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Stochastic effects on the bistatic transfer function of a planar
scatterer distribution
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ABSTRACT
We evaluate the effects of several stochastic factors on signal trans-
mission through a planar distribution of stationary scatterers, with
non-collocated transmitter and receiver (bistatic configuration). The
transmission channel is described by means of its transfer function,
which–as a result of randomness in the scatterer distribution– fluctu-
ates around its expectation value. Specifically, we consider random-
ness in the scatterer positions (both on the plane and in height), in
their radar cross sections, and in the scattering phases. Our analytical
results provide a quantitative relation between the parameters that
characterize random components of each kind, and the fluctuations
that alter the transfer function.
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1. Introduction

Bistatic radars are based on the detection of signals which are not emitted at the same
place where they are received. This kind of geometric configuration, where the distance
between transmitter and receiver is comparable to the distance to the target [1], has sev-
eral advantages over its monostatic counterpart with collocated transmitter and receiver.
Among them, an enhanced resolution and signal information contents [2], the possibility
of exploiting third party transmitters [3], and strategic benefits such as covert operation
of inexpensive and mobile receivers [4], are worth mentioning. Synthetic aperture radars
(SAR), which are among the most up-to-date remote sensing systems in scientific appli-
cations [5–8], are designed on the basis of bistatic configurations. This is also the case of
passive radars, where sensing is implemented using non-cooperative transmitters, thus
reducing manufacturing and operational costs [9]. Forward-scattering radars are another
member of the same class [10].

Target detection and characterization with radars are based on the comparison of emit-
ted and received signals. Differences between these signals bear information on how the
environment affects the original emission by adding reflections at material objects, thus
making it possible to infer data on the location, motion, and nature of the scatterers. The
construction of models for the transmission channel embodied by the environment is a

CONTACT Damián H. Zanette zanette@cab.cnea.gov.ar

© 2018 Informa UK Limited, trading as Taylor & Francis Group

http://www.tandfonline.com
http://crossmark.crossref.org/dialog/?doi=10.1080/17455030.2018.1551643&domain=pdf
http://orcid.org/0000-0003-0681-0592
mailto:zanette@cab.cnea.gov.ar


2 I. GAVIER ET AL.

crucial step in the interpretation of the information derived from radar measurements, and
therefore constitutes a basic ingredient of signal processing. Well-known statistical models
for radar cross-section distributions –e.g. Rayleigh, Rician, Weibull [11]– as well as standard
propagation models –e.g. Okumura-Hata [12], and the recommendations of the Interna-
tional TelecommunicationUnion (ITU-R)– are examples based on both heuristic arguments
and empirical results.

On the other hand, ab initio computation of the effects of the environment on signal
propagation –although necessarily restricted to stylized representations of the distribution
and the nature of scatterers– can be used as a starting point for the construction of more
refined models, overcoming the phenomenological essence of the standard descriptions
mentionedabove. In a recent contribution [13],wehavepresentedanalytical results charac-
terizing the transmission channel formed by a planar distribution of point scatterers, within
a bistatic configuration. Our characterizationwas based on the computation of the transfer
function, which measures the ratio between the received signal and the transmitted signal
for each frequency component –i.e. in the Fourier representation.

The first step in the present paper consists in removing various assumptions and con-
straints on the scattering models studied in our previous contribution. However, the main
focus is put on analyzing the effect of several kinds of stochastic factors, expected to be
present in any real distribution of environmental scatterers. Specifically, we consider ran-
dom components in the position of the scatterers, in their radar cross sections, in the phase
shifts due to scattering, and in the height of scatterers above or below the reference plane.
Themain goal consists in quantitatively relating the parameters which specify the strength
of randomness, to the fluctuations that these random components induce in the transfer
function. Our methodology and results provide tools for evaluating the effects of several
sources of clutter on the received signal of radars, and other sensing and communication
systems based on bistatic configurations [14–16].

2. Bistatic transfer function

Weconsider a transmitter at position rT , emittinga signal of amplitude T(t), anda receiver at
position rR. Both transmitter and receiver are stationary and isotropic. Assuming that prop-
agationoccurs in free space in thepresence ofN stationary non-interactingpoint scatterers,
the amplitude of the received signal reads

R(t) = 1
d0

T(t − t0) +
N∑

k=1

√
σk

d(k)
T d(k)

R

T(t − tk), (1)

where d0 = |rR − rT | is the distance between transmitter and receiver, and d(k)
T = |rk − rT |

and d(k)
R = |rk − rR| are the distances from the kth scatterer, situated at position rk , to

the transmitter and the receiver, respectively. Figure 1(a) illustrates these definitions. The
delay time from transmitter to receiver is t0 = d0/c, and tk = (d(k)

T + d(k)
R )/c is the total

delay of the echo received from the kth scatterer. The factor
√

σk is the square root of the
corresponding radar cross section (RCS). In the frequency domain, Equation (1) reads

R̃(ω) = 1
d0

T̃(ω) [1 + τ(ω)] exp
(

−i
ωd0
c

)
, (2)
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Figure 1. Positions, distances, and the setup of elliptic coordinates in the bistatic geometric configu-
ration. (a) Notation for positions and mutual distances between the transmitter (T), receiver (R), and
scatterer k (b) Curves of constantμ or ν in the elliptic coordinate system. The Cartesian coordinates are
normalized by the distance x0 between the origin and the foci, represented as dots (T: transmitter, R:
receiver).

where tildes denote Fourier transforms. The quantity

τ(ω) =
N∑

k=1

T (rk ,ω) (3)

is the transfer function of the scattering channel, with

T (rk ,ω) = d0

d(k)
T d(k)

R

√
σk exp

[
i
ω

c

(
d0 − d(k)

T − d(k)
R

)]
(4)

the contribution of the scatterer situated at rk .
Being a frequency-by-frequency description of the scattering channel, the transfer func-

tion can be immediately extended to take into account a dependence on frequency in the
RCS, as well as a frequency-dependent phase shift during signal reflection at each scatterer
(none of them considered in Ref. [12]). In fact, replacing

√
σk → χk(ω) ≡ ξk(ω) exp[iφk(ω)] (5)

in Equation (4), we add a dependence on ω to the RCS, now given by σk(ω) = ξk(ω)2, and
a phase shift φk(ω).

Assume now that the positions rk of the scatterers, together with those of transmitter
and receiver, rT and rR, are all coplanar. Introducing a suitably defined distribution over the
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plane, the transfer function (3) can be expressed as the integral

τ(ω) = d0 exp
(
i
ωd0
c

)∫
ρ(r,ω)

exp[−iω(|r − rT | + |r − rR|)/c]
|r − rT ||r − rR| d2r, (6)

where ρ(r,ω)d2r = χ(r,ω)n(r)d2r is the number of scatterers n(r)d2r inside the surface
element d2r at position r, weighted by the corresponding value of χ(r,ω). This integral
adopts a particularly simple form when expressed in elliptic coordinates with foci at the
positions of transmitter and receiver (see Appendix). In fact, except for the density ρ(r,ω),
the integrand is independent of the elliptic ‘angle’ ν, and depends on the ‘modulus’ μ

only. Figure 1(b) shows curves of constant μ or ν over the plane. In elliptic coordinates,
Equation (6) reads

τ(ω) = d0

∫ ∞

0
ρ̄(μ,ω) exp

[
i
ωd0
c

(1 − coshμ)

]
dμ, (7)

with ρ̄(μ,ω) = ∫ 2π
0 ρ(r,ω)dν. The product ρ̄(μ,ω)dμ encompasses the contribution to

the transfer function coming from the scatterers along the ellipse of ‘modulus’μ andwidth
dμ, irrespectively of their ‘angle’ ν. The integral in Equation (7) can be exactly computed
for selected scatterer distributions, yielding explicit expressions for τ(ω). Moreover, when
ρ̄ does not depend on the frequency, the limits of large and smallω can be given as asymp-
totic expansions, and the inverse problem of finding ρ̄(μ) as a function of τ(ω) is exactly
solvable [13].

For the sake of concreteness, in the following we focus the attention on elliptically
‘isotropic’ scatterer distributions, for which the scatterer number density can be written as

n(r)d2r ≡ N

2π
η(μ)dμdν. (8)

Here, the density profile over the ellipse ‘modulus’, η(μ), satisfies
∫∞
0 η(μ)dμ = 1. If we

further assume that the frequency dependence of both the RCS and the scattering phase
shift is statistically uncorrelated with the scatterer positions, so that χ(r,ω) ≡ χ0(ω) =
ξ0(ω) exp[iφ0(ω)] for all r, the transfer function becomes

τ(ω) = 4Nχ0(ω)

d0

∫ ∞

0
η(μ)

exp[iωd0(1 − coshμ)/c]
coshμ sinhμ

dμ. (9)

Due to the fast decay of the integrand as μ → ∞ –and disregarding possible non-
integrable singularities of η(μ) for intermediate values of the variable– the only condition
for the convergence of the integral in Equation (9) is that, forμ → 0, η(μ) vanishes at least
as fast as με for some ε > 0. In practice, this condition prevents considering any distribu-
tion with a finite density of scatterers on the segment between transmitter and receiver.
Scatterers asymptotically close to transmitter or receiver, in particular, provide divergently
large contributions to τ(ω).

In the next section, we study how the transfer function responds to several stochas-
tic features in the scatterer properties, which add different forms of clutter to the bistatic
transmission channel.
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3. Effects of randomness

In this section, we study how the transfer function responds to several stochastic factors
associated with the spatial distribution and physical properties of scatterers. Specifically,
we consider the effects of randomness in the scatterer positions over the plane, in their RCS,
and in the signal phase shifts during reflections. Finally, we relax the assumption of a planar
scatterer distribution, and study the effect of (small) random displacements with respect
to a reference plane. In all cases, our approach is the same. Starting from Equation (3), we
compute the expectation value and the variance induced by stochasticity on the transfer
function. Then, much as for Equations (6) to (9), we provide integral expressions, where
stochastic effects are mathematically more explicit.

3.1. Randomness in the scatterer positions

For any given scatterer density n(r), local irregularities in the distribution of theN scatterers
determine that the transfer function calculated from (3) differs from the result of (7). The
same kind of difference arises if the integral in Equation (7) is calculated using a Monte
Carlo algorithm, sampling the integrand at N randomly selected points on the plane. Thus,
the first stochastic effect that we consider here concerns the fluctuations in the value of the
transfer function over different realizations of the scatterer positions for a prescribed form
of n(r). To isolate this specific effect, we assume that χk(ω) is the same for all scatterers:
χk(ω) = ξ0(ω) exp[iφ0(ω)] ≡ χ0(ω) for all k (as in Marcum RCS model [11]).

When the position of a scatterer is randomly sorted following the density n(r), the prob-
ability that it lies inside a small area δAj around position rj is pj(r) = n(rj)δAj/N. The number
of scatterers Nj in δAj, in turn, obeys a multinomial distribution [17]. Its expectation value
is E[Nj] = Npj, while its autocorrelation reads E[NjNj′ ] = Npj[δjj′ + (N − 1)pj′ ], with δjj′ the
Kronecker delta. The resulting expectation and autocorrelation for the transfer function,
calculated from Equation (3), are given by

E[τ(ω)] =
∑
j

E[Nj]T (rj,ω),

E[τ(ω1)τ
∗(ω2)] =

∑
j,j′

E[NjNj′ ]T (rj,ω1)T ∗(rj′ ,ω2),
(10)

where the sums run over all the areas δAj, covering the whole plane, and the asterisk
indicates complex conjugate.

In the limit where the areas δAj are infinitesimal, the sums over surface elements trans-
form into integrals. In particular, the expectation1 E[τ ] becomes identical to the integral
in Equation (7), indicating that the average value of τ(ω) over random realizations of the
scatterer positions coincides with the transfer function calculated over the continuous dis-
tribution n(r). For the isotropic densities defined by Equation (8), the expectation of the
transfer function reduces to the expression given in Equation (9).

In turn, evaluating the autocorrelation for ω1 = ω2, we calculate the variance of the
transfer function, Var[τ ] = E[|τ |2] − |E[τ ]|2, which for isotropic densities yields

Var[τ(ω)] = 8Nξ0(ω)2

d20

∫ ∞

0
η(μ)

2 cosh2 μ − 1

cosh3 μ sinh3 μ
dμ. (11)
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Note that Var[τ ] depends on ω through the coefficient ξ0(ω)2 only. Because both E[τ ] and
Var[τ ] are proportional to the number of scatterers N, relative fluctuations in the transfer
function, as measured by the coefficient of variation

Vτ =
√
Var[τ(ω)]
|E[τ(ω)]| , (12)

decrease asN grows: Vτ ∼ 1/
√
N. In contrast with the integral in Equation (9), convergence

in Equation (11) requires that, for μ → 0, η(μ) vanishes at least as fast as μ2+ε for some
ε > 0. This stronger condition indicates that the divergent contribution of scatterers near
the transmitter and the received has a larger effect on the variance of τ(ω).

In order to compare with our analytical results, we have measured the standard devia-
tion SD[τ ] = √

Var[τ ], for several frequencies, over sets of 300 realizations of the scatterer
distribution. The transfer function τ(ω) was calculated by numerical evaluation of the sum
in Equation (3), with N varying from 100 to 106. We sorted the scatterer positions from a
class of isotropic distributions with η(μ) ≡ ηa,b(μ) = Ca,b exp(− coshμ) sinha μ coshb μ,
where Ca,b is a suitable normalization constant, for four combinations of the exponents
a and b. Due to the proportionality to exp(− coshμ), these distributions correspond to
scatterer densities which decay exponentially for large distances from transmitter and
receiver. Their detailed behavior for short distances –and, in particular, their integrability
in Equation (11)– depends on a and b. For selected values of the exponents, moreover,
Var[τ(ω)] can be exactly evaluated. Regarding the RCS, we have taken ξ0(ω) = 10−3d0 for
all ω. With this choice, according to Equation (11), we expect that Var[τ(ω)] is independent
of the frequency.

Symbols in Figure 2 stand for numerical results. For the three lowermost sets, full lines
correspond to the analytical result for

√
Var[τ ]. We find an excellent agreement, especially

for large frequencies. For the uppermost set, on theother hand, the integral in Equation (11)
does not converge. In this case, SD[τ ] grows faster than

√
N, as demonstratedby thedashed

line. On the other hand, its independence of the frequency is preserved.

3.2. Randomness in the radar cross section (RCS)

The second stochastic effect thatwe consider here is due to statistical variations in the value
of the RCS between scatterers. To this end, we write the square root of the RCS of scatterer
k as

ξk(ω) = ξ0(ω) + g[ξ0(ω)]Wk , (13)

whereWk is a non-dimensional stochastic variable with zero mean and delta-like autocor-
relation: E[WkWk′ ] = δkk′ . In order to isolate the effect, we assume that all the phases φk(ω)

in Equation (5) are identical. The expectation and the autocorrelation of ξk over the set of
all scatterers are

E[ξk] = ξ0, E[ξkξk′ ] = ξ20 + g(ξ0)
2δkk′ , (14)

respectively. The function g(ξ0), which weights the standard deviation of ξk , is introduced
to take into account that in statistical models for cross section distributions (e.g. Rayleigh,
4th-degree chi-square, Rice, Weibull, among others [11]) the RCS mean value and variance
depend –at least, partially– on each other, via the parameters that define each distribution.
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Figure 2. Standard deviation of the transfer function, SD[τ ], as a function of the number of scatterers,N,
for isotropic distributions with ηa,b(μ) = Ca,b exp(− coshμ) sinha μ coshb μ, for four combinations of
the exponents a and b. Different symbols stand for numerical results at three frequencies, as indicated in
the label. Full lines for the three lowermost sets are analytical results. For the uppermost set, the dashed
line is a guide to the eye.

Replacing Equation (13) into Equation (3) and averaging over the stochastic variable
Wk , we can calculate the expectation values E[τ(ω)] and E[τ(ω1)τ

∗(ω2)] by summing over
individual scatterers. When the sums are approximated by integrals, E[τ(ω)] coincides (as
in Section 3.1) with the value of τ(ω) obtained for uniform χk(ω). For isotropic densities,
E[τ(ω)] is identical to the expression in Equation (9). Similarly, the variance differs from
the result given in Equation (11) just by a multiplicative coefficient which determines its
dependence on the frequency:

Var[τ(ω)] = 8Ng(ξ0)2

d20

∫ ∞

0
η(μ)

2 cosh2 μ − 1

cosh3 μ sinh3 μ
dμ. (15)

As in the case of random scatterer positions, the coefficient of variation of Equation (12)
decays here with the number of scatterers as Vτ ∼ 1/

√
N. This behavior is now due to local

self-averaging of the stochastic distribution of RCS, within any given spatial domain, as the
number of scatterers grows.

Symbols in Figure 3 show the standard deviation of the transfer function versus the stan-
dard deviation of the RCS square root obtained from numerical computation of the sum in
Equation (3), for N = 106 scatterers and ξ0 = 10−3d0 for all ω, over 300 realizations of their
RCS. Cross sectionsweredrawn froma triangular distributionofunitarymeanvalue and sev-
eralwidths.Weconsidered threeof the isotropicdistributions introduced in Section3.1, and
computed the transfer function for three frequencies. The agreement with the theoretical
prediction, represented by lines, is again excellent.

3.3. Randomness in the scattering phase

When, at each scatterer k, the signal is shifted in phase by a random amount, we expect
that the received signal is degraded by interference between reflections at mutually close
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Figure 3. Standard deviation of the transfer function, SD[τ ], as a function of the standard deviation of
the RCS square root, g(ξ0), for three of the isotropic distributionsηa,b(μ) considered in Figure 2. Symbols
stand for numerical results at three frequencies, and lines correspond to analytical results.

scatterers, with a resulting decrease in the transfer function. We write the phase change at
each reflection as

φk(ω) = φ0(ω) + �k(ω), (16)

where the random phases �k(ω) are drawn from a specified distribution f (�,ω). To iso-
late this effect, moreover, we take the same RCS for all oscillators. In other words, χk(ω) =
ξ0(ω) exp[iφ0(ω) + i�k(ω)] ≡ χ0(ω) exp[i�k(ω)]. The explicit specification of the distri-
bution f (�,ω) is here necessary because of the nonlinear dependence of the transfer
function on the phase shifts φk(ω). For instance, the expectation E[τ(ω)] is proportional
to E[exp(i�k)] = E[cos�k] + i E[sin�k], whose calculation explicitly involves f (�,ω). This
contrast with the linear dependence on the square root of the RCS, where the specification
of the mean value and standard deviation of ξk(ω) –cf. Equation (13)– suffices to calculate
the homologous quantities for τ(ω), as done in Section 3.2.

For isotropic densities, the expectation of the transfer function turns out to be

E[τ(ω)] = 4Nχ0(ω)

d0
E[exp(i�k)]

∫ ∞

0
η(μ)

exp[iωd0(1 − coshμ)/c]
coshμ sinhμ

dμ. (17)

For instance, choosing a Gaussian distribution with frequency-dependent standard devia-
tion �(ω),

f (�,ω) = 1√
2π�(ω)2

exp
[
− �2

2�(ω)2

]
, (18)

we find E[exp(i�k)] = exp[−�(ω)2/2]. Thus, E[τ(ω)] is modified by the phase shift distri-
bution through the coefficient exp[−�(ω)2/2] < 1. This factor represents a reduction in
the transfer function due to the increasing incoherence between local reflections of the
transmitted signal, as the dispersion in the random phase shifts grows.

It can be shown that the reduction of the transfer function due to randomness in the
reflection phases, illustrated above for a Gaussian distribution, occurs for any distribution
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Figure 4. Modulus of the transfer function expectation with a Gaussian distribution of scattering
phases, as a function of the standard deviation, for three values of the frequency and an isotropic scat-
terer distribution given by η1,1(μ) (see Figure 2). Symbols represent results of numerical simulations,
and curves stand for analytical results.

f (�,ω). This is a direct consequence of the mathematical fact that |E[exp(i�k)]| < 1, inde-
pendently of how�k is distributed –exceptwhen all the�k aremutually identical, in which
case |E[exp(i�k)]| = 1. Moreover, assuming that phase shifts are uncorrelated between
scatterers, we find that E[exp(i�k) exp(i�k′)] = |E[exp(i�k)]|2 + δkk′(1 − |E[exp(i�k)]|2)
for any distribution. For the transfer function, the resulting variance is

Var[τ(ω)] = 8Nξ0(ω)2

d20

(
1 − |E[exp(i�k)]|2

) ∫ ∞

0
η(μ)

2 cosh2 μ − 1

cosh3 μ sinh3 μ
dμ. (19)

Note that, as expected, Var[τ ] vanishes if all phase shifts are identical.
In Figure 4, symbols represent numerical results for the transfer function expectation

(in modulus) calculated from Equation (3), with a distribution of scattering phases given
by Equation (18), as a function of the standard deviation �. Calculations were performed
withN = 106 scatterers, ξ0 = 10−3d0 for allω, over 300 realizations for each value of� and
of the frequency. The scatterer density was η1,1(μ) = C1,1 exp(− coshμ) sinhμ coshμ (see
Section 3.1). Curves stand for the analytical prediction, Equation (17).

3.4. Randomness in the scatterer heights

Finally, we relax the assumption of a strictly planar distribution of scatterers, by allowing
each scatterer k to be located at a random height zk from the reference (horizontal) plane
that contains the transmitter and the receiver. For displacements toward both sides of the
reference plane, the distances from scatterer k to transmitter and receiver grow to

d(k)
T ,R = d̂(k)

T ,R

√√√√1 +
(

zk

d̂(k)
T ,R

)2

> d̂(k)
T ,R, (20)
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Figure 5. Modulus of the difference between the expectation E[τ ] and the transfer function for a planar
distribution, as a function of the variance in the scatterer heights, for three values of the frequency and
an isotropic scatterer distribution given by η5,3(μ) (see Figure 2). Symbols stand for results of numerical
simulations, and lines correspond to analytical results.

with d̂(k)
T ,R the corresponding distances if the scatterer were on the plane (zk = 0). There-

fore, even if the average displacement is zero, E[zk] = 0, the change of the contributions
T (rk ,ω) have the same sign for all scatterers, both inmodulus and phase. This implies that,
in contrast with the cases of randomness in the scatterer positions and of randomRCS (Sec-
tions 3.1 and 3.2), stochastic deviations from the reference plane will directly affect the
expectation of the transfer function.

An explicit form for E[τ ] can be obtained assuming that the displacements zk are small
as compared with the distances d̂(k)

T ,R, so that d(k)
T ,R can be approximated by a power series

around d̂(k)
T ,R. For isotropic scatterer densities with χk(ω) = χ0(ω) for all k, and E[zk] = 0, we

find, to the first significant order,

E[τ(ω)] = τ0(ω) − E[z2k ]

d20

4Nχ0(ω)

d0

∫ ∞

0
η(μ)

exp[iωd0(1 − coshμ)/c]
coshμ sinhμ

×
(
1 − 2 cosh2 μ + 4 cosh4 μ

cosh2 μ sinh4 μ
+ i

ωd0
c

2 cosh2 μ − 1

coshμ sinh2 μ

)
dμ, (21)

where τ0(ω)denotes the transfer function for the correspondingplanar distribution (zk = 0
for all k), given by the right-hand side of Equation (9). The change in the transfer function
turns out to be quadratic in the height displacements compared with d0, as given by the
ratio E[z2k ]/d

2
0. Note, however, that the imaginary part of the quantity in the second line of

Equation (21) depends also on the frequency. The truncation of the power series yields a
good approximation as long as ωd0/c � 1.

A comparisonbetween analytical andnumerical results is shown in Figure 5, forN = 106,
ξ0 = 10−3 for all ω, and the isotropic scattering distribution η5,3(μ) (see Section 3.1). As
expected, a substantial deviation becomes apparent for sufficiently large frequencies.
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4. Conclusion

We have here quantified the effects of several stochastic factors on bistatic signal trans-
mission through a planar distribution of non-interacting point scatterers. With respect to
our previous contribution [13], the formulation is now generalized to consider frequency-
dependent radar cross sections and phase changes in reflection events.

Stochastic ingredients in the scatterer distribution are a source of clutter affecting trans-
mission,whichwehave characterizedby estimating the fluctuations induced in the transfer
function of the corresponding channel. It is useful to summarize themain results as follows.

• Randomness in the positions of the N scatterers with respect to a reference continu-
ous distribution does not affect the expectation of the transfer function. Its fluctua-
tions relative to the expectation, as given by the coefficient of variation, are of order
1/

√
N.

• Randomness in the radar cross sections also does not affect the expectation. Fluctu-
ations in the transfer function are proportional to the standard deviation of the cross
sections.

• Randomness in the scattering phase shifts determines a reduction of the transfer
function expectation, whose detailed form depends on the phase shift distribution.

• Randomness in the scatterer heights with respect to the reference planemodifies the
transfer function expectation in an amount which, to the first approximation order, is
proportional to the variance of heights and has an imaginary part proportional to the
frequency.

For the sake of analysis, the effects of these stochastic factors have been characterized in
mutual isolation. However, if they are assumed tobe statistically independent of eachother,
the effects on the transfer function expectation and variance can be added up straightfor-
wardly, making it possible to evaluate their joint outcome when two or more of them are
simultaneously present.

Naturally, the four stochastic ingredients considered here do not exhaust all the possible
sources of environmental randomness affecting the transfer function. However, our results
demonstrate that the presentmathematical approach can be employed to deal with a vari-
ety of both deterministic and stochastic contributions to signal transmission. The same kind
of method can be used to compute other quantities related to signal propagation, such
as cross-correlations and power spectral densities. A near-future challenge is to adapt this
methodology to consider mobile scatterers, which are dominant in some environments [5,
14, 18], extending the analytical calculation to bistatic ambiguity functions [1].

Note

1. In the following, as donehere,weoftenomit explicit indicationof thedependenceonω, for clarity
in the notation.
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Appendix. Basic properties of elliptic coordinates

Elliptic coordinates (μ, ν) constitute a planar coordinate system defined with respect to two foci
which, in a Cartesian system (x,y), are conventionally situated over the x-axis, at the points (−x0, 0)
and (+x0, 0). The transformation from elliptic to Cartesian coordinates is given by

x = x0 coshμ cos ν, y = x0 sinhμ sin ν, (A1)

with 0 ≤ μ < ∞ and 0 ≤ ν < 2π . The inverse transformation can be obtained from the following
relations:

coshμ =

√√√√√ x2 + y2 + x20
2x20

+

√√√√( x2 + y2 − x20
2x20

)2

+
(

y

x0

)2

, (A2)

http://orcid.org/0000-0003-0681-0592


WAVES IN RANDOM AND COMPLEX MEDIA 13

and

cos ν = x

x0 coshμ
, sin ν = y

x0

√
cosh2 μ − 1

. (A3)

Figure 1(b) shows that, as the coordinateμ grows, it represents increasingly large ellipses, all sharing
the same foci, while ν varies from 0 to 2π along a whole turn around each ellipse. Thus, μ and ν

define a sort of ‘polar’ coordinate system (respectively giving its ‘modulus’ and ‘angle’) with elliptic
symmetry. The ellipse ofμ = 0 coincideswith the segment [−x0, x0]. Over this degenerate ellipse, the
coordinate ν is not uniquely defined.

Of particular interest for the applications in this paper are the distances d+ and d− from a point of
coordinates (μ, ν) to the foci at +x0 and −x0, respectively. They are given by

d± =
√

(x ∓ x0)2 + y2 = x0(coshμ ∓ cos ν). (A4)

In turn, the surface element is

d2r ≡ J dμdν = x20(cosh
2 μ − cos2 ν)dμdν. (A5)

Remarkably, the Jacobian J coincides with the product of the distances to the two foci, J = d+d−.
This coincidence is the origin of the substantial simplification of the integral in Equation (6) when
expressed in elliptic coordinates.
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