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Abstract :  We develop a treatment of the pairing force problem in terms of two collective variables: 
the intrinsic deformation ct and the gauge angle 4. The comparison between the results ob- 
tained solving the corresponding quantum mechanical Itamiltonian and those obtained by an 
exact diagonalization shows the adequacy of the present approach. 

1. Introduction 

The interaction of the valence nucleons via a pairing force with constant matrix 
elements accounts for the energy gap in the excitation spectrum of even nuclei, the 
mass difference between even and odd nuclei, the value of the rotational moment of 
inertia and the enhancement of  ground to ground state transitions in the process 
involving the transfer of two particles 1). The existence of such a type of residual force 
in nuclei was first proposed by Bohr, Mottelson and Pines 2). Its treatment is very 
much simplified by making the approximation of a superconducting field 3,4). 
The corresponding violation of a symmetry which is present in the original Ha- 
miltonian (the conservation of the number of particles) implies the existence of super- 
conducting bands (for instance, the set of ground states of neighbouring even nuclei). 
The matrix elements of two-body transfer processes are very much enhanced between 
members of the same superconducting band and, indeed, these processes play the 
same r61e as the Coulomb excitation in rotational bands. 

The existence of a vibrational degree of freedom associated with the pairing 
force, namely, the pairing vibration has been suggested 5). The microscopic de- 
scription of this mode has been made within the random-phase approximation, 
both for superfluids and normal systems 6). The corresponding phonon carries 
J = 0, n = + ,  a = 0, z = 1 and ~ = +2,  where J is the angular momentum, 
n the parity, a the spin, z the isospin and ct the baryon quantum number, respectively. 
Again, the specific experimental tools for checking the properties of these collective 
states are the two-body transfer reactions. Although there are regions of the periodic 
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table which display the basic pattern predicted by the model 7), significant departures 
from harmonicity are found. Attempts to correct for these effects by means of a boson 
expansion have been made s). 

The aim of  the present paper is to develop a macroscopic model of the collective 
degree of  freedom associated with the pairing force which would include the anharmon- 
ic terms of  the motion within the adiabatic approximation. The variables of the 
model are the gap parameter and the gauge angle 9,10) which is the canonically 
conjugate variable to the number of particles operator. Thus, the model provides 
a unified description of systems displaying permanent superfluid distortions and 
normal systems. In particular, it allows one to follow the onset of  stable superconduct- 
ing distortions starting from closed shell normal nuclei. 

In ref. is) (see appendix) the collective variables mentioned above are defined in 
terms of  a boson expansion, and some properties of the l:otential energy surface are 
discussed in connection with two-nucleon transfer data. 

In the present paper the model is presented and applied to the case of  a system of 
particles moving in a set of symmetric single-particle levels with energy ev = ve 
(v = ___ 1, ___ 2, _-!- 3 . . . .  ). The numerical solution as well as the adiabatic approximation 
is checked by comparing the energies and matrix elements of the two-body transfer 
operator against the exact solution of the two-level model 11). 

All the ideas and magnitudes presented here have their analogous counterpart in 
the macroscopic description of the quadrupole degree of freedom as formulated by 
Bohr lZ) and solved numerically by Baranger and Kumar 13). 

In the present case of the pairing between identical particles, we have the ad- 
vantage over the quadrupole case that the problem is much simpler (two collective 
variables instead of  five, abelian instead of vector magnitudes, etc.). Moreover, 
because the exact treatment of the pairing force may be done in cases involving high 
degeneracies, we have the very infrequent possibility of comparing our results with 
exact ones in a meaningful way from the point of view of  the theory of  collective 
motion. 

In future papers we intend to treat more realistic cases and to introduce the isospin 
degree of freedom. 

2. The pairing collective coordinates 

We obtain the collective variables associated with the pairing mode using as a 
guidance, the model of  rotations and vibrations in a system undergoing quadrupole 
deformations. 

Many properties of nuclei may be understood in terms of the shell model and an 
average quadrupole single-particle field. This field is easily obtained if we assume that 
an important component of  the effective two-body Hamiltonian is represented by the 
quadrupole interaction 

HQ = -½x E Q~Q+, (2.1) 
# 
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where 

Q~ E m(~) -+ - ~--- y,  %" (/¥ ~ ¥ '  , 
%', %" 

mOO <vlr2¥2~(O, ~)lv'>, (2.2) ¥m %'t 

+ 
and c, (c%') are the particle creation (annihilation) operators. Then, the average field 
due to other particles acting through HQ on a particular nucleon represents the de- 
formed field 

VQ = -- E x , Q , ,  (2.3) 

where r ,  = ( - ) " x _ ,  in order that V o be hermitian. 
The determinantal eigenfunctions ~(r )  of the many-body independent particle 

Hamiltonian 

H~(x) : n,p~+ VQ, (2.4) 

are parametrized by the five (real) constants ,¢, which determine the shape of the 
potential. Use is made of the notation x = (%). In eq. (2.4), H,v h represents a single- 
particle Hamiltonian with spherical symmetry. It is also convenient to define the 
related variables q, as the expectation values 

q~, = < ~ ( x ) l Q ; l ~ , ( r ) > .  (2.5) 

The parameters q, measure the quadrupole deformation of the wave function. 
They can be much larger than the single-particle estimates provided by the spherical 
shell model. At equilibrium, it can be shown that 

xq, = r~. (2.6) 

We may expect a very simple type of motion in which the values of the parameters 
q, (or x,) change slowly with time, while the internal single-particle field follows 
adiabatically and thus holds the particles in almost the same state of intrinsic motion. 

Instead of parametrizing the quadrupole distortion by the five parameters q~ 
we may specify the deformations in an intrinsic frame and use, as additional variables, 
the orientation of this particular frame. The intrinsic system of reference is oriented 
in such a way that only two independent deformation parameters are different from 
zero. It is customary to choose 

' ' ' ( 2  7 )  q ,  = q - ,  = q 2 - - q - 2  = O, 

, 3 
qo - A R 2 f l  cos y, 

20n (2.8) 

q2 = 20~ AR2 fl s i n  ~ ,  
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where ,4 is the number of particles and R the nuclear radius. The parameter fl is the 
(invariant with respect to rotations) quantity measuring the deformation, 

fl _ 20~ [ ~ q ,  q~]~: = 20.______~ [ ~ q, .  q,]½, 
3AR 2 3AR 2 ~, 

while ), measures departures from axial symmetry. The real quantities q~, q~ (or fl, ?) 
are referred to as the intrinsic collective coordinates. The angular collective coordina- 
tes are the Euler angles co -- (~b, 0, tp) that are defined by the conditions (2.7) and the 
transformation 

q'~ = ~. q,O2~(co). (2.9) 
Y 

The Hamiltonian describing the dynamics of the quadrupole degree of freedom in 
terms of these variables was given by Bohr 12). The detailed functional dependence of 
the mass parameters associated with this collective motion can be determined through 
a microscopic model of the system. Quite generally, the kinetic energy term does not 
contain cross derivatives in the intrinsic and angular variables. However, the separation 
between fl, ? and co is not complete because the moments of inertia, (i.e. the mass 
parameter in the terms including derivatives with respect to co) depend on fl and Y. 
Nevertheless, it is convenient to write the wave function in terms of the rotation matri- 
O~S. 

~'n,,'.x.u(fl, ?, co) = /21+1~ ~ ~--~-~2 ] ~ q'K,X,n,,'(fl, ?)D~I(co) (2.10) 

where n, n' are quantum numbers associated with the fl, 7 degrees of freedom. The 
separation of variables is achieved for instance, for axially symmetric rigidly deformed 
systems. In this case K becomes a good quantum number and consequently the sum 
in eq. (2.10) disappears. 

While the lowest excitations of strongly deformed nuclei correspond to rotations 
with ? = 0 and fixed values of fl, collective states at somewhat higher energies are 
generated by vibrations of the system around the equilibrium shape (fl and ? degrees 
of freedom). The system is always close to the equilibrium deformation given by 
(2.6). 

In approximately spherical nuclei, the energies associated with the five collective 
degrees of freedom are about equal and a phonon-like spectrum does appear. 

Let us now consider the pairing degree of freedom. The pairing interaction with 
constant matrix elements may be written in the form 

H p  -~ - -  GPP +, (2.1') 

where 

P ~ + + (2.2') C v C~ , 
v>O 
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+ The Hamil tonian !']p and c + creates the single-particle time-reversed state o f  c v . 
may  be solved in the field approximation.  Thus, we replace Hp by a generalized 
"single-particle" potential 

Vp = -(A2 P + A_2 P+), (2.3') 

where A2 = A*2 in order that Vp be hermitian. 
The many-particle eigenfunctions ~(A) of  the independent-fermion Hamil tonian,  

n ' p ( h )  = ns.p.--~- Vp, ( 2 . 4 ' )  

are parameterized by the two real components  o f  the complex numbers  which 
determine the shape o f  the potential. The notat ion d - (A2, A_2) is used. Here Hs.v. 
is a many-body  independent-particle Hamiltonian.  It is also useful to define the 
parameters  ct__2 measuring the deformation of  the wave function, 

=. = (¢(A)IP(#)I¢(A)>,  (2.5') 
# = _+2, where P(2) -- P and P ( - 2 )  = P+.  

At  equilibrium, it can also be shown that 

A t = G0t~. (2.6') 

The non-zero expectation value o f  P(/~) implies that  the states ~b(d) do not  have a 
definite number  of  particles. This feature is analogous t to the fact that  the quant i ty  

defined in eq. (2.5) may  be much greater than the shell-model estimate, as a conse- 
quence o f  the use o f  a deformed single-particle potential which does not  conserve 
angular  momentum.  

Also in the pairing case, we can expect a slow type o f  mot ion in which the complex 
parameters ctu (A,) change with time, while the internal single-fermion field H i 
follows adiabatically. 

Instead of  parametrizing the pairing deformat ion by the % parameters,  we may 
introduce a t ransformat ion to an intrinsic system characterized by the fact that  the 
deformat ion is described by only one real parameter  tt. In the quadrupole  case, the 
t ransformation f rom the laboratory system to the intrinsic system is generated by 
the unitary t ransformat ion 

R(O,,) = e -'zm°". (2.11) 

On the other hand, we have already remarked that in connect ion with the pairing 
case the number  o f  particles plays an analogous role to the angular m o m e n t u m  

t There is in this sense a small difference between the quadrupole and the pairing case. The qua- 
drupole operator may have non-vanishing expectation values between eigenstates of  the angular 
momentum operator while the pairing operator cannot but have zero expectation values between 
eigenstates of the number-of-particles operator. In this respect, the pairing degree of freedom is 
more similar to the octupole degree of freedom for which the expectation value between states 
having a definite parity necessarily vanishes. 

tt Most of the ideas of this section have been taken from lectures at the Niels Bohr Institute given 
by Professor A. Bohr during the winter term of 1968 and from ref. ~o). 
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in the quadrupole case. Therefore, by analogy with (2.11) we define a gauge trans- 
formation 

~(to) = e -'~'*, (2.11') 

where.A: is the number-of-particles operator. Under the gauge transformation, an 
operator changes according to the change in particle number associated with the 
operator. For instance, the one-particle creation operator and the operator P trans- 
form, respectively 

÷, e-'*c, +, C v = = 

e ' =   (to)e -x(to) = 

Therefore, the deformation parameters ~t~ transform according to 

0 ~  2 ---- Ct+ 2 e::l:2t'~, (2 .9 ' )  

and the requirement that in the intrinsic system they are real 

Im (ct~) = 0 

implies that the gauge angle to is given by 

tg 2to = i ~ 2 -  ~- 2 
Of 2 ..i.. 0 ~ _  2 ' 

where the pairing deformation is measured by the absolute value ct 

ct = ct~ = (ct2~t_2) ~. (2.7') 

In the next two sections we construct the analogue of the Bohr collective Ha- 
miltonian for the pairing case, in which the collective variables are the intrinsic 
parameter ct and the gauge angle to. By analogy with (2.10) the collective wave func- 
tion is given by 

1 
k v  A(ct, to) = ~ ~o,,A(~)e 'A* (2.10') 

which are characterized by the number of particles A and the quantum number 
n associated with the ~ degree of freedom. Essentially, the same wave function 
was used by Ginsburg and Landau 9) in describing superconductivity in solids. 
The nuclei described by the BCS wave function a) correspond to those that have a 
large stability with respect to a change in ct from the equilibrium position given by 
(2.6'). The low-energy collective states represent rotations in the angular variable tO 
and therefore are associated in bands of states having essentially the same intrinsic 
function tpn.A(Ct ) ~ tp,(Ct) but differing in the rotational term (for instance, the set 
of  ground states of neighbouring even nuclei constitute one of these bands). Higher 
excitations are generated by vibrations of  the system around the equilibrium shape 
(pairing vibrations in superconducting nuclei 6)). 
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In normal nuclei, the energies associated with the two degrees of  freedom ~ and 
are about equal and a phonon-like spectrum does appear. 

3. Determination of the collective parameters 

3.1. POTENTIAL ENERGY SURFACE 

The BCS solution 

16} ' +  ' +  = 1 - l ( v , + v , c ,  c,  )10> (3.1) 

where 

U, = ~_~ (1 + e , - 2 1  )~, 

e ,  . (3.2) 
1 ( l _ e , - ~ ' ~ '  ' 

v , = ~ - ~  E , :  

where E, = I'(ev-~,)Z+A2"l ½. The potential energy is given by the expectation value 
of  the two-body pairing Hamiltonian Hs.p.+Hp. The pairing force contributes with 

a term 

(61HplO> = - G~ z - G E V,: 4, (3 .3 )  
v 

1 (3.3a) 
, ,  = <61Pi6> = E, v ,  v, = ½A,>o E f , '  

(see also eqs. (2.5')). The second term in eq. (3.3) may be neglected because it is of  
the order of  f2t times t smaller than the first one, where ~t is the total degeneracy. 

The total potential energy surface includes in addition to the term (3.3) a con- 
tribution from the single-particle potential, and therefore 

v(~) - <61HI0> = <61H,.p.16>+<OlHp16> = 2 Z  V2ev--G Cx2. (3.4) 
v>'O 

In the interval 0 < ~ < 2g2 t this potential has only one minimum at the origin for 
G < Go. There are two extreme values, a maximum at the origin and a minimum in 
the interval 0 < g < 2[2t, if G > Go. The position of this last extreme value is given 
by the BCS equation 2/G = ~ , > o  I/E,. The value G¢ corresponds to the smallest 
value of G for which this equation has a solution. The BCS approximation assumes 
that the wave function has zero amplitude for A away from this equilibrium position. 

* We have checked this statement for .62 = 100 and f2 = 20 (see sect. 7) by comparing the results 
when the second term ofeq. (3.3) was not included in the calculation of the potential energy. No signi- 
ficant differences appeared in the results. 

v 

is always an eigenfunction of  the pairing field Hamiltonian (2.4') in the intrinsic 
system (A~ = A ' 2  = A, real) for any value of the potential deformation A provided 
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As said before we are going to treat only the symmetric model. In this case there is 
a natural value of the Lagrange multiplier fixing the number of particles, namely the 
energy equidistant from levels above and below. In the following we shall take this 
energy to be the zero point of our energy scale (2 = 0). 

Further discussion on the asymptotic behaviour of the potential is done in sect. 5. 

3.2 .  K I N E T I C  E N E R G Y  T E R M S  

The solution of the time-dependent Schrfdinger equation 

ih 0 kb(t)) = H',l~,(t)), 
0t 

(3.4) 

may be expressed as a linear combination of the "instantaneous" eigenfunctions of the 
Hamiltonian Hp = Hp(t) defined in eq. (2.4') 

H~(t)lco(t)) = e,(t)lco(t)), (3.5) 

at any fixed value of t. Therefore 

[:::. l kb(t)) = ~ a,,(t)log(t)) exp - i  (t')dt'/h , (3.6) 
t a > 0  

and eq. (3.4) is equivalent to the set of coupled differential equations 

d,,(t) = - ~>o ~ a'(t)<co(t)lO~ Iv(t)> exp [~'o(8,,(t')-e.(t'))dt'lh]i . (3.7) 

In order to solve eq. (3.7) by perturbation theory ~4), we begin assuming that the 
system spends most of its time in a particular state 10(t)> (adiabatic approximation). 
For instance, 1(3 (t)> is the determinantal wave function obtained by filling the lowest 
single-particle levels, if we are treating the dilatation of a doubly magic nucleus. 
The determinantal state varies with time as the radius of the single-particle potential 
changes. In the present case ]()(t)> represents the BCS ground state and changes with 
time as the gap A and the gauge angle ~b do. The states Ico(t)> which are connected to 
10(t)> by the time differential operator are two-quasiparticle states [co(t)> = 

+ + ~ 
~,  ~d0( t )>  with excitation energies e,o-eo = 2E~. The assumption of adiabaticity 
can be rephrased by saying that the perturbative expansion of the coefficients 

is rapidly 

a,(t) = a~°)(t) + at~l)(t) + at,2)(t) + . . . .  (3.8) 

convergent, <og(t)lO/dt[v(t)> being the expansion parameter and that 

a~°)(t) = 6(v, 0). (3.9) 

Consequently 

f'o (c°(t')' 0 a~)(t) = - ~ 10(t')> exp [i(8o~(t')-eo(t'))t'/h]dt'. (3.1o) 



COLLECTIVE TREATMENT OF PAIRING HAMILTONIAN (I) 9 

This integration can be simply performed in the adiabatic limit, in which the matrix 
elements (co(t)[O/OtlO(t)) and the energies e~,(t) change little during an amount of 
time of the order of the "intrinsic" periods h/(eo,-eo). In such a case 

a~l)(t) = ih (~o(t)lO/Otl6(t)> exp [i(eo,(t)-eo(t))/h]+c, (3.11) 
n~,(t)-eo(t) 

where (o~(t)[O/Ot[(t)O) and eo,(t)-eo(t) are suitable time averages. Therefore, under 
the adiabatic hypothesis and requiring the wave function I~0(t)) to be normalized up 
to second order we obtain 

{[ S "  (co(t)lO/OtlO(t)) } I<w(t)lO[Ot[ 0(t)>[ z-] [0(t)> + ih ~, I~o(t)> I ~ ( t ) >  = 1 -- ½h2o~"O (/~,o(t)-  80(t))  2 ..] ~o>0 8a~(t)-- $0(t ) 

× exp [-ieo(t)t/h], (3.12) 

or in other words, I¢(t))  is obtained in the base of eigenfunctions of H'(t) by treating 
the operator 

a 
H" = - i h  -- (3.13) 

Ot 

in ordinary Schr6dinger perturbation theory. From now on the explicit dependence 
of  the different magnitudes on t is not displayed any more. As is easily seen the wave 
function [~,) does not contain all the possible second-order terms. The missing ones 
are 

(¢0i, o~210/Otlv)(vlO/OtlO) ]0~1 0.)2) 
t -h" 2 Y - -  
, o , . o . > 0  , > o  

-hz Z ~ (colo/Otlv><vlo/otl6> Ico) 
,>o o>o 

.l_h2v~> ° (vlO/OtlO)(OlO/OtlO)(~v_ ~o) 2 Iv) } e -'"°~/'. (3.14) 

These terms, however, do not contribute up to second order to the kinetic energy 
when the standard cranking model prescription is used 

T = (g, IH~I~b>--(61H'pI(}> ---- ~ I(c°lH"16>12 (3.15) 
,o > o 2E,o 

The Hamiltonian H~ is diagonal in the quasiparticle representation. According to eq. 
(3.13) H "  is 

H" = -ihdt 0 _ ihq~ O .  (3.16) 
O~ Ocb 
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Y,>o(C,  c , + c ,  c , )  We have seen before that  the number-of-par t ic les  operator.A/" = ' + ' ' + ' 
is the canonical  conjugate variable to ~b, i.e. 

We can then write t 

- i h  --0 = hA/'. (3.17) 
0¢ 

H "  = - iha O__ + h~.W'. (3.16a) 

The  commuta t i on  relat ion between the number  opera to r  and  the gauge angle 
is satisfied as well by the operatorJV" - .  4" o whereJV" o is a constant.  I t  is convenient  
to choose,W" o as the number  o f  particles filling the states below the Fermi  level. 
In  this way the lowest state of  the collective spec t rum has 6 ~ < 6 1 M / ' - . W ' o l 6 > / J  = 0. 
Therefore ,  H "  has mat r ix  elements 

2 2 
<o : IH"16>=- iha  (U,,-V;,)lEo, +$2u~v . ,  

Z ( v  ~, - v,~)l e • 
v > O  

<o~ln"lv> = 2h$(U, ~ -  V,~)a(v, co), 

<61H"16> = 0. (3.18) 

Because u and q~ are real quantit ies by  definition (see sect. 2), their t ime derivatives 
mus t  also be real. Thus,  the first te rm on the r ight-hand side o f  eq. (3.16a) is purely 

* The  same result  can be obta ined by apply ing  the operator  0/0~, to the  BCS g round  state expressed 
in the lab system o f  coordinates  

~-1(¢)t6> = 17 (V~+e2'*V~c'dc'd)lo> • 
O > 0  

The  state generated in this way is equal  to 

a _ .~,,v..~-lc~,~ = 2~ x 2,, ,+ ,+ - -  V,e c, c~ [-[(uo+voe2%'dc'~+)lO>. 

The corresponding overlap with a two-quasipa~icle state 

~-1(¢)1v>  ~ - 1 ( ¢ ) ~ . * ~ : 1 6 >  2,, ,+ ,+ = = ( - V , + e  U ,c ,  c~ ) r I  (Uo+e2'÷V.c'o+c'~+)l°> , 
~ v > O  

is equal  to 

<vl~(4,) ~ ~-'(¢)10> -- 2iv, v, = i<vlXI6>. 

This  relat ion is identical to eq. (3.17). 
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imaginary while the second term is real and, therefore, there are no interferenceterms 
proportional to aq~ in the expression for the kinetic energy given by eq. (3.15): 

r = ½B(~)~ ~ + ½ J ( ~ ) ~  

= _1 y~ i<o, lha/a~16)l 2 ~ +  ½ ~ I<¢olt~,,¢'16>12 ~2 
2 , ~ > o  E~ , , > o  E~, 

- v , ; ) /E : ,  ~ 
= ½h 2 ,>o 32+½ h2 Z 4 U,V; ¢~2. (3.19) 

[ Z  (v~,-v,~)~lE,Y ,>o 
v>O 

In consequence, the mass parameters are given by 

h~y~ ~ ~2  3 ( u , -  v ; ) / E ,  
, , > o  (3.20) B(ot) = [ ~,  (U2 " _ Vf)2/E,]2 , 

o¢(~) = 4 h 2 ~  U2*V~ (3.21) 
v>o E,  

A possible objection to the previous estimate of  . f (~)  and B(u) arises from the fact 
that one is interested in the values of  these parameters for a definite deformation ~. 
Now, the initial value of the wave function deformation is ~o = (()1 Z,>oC,+C~ + 10)~ 
whether 

ct' - (~1 ~ c+c+]~k) 
v > O  

= % - 2 h  2 ~ I(vlOlOtlO>12 U, 1I, 
• > o  4E, 2 

,>o E, ~ Y~ ~ e,/E, 
v>'O 

h2aq ~ E (U'2-  V~) (3.22) 
~>o 2E~ a 

There appears then an uncertainty in the value of the deformation for which the mass 
parameters are determined. A second objection to eq. (3.15) is that one should use the 
expectation value of the total two-body Hamiltonian H -- Hs.p. + Hp in order to obtain 
both the potential and kinetic contributions to the total energy, and not the field 
approximation Hamiltonian H' .  Actually, the two above-mentioned objections, are 
closely related to each other (see below). In what follows, we present an alternative 
way of  calculating the inertial parameters which is free of these objections and which 
gives the same expression (3.15). 

It is shown that in the framework of the standard cranking model and at least for 
a symmetric system of levels the correct deformation to be taken is the one given by the 
wave function IV) in the absence of velocity-dependent terms. We require that the 
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deformation n of the system remains constant and equal to go when cranking the 
wave function. To achieve this result, we allow the deformation of the potential to 
be a function of the velocities a and ~ t. In this case we have to replace the BCS 

state 1(3) in eq. (3.12) by 

la') = la>+6A o la>+6~, o la>+64, a 

We then obtain 

where 

(~ '1E c+ c~+la'> = ao+½6ag,-i6cb Z 2u,~K,, 
v > O  ¢o>0 

(3.23) 

On "= S n - - A 2 S n + 2 ,  (3.24a) 

S, = ~ lIE'S. (3.24b) 
v > O  

The term proportional to 62 vanishes in the symmetric case as expected. Taking into 
account simultaneously the change of  ~ due to the presence of time dependent terms 
in ]~b) and to the change in A and ~b we get (see eqs. (3.22) and (3.24)), 

2 2 

( U , - V ; ) 4 U ,  V v I(vlO/cgtl6)I2 u, V,+h2d z r, 4E~ 
a' = ~o - h2,>o ~ 2E~ , > o 

i ( v ,  - + -- h2dq ~ Z +½6Aga -ifc~ Z 2U,, V,,. (3.26) 
Ol v>O 2E~ ~>0 

The requirement & =  ~o implies 

(3.27) 

h 2 h2~ 2 ( U ~ -  V~) 2 4Uo, V~, 6A = -  ~ I(c°]0/0tl0)12 V ~ , U , ~ - -  ~ 2E 2 
01 ~>o E~ gt ~>o 

v?)2  / 
01 ,>o 2E 3 1 / ~ o  2U'v ' "  ~ 

The total energy 8t can be separated ioto a velocity-dependent and velocity-indepen- 
dent term 

oat = (~blHl~b) - (~klH,.p.l@)+(~blHpl~b) = Y(~, ~, q~)+ V(g). 

The expectation value of the pairing Hamiltonian yields (aside from small terms of  
the order of those already neglected in eq. (3.4)) 

(~kl/-/pl~') = - G.~ 2, (3.28) 

t This is a simple extension o f  the method  which has been applied initially by Beliaev 4) to deal 
with the pailing plus quadrupole model in constructing potential energy surfaces. 
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while we obtain from the expectation value of the single-particle Hamiltonian 

(~,lH+.p.l+> -- 2 ~ %, V2+A6Agt  

2 2 2 2 8U,,V~ (U~,-V~,) , ,  , ~ 10>12+h2•2 y, (U~_V~)2 

= 2 ~, e,oV~+h 2 E I<°~lO/OtlO>12 (3.29) 
~>o ~>o 2E,~ 

We recognize the potential energy V(ct) of eq. (3.23) to be the sum of the expectation 
value given in eq. (3.28) plus the velocity-independent term of eq. (3.29). The sum of 
these two terms gives back the result of eq. (3.3). The second term in eq. (3.29) 
represents the kinetic energy and is identical with expression (3.15). 

In what follows we discuss some properties associated with the structure of the 
kinetic energy as given by eq. (3.19). It can be shown that the fact that the matrix 
elements of 0/t3a and.A f are real also implies that the kinetic energy is invariant under 
gauge transformations. To show this we will express T in terms of the wave function 
distortion parameters 0t±2 defined in eq. (2.5'). Because of the condition 0t* = 0t_ 2 
one can write 

tZ:t: 2 - -  cte +21#, (3.30) 

where ~b is the angle appearing in the transformation between the lab and intrinsic 
systems (see eq. (2.9')). It is clear from eq. (2.9') that the transformation i f(b)  
when applied to the magnitudes defined by eq. (3.30) gives a real number invariant 
under gauge transformations. By means of eq. (3.30) we can write 

e " ÷ =  ot2/a-2. (3.3l) 

By means of eqs. (2.7') and (3.31) we can calculate 

an2 0~'-2 

and therefore 

_ 0~ i (3.32) c3~ i e _  21#, _ e21# ' 

c~a2 4~ a~_ 2 4~ 

H "  = --ih 0 _ihd~2 ~ __i~it~_2 
Ot O~t 2 Oot_ 2 

----_~ifio~ze_214, 63 +..4/" _½ill~_2e2t÷ 63 
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T h u s  

I<oJIH"16>l ~ = ½~h~-2h 2 (l<col 16>12+ 

1 ( ~  2 .a ~22)~a (l<t~l~0 16>i ~ 

which implies through eq. (3.15) 

1 (B( ' , )+ 1 1 1 j ( , ) )  (d2",2 + ~2a aa2)" 

It is easy to check that 

2 .2 t ,~' ~2 ~-  2 + ' -  2 ",2 -- 2~*(~ z - 4 ~  2) 

(3.33) 

(3.34) 

(3.35a) 
(3.35b) 

are the only gauge invariant magnitudes quadratic in the velocities ~i2~ that can be 
constructed. A rather general condition that can be imposed on the coefficients of the 
partial differential equation (3.33) is that they are analytic functions of ,,2. This actu- 
ally implies 

lira [B(',)-- J ( ' , ) l  = O. (3.36) 
• +o ~ 4~ 2 ] 

This requirement is automatically fulifilled by the mass parameters as ealoulated 
with the oranking model prescription eqs. (3.20) and (3.21), i.e., 

B ( , ) ] . = o  = J ( ' ) l  --  (3 .37)  
+,' j.+o 

The relation (3.37) is the only one existing between J ( , )  and B(',). It may be pointed 
out that (3.36) is equivalent to the relation 13) o¢=/B~ ,= 4V 2 between the moment of  
inertia associated with rotations around the symmetry axis J ,  and the mass param- 
eter B 7 associated with v-vibrations in quadrupole axially symmetric deformed nuclei. 
For the quadrupole cases, the relation analogous to (3.36) holds not only at a point 
(~ = 0) but on the whole axis V = 0. 

4. The qnantum-mechmical Hamiltonian 

In the previous section we derived the classical Hamiltonian depending on the 
variables , ,  ~b and their time derivatives. Its form is in general (see eqs. (3.4) and 
(3.19)) 

H = T(a, d ) +  V(a), (4.1) 

T ".- ½ ~ G,,,(a)d, dt,, 
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where amare the collective variables. According to Pauli ~ 2,1 3), the quantum mechanical 
Hamiltonian is obtained by substituting for the kinetic energy T the operator 

T = - ½ ~ I G 1 - ½  a 63 
m.n ~a m IGI~Gm" Oa,-- ' (4.2) 

where G is the determinant of the matrix G,,, and G-1 is the inverse matrix. In our 
case, 

where the magnitudes J and B are defined in eqs. (3.20) and (3.21). 
The quantum mechanical kinetic energy is equal to 

T -  1 h2 {0 VB- 0 0 V J 0 }  

h2 a z ( 1 O,.~" 1 ) (4.4) _ OB O ~12 0 2 

2 , ~  O~) 2 ¼~12 B 2 " • B  Oct -~  Oct 2B Oct 2 

Because (2.10') is an eigenfunction of the operator ih 0/0q~ with eigenvalue proportional 
to the number of particles, we can replace in eq. (4.4) the first term by 

1 0 2 ( A - . . 4 / ' o )  z 
- -  (4.5) 

2 J  0{j~ 2 2 , . J  ~" 

This is completely equivalent to the usual replacement that is done in the kinetic 
energy of  a particle moving in an axially symmetric quadrupole deformed potential. 
The term (4.5) is thus a centrifugal term which, at least for small values of ct tends to 
increase the deformation of the system. 

The volume element in the Pauli prescription is equal to 

dz = [GI t I-I da.  = x / ~ d c t d ~ .  (4.6) 
n 

The form of this volume element is closely connected with the coefficients of the last 
two terms in eq. (4.4). This statement may be verified through the usual proof of  
orthogonality of  the eigenfunctions 

= { ha e ;  Oct-- 5 e ,  dct+½ h2 e* O-=- 5 e2 dct 
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Integrating by parts the first term on the right-hand side, and assuming that the 
wave functions vanish at the extreme values of ct 

(E2 - E,)  f + ~  + 1 d~ 

_ 
• ~f 1 (&,/ o ]  -+h  - - _ _  B - J  + 1 - + *  +2 d~ 

fr .7 
The SchrSdinger equation associated with the total Hamiltonian H, sum of  the 
potential energy term (3.4) and of  the kinetic energy term (4.4) is then 

h i+ 0 2 ( I &9 +" 1 - -  - - 8  +p,.u(Iz) = O, (4.8) 
2B a~xi+ ¼hi+ \ J B  ~ B + ~ ~ + V(cc)+ 2.# 

where M = A -..4/'o . 
In the case in which ~,q = 0 and the zero point fluctuations are small t, we can 

approximate 

v(~) = ½v0~i++ v~, 

B(a) - Bo = constant. 

o¢(ct) = 4Bocci+. (4.9) 

Eq. (4.9) reads 

( ) _ hi+ 0_~_ 2 I 0 + ½Vocc2 + -(~'-V;) q~,.u(cc)= O. (4.I0) 
2Bo c~i+ 2B---~ 0--~ 

which is the Schr6dinger equation of the two-dimensional harmonic oscillator. 

5. Asymptotic belmviour of the wave functions of the collective Hgmiltonian 

To solve numerically the pairing collective Hamiltonian we have made use of  the 
variables A and q~. The corresponding differential eq. (4.8) reads 

[ -h (2) (d )D-h( t ) (d )  A +h'°)(A)l  q~,,M(d) = 0, (5.1) 

t The restoring force of the system has a positive contribution that comes from the single-particle 
Hamiltonian and a negative one proportional to G. For sut~ciently small values of G we found the 
situation discussed above (harmonic limit). 
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where  
M 2 

- - ,  (5.2a) 
hC°)(A) = - oP u + V ( a ) +  2,42S s 

h")(a) = 2 aS5 + 5ao_____~, (5.2b) 
AS3 g3 $3 g2 

hC%4) = 2/g3, (5.2c) 
V(a) = g - i  - ¼  G A 2 S 2 ,  (5.2d) 

where g,  and S, are defined in eq. (3.24) and  M in eq. (4.8). The lower and  upper  

boundar ies  of the wave funct ion deformat ion are Ctml . = 0 and ctm. , = ½t2 t respec- 

tively. The corresponding values of the potential  deformat ion are dmi . = 0 and  

Am, x = oo. The corresponding volume element reads 

d~ = ½A~/g 3 $3 dA &p. (5.3) 

In  table 1 we give the asymptot ic  values of  the potential  V ( A ) .  For  G < Gc = 

1 /S I (A  = 0 ) t h e  potential  has only one m i n i m u m  located at A = 0 and the leading 

TABLE 1 

Asymptotic values of the pairing potential, the coefficients of the partial differential equation (5.1) 
and of the corresponding radial wave function q0,. 

A << e v A >> e v 

1 
V CA ) ½A'SI ( 1 -- GIG,) -- t'GD2 -- ZI 

1 
~V(A)IaA A(1 --½GSI)e(1) A.-- ~ el--2) 

2 
B2V(A)/aA 2 (1 -- tGSt)(e(l)--3A2e(3))+tA2e(l)e(3)G -- "~ e(--2) 

M 2 1 M 2 
h(°~(A) 2e(3) A 2 --e(--1)--d' - ~  A--¼G.Q2--# 

h (l)(A) 21e(3)A 4A'/e( -- 2) 
hC2)(A) 2/e(3) 2ASle(--2) 

M = 0 constant z* .I~ ( t z t )  
1 

z = ~ (½[1¼at2+81e(-2)l)i" 

~,,. ,,(,4) M :/= 0 A ~M sh (z) 
1 

The magnitudes g. and S, are defined in eq. (3.24) and e(n) = .F, vle,,[-". 

term for A << e~ is propor t ional  to A 2. For  G = Gc the restoring force is zero and  con- 

sequently the potent ial  increases as A ' .  For  G > G¢, V ( A )  has a negative slope near  
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the origin and a minimum for SI(A) = 2/G (i.e. for A = A=q). In all cases V(A) 
tends to -¼Gf22 for A >> e~. 

We have also displayed in table 1 the asymptotic behaviour of  the coefficients 
h,,(A) of the partial differential equation (5. I) and of the corresponding radial wave 
function for the bound state case ( g  < -¼Gf22). Only the regular solution has been 
considered. The general solution of eq. (5.1) for M = 0 are the Airy functions. We 
have chosen the particular combination of them that tend to zero for A >> e~. The 
function J~ is the Bessel function of  order z}. The normalization condition for the 
wave function reads 

f cp.*,m~o..mdx = 1, (5.4) 

where dv is defined in eq. (5.3). Because of the structure of  the volume element, any 
wave function which tends to a cons tan t  for A >> e~ would be an acceptable 
normalizable wave function. To restrict the set of  solutions to wave functions 
which fulfill q~.,M(A = ~ )  = 0 appears consequently arbitrary. 

6. Numerical method 

The differential equation (4.8) can be written as 

h(2'(x)qts'(x)+ h(a)(x)tp'8(x) - hW)(ff, x)q~,r(x) = 0, (6.1) 

d' being the eigenvalue. The procedure used to solve eq. (6.1) was to reduce it to finite 
differences, that is, by approximating q~(x) by the discrete sequence ~o,, = tp(me), e 
being the integration step chosen and m an integer number. Within this approximation 

q~'(x) .~ ~o(x+½8)-~o(x-½8) ,~ tp(x+e)-~o(x-8)  _ tp,,,+l-tp,,,_l, (6.2) 

2e 2~ 

qJ'(x) ..~ q~(x+6)+tp(x-f)-2~o(x)  _ q~,,+t +q) , ._ , -2q) , ,  (6.3) 
82 ,~2 

With the aid of  eqs. (6.2) and (6.3), the differential equation can be cast in the form 

(p,, + 1(2h~) + eh~)) - tPm(ah~ ) + 282hff~(e))  + ~0,._ 1(2h~ ~ - ~h~ )) = 0. (6.4) 

I f  any two consecutive values ~o k and tpk÷ 1 are provided (which is equivalent to giving 
the value of the function and its derivative at a given point), then the full sequence q~, 
can be constructed by an iterative process with the aid of eq. (6.1). The function thus 
obtained depends parametrically on d'. As in the case of  better known potentials, the 
solution with increasing number of  nodes corresponds to increasing values of  d'. 
We discuss below different searching procedures for ~ with the condition that limm-,oo 
~o(me) = 0. In our case we can distinguish between two different situations: (i) the 
depth of the potential (Vo) is large compared to the energy of the lowest state and its 
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wid th  ( W )  is such  tha t  the  mass  p a r a m e t e r  B changes  s m o o t h l y  inside it. These  two  

fea tu res  m a k e  the  f u n c t i o n  ~o(x) have  a ve ry  large  de r iva t ive  in the  abso lu t e  va lue  

once  ou t s ide  the well  for  smal l  depa r tu r e s  o f  the  p a r a m e t e r  d'  f r o m  the  e igenva lue  

,d' a. F o r  d ' =  d~a one  needs  to in tegra te  m a n y  t imes  up  to the  rad ius  o f  the  well  (R,  

def ined as V(R) = ½ V(A = ~ ) )  be fo re  the  w a v e  f u n c t i o n  t ends  to  a c o n s t a n t  ( a symp-  

200 3 B& 

W 2 

,ooL w 
r -~. '  - -  4 / 

Z 0 ~  i, e 
, z 3 4 5 

- t o o ~  A / e  ' - . . . . . . . . . . .  

-200 k-  . I I I I : I ~ 2 " !3 4 5 6 .7 8 9 
: A l e  

- 2 5 o  i 

i 
-300 

' G - 3 (  j 
-34o 

2~G-Gc 

I Ill [ G-3G c 

. ~  0.2 

Fig. l. The potential V(A), the inverse of the mass parameter B(A) and the moment of inertia J ( A )  
are plotted as a function of A for the system .62 = 100, M = 0 and for two values of the coupling 
constant G = Go and G = 3G¢. The corresponding probability amplitudes of the two lowest states 
are also displayed. The quantities WI, W2 (14"3, W4) are the widths of the well at the two lowest 

eigenvalues for G = Gc (G = 3Go). 

t o t i c  b e h a v i o u r ) .  F o r  ins t ance  in the  case o f  the  g r o u n d  s ta te  o f  the  sys tem wi th  

M = 0, f2 = 100 a n d  fo r  a va lue  G = ½Go o n e  needs  to  go  up  to  a va lue  o f  x ,~ 20R 

be fo re  r e a c h i n g  the  a s y m p t o t i c  region.  In  this  case,  s t a r t ing  at  the  o r ig in  wi th  t he  
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proper x-dependence and checking both the number of  nodes and the behaviour of  
tp', a dicotomic procedure can be carried out and the eigenvalue can be determined 
with a prescribed precision. At each step, once the eigenvalue d', is obtained one can 

30 

INTERNAL SOLUTION 

. . . . .  EXTERNAL SOLUTION 

20 

I0 

8 

6 

~ 4 

0 

- -2  

- -4  

- 6  

- -8 

--I0 

--20 

- 3 0  

0.3 0.4 0.5 0.6 0.7 

x =O.OI=(N-I) 

Fig. 2. The full line shows the logarithmic derivative of the internal solution corresponding to the 
system ~Q = 100, M = 0 and for a value of  G = Go. The solution of the partial differential equation 
(5.1) is obtained by method (i) (see sect. 6) after 6 (curve 1), 8 (curve2), 12 (curve3) and 20 (curve4) 
iterations. The precision with which this eigenvalue is obtainedis of  the order of  (½)", n being the number 
of  iterations. No improvement is found however going beyond 12 iterations because the error due 
to the particular choice of  the integration step ( =  0.1) will allow to get an accuracy of one part  in 
104. The external solution is obtained by using any of the eigenvalues provided by the internal 
solution search. The differences are not possible to be plotted in the figure. The opt imum matching 

point is x ~ 0.1. 

start the integration at a point x = nR where n is a large number, and with the help 
of  eq. (6.1) propagate it towards the origin. The internal and external solutions 
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are matched at the point in which the corresponding logarithmic derivatives have the 
same value (see fig. 2), (ii) the depth of the potential is such that the energy difference 
between the lowest eigenvalue to the asymptotic value (V, = V(A = co)) of  the 
potential is small and the mass parameter B changes drastically over its range going 
f rom a finite value to zero. In this case the function q~ has a very long decreasing tail 
even for values g :/: go. The procedure followed in this case is based on the fact that 
for g = g , ,  the last node of q)s must be at infinity. Given a point Xo, two values 
d'+ and g _  of the parameter g can be found such that 

sign (ps÷(Xo) ~ sign q~,_(Xo) (6.5) 

and that q~a+ has the required number of  nodes between x = 0 and x = Xo. Under 
these circumstances g +  < d'_ and sign {~0a.(x)} = ( - l y '  where p = number of  
nodes, not including the one at the origin and the one at infinity. Interpolating 
between g +  and g _  a value d'o can be found for which ~0so(Xo) = 0. If  Xo is increased 
by an amount  fix a new value ~'t can be obtained by the same method such that 
~oe,(Xo+(Sx) = q)t(xl) = 0. The sequence of numbers {d'k} obtained through the 
condition 

¢ek(Xk) ---- 0,  Xk ---- XO + kfiX, (k = 1, 2 . . . .  ) (6 .6)  

tend to the eigenvalue g , .  Numerically the searching process is stopped when two 
consecutive values gk and gk+ t of  the sequence {gk} differ in less than a prescribed 
value r/. The sequence formed in this way is a monotonous one, that is, it is built by 
either upper or lower bounds of the eigenvalue. Stopping the calculation when 
I gk+ 1 -  g d  < r/does not guarantee, in principle, that either of  these two values will 
differ from the eigenvalue by the same amount  (see for example, the sequence 
d/,, = ~_fk~"t Ilk). In order to check this point we compare the convergence of the 
sequence {ilk} = {Id'k--~'k-al} with the convergence of the sequences {Ak-"} and 
{Ae-Ck}. In fig. 3 the sequence {ilk} is plotted as a function of  k (for the ground state 
of  the system f2 = 100, M = 0, G = 3Go) together with the sequences {Ak -1} and 
{Ak-2}. The value of A was so chosen that all the sequences have the same Value at 
k = I. It is seen that {l/k} goes faster to zero than {Ak -2} and in fact, f rom k0 ~ 30 
on, it shows an exponential behaviour. We can then write 

f o ~ Ae-C~ I~'~o-d',l < Id'k--~'k+xl ~ Ae-CXdx = (6.7) 
~ k = 0  C 

Therefore, if I~'ko-~'~o+xl ,~ Ae -ch° < r/ then Id'~o-~l < rl/C. Empirically, it was 
found that C is a constant of  order unity. 

In what follows we quote the empirically found range of validity of the two meth- 
ods outlined above. For f2 = 100, method (i) is valid up to G ~, 1.5 G¢ (for M = 0) 
and from there on method (ii) should be used. As 12 is decreased the range of validity 
of  the first method becomes smaller. For ~ = 20 (M = 0) method (i) is valid up to 
G ~ 0.75 G¢ whether for ~2 = 5 (M = 0) method (ii) should be used already for 
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G ~ 0.25 Go. This  range o f  val idi ty  is de te rmined  basical ly by the behav iour  o f  the  

mass  tha t  goes to zero more  rap id ly  as a funct ion o f  x with decreas ing t2, leading to  

wave funct ions with very long tails and  a lmos t  cons tan t  derivatives.  A second fact tha t  

decides on  the range o f  val idi ty  of  me thod  (i) is tha t  for  low t2 values,  the lowest level 

tends  to  be at  a greater  dis tance f rom the b o t t o m  of  the well (see for  example  fig. 6), 

the  wave funct ion o f  this level has a lower bar r ie r  to penetrate .  F o r  some values o f  G 

close to  the  one that  makes  me thod  (i) inappl icable ,  a hybr id iza t ion  o f  bo th  me thods  

was used. 

W 

I I 1 I I I 

A ~  v 

k 
5 I0 15 20  25 30  

14.5 24.5 44.5 64.5 

Ll/e 
Fig. 3. The sequence of numbers fl~ ---- [d',--d'~+ 11 obtained as intermediate steps of the searching 
procedure (ii) for the case .Q = 100, G = Gc and M = 0, are displayed as a function o f k  (see text, 
sect. 6). Also displayed are the sequences of numbers A k -  1 and Ak -2. It is seen that ~ }  tends faster 

to zero than any of these two sequences does and that for k m 30 its decay is exponential. 

Several checks on the numer ica l  p rocedures  were carr ied out.  The  in tegra t ion  rou t ine  
was used to solve wel l -known differential  equa t ions  o f  first and  second order ,  ob ta ined  

by set t ing for  instance h(Z)(x) = cons tant  and  h(1)x  = 0 or  vice versa and  h(°)(x,  d') = 
constant .  I t  was also used for  solving the comple te  differential  equa t ion  for  the case 

G << Go, in which case a near ly  ha rmonic  spect rum is found  (see eq. (4.10) and  
cor respond ing  discussion).  Excellent  agreement  was found  in all cases. 

In using me thod  (i)  or  (ii) a choice of  the in tegra t ion  step mus t  be made.  Since all 

the s t ructure  o f  the wave funct ion is found  inside the well, the choice o f  the inte-  

g ra t ion  step mus t  be made  based on  the width  o f  the well at  the eigenvalue.  When  
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method (i) is applicable, a typical choice of  50 to I00 steps within the well will 
guarantee three decimal places in the eigenvalue and the orthonormality of the wave 
function check up to one part  in 104 . As the well gets wider and shallower method 
(ii) should be used and one needs to go up to rather large values of  x to obtain the 
desired accuracy. Typically one needs to go up to x = 15R to obtain aprecision of 
1 0 - ,  in the eigenvalue. One can use in this case a larger integration step but in general, 
cumulative errors are then very important. One way to get around this problem is to 
perform an integration with variable step, increasing the step of integration as one 
goes further out in x, to regions in which the wave function has very little structure. 
The standard prescription used was to take the width of the well at a value 10 
above its minimum as a typical distance (Ro) ,  and to duplicate the step of integration 
at intervals equal to 6 R0. 

7. Application of the solution to the two-level model 

In the present section we test the collective solution of the pairing force Hamiltonian 
by comparing the results (henceforth, the collective results) with those obtained in 
an exact solution of the pairing-force problem (henceforth, the exact results). 

We assume particles moving in two levels with identical pair-degeneracy 12 sep- 
arated by the distance D. In the symmetric case, we have therefore ,A/" o = 2f2, 
the number of particles in the lowest collective state. Thus, the quantum number M 
in eq. (4.8) represents the difference 

M = A - r e .  (7 .1 )  

For the two-level model case, it is easier to solve exactly 11, t 6) the pairing force 
problem, than to apply the collective approximation. In the representation charac- 
terized by the number of  particles in the lowest and highest level, respectively, one has 
to diagonalize tridiagonal matrices. 

In obtaining the exact results represented in figs. 4, 8 and 9, we have systematically 
subtracted a term G A  from the exact energies. This term represents a self-energy, 
Hartree-type contribution of the pairing force and it is not supposed to be included 
in our treatment. The comparison between calculated and exact results is made 
first in the case of  a very large degeneracy, t2 = I00. In such a case we expect to 
minimize effects associated with the Pauli principle, at least if we treat a small number 
of  particles or holes outside the closed shell (M = 0, 2 and 4). We postpone the 
discussion of the effects due to large values of M and/or smaller values of  f2 to the 
second part  of  this section. 

In the limit G--* oo, the two-level model is equivalent to the one-level model. 
In this case, there is a simple expression for the energy of the ground s t a t e s  1,tT). 

@n = - ¼ G A ( 4 a -  A + 2) + G A  = - GI2 2 + ¼GM2.  (7.2) 

We thus see that the exact treatment predicts a rotational energy term h 2 M 2 / 2 J  
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with a m o m e n t  o f  iner t ia  J = 2/G decreasing with  increasing G. In the case o f  the 

so lu t ion  cor respond ing  to  very s table superconduct ing  systems, the collective Ha-  

mi l ton ian  (4.8) yields a s imilar  term. The value of  the m o m e n t  o f  iner t ia  at  equi l ib-  

r ium can be derived f rom (3.21). 

J~q  = [ 2 
h2 - l i r a  A2S3 l im ~ $ 1 -  ~ e ~  = $ 1  = - ,  (7.3) 

v>0 6 

~ A=q ~ levi. 

The lef t -hand side o f  fig. 4 reproduces  the exci ta t ion energies o f  the M = 2 and  

M = 4 members  of  the g round  state band.  
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Fig. 4. The full lines represent the results of the exact calculation, while the crosses, dots, etc. corre- 
spond to the collective results. In each of the two sections of the figure, there is a level scheme clari- 
fying which excitation energies are represented. In the level schemes, the states are characterized 
by the quantum numbers M and N where M is given in (7.1) and N is the number of phonons which 
the corresponding state would have as good quantum number if continued to the region G/G= <~ 1. 
The left side of the figure represents excitation energies of the ground states of the systems with M = 2 
4. The right side represents the energies of the vibrational states corresponding to the M = 0, 2 and 4 
systems (• = 100). The dotted line indicates the two-quasiparticle energies 2E v = (¼D z +A z q)~ = Gg2. 

All energies are given in units of tD where D is the distance between the two levels. 

The energies o f  these states in the  v ibra t iona l  l imit  (G/Go very smal l )  is given 

basical ly by  the s ingle-part ic le  term,  i.e. g2(g .s . )  = D and  84(g.s . )  = 2D ( remember ,  

= 0). Here,  g u ( g . s . )  s tands for  the g round  state energy o f  the system with M 
part icles  outs ide the closed shell. As G increases, the energy pa t te rn  should  resemble  

the  one given by  eq. (7.2) as indica ted  by the fact that  the collective m o m e n t  o f  iner t ia  

coincides with the  one level model  pred ic t ion  for  superconduct ive  nuclei (eq. (7.3)).  
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For G = ~tGo = ~D/2f2 where ct is a number of  order unity but greater than one, 
d'2(g.s. ) = G = ~D/2f2 and d'4(g.s. ) = 4G = 4~tD/2t2 (see eq. (7.2)). We see then 
that  the ground state energies (measured from 8o(g.s.))  decrease as a function of G 
typically from D to D/2t2 and are of  order G for G > G¢. It is a well-known result of  the 
exact solution of the degenerate model that all other excitations are of  order GI2. 
The numerical results show that [82(g.s.)--e0(g.s.)[ ~ I0 - s  ~M=0,2(g.s.). The 
difference between the numerical and exact solutions are not representable in fig. 4 
and are of  order ~< 10-6d 'u= 0.2 (g.s.). This is also the precision that we required in 
the numerical integration of the differential eq. (4.8). The agreement displayed in the 
figure constitutes therefore, evidence on the accuracy of the numerical method. 

The ratio between the energies of  the ground state levels is very approximately 4, 
already for values of  G close (but larger) to Go. For instance, the ratio has the value 
3.93 for G = 1.5 Go. Therefore, the rotational M 2 law (analogous to the I(I+ 1) 
law for the quadrupole rotor)  is very closely fulfilled even in cases where there are 
still significant deviations from the well-deformed coupling scheme. Therefore, 
the verification of the M 2 law is not the most sensitive way of characterizing the pre- 
sence of stable deformations. On the other hand, it is known 16) that some matrix 
elements of  the operator P {eq. (2.2')} have a dramatic dependence on G/Gc. These 
matrix elements are associated with two-nucleon reaction cross sections. We check 
below that the behaviour of  these matrix elements allows one to decide the region of 
validity of  the two pairing-coupling schemes (normal and superconductor). As usual, 
there is a transition region in which neither is applicable. 

As is well known, the energies of  the excited states differ by an amount  ha~ in the 
vibrational description of normal systems. From our results, we see that they become 
essentially degenerate for very deformed nuclei. This difference is due to the fact that 
the centrifugal term in eq. (4.8) is much more effective for small values of A, because 
it diverges as 1/A s in the limit d - ,  0. 

The collective energies of  the vibrational states depart from the exact values for 
G > 3G~. This is to be expected since the vibrational motion is not adiabatic in well- 
deformed systems. The dotted line in fig. 4 represents the two-quasiparticle energy 
2(¼D 2 + A,q) ~ = 2GI2 (intrinsic excitations) and we see that the collective results deviate 
from the exact results from the point on which the intrinsic excitations become lower 
than the ones predicted on the basis of  the adiabatic assumption. 

The state representing a vibration around the deformed equilibrium position does 
not exist in the degenerate model, which is obtained in the limit G/G~ --, ~ ,  as 
previously mentioned. Correspondingly, in our calculation, the vibrational states 
become unbound for values of G/G, > 6. More precisely, in order to find the first 
excited state once the ground state is found, the combination of methods (i) and (ii) 
(see previous section) is applied. For G ~ 6Go and any value of M, the searching 
proc:dure is not able to find any suitable pair of  eigenvalues, both of  which are within 
the depth of the well. 

In the case of  vibrational states, the adiabatic model is supposed to have opt imum 
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validity in the region of smallest excitation energies (G ~ G¢). The model certainly 
improves over the unphysical results characteristic of the harmonic approximation 
(for instance, the result that the vibrational energy vanishes for G = G¢). In the present 
treatment (and in the exact calculation) the zeros in the energies are replaced b3 
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Fig.  5. The absolute value of the two-body transfer matrix element I(flPii>l as a function of G/G©, 
for the case ,(2 = 100. The transition region G ~ (7= is displayed with an expanded scale at the right. 

See also the caption to fig. 4. 

minima. In fig. 4, we see that these minima are somewhat pushed to the right of  the 
point G -- G= (if [MJ > 0) as a consequence of centrifugal effects. 

The matrix elements of the two-body transfer operator P may be divided into 
three groups: 
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a) Transit ions within g round  states. For  small values of  G, the ratio between the 

matrix elements of  the transition between the ground states M = 0 ~ 2 and M = 2--+4 
is close to the number  1/,,/2, characteristic o f  the vibrational scheme (fig. 5). Both 
transitions are systematically enhanced as G increases. Their rate o f  increase is par- 
ticularly large in the region G ~ Go, but they do not become infinite as the harmonic  
approximat ion predicts. Centrifugal effects are relatively small for G > Gc (see fig. 1) 
and, thus, both matrix elements ((1) and (4) in fig. 5) have essentially the same value 
for G :> G¢. The matrix elements tend rather fast to their asymptot ic  value (f2 in the 
present collective treatment or in the BCS solutioo, f 2 + l  in the exact calculation). 

The collective solution gives as expected, the same result as the BCS approximat ion 
for G/G¢ >> 1. In both  cases one expects to find deviations of  the order l/f2 f rom the 

exact results. 
b) Transit ions between ground and vibrational states which are allowed in the 

vibrational coupling scheme (transitions (3) and (6) in fig. 5). Again the harmonic  
pattern is predicted in the case o f  small G: The corresponding matrix element in- 
creases in the same way as the ground state matrix element connecting the M = 0 
and M = 2 systems, up to G/G¢ ~ 1. For  G/G¢ ~ 1 they present a maximum instead 
of  the divergence predicted in the harmonic  approximation.  They become very small 
for stable superconducting nuclei. Therefore, the ratios between these transitions and 
the g round  state transitions discussed in a) define whether we are dealing with a 
normal  or a superconducting system t 6). 

c) Transit ions between ground  and vibrational states which are forbidden in the 
harmonic  approximat ion (transitions (2) and (5) in fig. 5). Because for G > Go, 
the levels populated by these transitions also become one-phonon  states 6) corre- 
sponding to vibrations a round  the deformed equilibrium position, their transition 
rates become equal to those o f  the previous group of  levels (case 6) for stable super- 
conductors .  Therefore, since the transitions c) are suppressed in both  extremes, a 
maximum at G ~ G¢is  to be expected for them. This is indeed the case, and the pre- 
sence o f  this maximum constitutes the most  unambiguous  way of  characterizing 

transitional nuclei. 
The previous observables are adequately reproduced by the collective model.  

On the contrary,  we cannot  hope to get accurate results concerning the energy of  the 
M = 0 lowest state. As it is remarked by Baranger and Kumar  13), the energy 
associated with the BCS solution represent the potential energy at equilibrium. 
Because the BCS wave function is obtained th rough  a minimization procedure,  any 
improvement  on the solution should lead to a lower energy. On the contrary,  the 
present collective approach  adds to the BCS energy, the energy corresponding to the 

zero-point  collective mot ion  * 

It is difficult however, to claim that one solution is better than the other on the basis of energy 
considerations alone and different physical properties should be chosen to make such kind of state- 
ments. For example, in the range 1.5 ~< G/Gc <~ 09, the energy of the ground state is given better 
by the BCS solution than by the collective solution. On the other hand, in the same range of G/Gc, 
the transitions of type a) are better reproduced by using the collective wave functions than the BCS 
solution (especially in the case of-<'2 = 20). 
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Another problem connected with the lowest collective state (and with all ground 
states) is the very existence of  a solution. We have seen that the vibrational levels 
disappear for G >> Go. Does the same thing happen within our formalism to the 
ground state band? Fig. 6 represents the ratio between the energy of  the zero-point 
motion of  the lowest collective state and the depth of  the potential well (difference 
between the values of the potential at d --, oo and at d = d,q). According to fig. 6, 
this ratio may tend to one for large values of G. In order that our model makes sense, 
it is imperative that such a convergence should occur, because the ground state band 
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Fig. 6. The ratio between the zero-poim energy of  the collective motion and the depth o f  the poten- 
t ial well. Curves (1), (2) and (3) correspond to D = 11~, 20 and 5, respectively. 

is always adiabatic and, indeed, it becomes even more adiabatic the larger the values 
of  G. However, the convergence is difficult to verify numerically, since our method of  
integration of the differential equation loses precision when the wave function becomes 
very extended, because each step in the integration also becomes too large. In any 
case, the region in which we are able to find a solution extends considerably into the 
region in which the superfluid solution is valid, and we are able to reproduce accurately 
the exact results. 

Let us now discuss the results of the calculation for larger values of M. 
(i) If  G -< Gc a transition to the deformed coupling scheme may take place for a 

certain value of M. Strictly speaking, if M # 0, the centrifugal term h2M2/2• 
represents a potential barrier for A --, 0, and in consequence, the wave function vanishes 
at the origin (this is analogous to the familiar situation of a particle bound in a 
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spherically symmetric potential well and carrying an orbital angular momentum 
I # 0). Although the wave function may be zero at the origin, that does not necessa- 
rily imply that the system has a permanent distortion. As M increases, the maximum 
of  the wave function (or better of the probability amplitude) is pushed away from 
the origin. When the width of this peak becomes appreciably smaller than the value 
A m at which the maximum takes place, the system has gained energy by acquiring 
a permanent distortion stabilized around A= ~ zt~. 
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Fig. 7. The transition matr ix elements for G = G© and G = 2 (7, (I2 = 100 and.Q = 20) as a function 
o f  M/~. The values corresponding to ~ = 20 are multiplied by the factor [(Q = 100)/(.O = 20)]t = ~ / 5  

in order that  the transi t ion rates have the same values in the vibrational limit. 

The results of fig. 7 support the idea of a gradual transition to the deformed coupling 
scheme, both in the case of f2 = 100 and I2 = 20 (G = G¢). The transition rate 
between the ground states increases as a function of M and tend to the asymptotic 
values given in figs. 5 and 10. Simultaneously, the transition between the M + 2  
ground and M first excited state (which is allowed in the vibrational model) decreases 
in intensity and tends towards the value of the transition between the M ground and 
the M +  2 first excited state (forbidden in the vibrational model). In fact, the curves of 



30 D.R. nl".~ et al. 

fig. 7 (G = Go) are (as a function o f  M)  similar to the curves displayed in fig. 5 and 10 
(as a function o f  G/Gc). However,  the phase transition is more dramatically displayed 
by the system with a fixed number  o f  particles when G/Gc goes through 1. 

(ii) We have seen that  in the limit o f  very stable superconducting nuclei, the 
energies of  the ground state band obey the M 2 law. Therefore, in order to find whether 
the centrifugal term has produced a phase transition, we may  calculate the ratio 

R M = ( ' ~ M + 4 - - ~ M ) / ( ~ M + 2 - - ~ M )  for different values o f  M. This ratio has the value 
R~ J = 2(M+2)/(M+ I)  in well-deformed cases. In table 2 we give several values o f  
the ratio RM/R~ ) for the case G = Go. We see that  the ratio increases rapidly with 
M for small values o f  M/f2. After a certain transition point the ratio is greater than, 
for instance, 0.9 and f rom there on it tends slowly to the asymptot ic  value 1. 

TABLE 2 

The ratio R~ = (d 'u+ . - -d 'M) / (d 'M+2--8~)  between the energies of  the system with M + 4  and 
M + 2  particles as measured from the energy of  the system with M particles giving a measure of  the 

degree of  pairing distortion of  the system 

-(2 = 100 MID 0. 0.02 0.04 0.08 0.12 0.16 0.30 0.50 
RM/R~ ~ exact 0.555 0.806 0.880 0.934 0.955 0.966 0.984 0.990 

collective 0.545 0.798 0.876 0.934 0.955 0.966 0.984 0.990 

• Q = 20 MID 0 0.10 0.10 0.30 0.40 0.50 
RM/R~ > exact 0.578 0.827 0.827 0.930 0.947 0.962 

collective 0.563 0.873 0.903 0.939 0.959 0.972 

For  the normal system R~ ) = 2, while for distorted systems R~ ~ = 2(M+2) / (M+ 1). We display 
the ratio ~,(C)l~(d) "'M'"M as a function of (M/~2) for the case ofD = 100 and F2 = 20 and G = G¢. 

(iii) We have seen that  for very stable superconduct ing systems and small values 
o f  M/Q, the vibrational states become unbound  for sufficiently large values o f  G. 
A similar behaviour takes place if we keep G fixed and we increase M. The vibrational 
state becomes unbound  at M/f2 = 1, if G = G¢, and at M/I2 -- 0.8 if G = 2Go. 

(iv) Our  collective adiabatic treatment must  cease to be valid for some value o f  
the ratio M/fL In other words, the velocities ~ = h M / J  may eventually become so 
large that  the assumption o f  adiabaticity cannot  be maintained any longer. Fig. 7 
indicates that  the collective results are close to the exact results for IM/f21 <~ 1, 
but  after the second level is half  filled the results depart  f rom each other to a large 
extent. 

We have also performed calculations similar to those o f  the O = 100 case, for the 
the degeneracies f2 = 20 and f2 = 5. 

The curves corresponding to f2 = 20 behave like those already shown for f2 = 100, 
a l though the differences between the collective and exact results can now be represented 
in figs. 8 and 10. However,  because these differences are small, the agreement can still 
be considered very good.  Thus, all the previous discussion for f2 = I00 may be re- 
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peated in the case fl ~: 20. There am, nevertheless, some quantitative changes: the 
vibrational states become unbound for G >~ 2.5 G,  (instead of G ~ 6 G,) and the  
numerical solution presents convergence problems for the ground states if G ~ 3Go 
(instead of  G ~ 8G¢). In fig. 7 and table 2 we display the results for f~ -- 20 as a 
function of  M. "I'ne collective solution agrees with the exact calculation again until 
IM/OI ~ I. The vibrational states become unbound for values of  IM/GI = 0.9 if 
G = G, and IM/f2[ = 0.5 if G = 2Go. These values are smaller than the correspond- 
ing numbers in the 1~ = 100 case. 
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Fig. 8. Same eal~tion as for Ttg. ¢ but O .= 20. 

Finally, we have studied the cases M = 0, 2, 4 for the degeneracy f2 = 5. The 
vibrational state for M = 2, 4 are always unbound. In the case of  M = 0, the vi- 
brational state becomes unbound for G ~ t.2 Go. F o r  this same value of  G, con- 
vergence problems appear in the solution of the ground state corresponding to the 
M = 4 system. The solution corresponding to M = 2 (ground state) is obtained until 
G = 1.6 Go. In general, the exact results are not very satisfactorily reproduced by 
the collective treatment (figs. 9 and I0) and therefore we are reminded that the 
language associated with the collective variables may be used only in a qualitative 
way for small degeneracies. 

8.  C o n c l u s i o n s  

The significant part  of  this paper was not to provide another method for solving 
the pairing force problem: t On the contrary, our aim has been to contribute to the 
clarification of  alternative descriptions of  collective states in terms of  the single- 
particle excitations and of collective variables. 

* For a list of such methods, see ref. 1). 
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From the systematic agreement in the results displayed in the figures we can con- 
elude that the present version of the collective treatment is adequate. In particular, the 
validity of  some doubtful points in the model may be considered to be confirmed 
because of  this agreement. These points are: a) the solution of  a quantum mechanical 
problem through a detour involving semi-classical approximations (cranking model); 
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Fig. 10. Same caption as for fig. 5. The left side corresponds to .(2 = 5 while the right side cor- 
responds to .(2 = 20. 

b) the boundary condition ff(d = oo) = 0, which is not required as usually by the 
normalization condition; c) the fact that the probability density (see i.e. fig. 1)does 
not appear to be sufficiently peaked at a fixed value of  A ( ~  Acq ) for large values 
of  G in order to ensure the validity of  the BCS solution (no fluctuations around 
A J .  In spite of  the width of the peak, (fig. 1) the results of  the BCS solution are 
reproduced completely for values of  G > 3 Go. 
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By means o f  the collective descript ion of  the pair ing degree o f  f reedom, we can 

treat  in the same scheme, both  normal  and superfluid systems, avoiding the change of  

representat ion needed in the microscopic  descript ion 6). Also intermediate  si tuations 

(G/Gc ~ 1) can be handled wi thout  any special difficulty in the present t reatment  o f  

the pairing Hamil tonian .  

Discussions with Professors Benjamin Bayman,  Aage  Bohr and Ben Mot te l son  are 

gratefully acknowledged.  
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