phenomenological theories ( 3,1 ) a one to one corres­

pondence between the I and the F lattice vectors is assumed. 

Namely, in the present formulation,

(lí>)

which has integral elements and determinant -1 provided the

-10-



But this strain alone cannot — in most cases - describe the to­

tal atomic displacements and henee the necessity of an addition- 

al inhomogeneous strain. Moreover, in many applications of the 

phenomenologioal theories it has be*n neceasary to asaume that 

the invariant plañe strain condition is met apart of either a 

uniform dilatation (4,5) or an anisotropic distortion (6) in the 

habit plañe.

If a generalised correspondence is assumed, the invariant 

plañe strain has to be associated with the correspondence 

(f= C j>) that relates the D and the F lattice vectors. Thus 

(D lattioe) planes are transformed into planes, ana straight 

lines into straight U n e s ,  since the shape deformation is macro- 

scopically homogeneous. But because of the probabilistic nature 

of the correspondence ( f  P i ) ,  average (I lattice) planes and 

straight lines are respectively transformed into defined planes 

and directions. The width of the región in the I lattice hav- 

ing that average. plañe or line clearly dependa on the charac- 

teristics of the probability distribution.

Two fundamental queationa arise in the framework of the 

concept of a generalised correspondence when a transformation 

produces an heaegeneous deformation that can be described in 

terms of an invariant plañe strain:

1) Is it always nacessary the existence of a microstruct- 

ure?

2) Is it necessary to introduce a distortion - either iso- 

tropic or anisotropic - in the habit plañe ?

An attempt to answer these two questions is made for the case 

analysed in the next section.

THE AUSTENITE TO WIDMANSTXTTEN FEKRITE TRANSFORMATION

The morphological features of the Widmanstátten f e r n t e

-11-



are sinilar to thoae of martensite with respeot to the shape 

ohange of the tranaformation, which is an invariant plañe strain 

(7). However, there is no oonolusive experimental evidence - up 

to now - of the existenoe of a mió rost ruó ture in the l e r n t e  

platea. Two possibilities can be thought of, viz. either this 

mic rost ruó ture cannot be obeerved by the available experimental 

methods, or it does not exist at all. In the latter case, it may 

be auggested that a certain independence of the individual atomic 

movements might substituto for the necessity of a microstructure. 

Considering the temperature range at which the ferrite plates 

form, this assumption does not seem unreasonable.

The experimentally observed orientation relationship is 

very cióse to that of Kurdjumov-Sachs, namely

(111),// (101)* ana [l!o]> // L 1 1 1 J ̂

for the variant of the correspondence conaidered by Wat son and 

McDougall (8). Consider first the case where the generalised 

correspondence (* P i) associates every P lattice vector 

of a (10 1) plañe with I vectora of only one (111 plañe. 

Thus, -2_» p s . = 1  where all the k vectora relate to sites of 

the same (111 plañe. In fig. 1 the sites of both planes are 

drawn superimposed. It can be seen that every Fe atom site of 

the phase is mostly located inside a triangle whose vertices 

are the three nearest Pe atom sites of the y-phaae.

Let the probability distribution that any given ex. site 

be occupied by any one of the atoms at those three i lattice 

pogitions be proportional to the distance from the <* site to 

*lle ai de of the triangle oppoaite to the y 3i,fce considered. 

IVasuming that no atomic interchange takes place, the constunt of 

piroportionality is the reciprocal of the height of the y -tri-

1 2 -



angle in question, This choice of the prQh^bility distritíution

- pictured in fig. 2a - obviously yields a D plañe wh'oee site3 

coincide with those of a (101 )rt pl bti6 • Tliis di 91» ri buii i on was

calculated for 1800 sites in each plañe ( <x and 5 ); the over-/ ,

all resulta are independent of translations of one plañe, relative

to the other. Representativo resulta of the probability distribu-

tion are given in Table I. The lattice parametera that have been

used ( Table II ) are those that correspond to the assumption •

that thé transformation occurs between phases of the equilibrium

compositions at the transformation temperature ( 700 °C), in the

vicinity of the interface.

in Table I it can be seen that the average of pf ¿ p¿
-• ‘‘i k

- where, the sum is carried over all the '’k vectora of one

(101 plañe - equals the ratio of the density of sites of the ü 

plañe to that of the jf plañe (see Appendix II). It can alao 

be noticed that the distribution of p* is non uniform in ale.

(111 plañe. Since the system being considered is conservative, 

p ^  should equal 1. This means that there is a finite probabili- 

ty for an atom at k to go onto different «  planea, this pro-
,  -*

bability depending on the particular k vector. This is in con- 

tradietion with the above assumed generalised correspondence.

Consider then the oase where a further independence of the
x  .

individual atomic movements is allowed such that the vectors k 

for which p, P d O  denote sites of two adjacent (1 1 1) planes,
k W. *

and let the probability distribution bé as pictured in Fig. 2b.

The correspondence matrix (f C is the identity matrix pro-

vided the bases p and » are identical. The average of pí|t

is again different from 1 , this reault being a consequence of

the volume change of the transformation ( - 7.37 $ q ). This
for instance

difficulty is easily overoome^by assuming that the (101 Xp planes 
are spaced so that the volume per "atom” of the D lattice

-13-



equals that of the # lattice, and thus the correspondence 

( t- C t>) is associated with a comoreaion normal to the (101)^ 

planes, But still, the distribution of p ^  ia non-unifora, 

the standard deviation being <r -ü.018.
Under the preceding assumptiona of reatricted independ- 

ence of individual atomic movementa - no atomic interchange 

being allowed - there are two plauaibilitie3 to overcome thía 

contradiction. One ia to assume that there are extended dis- 

tortions in D region3 which are related with y regions of 

equiprobability ( of low or high valué of pxk compared to 

the average ), namely that the (101 )̂  is similar to a (10 1 )̂  

plañe inhomogeneously distorted. The other one is to assume 

that there is an homogeneous strain - which in principie might 

not be unique, necessarily - associated with the correspondence 

(«= C d) • The problem then centres in finding the D lattice 

( or lattices ) which homogeneouaiy deforraed will yield the 

«* lattice under the condition that p*k be uniform through 

any (111 plañe.

As mentioned above, the Widmanatfitten ferrite producea a 

ahape deformation that can be deacribed by an invariant plañe 

strain. The experimental resulta of reference (8) will next be 

used by assuming that this strain is aasociated with the corres- 

pondence between the D and the «  lattice vectora, and that 

there is no complementary strain. Thus

(d S a) = (d J ¿ ) U  S. x ) ( i J j>) (16)

whe re

S £ = I + m ( d, p' (17)

S g is the experimentally determined strain, m, and d, are

-14-



respectively the magnitude and the unit vector in the direction 

of the strain, and p, ís the normal to the habit plañe. Then, 

from equation (9)

[x ; 0k ] = (i se X ) 'J. ; (1#)

where

S " A = I - m.d, p,' / ( 1 + m.p/d, ) (19)

The relevant data given in ref. (8) are reproduced nere in Table 

II. First, the oriehtation relationships for all the cases may 

be derived by applying the condition that the habit, plnne be un- 

distorted. Thus (see Appendix II I )

sin A  = m t sin(y - a ) i d (il /ü.992b (20)

where A  is the angle between the <x and j planes, y is the angle

between the (111 )¥ and the habit plañe, and d l2 is the component-
of the unit vector d, in the flll uirection. The results are

given in the first column of Table III. Next, since the D lat—

tice is known, the probability distributions are easily calculat-

ed by using the same criterion as illustrated in fig. 2a. The

details of the calculation — made for 1800 sites — are given in

Appendix III. Representative results are shown in Table IV, while

the average of p* for all the cases presented in Table II, aré
k.

given in Table V. The distribution of sums of probabilities is 

notoriously uniform in all the cases, although still p* 4 1 »

Watson and McDougall have assumeu that the invariant plañe 

strain on the habit plañe accounts for all of the volume change 

of the transformation. This implies that the volume per "atom" 

of the i) lattice must equal that of the y lnttice. U  Pî  

were equal to 1 , the D planes that transform into (101)^ 
planes would coincide in space with the (ill)^ planes, and the 

orientation relationship necessary for keeping the habit plañe

-lt>-



undistorted would differ from that of Kurdjumov-Sachs by

A  = tg V  ( 1 - t* / t, ) (21)

where t* and t t are respectively the (101)* and the (111 )r 

spacings (6). The angles calculated with equation (21) are dif- 

ferent from those given in Table III. On the other hand, in Ta- 

ble V it can be seen that for the cases reported in ref. (8)

¿  i. This result indicates that the appropriate probability 

distribution should be that pictured in fig. 2b.

The assumed generalised correspondence associates lattice 

vectors of two adjacent (111 )í planes with those of one (101)* 

plañe. Henee, the D related planes must be parallel to the 

(111), planes. By applying now the criterion of fig. 2b, it 

should be obtained that (see Appendix III)

Vik ( 2 t, - t, ) / t, = 1 (22)

Otherwise, equation (22) may be used to derive the angle >  f 

provided is known. The results of this calculation are giv­

en in the second column of Table III, showing an excellent 

agreement with the previously calculated valúes.

The crystallography of the WidmanstStten ferrite has been 

explained in a consistent manner in the framewoik of a generalis­

ed oorrespondence. The homogeneous character of the shape de- 

foratttion has bf«n «hown to be oroptrly dencribod in termn of 

an invariant plañe atrain on the habit plañe. It has further 

been shown that in principie no miórostruóture i» necessary in 

this traneformation for Mooommodatin^ t,he nhape d«fonnnt.ion, nnd 

that the scatter Jóf experimental data can be accounted for.
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CONCLUSION

The correspondence between lattloe vectórs of parent and 

product i8 one of the most important physica] concepta of the 

phenomenological theories of the transformations that generate 

an invariant plañe strain. In this work an attempt has been made 

for demonstrating that this concept does not necessarily imply 

that atoms move in a strictly cooperative manner. E.g., if a 

certain degree of independence of the individual atomic move- 

ments be allowed, the essentials of the concept of correspond— 

ence are preserved.

The macroscopic character of the overall shape change 

allows a description of a phase transformation in statistical 

terms; this fact is the foundation of the generalised corres­

pondence. A successful analysis of the crystallography of the 

Wi amanstfttten ferrite has been accomplished, thus rendering 

support to the approach here presented.
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TA BliK X

DISTRIBUTION OF THE PHOBABILITIJáS p, - P, ,
U.

( The lahels i and j refer to the relative positions of 

the I lattioe pointe along the (112)^ and the (110), 

directions, respeotively)

X 1 2 3 4 5 6 7 8 9 , 10

*1
1 0.975 0.975 0.975 0.975 0.975 0.975 0.975 0.975 0.975 0.975

2 0.975 0.975 0.975 0.975 0.975 0.955 0.944 0.944 o, 944 0.944

3 0.944 0.944 0.944 0.944 0.964 0.975 0.975 0.975 0.975 0.975

4 0.975 0.975 0.975 0.975 0.975 0.975 0.990 1.005 1.005 1.005

5 0.975 0.988 1.005 1.005 1.005 1.005 0.989 0.975 0.975 0.975

6 1.005 1.005 0.992 0.975 0 .975 0.975 0.975 0.975 o. 975 0.975

7 0.975 0.975 0.975 0.975 0.975 0.962 0.944 0.944 0.944 0 . 9 4 4

8 0.944 0.944 0.944 0.944 0.944 0.957 0.975 0.975 0.975 0.975

9 0.975 0.975 0.975 0.975 0.975 0.975 0.975 0.975 0.975 0.975

10 ,0.975 ,0.975 ,0.975 0.975 0.975 0.975 0.975 0.975 0.975 C. 975

Average : p ■  • 977 Standard deviation : <r = .019

'
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TABLE II

pIíAHb; m >  shapb strain detbrminations (from rej?. 8)

th* resulta are given relativo to the y basis)

Shape strain

Píate Habit plañe d,

1 (0.4444 0.3635 0.8187) [-0.8762 0.3956 0 .275o] 0. 360
2 (0.4467 0.3689 0.8151) [-0.9022 0.2613 0.3432] 0 . 274

3 (0.4772 0.4027 0.7811) [-0.8417 0.4828 0.2418] 0. 402

4 (0.4681 0.3771 0.7992) [-0.8764 0.3675 0.3112] 0. 321

5 (0.5056 0.4402 0.7420) [-0.8097 0.5501 0.20451 0. 476

Lattice parameters t Perrite ( 0# carbón) a' 

Aunteniti ( 0.8$ oarbon)

« 2.897 A 

a -■ 3.659 A
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TABLE III

OBIEMTATION RELATIONSHIPS

Píate ^  A

(Equation 20) (Equation 22)

1 49' 49'

2 53' 57'

3 26' 27'

4 38' 38'

5 1 2 '  1 1 '
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TABLE IV

DISTRIBEJTION 0? THE PROBABILITIES p, = X . p, * 

FOR PLATE N° 3

• 1 .  2 . 3 . 4 . 5 , 6 7 , 8 9 , 10

1 0.995 0.995 0.995 0.995 o.99‘5 0.995 0.995 CU 995 & 9 9 5 0. 995

z 0.995 0.995 0.995 £>.995 o#995 0.995 0.995 0.995 a  995 0.995

3 0.995 0.995 0.995 0 . 995 0.995 0.995 0.995 a  995 a. 995 cu 995

i 0 , 995 o. 995 0.995 0.995 0.995 6*995 . 0.995 a  995 0.995 a  995

5 Q-. 987 0*987 0,992 0,995 0.995 0.995 0.995 0,995 0.995- CU995

6 0* 995 0.995 0.995 0.991 0.987 C.987 0,987 0.987 a. 9«7- a-9tt7

7 0.995 o,995 o,995 0.995 0.995 0* 995 0.995 0.995 0.995 ü. 995

a 0.995 0. 995 0 , 995 0» 995 0.995 0.995 0.995 0 ,995 0.995 0.995 1
9 1.011 1.00* 0.995 o#995 0.995 0.995 0.995 ¿ 9 9 5 0.995 0. 995

íO 0.995 1,001 1*011 1.011 1.011 -.011 0. 997 *  *.)*)[> Ü. 'í'-í'ji
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TABLE V

PARAMETERS Oí THE ^  DISTRIHJTION

Píate
Average

\

Standard Deviation

er

1 1.009 0.005
2 1.017 0.008

3 0.996 0.005

4 1.003 0.005

5 0.983 Ü. 004
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TABLE VI

30MMARY OF THE COMPONfiNTS OF THE VECTOR d AND OF 

THE ANGLES ÜSED IN THE CALCULATION OF THE D LATTICE

Fíate

(relative to the u-basia)

1 í 1 V * 9

1 , i [-0,8077 0.4641 .0.34351 ,0.9928 ,0.1187- ,20o 5 , 9° 35' ,25° 4 '
2 , [-0.8030 0.3605 0.4424] ,0.9851 0.1719 ,19° 42 ' , 9° 2 3 ' ,33° 21 '
3 [-0.8027 0.5218 0.2808] 0.9977 0.067b 16° 2 8 '

VO00H 20° 29 '
4 [-0.8105 0.4334 0.377l] 0.9934 0.1141 18° 1 8 ' 1 1 o 52 ' 270

5 [-0.7913 0.5685 0.2229] 0.9995 0.0318 12° 58' 1 1 o 50 ' 15° 57'
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FIGURtí OAFl XOi'íS

Fig. 1

Fig. 2

Fig. 3

. Atomic configurations of the (111 )a and the (101 )* 

planes, superimposed in accordajnce with the Kurdjumov- 

Sachs orientation relationship.

Diagram illustrating the probability distribution 

that yields the generalised correspondence associat- 

ing the lattice vector Fk with:
^

a) the vectora Ik ) , *kx f rk 3 ;

b) the vectors Jk ( , Jkx , *k3 , "k,, , 'ks and

. a) Diagram showing the trace of the habit plañe on 

the (111 )* plañe,

b) A view normal to the trace of the habit plañe, 

showing the relative positions of the ^ , D 

and <x related planes.
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APPENDIX I

THE CONDITION FOIí ZEfiO MACIíOSCOPIG SHAPE CHANGE

If in the unconstrained situation the probability diatri- 

bution relating atom sites adjacent to the interface at times 

differing by d/V - d being the interface width for the con- 

strained crystal and V the instantaneous growth veloeity - are 

such that p*,*. /  0, all these probabilities having the same 

valué for all the k', k' pairs, and the volume change is 

zero, then : i) the interface advances at the same rate in 

every place maintaining its shape, and ii) the interface is 

spherical.

First assume that the interface has any given shape. There 

being no volume change, the system is conservative. If the in­

terface advanced at a non uniform rate, then one could think
»  — *

of at least one k' which corresponds to, say, two different

positions of the interface in another región. The probabilities

Vt.r, for this k' site would be different from those related ^ k V
with other fk r sites. Por, after the interface has advanced 

somewhere else, the fk' position in question becomes related
—*

with an increased number of *k' positions. This cannot be the 

case, and henee the interface must advance at a uniform rate 

thus maintaining its shape.

Inasmuch as the interface advances at a uniform rate - 

although not necessarily constant - there can be no crystal- 

lographic anisotropies affecting the growth kinetics. Therefore 

the interface must be spherical. This being the shape no matter 

what the orientation relationship between the two crystals be, 

there is no macroscopic shape change . Consequently, as long 

as the volume change is zero, there is no elastic field. built
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up during the transition.

Let the position of any I lattice point be given by its

where k, denotes the position of the centre of the 3pherical 

transformecL región. From equation (5) it follows that

Taking now into aooount equation (3) and that, theie beinfr no 

elastic stresses

since the system is conservativo. Thus, if k, is chosen as 

the nul veotor, the matrices Pc are all singular.

Prom a physical point of view, this particular probability 

distribution describes a process where the transformation veloci- 

ty is much lower than the diffusion rate inside the interface. 

That is, if the radius of the product crystal is r, then - us- 

ing a random walk approximation -

coordinates *k¿ with respect to sonie origin ana a set of baso
*

vectora £ . Then, k may be written as

k

equation (Al) becornes
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where D L is the int^rplaase bounaary aiffusioa c o e f f i c i e n t .  

the probability distribution ia r e a l í s t i c a s  long as

•/* (A2)
r «  ( J L 2 l  )

Taklng for instance d D t ~  l o " '  —  V ~  l<f c / s e c ,  

(A2) yields f
r << 5 x 10~ c m

whiob is » very small partióle.
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APPENDIX II

CALCULATION OP THE AVER A GE OP THE px DISTRIBUTION, IN THE
k

CASE OP A HOMO GEN tí OU 3 DEPORMATION

Consider a probability distribution such that p . _ i f
X ^ ^

where all the k vectora in this sum denote positions in only 

one I plañe for all the k vectora uescribing positions in 

one P plañe. In view of the aymmetry properties that charac- 

terize a crystalline solid, it may be stated that - under steady 

state growth conditions — the probability distribution will re— 

peat itself with a certain periodicity. The period will depend 

on the lattice parameters of both the I and The P lattices 

and on the orientation relationship.

The average of p^ ovir all the xk vectors aefining po­

sitions in the I plañe considered is

p _ 211 p _ —i— -2 -j p - —íílL c a 3 \
\  *¡T PV k  N. ^  " Nx

where N f is the number of P lattice vectors in one period 

of the probability distribution in the plañe, and N* is the 

corresponding number of I lattice vectors. Unless the atom 

densities in both I and P planes being considered are equal, 

N P ^ N¿ . On the other hand, the N„ do not necesaarily oc- 

cupy the same area as the Nx atoms do. But, N p = Nj, , where 

N^ is the number of D lattice points that do occupy the 

same area as the N x ones. Then,

N» ¿ a  , .
P * “i» = — —  (A4)

where and A x are respectivély the density of lattice points 

of the D and that of the I related planes.
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APPENDIX III

CALCULATION OP THE PROBABILITY DISTHIBUTION 

WIDMANSTATTBN FERHITE

The D planes associated th.rou.gh the correspondence (p C s>) 

with the (101)^ planes, are parallel to the (111)# planes.

Por the data of Watson and McDougall (8), the trace of 

the habit plañe in the (111L  plañe and the projection of the 

unit vector in the direction of the strain S¿ are illustratea 

in fig. 3a. In fig. 3b, a view normal to that trace is sketched; 

the valúes of the pertinent angles and factors are given in 

Table VI. Then if x, y, z are the coordinates of an <* lattice 

point referred to the system shown in fig. 3a,

3¡' x s x - m ,  (y - x tg tp) ldIJ(l sin ( y-,A ) eos ® / O . 9926 

S 7‘ y = y - m, (y - x tg vf) ld.,,1 sin (vf ) sin ̂ / 0 . 9926

(A5)

S~' z = z - m ,  (y - x tg i|) sin ( y  - A ) I d lZi /0.9926

where d (S is the component of the unit vector in the direction 

of the strain, normal to the (111)^ plañe, and ^  is the 

angle between the «< and y planes. 1 + m,P, d t = 0.9926 for 

all the cases. The valué of ¿ may be derived from (see fig. 3b)

sin /X e m, sin ( ̂  - > ) I d (¿j / 0 . 9926 (A6)

The results are given in the first column of Table 1x1•

The x and y coordinates that should be considered in
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•quatxon (A!?) are negligibly üií’í i;rí*nt irom those that would 

obtain if the Kurdjumov-Sacha orientatxon relationship were strict- 

ly valid, provided f  < I o , ana thus the latter were taken in 

the oaloulation. Now, the compon^nt of displacement Sg' z does 

not change the x-y coordinates - reíative to the sites of the
M I

(111 )t planes - of an «* point already displaced by S_ x and

S;' y . Thus, the criterion described in the text for calculat-

ing the probability diBtribution (fig. 2a) may be applied with-

out regard to the displacement in the z-direction (Tables III

find xv). The distributions thus derived yield valúes of p,^ ¿ 1.

Henee the possibility of independent atomic movements in the

f r í o ,  direction has to be considered. The actual probabilities

ps should equal 1 since the system is conservative. Then 
. k

ú sing the same criterion as pictures in fig. 2b, it is easy to 

aee , with the help of fig. 3b, that

p* ( 2 ** -  ** ) /  -  1 (A7)

But

and henee

t* = t* sin ^  / sin (* - A )

. » t* sin V  
sin (* - >) - T 2 - 1/p, (A8)

k.

permita to check the valué of the angle A  ( second column of 

Table III).
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